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PREFACE

This text is a second generation descendent of our text, Digital Signal Processing, which
was published in 1975. At that time, the technical field of digital signal processing was
in its infancy, but certain basic principles had emerged and could be organized into
a coherent presentation. Although courses existed at a few schools, they were almost
exclusively at the graduate level. The original text was designed for such courses.

By 1985, the pace of research and integrated circuit technology made it clear
that digital signal processing would realize the potential that had been evident in the
1970s. The burgeoning importance of DSP clearly justified a revision and updating of the
original text. However, in organizing that revision, it was clear that so many changes had
occurred that it was most appropriate to develop a new textbook, strongly based on our
original text, while keeping the original text in print. We titled the new book Discrete-
Time Signal Processing to emphasize that most of the theory and design techniques
discussed in the text apply to discrete-time systems in general.

By the time Discrete-Time Signal Processing was published in 1989, the basic
principles of DSP were commonly taught at the undergraduate level, sometimes even
as part of a first course on linear systems, or at a somewhat more advanced level in
third-year, fourth-year, or beginning graduate subjects. Therefore, it was appropriate to
expand considerably the treatment of such topics as linear systems, sampling, multirate
signal processing, applications, and spectral analysis. In addition, more examples were
included to emphasize and illustrate important concepts. We also removed and con-
densed some topics that time had shown were not fundamental to the understanding of
discrete-time signal processing. Consistent with the importance that we placed on well
constructed examples and homework problems, the new text contained more than 400
problems.

In the decade or so since Discrete-Time Signal Processing was published, some
important new concepts have been developed, the capability of digital integrated cir-
cuits has grown exponentially, and an increasing number of applications have emerged.
However, the underlying basics and fundamentals remain largely the same albeit with
a refinement of emphasis, understanding and pedagogy. Consequently when we looked
at what was needed to keep Discrete-Time Signal Processing up-to-date as a textbook
emphasizing the fundamentals of DSP, we found that the changes needed were far less
drastic than before. In planning this current revision we were guided by the princi-
ple that the main objective of a fundamental textbook is to uncover a subject rather
than to cover it. Consequently, our goal in this current revision is to make the sub-
ject of discrete-time signal processing even more accessible to students and practicing
engineers, without compromising on coverage of what we consider to be the essential
concepts that define the field. Toward this end we have considerably expanded our cov-
erage of multi-rate signal processing due to its importance in oversampled A-to-D and
D-to-A conversion and digital filter implementation. We have added a discussion of the
cosine transform, which plays a central role in data compression standards. We have
also removed some material that we judged to be of lesser importance in the present

Xix



XX Preface

context, or more appropriate for advanced textbooks and upper level graduate courses.
Many of the concepts that were removed from the text (such as basic results on the
cepstrum) have reappeared in some of the new homework problems.

A major part of our emphasis in this revision has been directed toward the home-
work problems and examples. We have significantly increased the number of examples
which are important in illustrating and understanding the basic concepts, and we have
increased the number of homework problems. Furthermore, the homework problems
have been reorganized according to their level of difficulty and sophistication, and an-
swers are provided to a selected set of problems. The instructor’s manual available from
the publisher contains updated solutions for all of the problems in the book. These so-
lutions were prepared by Li Lee and Maya Said of MIT and Jordan Rosenthal and
Greg Slabaugh of Georgia Tech. This manual also contains some suggested exam prob-
lems based on our courses at MIT, Georgia Tech and the University of Massachusetts
Dartmouth.

As in the earlier texts, it is assumed that the reader has a background of advanced
calculus, along with a good understanding of the elements of complex numbers and vari-
ables. In this edition, we have refrained from the use of complex contour integration
in order to make the discussion accessible to a wider audience. An exposure to linear
system theory for continuous-time signals, including Laplace and Fourier transforms,
as taught in most undergraduate electrical and mechanical engineering curricula is still
a basic prerequisite. With this background, the book is self-contained. In particular, no
prior experience with discrete-time signals, z-transforms, discrete Fourier transforms,
and the like is assumed. In later sections of some chapters, some topics such as quanti-
zation noise are included that assume a basic background in stochastic signals. A brief
review of the background for these sections is included in Chapter 2 and in Appendix A.

It has become common in many signal processing courses to include exercises to be
done on a computer, and many of the homework problems in this book are easily turned
into problems to be solved with the aid of a computer. As in the first edition, we have
purposely avoided providing special software to implement algorithms described in this
book, for a variety of reasons. Foremost among them is that there are a variety of in-
expensive signal processing software packages readily available for demonstrating and
implementing signal processing on any of the popular personal computers and work-
stations. These packages are well documented and have excellent technical support,
and many of them have excellent user interfaces that make them easily accessible to
students. Furthermore, they are in a constant state of evolution, which strongly suggests
that available software for classroom use should be constantly reviewed and updated.
We share the enthusiasm of many for MATLAB, which an increasing number of stu-
dents are learning at early stages of their education. However, we continue to prefer a
presentation that utilizes the power of computational tools such as MATLAB to create
examples and illustrations of the theory and fundamentals for use in the text, but does
not let issues of programming syntax and functionality of the software environment
detract from the emphasis on the concepts and the way that they are used. We firmly
believe that there is enormous value in hands-on experience. Indeed, software tools
such as MATLAB allow students to implement sophisticated signal processing systems
on their own personal computers, and we feel that there is great benefit to this once
the student is confident of the fundamentals and is capable of sorting out programming
mistakes from conceptual errors. For this reason, the instructor’s manual contains a sec-
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tion of suggestions for assignments in the inexpensive texts Computer-Based Exercises
for Signal Processing Using Matlab 5 by McClellan, et al., and Computer Explorations
in Signals and Systems Using Matlab by Buck, Daniel and Singer, both of which are
also available from Prentice-Hall, Inc. These suggestions link projects in these com-
puter exercise books to specific sections, examples and problems in this textbook. This
will allow instructors to design computer assignments which are related to the material
and examples they have covered in class, and to link these computer assignments to
traditional analytic homework problems to reinforce the concepts demonstrated there.

The material in this book is organized in a way that provides considerable flexi-
bility in its use at both the undergraduate and graduate level. A typical one-semester
undergraduate elective might cover in depth Chapter 2, Sections 2.0-2.9; Chapter 3;
Chapter 4, Sections 4.0-4.6; Chapter 5, Sections 5.0-5.3; Chapter 6, Sections 6.0-6.5;
Chapter 7, Sections 7.0-7.3 and a brief overview of Sections 7.4-7.5. If students have
studied discrete-time signals and systems in a general signals and systems course, it
would be possible to move more quickly through the material of Chapters 2, 3, and 4,
thus freeing time for covering Chapter 8. A first-year graduate course could augment
the above topics with the remaining topics in Chapter 5, a discussion of multirate signal
processing (Section 4.7) an exposure to some of the quantization issues introduced in
Section 4.8 and perhaps an introduction to noise shaping in A/D and D/A converters as
discussed in Section 4.9. A first-year graduate course should also include exposure to
some of the quantization issues addressed in Sections 6.6-6.9, to a discussion of optimal
FIR filters as incorporated in Sections 7.4 and 7.5, and a thorough treatment of the
discrete Fourier transform (Chapter 8) and its computation using the FFT (Chapter 9).
The discussion of the DFT can be effectively augmented with many of the examples in
Chapter 10. In a two-semester graduate course, the entire text together with a number
of additional advanced topics can be covered.

In Chapter 2, we introduce the basic class of discrete-time signals and systems and
define basic system properties such as linearity, time invariance, stability, and causality.
The primary focus of the book is on linear time-invariant systems because of the rich
set of tools available for designing and analyzing this class of systems. In particular, in
Chapter 2 we develop the time-domain representation of linear time-invariant systems
through the convolution sum and introduce the class of linear time-invariant systems
represented by linear constant-coefficient difference equations. In Chapter 6, we de-
velop this class of systems in considerably more detail. Also in Chapter 2 we introduce
the frequency-domain representation of signals and systems through the Fourier trans-
form. The primary focus in Chapter 2 is on the representation of sequences in terms
of the Fourier transform, i.e., as a linear combination of complex exponentials, and the
development of the basic properties of the Fourier transform.

In Chapter 3, we develop the z-transform as a generalization of the Fourier trans-
form. This chapter focuses on developing the basic theorems and properties of the
z-transform and the development of the partial fraction expansion method for the in-
verse transform operation. In Chapter 5, the results developed in Chapters 3 and 4 are
used extensively in a detailed discussion of the representation and analysis of linear
time-invariant systems.

In Chapter 4, we carry out a detailed discussion of the relationship between
continuous-time and discrete-time signals when the discrete-time signals are obtained
through periodic sampling of continuous-time signals. This includes a development of
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the Nyquist sampling theorem. In addition, we discuss upsampling and downsampling
of discrete-time signals, as used, for example, in multirate signal processing systems
and for sampling rate conversion. The chapter concludes with a discussion of some of
the practical issues encountered in conversion from continuous time to discrete time
including prefiltering to avoid aliasing, modeling the effects of amplitude quantization
when the discrete-time signals are represented digitally, and the use of oversampling in
simplifying the A-to-D and D-to-A conversion processes.

In Chapter 5 we apply the concepts developed in the previous chapters to a de-
tailed study of the properties of linear time-invariant systems. We define the class of
ideal, frequency-selective filters and develop the system function and pole-zero rep-
resentation for systems described by linear constant-coefficient difference equations,
a class of systems whose implementation is considered in detail in Chapter 6. Also in
Chapter 5, we define and discuss group delay, phase response and phase distortion,
and the relationships between the magnitude response and the phase response of sys-
tems, including a discussion of minimum-phase, allpass, and generalized linear phase
systems.

In Chapter 6, we focus specifically on systems described by linear constant-
coefficient difference equations and develop their representation in terms of block
diagrams and linear signal flow graphs. Much of this chapter is concerned with develop-
ing a variety of the important system structures and comparing some of their properties.
The importance of this discussion and the variety of filter structures relate to the fact
that in a practical implementation of a discrete-time system, the effects of coefficient
inaccuracies and arithmetic error can be very dependent on the specific structure used.
While these basic issues are similar whether the technology used for implementation
is digital or discrete-time analog, we illustrate them in this chapter in the context of a
digital implementation through a discussion of the effects of coefficient quantization
and arithmetic roundoff noise for digital filters.

While Chapter 6 is concerned with the representation and implementation of
linear constant-coefficient difference equations, Chapter 7 is a discussion of the proce-
dures for obtaining the coefficients of this class of difference equations to approximate
a desired system response. The design techniques separate into those used for infinite
impulse response (IIR) filters and those used for finite impulse response (FIR) filters.

In continuous-time linear system theory, the Fourier transform is primarily an an-
alytical tool for representing signals and systems. In contrast, in the discrete-time case,
many signal processing systems and algorithms involve the explicit computation of the
Fourier transform. While the Fourier transform itself cannot be computed, a sampled
version of it, the discrete Fourier transform (DFT), can be computed, and for finite-
length signals the DFT is a complete Fourier representation of the signal. In Chapter 8,
the discrete Fourier transform is introduced and its properties and relationship to the
discrete-time Fourier transform are developed in detail. In this chapter we also provide
an introduction to the discrete cosine transform which is playing an increasingly impor-
tant role in many applications including audio and video compression. In Chapter 9,
the rich and important variety of algorithms for computing or generating the discrete
Fourier transform is introduced and discussed, including the Goertzel algorithm, the
fast Fourier transform (FFT) algorithms, and the chirp transform.

With the background developed in the earlier chapters and particularly Chapters 2,
3,5, and 8, we focus in Chapter 10 on Fourier analysis of signals using the discrete Fourier
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transform. Without a careful understanding of the issues involved and the relationship
between the DFT and the Fourier transform, using the DFT for practical signal analysis
can often lead to confusions and misinterpretations. We address a number of these
issues in Chapter 10. We also consider in some detail the Fourier analysis of signals with
time-varying characteristics by means of the time-dependent Fourier transform.

In Chapter 11, we introduce the discrete Hilbert transform. This transform arises
in a variety of practical applications, including inverse filtering, complex representations
for real bandpass signals, single-sideband modulation techniques, and many others.

With this edition we thank and welcome Professor John Buck. John has been a
long time contributor to this book through his teaching of the subject while a student at
MIT and more recently as a member of the faculty at the University of Massachusetts
Dartmouth. In this edition he has taken the major responsibility for a total reworking
and reorganization of the homework problems and many of the examples in the book.
His insight and dedication to the task are obvious in the final result.

Alan V. Oppenheim
Ronald W. Schafer






ACKNOWLEDGMENTS

In preparing the two editions of this book, we have been fortunate to receive valuable
assistance, suggestions, and support from numerous colleagues, students, and friends.
Over the years a number of our colleagues have taught the material with us at MIT and
Georgia Tech, and we have benefited greatly from their perspectives and input. These
colleagues include Professors Arthur Baggeroer, Sidney Burrus, Meir Feder, Jae Lim,
Bruce Musicus, Hamid Nawab, Gregory Wornell and Victor Zue at MIT and Professors
Tom Barnwell, Mark Clements, Monty Hayes, Jim McClellan, Russ Mersereau, David
Schwartz, Mark Smith, Vijay Madisetti, Doug Williams, and Tong Zhou at Georgia Tech.

MIT and Georgia Tech have provided us with a stimulating environment for re-
search and teaching throughout a major part of our technical careers and have provided
significant encouragement and support for this project. In addition RWS particularly
thanks W. Kelley Mosley for his friendship and support, and the John and Mary Franklin
Foundation for many years of support through the John and Marilu McCarty Chair.
AVO expresses deep appreciation to Mr. Ray Stata and Analog Devices, Inc. and to the
Ford Foundation for their generous and continued support of the signal processing ac-
tivities at MIT including the funding of the Distinguished Professor Chair in Electrical
Engineering and the Ford Chair in Engineering,

We feel extremely fortunate to have worked with Prentice Hall. Our relationship
with Prentice Hall spans many years and many writing projects. The encouragement
and support provided for this current edition by Eileen Clark, Marcia Horton, Tom
Robbins, Amy Rosen, and Sharyn Vitrano at Prentice Hall enhance the enjoyment of
writing and completing this one. '

In producing this second edition, we were fortunate to receive the help of many
colleagues, students, and friends. We greatly appreciate their generosity in devoting
their time to help us with this project. Specifically, we express our thanks to:

LiLee and Maya Said of MIT and Jordan Rosenthal and Greg Slabaugh of Georgia
Tech for preparing the solution manual for the homework problems, and Hu
Dou of the University of Massachusetts Dartmouth for his work on the answers
to basic problems.

Wade Torres, Akmal Butt and Faramarz Fekri for their assistance in updating the
bibliography.
Vivian Berman for her help in designing the new cover.

Darla Chupp, Stacy Schultz and Kay Gilstrap for their assistance with preparation
of this revision and continued support of our teaching activities.

Matthew Secor and Giovanni Aliberti for their help with the many computer
issues related to preparation of the manuscript.

And to all who helped in careful reviewing of the manuscript and page proofs:
Susan Alderman, Jon Arrowood, Joe Arrowood, Chalee Asavathiratham, Haliik

Aydinoglu, Ali Behboodian, Albert Chan, Matthew Cobb, Yonina Eldar,
XXV



Xxvi Acknowledgments

Christoforos Hadjicostis, Chris Lanciani, Nicholas Laneman, Li Lee, Michael
Lopez, Fernando Mujica, Burhan Necioglu, Ara Nefian, Eric Reed, Andrew
Russell, Maya Said, and Trevor Trinkaus.



INTRODUCTION

Signal processing has a long and rich history. It is a technology that spans an immense set
of disciplines including entertainment, communications, space exploration, medicine,
and archaeology, just to name a few. Sophisticated signal processing algorithms and
hardware are prevalent in a wide range of systems, from highly specialized military
systems through industrial applications to low-cost, high-volume consumer electron-
ics. Although we routinely take for granted the performance of home entertainment
systems such as television and high-fidelity audio, these systems have always relied
heavily on state-of-the-art signal processing. This is even more true today with the
emergence of advanced television and multimedia entertainment and information sys-
tems. Furthermore, as communication systems become increasingly wireless, mobile,
and multifunctional, the importance of sophisticated signal processing in these systems
continues to grow. Overall, as we look to the future, it is clear that the role of signal
processing in our society is accelerating, driven in part by the convergence of communi-
cations, computers and signal processing in both the consumer arena and in advanced
industrial and government applications.

The field of signal processing has always benefited from a close coupling between
theory, applications, and technologies for implementing signal processing systems. The
growing number of applications and demand for increasingly sophisticated algorithms
goes hand-in-hand with the rapid pace of device technology for implementing signal
processing systems. By some estimates the processing capability of signal processing
microprocessors is likely to increase by a factor of 200 or more over the next ten years.
It seems clear that in many ways the importance and role of signal processing is accel-
erating and expanding.

Signal processing is concerned with the representation, transformation, and ma-
nipulation of signals and the information they contain. For example, we may wish to

1
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separate two or more signals that have somehow been combined, or we may want to en-
hance some signal component or some parameter of a signal model. In communications
systems, it is generally necessary to do pre-processing such as modulation, signal condi-
tioning, and compression prior to transmission over a channel and then to post process
at the receiver. Prior to the 1960s, the technology for signal processing was almost ex-
clusively continuous-time analog technology.! The rapid evolution of digital computers
and microprocessors together with some important theoretical developments such as
the fast Fourier transform algorithm (FFT) caused a major shift to digital technolo-
gies, giving rise to the field of digital signal processing. A fundamental aspect of digital
signal processing is that it is based on processing sequences of samples. This discrete-
time nature of digital signal processing technology is also characteristic of other signal
processing technologies such as surface acoustic wave (SAW) devices, charge-coupled
devices (CCDs), charge transport devices (CTDs), and switched-capacitor technologies.
In digital signal processing, signals are represented by sequences of finite-precision num-
bers, and processing is implemented using digital computation. The more general term
discrete-time signal processing includes digital signal processing as a special case, but also
includes the possibility that sequences of samples (sampled data) are processed with
other discrete-time technologies. Often the distinction between the terms discrete-time
signal processing and digital signal processing is of minor importance, since both are
concerned with discrete-time signals. While there are many examples in which signals
to be processed are inherently sequences, most applications involve the use of discrete-
time technology for processing continuous-time signals. In this case, a continuous-time
signal is converted into a sequence of samples, i.e., a discrete-time signal. After discrete-
time processing, the output sequence is converted back to a continuous-time signal.
Real-time operation is often desirable for such systems, meaning that the discrete-time
system is implemented so that samples of the output are computed at the same rate at
which the continuous-time signal is sampled. Discrete-time processing of continuous-
time signals in real time is commonplace in communication systems, radar and sonar,
speech and video coding and enhancement, and biomedical engineering to name just
a few. The compact disc player is a somewhat different example in which a processed
form of the input is stored (on the compact disc) and final processing is carried out in
real time when the output is desired. The compact disc recording and playback system
relies on many of the signal processing concepts which we discuss in this book.

Much of traditional signal processing involves processing one signal to obtain
another signal. Another important class of signal processing problems is signal interpre-
tation. In such problems the objective of the processing is not to obtain an output signal
but to obtain a characterization of the input signal. For example, in a speech recognition
or understanding system, the objective is to interpret the input signal or extract informa-
tion from it. Typically, such a system will apply digital preprocessing (filtering, parameter
estimation, etc.) followed by a pattern recognition system to produce a symbolic repre-
sentation such as a phonemic transcription of the speech. This symbolic output can in
turn be the input to a symbolic processing system, such as a rule-based expert system, to

In a general context, we typically refer to the independent variable as “time” even though in specific
contexts the independent variable may take on any of a broad range of possible dimensions. Consequently.
continuous time and discrete time should be thought of as generic terms referring to a continuous independent
variable and a discrete independent variable, respectively.
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provide the final signal interpretation. Still another and relatively new category of signal
processing involves the symbolic manipulation of signal processing expressions. This
type of processing is particularly useful in signal processing workstations and for the
computer-aided design of signal processing systems. In this class of processing, signals
and systems are represented and manipulated as abstract data objects. Object-oriented
programming languages provide a convenient environment for manipulating signals,
systems, and signal processing expressions without explicitly evaluating the data se-
quences and provide the basis for this class of processing. The sophistication of systems
designed to do signal expression processing is directly influenced by the incorporation
of fundamental signal processing concepts, theorems, and properties such as those that
form the basis for this book. For example, a signal processing environment that incor-
porates the property that convolution in the time domain corresponds to multiplication
in the frequency domain can explore a variety of rearrangements of filtering structures,
including those involving the direct use of the discrete Fourier transform and the fast
Fourier transform algorithm. Similarly, environments that incorporate the relationship
between sampling rate and aliasing can make effective use of decimation and interpola-
tion strategies for filter implementation. Similar ideas are currently being explored for
implementing signal processing in network environments. In this type of environment,
data can potentially be tagged with a high-level description of the processing to be
done and the details of the implementation can be based dynamically on the resources
available on the network.

The development of object-oriented environments for computer-aided system
design and for signal processing on dynamically changing networks is still in its very
early stages and any detailed discussion of it is beyond the scope of this text. However, it
is important to recognize that the basic concepts that are the subject of this book should
not be viewed as just theoretical in nature; they are likely to become an explicit integral
part of computer-aided signal processing environments, workstations, and networks.

Many of the concepts and design techniques discussed in this text are now incorpo-
rated into the structure of sophisticated software systems such as Matlab. In many cases
where discrete-time signals are acquired and stored in computers, these tools allow ex-
tremely sophisticated signal processing operations to be formed from basic functions. In
such cases, it is not generally necessary to know the details of the underlying algorithm
that implements the computation of an operation like the FFT, but it is essential to
understand what is computed and how it should be interpreted. In other words, a good
understanding of the concepts considered in this text is essential for intelligent use of
the signal processing software tools that are now widely available.

Signal processing problems are not confined, of course, to one-dimensional signals.-
Although there are some fundamental differences in the theories for one-dimensional
and multidimensional signal processing, much of the material that we discuss in this text
has a direct counterpart in multidimensional systems. The theory of muitidimensional
digital signal processing is presented in detail in Dudgeon and Mersereau (1984), Lim
(1989), and Braceweil (1986).> Many image processing applications require the use of
two-dimensional signal processing techniques. This is the case in such areas as video
coding, medical imaging, enhancement and analysis of aerial photographs, analysis

2 Authors names and dates are used throughout the text to refer to books and papers listed in the
Bibliography at the end of the book.
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of satellite weather photos, and enhancement of video transmissions from lunar and
deep-space probes. Applications of multidimensional digital signal processing to image
processing are discussed in Andrews and Hunt (1977), Macovski (1983), Pratt (1991),
Castleman (1996), Jain (1989), and Chellappa et al. (1998). Seismic data analysis as
required in oil exploration, earthquake measurement, and nuclear test monitoring also
utilizes multidimensional signal processing techniques. Seismic applications are dis-
cussed in Robinson and Treitel (1980) and Robinson and Durrani (1985).

Multidimensional signal processing is only one of many advanced and specialized
topics that build on the fundamentals covered in this text. Spectral analysis based on
the use of the discrete Fourier transform and the use of signal modeling is another
particularly rich and important aspect of signal processing. We introduce many facets
of this topic, focusing on the basic concepts and techniques relating to the use of the
discrete Fourier transform. In addition to these techniques, a variety of spectral analysis
methods rely in one way or another on specific signal models. For example, a class of
high-resolution spectral analysis methods referred to as maximum entropy methods
(MEM spectral analysis) is based on representing the signal to be analyzed as the
response of a discrete-time linear time-invariant filter to either an impulse or to white
noise. Spectral analysis is achieved by estimating the parameters (e.g., the difference
equation coefficients) of the system and then evaluating the magnitude squared of the
frequency response of the model filter. A thorough and detailed treatment of the issues
and techniques of this approach to signal modeling and spectral analysis builds directly
from the fundamentals in this text. Detailed discussions can be found in the texts by Kay
(1988), Marple (1987), and Hayes (1996). Signal modeling also plays an important role
in data compression and coding, and again the fundamentals of difference equations
provide the basis for understanding many of these techniques. For example, one class
of signal coding techniques, referred to as linear predictive coding (LPC), exploits the
notion that if a signal is the response of a certain class of discrete-time filters, the
signal value at any time index is a linear function of (and thus linearly predictable
from) previous values. Consequently, efficient signal representations can be obtained
by estimating these prediction parameters and using them along with the prediction
error to represent the signal. The signal can then be regenerated when needed from the
model parameters. This class of signal coding techniques has been particularly effective
in speech coding and is described in considerable detail in Jayant and Noll (1984),
Markel and Gray (1976), Rabiner and Schafer (1978), and Deller et al. (1993).

Another advanced topic of considerable importance is adaptive signal processing.
Adaptive systems represent a particular class of time-varying and, in some sense, non-
linear systems with broad application and with established and effective techniques for
their design and analysis. Again, many of these techniques build from the fundamen-
tals of discrete-time signal processing covered in this text. Details of adaptive signal
processing are given by Haykin (1996), and Widrow and Stearns (1985).

These represent only a few of the many advanced topics that extend from the topics
covered in this text. Others include advanced and specialized filter design procedures,
a variety of specialized algorithms for evaluation of the Fourier transform, specialized
filter structures, and various advanced multirate signal processing techniques including
filter banks and wavelet transforms.

It is often said that the purpose of a fundamental textbook should be to uncover
rather than cover a subject, and in choosing the topics and depth of coverage in this book
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we have been guided by this philosophy. The preceding brief discussion of advanced
topics and the Bibliography at the end of the book should be strongly suggestive of the
rich variety of directions that these fundamentals begin to uncover.

HISTORICAL PERSPECTIVE

Discrete-time signal processing has advanced in uneven steps over a long period of
time. Looking back at the development of the field provides a valuable perspective on
fundamentals that will remain central to the field long into the future. Since the inven-
tion of calculus in the 17th century, scientists and engineers have developed models to
represent physical phenomena in terms of functions of continuous variables and differ-
ential equations. Numerical techniques have been used to solve these equations when
analytical solutions are not possible. Indeed, Newton used finite-difference methods
that are special cases of some of the discrete-time systems that we present in this text.
Mathematicians of the 18th century, such as Euler, Bernoulli, and Lagrange, developed
methods for numerical integration and interpolation of functions of a continuous vari-
able. Interesting historical research by Heideman, Johnson, and Burrus (1984) showed
that Gauss discovered the fundamental principle of the fast Fourier transform (dis-
cussed in Chapter 9) as early as 1805—even before the publication of Fourier’s treatise
on harmonic series representation of functions.

Until the early 1950s, signal processing as we have defined it was typically done
with analog systems that were implemented with electronic circuits or even with me-
chanical devices. Even though digital computers were becoming available in business
environments and in scientific laboratories, they were expensive and had relatively lim-
ited capabilities. About that time, the need for more sophisticated signal processing in
some application areas created considerable interest in discrete-time signal processing.
One of the first uses of digital computers in digital signal processing was in oil prospect-
ing, where seismic data could be recorded on magnetic tape for later processing. This
type of signal processing could not generally be done in real time; minutes or even
hours of computer time were often required to process only seconds of data. Even so,
the flexibility of the digital computer and the potential payoffs made this alternative
extremely inviting.

Also in the 1950s, the use of digital computers in signal processing arose in a
different way. Because of the flexibility of digital computers, it was often useful to sim-
ulate a signal processing system on a digital computer before implementing it in analog
hardware. In this way, a new signal processing algorithm or system could be studied
in a flexible experimental environment before committing economic and engineering
resources to constructing it. Typical examples of such simulations were the vocoder
simulations carried out at Lincoln Laboratory and Bell Laboratories. In the implemen-
tation of an analog channel vocoder, for example, the filter characteristics affected the
perceived quality of the coded speech signal in ways that were difficult to quantify ob-
jectively. Through computer simulations, these filter characteristics could be adjusted
and the perceived quality of a speech coding system evaluated prior to construction of
the analog equipment.

In all of these examples of signal processing using digital computers, the computer
offered tremendous advantages in flexibility. However, the processing could not be done
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in real time. Consequently, a prevalent attitude was that the digital computer was being
used to approximate, or simulate, an analog signal processing system. In keeping with
that style, early work on digital filtering was very much concerned with ways in which a
filter could be programmed on a digital computer so that with analog-to-digital conver-
sion of the signal, followed by digital filtering, followed by digital-to-analog conversion,
the overall system approximated a good analog filter. The notion that digital systems
might, in fact, be practical for the actual real-time implementation of signal processing
in speech communication, radar processing, or any of a variety of other applications
seemed at the most optimistic times to be highly speculative. Speed, cost, and size were,
of course, three of the important factors in favor of the use of analog components.

As signals were being processed on digital computers, researchers had a natural
tendency to experiment with increasingly sophisticated signal processing algorithms.
Some of these algorithms grew out of the flexibility of the digital computer and had no
apparent practicalimplementation in analog equipment. Thus, many of these algorithms
were treated as interesting, but somewhat impractical, ideas. The development of such
signal processing algorithms made the notion of all-digital implementation of signal
processing systems even more tempting. Active work began on the investigation of
digital vocoders, digital spectrum analyzers, and other all-digital systems, with the hope
that eventually such systems would become practical.

The evolution of a new point of view toward discrete-time signal processing was
further accelerated by the disclosure by Cooley and Tukey (1965) of an efficient al-
gorithm for computation of Fourier transforms. This class of algorithms has come to
be known as the fast Fourier transform, or FFT. The FFT was significant for several
reasons. Many signal processing algorithms that had been developed on digital com-
puters required processing times several orders of magnitude greater than real time.
Often this was because spectrum analysis was an important component of the signal
processing and no efficient means were available for implementing it. The fast Fourier
transform algorithm reduced the computation time of the Fourier transform by orders
of magnitude, permitting the implementation of increasingly sophisticated signal pro-
cessing algorithms with processing times that allowed interactive experimentation with
the system. Furthermore, with the realization that the fast Fourier transform algorithms
might, in fact, be implementable in special-purpose digital hardware, many signal pro-
cessing algorithms that previously had appeared to be impractical began to appear to
have practical implementations.

Another important implication of the fast Fourier transform algorithm was that
it was an inherently discrete-time concept. It was directed toward the computation of
the Fourier transform of a discrete-time signal or sequence and involved a set of prop-
erties and mathematics that was exact in the discrete-time domain—it was not simply
an approximation to a continuous-time Fourier transform. This had the effect of stim-
ulating a reformulation of many signal processing concepts and algorithms in terms of
discrete-time mathematics, and these techniques then formed an exact set of relation-
ships in the discrete-time domain. Following this shift away from the notion that signal
processing on a digital computer was merely an approximation to analog signal pro-
cessing techniques, there emerged a strong interest in discrete-time signal processing
as an important field of investigation in its own right.

Another major development in the history of discrete-time signal processing
occurred in the field of microelectronics. The invention and subsequent proliferation of
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the microprocessor paved the way for low-cost implementations of discrete-time signal
processing systems. Although the first microprocessors were too slow to implement
most discrete-time systems in real time, by the mid-1980s integrated circuit technology
had advanced to a level that permitted the implementation of very fast fixed-point and
floating-point microcomputers with architectures specially designed for implementing
discrete-time signal processing algorithms. With this technology came, for the first time,
the possibility of widespread application of discrete-time signal processing techniques.

FUTURE PROMISE

Microelectronics engineers continue to strive for increased circuit densities and pro-
duction yields, and as a result, the complexity and sophistication of microelectronic
systems are continually increasing. Indeed, complexity and capability of DSP chips
have grown exponentially since the early 1980s and show no sign of slowing down. As
wafer-scale integration techniques become highly developed, very complex discrete-
time signal processing systems will be implemented with low cost, miniature size, and
low power consumption. Consequently, the importance of discrete-time signal pro-
cessing will almost certainly continue to increase and the future development of the
field is likely to be even more dramatic than the course of development that we have
just described. Discrete-time signal processing techniques are already promoting rev-
olutionary advances in some fields of application. A notable example is in the area of
telecommunications, where discrete-time signal processing techniques, microelectronic
technology, and fiber optic transmission combine to change the nature of communica-
tion systems in truly revolutionary ways. A similar impact can be expected in many
other areas of technology.

While discrete-time signal processing is a dynamic, rapidly growing field, its funda-
mentals are well formulated. Our goal in this book is to provide a coherent treatment of
the theory of discrete-time linear systems, filtering, sampling, and discrete-time Fourier
analysis. The topics presented should provide the reader with the knowledge necessary
for an appreciation of the wide scope of applications for discrete-time signal process-
ing and a foundation for contributing to future developments in this exciting field of
technology.






DISCRETE-TIME SIGNALS
AND SYSTEMS

2.0 INTRODUCTION

The term signal is generally applied to something that conveys information. Signals
generally convey information about the state or behavior of a physical system, and
often, signals are synthesized for the purpose of communicating information between
humans or between humans and machines. Although signals can be represented in many
ways, in all cases the information is contained in some pattern of variations. Signals are
represented mathematically as functions of one or more independent variables. For
example, a speech signal is represented mathematically as a function of time, and a
photographic image is represented-as a brightness function of two spatial variables. A
common convention—and one that usually will be followed in this book—is to refer
to the independent variable of the mathematical representation of a signal as time,
although in specific examples the independent variable may in fact not represent time.

The independent variable in the mathematical representation of a signal may be
either continuous or discrete. Continuous-time signals are defined along a continuum
of times and thus are represented by a continuous independent variable. Continuous-
time signals are often referred to as analog signals. Discrete-time signals are defined at
discrete times, and thus, the independent variable has discrete values; i.e., discrete-time
signals are represented as sequences of numbers. Signals such as speech or images may
have either a continuous- or a discrete-variable representation, and if certain conditions
hold, these representations are entirely equivalent. Besides the independent variables
being either continuous or discrete, the signal amplitude may be either continuous or
discrete. Digital signals are those for which both time and amplitude are discrete.

Signal-processing systems may be classified along the same lines as signals. That
is, continuous-time systems are systems for which both the input and the output are
8
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continuous-time signals, and discrete-time systems are those for which both the input
and the output are discrete-time signals. Similarly, a digital system is a system for which
both the input and the output are digital signals. Digital signal processing, then, deals
with the transformation of signals that are discrete in both amplitude and time. The
principal focus in this book is on discrete-time (rather than digital) signals and systems.
However, the theory of discrete-time signals and systems is also exceedingly useful for
digital signals and systems, particularly if the signal amplitudes are finely quantized. The
effects of signal amplitude quantization are considered in Sections 4.8, 6.7-6.9, and 9.7.

Discrete-time signals may arise by sampling a continuous-time signal, or they may
be generated directly by some discrete-time process. Whatever the origin of the discrete-
time signals, discrete-time signal-processing systems have many attractive features. They
can be realized with great flexibility with a variety of technologies, such as charge
transport devices, surface acoustic wave devices, general-purpose digital computers, or
high-speed microprocessors. Complete signal-processing systems can be implemented
using VLSI techniques. Discrete-time systems can be used to simulate analog systems
or, more importantly, to realize signal transformations that cannot be implemented
with continuous-time hardware. Thus, discrete-time representations of signals are often
desirable when sophisticated and flexible signal processing is required.

In this chapter, we consider the fundamental concepts of discrete-time signals and
signal-processing systems for one-dimensional signals. We emphasize the class of linear
time-invariant discrete-time systems. Many of the properties and results that we derive
in this and subsequent chapters will be similar to properties and results for linear time-
invariant continuous-time systems, as presented in a variety of texts. (See, for example,
Oppenheim and Willsky, 1997.) In fact, it is possible to approach the discussion of
discrete-time systems by treating sequences as analog signals that are impulse trains. This
approach, if implemented carefully, can lead to correct results and has formed the basis
for much of the classical discussion of sampled data systems. (See, for example, Phillips
and Nagle, 1995.) However, not all sequences arise from sampling a continuous-time
signal, and many discrete-time systems are not simply approximations to corresponding
analog systems. Furthermore, there are important and fundamental differences between
discrete- and continuous-time systems. Therefore, rather than attempt to force results
from continuous-time system theory into a discrete-time framework, we will derive
parallel results starting within a framework and with notation that is suitable to discrete-
time systems. Discrete-time signals will be related to continuous-time signals only when
it is necessary and useful to do so.

2.1 DISCRETE-TIME SIGNALS: SEQUENCES

Discrete-time signals are represented mathematically as sequences of numbers. A se-

quence of numbers x, in which the nth number in the sequence is denoted x[n],! is
formally written as

x = {x[n]}, —00 < n < 00, (2.1)

where #n is an integer. In a practical setting, such sequences can often arise from periodic

1A sequence is simply a function whose domain is the set of integers. Note that we use [ ] to enclose

the independent variable of such functions, and we use () to enclose the independent variable of continuous-
variable functions.
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sampling of an analog signal. In this case, the numeric value of the nth number in the
sequence is equal to the value of the analog signal, x,(¢), at time 1T} i.e.,

x[n] = x,(nT), —00 < B < X. (2.2)

The quantity 7T is called the sampling period, and its reciprocal is the sampling fre-
quency. Although sequences do not always arise from sampling analog waveforms, it is
convenient to refer to x[n] as the “nth sample” of the sequence. Also, although, strictly
speaking, x[n] denotes the nth number in the sequence, the notation of Eq. (2.1) is often
unnecessarily cumbersome, and it is convenient and unambiguous to refer to “the se-
quence x[n]” when we mean the entire sequence, just as we referred to the “analog signal
x,(¢).” Discrete-time signals (i.e., sequences) are often depicted graphically as shown in
Figure 2.1. Although the abscissa is drawn as a continuous line, it is important to recog-
nize that x[n] is defined only for integer values of #. It is not correct to think of x[n] as
being zero for # is not an integer; x[n] is simply undefined for noninteger values of n.

x[-1] ¢*[0]

x[-2] x [1;1 2l x[n]

TT”” “Ir.zsmon
2345 [13

98-76-54-3-2-101

Figure 2.1 Graphical representation of
a discrete-time signal.

As an example, Figure 2.2(a) shows a segment of a speech signal corresponding to
acoustic pressure variation as a function of time, and Figure 2.2(b) presents a sequence

Y

}4* 32 ms ’I
(a)

[T L i

L 256 samples |

| P |
(b)

Figure 2.2 (a) Segment of a continuous-time speech signal. {b) Sequence of samples
obtained from part (a) with T = 125 us.
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of samples of the speech signal. Although the original speech signal is defined at all
values of time ¢, the sequence contains information about the signal only at discrete
instants. From the sampling theorem, discussed in Chapter 4, the original signal can be
reconstructed as accurately as desired from a corresponding sequence of samples if the
samples are taken frequently enough.

2.1.1 Basic Sequences and Sequence Operations

In the analysis of discrete-time signal-processing systems, sequences are manipulated
in several basic ways. The product and sum of two sequences x[n] and y[n] are defined
as the sample-by-sample product and sum, respectively. Multiplication of a sequence
x[n] by a number « is defined as multiplication of each sample value by a. A sequence
y[n] is said to be a delayed or shifted version of a sequence x[n] if

y[n] = x[n — no], (2.3)
where ng is an integer.

In discussing the theory of discrete-time signals and systems, several basic se-
quences are of particular importance. These sequences are shown in Figure 2.3 and are
discussed next.

The unit sample sequence (Figure 2.3a) is defined as the sequence

5ln] = {‘f nEo Y

Aswe will see, the unit sample sequence plays the same role for discrete-time signals and
systems that the unit impulse function (Dirac delta function) does for continuous-time
signals and systems. For convenience, the unit sample sequence is often referred toas a
discrete-time impulse or simply as an impulse. It is important to note that a discrete-time
impulse does not suffer from the mathematical complications of the continuous-time
impulse; its definition is simple and precise.

As we will see in the discussion of linear systems, one of the important aspects
of the impulse sequence is that an arbitrary sequence can be represented as a sum of
scaled, delayed impulses. For example, the sequence p[n] in Figure 2.4 can be expressed
as

pln] = a_aé[n + 3]+ a18[n — 1] + a28[n — 2] + az8[n - 7). (2.5)
More generally, any sequence can be expressed as

o0

x[n] = Y x[k]s[n ~ k). (2.6)

k=—00

We will make specific use of Eq. (2.6) in discussing the representation of discrete-time
linear systems.
The unit step sequence (Figure 2.3b) is given by

1, n>0,
uln] = {0, n<O 2.7)
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Unit sample

Unit step

Real exponential

]IIIITTTL

0o n
(c)
Sinusoidal
, .I]IT rl
Figure 2.3 Some basic sequences.
The sequences shown play important
roles in the analysis and representation
(@) of discrete-time signals and systems.

Figure 2.4 Example of a sequence to
be represented as a sum of scaled,
delayed impulses.

The unit step is related to the impulse by

uln] = > S[k]; (2.8)

k=—00

that is, the value of the unit step sequence at (time) index » is equal to the accumulated
sum of the value at index r and all previous values of the impulse sequence. An alterna-
tive representation of the unit step in terms of the impulse is obtained by interpreting
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the unit step in Figure 2.3(b) in terms of a sum of delayed impulses as in Eq. (2.6). In
this case, the nonzero values are all unity, so

uln]) =8[n]+d8n—-1]1+8rn—-2]1+--- (2.9a)

or
uln] = i 8[n — k. (2.9b)
k=0

Conversely, the impulse sequence can be expressed as the first backward difference of
the unit step sequence, i.e.,

8[n] = u[n] — u[n —1]. (2.10)

Exponential sequences are extremely important in representing and analyzing lin-
ear time-invariant discrete-time systems. The general form of an exponential sequence
is

x[n] = Ac". | (2.11)

If Aand o are real numbers, then the sequence is real. If 0 < @ < 1 and Ais positive,
then the sequence values are positive and decrease with increasing #, as in Figure 2.3(c).
For —1 < a < 0, the sequence values alternate in sign, but again decrease in magnitude
with increasing 7. If [«| > 1, then the sequence grows in magnitude as n increases.

Example 2.1 Combining Basic Sequences

We often combine basic sequences to form simple representations of other sequences.
If we want an exponential sequence that is zero for n < 0, we can write this as the
somewhat cumbersome expression

Aa”, n>0,
x[n] = {O, n<o. (2.12)

A much simpler expression is x[n] = Ac"u[n].
Sinusoidal sequences are also very important. A sinusoidal sequence has the gen-
eral form
x[n] = A cos(won + ¢), for all n, (2.13)

with A and ¢ real constants, and is illustrated in Figure 2.3(d).

The exponential sequence Aa” with complex « has real and imaginary parts that
are exponentially weighted sinusoids. Specifically, if @ = |a|e/®® and A = | Ale/?, the
sequence Aa” can be expressed in any of the following ways:

x[n] = Aa" = |Ale/®|a|"e/o"
= | A| |a|"e/ @ont?) (2.14)

= |A||a|” cos(won + ¢) + jl Al la|” sin(wen + ¢).
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The sequence oscillates with an exponentially growing envelope if |¢| > 1 or with an
exponentially decaying envelope if |¢] < 1. (As a simple example, consider the case
W=7 )

When || = 1, the sequence is referred to as a complex exponential sequence and
has the form

x[n] = lAlej(“’O"+¢) = |A| cos(won + ¢) + jlA|sin(won + ¢); (2.15)

that is, the real and imaginary parts of e/“9" vary sinusoidally with n. By analogy with the
continuous-time case, the quantity wy is called the frequency of the complex sinusoid or
complex exponential, and ¢ is called the phase. However, note that n is a dimensionless
integer. Thus, the dimension of w( must be radians. If we wish to maintain a closer
analogy with the continuous-time case, we can specify the units of w¢ to be radians per
sample and the units of n to be samples.

The fact that nis always aninteger in Eq. (2.15) leads to some important differences
between the properties of discrete-time and continuous-time complex exponential se-
quences and sinusoidal sequences. An important difference between continuous-time
and discrete-time complex sinusoids is seen when we consider a frequency (wo + 2).
In this case,

x[n] = Ael(wot+lm)n

— Aelwongi2an — Aglwon (2_16)

More generally, we can easily see that complex exponential sequences with frequencies
(wo + 27r), where r is an integer, are indistinguishable from one another. An identical
statement holds for sinusoidal sequences. Specifically, it is easily verified that

x[n] = A cos[(wg + 2ntr)n + @]

(2.17)
= A cos(won + ¢).

The implications of this property for sequences obtained by sampling sinusoids and
other signals will be discussed in Chapter 4. For now, we simply conclude that, when
discussing complex exponential signals of the form x[n] = Ae/“" or real sinusoidal
signals of the form x[n] = A cos(won + ¢), we need only consider frequencies in an
interval of length 27, such as —r < wp < 7w or 0 < wg < 27.

Another important difference between continuous-time and discrete-time com-
plex exponentials and sinusoids concerns their periodicity. In the continuous-time case,
a sinusoidal signal and a complex exponential signal are both periodic, with the period
equal to 2rr divided by the frequency. In the discrete-time case, a periodic sequence is
a sequence for which

x[n] = x[n+ N], for all (2.18)

where the period N is necessarily an integer. If this condition for periodicity is tested
for the discrete-time sinusoid, then

A cos(won + ¢) = A cos(won + woN + @), (2.19)
which requires that
woN = 2rk, (2.20)

where k is an integer. A similar statement holds for the complex exponential sequence
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Cel®m; that is, periodicity with period N requires that
efwo(fH-N) — eiwon, (2_21)

which is true only for wg N = 27k, as in Eq. (2.20). Consequently, complex exponential
and sinusoidal sequences are not necessarily periodic in n with period (27 /wo) and,
depending on the value of @, may not be periodic at all.

Example 2.2 Periodic and Aperiodic Discrete-Time
Sinusoids

Consider the signal xi[n] = cos(n/4). This signal has a period of N = 8. To show
this, note that x[n + 8] = cos(w(n + 8)/4) = cos(7n/4 + 2n) = cos(zn/4) = x[n],
satisfying the definition of a discrete-time periodic signal. Contrary to our intuition
from continuous-time sinusoids, increasing the frequency of a discrete-time sinusoid
does not necessarily decrease the period of the signal. Consider the discrete-time
sinusoid x;[n] = cos(3n/8), which has a higher frequency than x[#]. However, x;[n]
is not periodic with period 8, since x;[n+ 8] = cos(3n(n+ 8)/8) = cos(37n/8+3n) =
—x;[n]. Using an argument analogous to the one for x; [n], we can show that x;[n] has
a period of N = 16. Thus, increasing the frequency from wg = 27/8 to w9 = 37/8
also increases the period of the signal. This occurs because discrete-time signals are
defined only for integer indices 7.

_ The integer restriction on n causes some sinusoidal signals not to be periodic
at all. For example, there is no integer N such that the signal x3[n] = cos(n) satisfies
the condition x3[n + N | = x3[#] for all n. These and other properties of discrete-time
sinusoids that run counter to their continuous-time counterparts are caused by the
limitation of the time index » to integers for discrete-time signals and systems.

When we combine the condition of Eq. (2.20) with our previous observation that
wo and (wo + 27r) are indistinguishable frequencies, it becomes clear that there are
N distinguishable frequencies for which the corresponding sequences are periodic with
period N. One set of frequencies is wx = 27k/N, k=0, 1, ..., N — 1. These properties
of complex exponential and sinusoidal sequences are basic to both the theory and the
design of computational algorithms for discrete-time Fourier analysis, and they will be
discussed in more detail in Chapters 8 and 9.

Related to the preceding discussion is the fact that the interpretation of high
and low frequencies is somewhat different for continuous-time and discrete-time sinu-
soidal and complex exponential signals. For a continuous-time sinusoidal signal x(¢) =
A cos(Qof +¢), as Qg increases, x(¢) oscillates more and more rapidly. For the discrete-
time sinusoidal signal x[n] = A cos(won + ¢), as w¢ increases from wo = 0 toward
wo = 7, x[n] oscillates more and more rapidly. However, as @ increases from wg = 7
to wg = 2m, the oscillations become slower. This is illustrated in Figure 2.5. In fact, be-
cause of the periodicity in ¢ of sinusoidal and complex exponential sequences, w¢ = 27
is indistinguishable from w¢ = 0, and, more generally, frequencies around wy = 27 are
indistinguishable from frequencies around wo = 0. As a consequence, for sinusoidal
and complex exponential signals, values of @ in the vicinity of w¢ = 2wk for any integer
value of k are typically referred to as low frequencies (relatively slow oscillations), while
values of wy in the vicinity of wo = (7 + 27 k) for any integer value of k are typically
referred to as high frequencies (relatively rapid oscillations).
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w0=00rw0=2‘n'

(a)

wy =8 or wy=157/8

(b)

wq =74 orwy="T7m/4

(¢
I ‘ wqo = w
0 n Figure 2.5 COS wqn for several
different values of wg. AS wq increases
, from zero toward = (parts a—d), the
sequence oscillates more rapidly. As wq
. increases from = to 2 (parts d-a), the
{(d oscillations become slower.

2.2 DISCRETE-TIME SYSTEMS

A discrete-time system is defined mathematically as a transformation or operator that
maps an input sequence with values x[z] into an output sequence with values y[n]. This
can be denoted as

ylnl = T{x[n]} (2.22)
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Figure 2.6 Representation of a
discrete-time system, i.e., a
transformation that maps an input
— T[] p—> sequence x[n] into a unique output
x[n] yInl  sequence y[n].

and is indicated pictorially in Figure 2.6. Equation (2.22) represents a rule or formula
for computing the output sequence values from the input sequence values. It should
be emphasized that the value of the output sequence at each value of the index » may
depend on x[n] for all values of n. The following examples illustrate some simple and
useful systems.

Example 2.3 The Ildeal Delay System
The ideal delay system is defined by the equation
yln] = x[n — n4l, —00 < H < 00, (2.23)

where n, is a fixed positive integer called the delay of the system. In words, the ideal
delay system simply shifts the input sequence to the right by ns samples to form the
output. If, in Eq. (2.23), n, is a fixed negative integer, then the system would shift the
input to the left by iz, samples, corresponding to a time advance.

In Example 2.3, only one sample of the input sequence is involved in detérmining
a certain output sample. In the following example, this is not the case,

Example 2.4 Moving Average

The general moving-average system is defined by the equation
M;

1
yinl M+ M, +1 L x[n ]
=—M

1
= m{x[n+M1]+x[n+M1—1]+---+x[n] (224)

+x[n—1]+--- 4+ x[n — M,]}.

1l

x[k]

l k

SERRRY

Figure 2.7 Sequence values involved in computing a causal moving average.

This system computes the nth sample of the output sequence as the average of (M1 +
M, + 1) samples of the input sequence around the nth sample. Figure 2.7 shows an



18 ' Discrete-Time Signals and Systems Chap. 2

input sequence plotted as a function of a dummy index k and the samples involved in
the computation of the output sample y[n] forn =7, M; = 0,and M, = 5. The output
sample y[7] is equal to one-sixth of the sum of all the samples between the vertical
dotted lines. To compute y[8], both dotted lines would move one sample to the right.

Classes of systems are defined by placing constraints on the properties of the
transformation 7 {-}. Doing so often leads to very general mathematical representations,
as we will see. Of particular importance are the system constraints and properties,
discussed in Sections 2.2.1-2.2.5.

2.2.1 Memoryless Systems

A system is referred to as memoryless if the output y[n] at every value of n depends
only on the input x[n] at the same value of n.

Example 2.5 A Memoryless System

An example of a memoryless system is a system for which x[n] and y[n] are related by
y[n] = (x[n])?, for each value of n. (2.25)

The system in Example 2.3 is not memoryless unless n; = 0; in particular, this system
is referred to as having “memory” whether ny is positive (a time delay) or negative
(a time advance). The system in Example 2.4 is not memoryless unless M1 = M, = 0.

2.2.2 Linear Systems

The class of linear systems is defined by the principle of superposition. If y;[n] and y,[n]
are the responses of a system when x;[n] and x;[n] are the respective inputs, then the
system is linear if and only if

T{x1[n] + x2[n]} = T{x[n]} + T{x2[n]} = y1[n] + y2[n] (2.26a)
d
" T{ax[n]} = aT{x[n]} = ay[n], (2.26b)

where a is an arbitrary constant. The first property is called the additivity property, and
the second is called the homogeneity or scaling property. These two properties can be
combined into the principle of superposition, stated as

T{axi[n] + bxz[n]} = aT{x1[n}} + bT{xz2[n]} (2.27)

for arbitrary constants a and b. This equation can be generalized to the superposition
of many inputs. Specifically, if

x[n] = axn], (2.28a)
k
then the output of a linear system will be
y[n] = Zakyk[n], (2.28b)
k

where y;[n] is the system response to the input x;[n].

By using the definition of the principle of superposition, we can easily show that
the systems of Examples 2.3 and 2.4 are linear systems. (See Problem 2.23.) An example
of a nonlinear system is the system in Example 2.5.
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Example 2.6 The Accumulator System

The system defined by the input—output equation

n

il =) xK] 229)

k=—o

is called the accumulator system, since the output at time # is just the sum of the present
and all previous input samples. The accumulator system is a linear system. In order to
prove this, we must show that it satisfies the superposition principle for all inputs, not
just any specific set of inputs. We begin by defining two arbitrary inputs x1[n] and xz[n]

and their corresponding outputs
n

yiln] = ) mlk], (2.30)
k=—o0

yaln] = ) xalk]. (2.31)
k=—00

When the input is x3[n] = ax;[n] + bxy[n], the superposition principle requires the
output y3[n] = ay1[r] + byz[r] for all possible choices of a and b. We can show this by
starting from Eq. (2.29): ‘

n

y3[n] = kZ x3[k], 23

— ki (ax1[k] + bxz[K]), (2.33)

=a i x[k] +b i PALs (2.34)
k=00 —

= ayi[n] + by2[n]. (2.35)

Thus, the accumulator system of Eq. (2.29) satisfies the superposition principle for all
inputs and is therefore linear.

In general, it may be simpler to prove that a system is not linear (if it is not) than
to prove that it is linear (if it is). We simply must find an input or set of inputs for which
the system does not satisfy the conditions of linearity.

Example 2.7 A Nonlinear System

Consider the system defined by
wln] = loggg (Jx[n]l). (236)

This system is not linear. In order to prove this, we only need to find one
counterexample—that is, one set of inputs and outputs which demonstrates that the sys-
tem violates the superposition principle, Eq. (2.27). The inputs x; [#] = 1and xz[n] = 10
are a counterexample. The output for the first signal is w [n] = 0, while for the second,
wy[n] = 1. The scaling property of linear systems requires that, since x3[n] = 10x; [n],
if the system is linear, it must be true that w;[n] = 10w [n]. Since this is not so for
Eq. (2.36) for this set of inputs and outputs, the system is not linear.
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2.2.3 Time-Invariant Systems

A time-invariant system (often referred to equivalently as a shift-invariant system) is
a system for which a time shift or delay of the input sequence causes a corresponding
shift in the output sequence. Specifically, suppose that a system transforms the input
sequence with values x[n] into the output sequence with values y[n]. Then the system is
said to be time invariant if, for all ng, the input sequence with values x;[n] = x[n — ng)
produces the output sequence with values y[n] = y[n — ng].

Asin the case of linearity, proving that a system is time invariant requires a general
proof making no specific assumptions about the input signals. All of the systems in
Examples 2.3-2.7 are time invariant. The style of proof for time invariance is illustrated
in Examples 2.8 and 2.9.

Example 2.8 The Accumulator as a Time-Iinvariant System

Consider the accumulator from Example 2.6. We define x;[n] = x[n — ng]. To show
time invariance, we solve for both y[r—ry] and y1[n] and compare them to see whether
they are equal. First, '

yin—no]= > x[k] (237)
k=—00
Next, we find
yiln] = Y xfkl (2.38)
k=—00
= > x[k—no]. (2.39)
k=—00

Substituting the change of variables k| = k — np into the summation gives

n—ny

ylnl= )" k] = yin - no). (2.40)

kl =—00

Thus, the accumulator is a time-invariant system.

The following example illustrates a system that is not time invariant.

Exampie 2.9 The Compressor System

The system defined by the relation
yin] = x[Mn], —00 < h < 00, (2.41)

with M a positive integer, is called a compressor. Specifically, it discards (M — 1)
samples out of M, i.e,, it creates the output sequence by selecting every Mth sample.
This system is not time invariant. We can show that it is not by considering the response
y1[n] to the input x;[r] = x[r — no]. In order for the system to be time invariant, the
output of the system when the input is x;[#] must be equal to y[n — ny]. The output
y1[n] that results from the input x;[n] can be directly computed from Eq. (2.41) to be

yi[n] = x1[Mn] = x[ Mn — ny]. (2.42)
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Delaying the output y[n] by ngp samples yields
yln — ol = x[M(n — ny)]. 243)

Comparing these two outputs, we see that y[n — ng] is not equal to y1[n] for all M and
ng, and therefore, the system is not time invariant.

It is also possible to prove that a system is not time invariant by finding a single
counterexample that violates the time-invariance property. For instance, a counterex-
ample for the compressor is the case when M = 2, x[n] = §[n], and x;1[n] = 8[n — 1]
For this choice of inputs and M, y[n] = §[n], but y;[n] = 0; thus, it is clear that
y1[n] # y[n — 1] for this system. ‘

2.2.4 Causality

A system s causal if, for every choice of ny, the output sequence value at the indexn = ny
depends only on the input sequence values for n < ng. This implies that if x1[n] = x;[n]
for n < ny, then y1[n] = y,{n] for n < ny. That is, the system is nonanticipative. The
system of Example 2.3 is causal for n; > 0 and is noncausal for ny < 0. The system of
Example 2.4 is causal if —M; > 0 and M, > 0; otherwise it is noncausal. The system of
Example 2.5 is causal, as is the accumulator of Example 2.6 and the nonlinear system
in Example 2.7. However, the system of Example 2.9 is noncausal if M > 1, since
¥{1] = x[M]. Another noncausal system is given in the following example.

Example 2.10 The Forward and Backward Difference
Systems

Consider the forward difference system defined by the relationship
yln] = x[n + 1] — x[n]. (2.44)

This system is not causal, since the current value of the output depends on a future
value of the input. The violation of causality can be demonstrated by considering the
two inputs x1[n] = 8[n — 1] and x;[n] = 0 and their corresponding outputs y;[n] =
8[n] — 8[n — 1] and y;[n] = 0. Note that x1[n] = x;[n] for n < 0, so the definition of
causality requires that y1[n] = y;[n] for n < 0, which is clearly not the case for n = 0.
Thus, by this counterexample, we have shown that the system is not causal.

The backward difference system, defined as

y[n] = x[n] — x[n - 1], (2.45)

has an output that depends only on the present and past values of the input. Because
there is no way for the output at a specific time y[#ny] to incorporate values of the input
for n > ng, the system is causal.

2.2.5 Stability

A system is stable in the bounded-input, bounded-output (BIBO) sense if and only if
every bounded input sequence produces a bounded output sequence. The input x{r] is
bounded if there exists a fixed positive finite value B, such that

|x[n]| = By < o0, for all n. (2.46)
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Stability requires that, for every bounded input, there exist a fixed positive finite value
B, such that

ly[n]l < By < o0, for all n. (2.47)

It is important to emphasize that the properties we have defined in this section are
properties of systems, not of the inputs to a system. That is, we may be able to find
inputs for which the properties hold, but the existence of the property for some inputs
does not mean that the system has the property. For the system to have the property, it
must hold for all inputs. For example, an unstable system may have some bounded inputs
for which the output is bounded, but for the system to have the property of stability, it
must be true that for all bounded inputs, the output is bounded. If we can find just one
input for which the system property does not hold, then we have shown that the system
does not have that property. The following example illustrates the testing of stability
for several of the systems that we have defined.

Example 2.11 Testing for Stability or Instability

The system of Example 2.5 is stable. To see this, assume that the input x[n] is bounded
such that |x[n]| < B, for all n. Then |y[#]| = |x[#]|> < B2. Thus, we can choose
B, = B? and prove that y[n] is bounded.

Likewise, we can see that the system defined in Example 2.7 is unstable, since
y[n] = log,g(|x[n]|) = —oo for any values of the time index n at which x[n] = 0, even
though the output will be bounded for any input samples that are not equal to zero.

The accumulator, as defined in Example 2.6 by Eq. (2.29), is also not stable. For
example, consider the case when x[n] = u[n], which is clearly bounded by B, = 1. For
this input, the output of the accumulator is

n

inl = > ulk] (2.48)
k=—o00
0, n <0,
= { (n+1), n=0. (2.49)

There is no finite choice for By such that (n+ 1) < B, < oc for all n; thus, the system
is unstable.

Using similar arguments, it can be shown that the systems in Examples 2.3, 2.4,
2.9 and 2.10 are all stable.

2.3 LINEAR TIME-INVARIANT SYSTEMS

A particularly important class of systems consists of those that are linear and time invari-
ant. These two properties in combination lead to especially convenient representations
for such systems. Most important, this class of systems has significant signal-processing
applications. The class of linear systems is defined by the principle of superposition in
Eq. (2.27). If the linearity property is combined with the representation of a general
sequence as a linear combination of delayed impulses as in Eq. (2.6), it follows that a
linear system can be completely characterized by its impulse response. Specifically, let
hi{n] be the response of the system to 4[n — k], an impulse occurring at n = k. Then,
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from Eq. (2.6),

y[n] = T{ Z x[k]é[n — k]} . (2.50)
k=—o0
From the principle of superposition in Eq. (2.27), we can write
yinl= Y x[KT@En—kl} = D x[Kln]. (2.51)
k=—oc k=—00

According to Eq. (2.51), the system response to any input can be expressed in terms of
the responses of the system to the sequences 8[n — k. If only linearity is imposed, A[#]
will depend on both n and &, in which case the computational usefulness of Eq. (2.51)
is limited. We obtain a more useful result if we impose the additional constraint of time
invariance.
The property of time invariance implies that if hA[#n] is the response to §[#], then
the response to 8[n — k] is h[n — k]. With this additional constraint, Eq. (2.51) becomes
o0
ylnl= Y x[klh[n — K. (2.52)
k=—0c0
As a consequence of Eq. (2.52), a linear time-invariant system (which we will sometimes
abbreviate as LTT) is completely characterized by its impulse response #[n] in the sense
that, given h[n], it is possible to use Eq. (2.52) to compute the output y[n] due to any
input x[n].
Equation (2.52) is commonly called the convolution sum. If y[n] is a sequence
whose values are related to the values of two sequences A[n] and x[z] as in Eq. (2.52),
we say that y[n] is the convolution of x[n] with A[n] and represent this by the notation

y[n] = x[n] * h[n]. (2.53)

The operation of discrete-time convolution takes two sequences x[n] and Ah[n] and
produces a third sequence y[n]. Equation (2.52) expresses each sample of the output
sequence in terms all of the samples of the input and impulse response sequences.

The derivation of Eq. (2.52) suggests the interpretation that the input sample
at n = k, represented as x[k]§[n — k], is transformed by the system into an output
sequence x[k]h[n — k], for —oo < n < oo, and that, for each k, these sequences are
superimposed to form the overall output sequence. This interpretation is illustrated
in Figure 2.8, which shows an impulse response, a simple input sequence having three
nonzero samples, the individual outputs due to each sample, and the composite output
due to all the samples in the input sequence. Specifically, x[n] can be decomposed as
the sum of the three sequences x[—2]8[n + 2], x[0]8[r], and x[3]8[r — 3] representing
the three nonzero values in the sequence x[n]. The sequences x[—-2]h[n + 2], x[0]A[n],
and x[3]h[n — 3] are the system responses to x[—2]8[n + 2], x[0]8[n], and x[3]8[r — 3],
respectively. The response to x[#n] is then the sum of these three individual responses.

Although the convolution-sum expression is analogous to the convolution integral
of continuous-time linear system theory, the convolution sum should not be thought of
as an approximation to the convolution integral. The convolution integral plays mainly a
theoretical role in continuous-time linear system theory; we will see that the convolution
sum, in addition to its theoretical importance, often serves as an explicit realization of a
discrete-time linear system. Thus, it is important to gain some insight into the properties
of the convolution sum in actual calculations.
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hln]

x_p[n] = x[-2]8[n + 2] y_z[n] = x[-2]h[n + 2]

yoln] = x[0]h[n]

0 n
x3[n] = x[3]8[n - 3] ya[n] = x[3]A[n - 3]
3 3
0 n 0 n
x[n] = x_3[n] + xg[n] + x3[n] y[nl =y _[n] + yoln] + y3(n]

Figure 2.8 Representation of the output of a linear time-invariant system as the
superposition of responses to individual samples of the input.
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The preceding interpretation of Eq. (2.52) emphasizes that the convolution sum
is a direct result of linearity and time invariance. However, a slightly different way of
looking at Eq. (2.52) leads to a particularly useful computational interpretation. When
viewed as a formula for computing a single value of the output sequence, Eq. (2.52)
dictates that y[n] (i.e., the nth value of the output) is obtained by multiplying the input
sequence {expressed as a function of k) by the sequence whose values are h[n — k],
—00 < k < oo, and then, for any fixed value of n, summing all the values of the products
x[k)h[n— k], with k a counting index in the summation process. Therefore, the operation
of convolving two sequences involves doing the computation for all values of n, thus
generating the complete output sequence y[n], —o0 < n < oo. The key to carrying out
the computations of Eq. {2.52) to obtain y[x] is understanding how to form the sequence
h[n — k], —o0 < k < oo, for all values of n that are of interest. To this end, it is useful to
note that

' hln — k] = h[—(k — n)]. (2.54)
The interpretation of Eq. (2.54) is best done with an example.

Example 2.12 Computation of the Convolution Sum

Suppose h[k] is the sec[uénce shown in Figure 2.9(a) and we wish to find Aln — k] =
h[—(k — n)]. Define hi[k] to be h{—k], which is shown in Figure 2.9(b). Next, define

.| . hlk)
* . *—o T I I T ! -
-3 0 6 k
@
h[-k] = k[0 - k]
L . ? T I ‘ I T L . 4 L 2 L . 4
-6 1] 3 k

kIn - K] = h[~(k = n)]

et 1] |

n-6 0 n n+3 k
(©)
Figure 2.9 Forming the sequence /1[n — k]. (a) The sequence A[k] as a function

of k. (b) The sequence h[—k] as a function of k. (c) The sequence h[n — k] =
h[—(k — m)] as a function of k for n = 4.
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hy[k] to be hi[k], delayed, by nsamples on the k axis, i.e., h2[k] = hi[k—n]. Figure 2.9(c)
shows the sequence that results from delaying the sequence in Figure 2.9(b) by n
samples. Using the relationship between A;[k] and A[k], we can show that A;[k] =
hi1lk — n] = h[—(k — n)] = h[n — k], and thus, the bottom figure is the desired signal.
To summarize, to compute h[n — k] from k[k], we first reverse A[k] in time about k = 0
and then delay the time-reversed signal by n samples.

From Example 2.3, it should be clear that, in general, the sequence h[n — k],
—o00 < k < oc, is obtained by

1. reflecting h[k] about the origin to obtain A[—k];
2. shifting the origin of the reflected sequence to k = n.

To implement discrete-time convolution, the two sequences x[k] and h[n — k] are mul-
tiplied together for —co < k£ < o0, and the products are summed to compute the
output sample y[#n]. To obtain another output sample, the origin of the sequence h[—k]
is shifted to the new sample position, and the process is repeated. This computational
procedure applies whether the computations are carried out numerically on sampled
data or analytically with sequences for which the sample values have simple formulas.
The following example illustrates discrete-time convolution for the latter case.

Example 2.13 Analytical Evaluation of the Convolution Sum
Consider a system with impulse response
h{n] = u[n] — u[n — N]

_J1L, 0<zn=<N-1,
~ 10, otherwise.

The input is
x[n] = a"uln].

To find the output at a particular index n, we must form the sums over all &k of the
product x[k)h[n — k]. In this case, we can find formulas for y[n] for different sets of
values of n. For example, Figure 2.10(a) shows the sequences x[k] and h[n — k], plotted
for n a negative integer. Clearly, all negative values of n give a similar picture; i.e., the
nonzero portions of the sequences x[k] and A[n — k] do not overlap, so

yin] =0, n<0.

Figure 2.10(b) illustrates the two sequences when 0 < nand n — N+1 < 0. These two
conditions can be combined into the single condition 0 < n < N — 1. By considering
Figure 2.10(b), we see that, since

x[k)h[n — k] = a*,

it follows that

n
y[n] = Eak, for0<n<N-1, (2.55)
k=0



Sec. 2.3 Linear Time-Invariant Systems 27
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Flgure 2.10 Sequence involved in computing a discrete convolution. (a)—(c) The

sequences x[k] and h[n — k] as a function of k for different values of n. (Only

nonzero samples are shown.) (d) Corresponding output sequence as a function
~of n.

The limits on the sum are determined directly from Figure 2.10(b). Equation (2.55)
shows that y[n] is the sum of n + 1 terms of a geometric series in which the ratio of
terms is 4. This sum can be expressed in closed form using the general formula

Yak=Z———, MNzN. (2.56)
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Applying this formula to Eq. (2.55), we obtain

1 — gntl
Finally, Figure 2.10(c) shows the two sequences when0 <n— N+1lor N—1 < n. As

before,
x[k]h[n — k] = a¥, n—N+1l<k<n,

but now the lower limit on the sum is n — N + 1, as seen in Figure 2.10(c). Thus,
n
y[n] = Z a¥, forN—1<n. (2.58)
k=n—N+1
Using Eq. (2.56), we obtain
at—N+1 _ gn+l

y[n]= 1—a '

or

l1—-a

yln] = a™ N1 (ﬂ) : (2.59)

Thus, because of the piecewise-exponential nature of both the input and the unit
sample response, we have been able to obtain the following closed-form expression
for y[n] as a function of the index n:

0, n<0,
1_an+l
=4 T2 O=n=N-1, (2.60)
_ N
at—N+1 (1—‘1), N-1<n.
1-a

This sequence is shown in Figure 2.10(d).

Example 2.13 illustrates how the convolution sum can be computed analytically
when the input and the impulse response are given by simple formulas. In such cases,
the sums may have a compact form that may be derived using the formula for the sum of
a geometric series or other “closed-form” formulas.? When no simple form is available,
the convolution sum can still be evaluated numerically using the technique illustrated
in Example 2.13 whenever the sums are finite, which will be the case if either the input
sequence or the impulse response is of finite length, i.e., has a finite number of nonzero
samples.

2.4 PROPERTIES OF LINEAR TIME-INVARIANT SYSTEMS

Since all linear time-invariant systems are described by the convolution sum of
Eq. (2.52), the properties of this class of systems are defined by the properties of discrete-
time convolution. Therefore, the impulse response is a complete characterization of the
properties of a specific linear time-invariant system.

2Such results are discussed, for example, in Grossman (1992).
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Some general properties of the class of linear time-invariant systems can be found
by considering properties of the convolution operation. For example, the convolution
operation is commutative;

x[n] * h[n] = h[n] * x[n]. (2.61)

This can be shown by applying a substitution of variables to Eq. (2.52). Specifically, with
m=n-—=k,

y[n] = i‘ x[n—mlhlm] = Y h[mlx[n— m] = hin] x x[n], (2.62)

so the roles of x[n] and A[r] in the summation are interchanged. That is, the order of
the sequences in a convolution is unimportant, and hence, the system output is the
same if the roles of the input and impulse response are reversed. Accordingly, a linear
time-invariant system with input x[r] and impulse response #[n] will have the same
output as a linear time-invariant system with input 4[n] and impulse response x[n]. The
convolution operation also distributes over addition; i.¢.,

- x[n] * (h1[n] + h2[n]) = x[n] * h1[n] + x[n] * Aa[n].

This follows in a straightforward way from Eq. (2.52) and is a direct result of the hnearlty
and commutativity of convolution.

In a cascade connection of systems, the output of the first system is the input to
the second, the output of the second is the input to the third, etc. The output of the last
system is the overall output. Two linear time-invariant systems in cascade correspond
to a linear time-invariant system with an impulse response that is the convolution of
the impulse responses of the two systems. This is illustrated in Figure 2.11. In the upper
block diagram, the output of the first system will be ki [n] if x[n] = §[n]. Thus, the output
of the second system (and, by definition, the impulse response of the overall system)
will be

h[n] = hy[n] * hz[n]. (2.63)

As a consequence of the commutative property of convolution, the impulse response
of a cascade combination of linear time-invariant systems is independent of the order
in which they are cascaded. This result is summarized in Figure 2.11, where the three
systems all have the same impulse response.

3 h;[n] > hy[n] P—>
x[n] yln]
x—->[n] hy[n] >| hy[n] y[>n ]

Figure 2.11 Three linear time-invariant
e—md Fi1[1] * hy[n] systems with identical impulse
x[n] y[n] responses.




30 Discrete-Time Signals and Systems Chap. 2

> hy[n]
i
x[n] y[n]
Po- h2[n].
(a)
o] hy[n] + hy[n] B Figure 2.12 (a) Parallel combination
A4y of linear time-irtvariant systems. (b) An
(b} equivalent system.

In a parallel connection, the systems have the same input, and their outputs are
summed to produce an overall output. It follows from the distributive property of convo-
lution that the connection of two linear time-invariant systems in parallel is equivalent to
a single system whose impulse response is the sum of the individual impulse responses;
ie.,

h[n] = hy[n] + hy[n]. (2.64)
This is depicted in Figure 2.12. ’

The constraints of linearity and time invariance define a class of systems with
very special properties. Stability and causality represent additional properties, and it is
often important to know whether a linear time-invariant system is stable and whether
it is causal. Recall from Section 2.2.5 that a stable system is a system for which every
bounded input produces a bounded output. Linear time-invariant systems are stable if
and only if the impulse response is absolutely summable, i.e., if

S = i Ih[K]| < oo. (2.65)
k=—00

This can be shown as follows. From Eq. (2.62),

0 o
il = | D Alkxln~ K| < 3 (#[K]|1x[n — A1 (2.66)
k=—o00 k=—00
If x[n] is bounded, so that
|x[n]l < Bx,
then substituting B, for |x[rn — k]| can only strengthen the inequality. Hence,
o0
ly[n]l < By ) |[K]I. (2.67)
k=—00

Thus, y[n] is bounded if Eq. (2.65) holds; in other words, Eq. (2.65) is a sufficient
condition for stability. To show that it is also a necessary condition, we must show that if
S = 00, then a bounded input can be found that will cause an unbounded output. Such
an input is the sequence with values

h*[—n]
x[n] = { 1A[—n]’ hin] #0, (2.68)

0, h[n] =0,
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where h*[n] is the complex conjugate of h[n]. The sequence x[n] is clearly bounded by
unity. However, the value of the output at n = O is

o0

|hlk]?
y[0]=k;oox[—k]h[k] Z T = S. (2.69)

Therefore, if S = oo, it is possible for a bounded input sequence to produce an un-
bounded output sequence.

The class of causal systems was defined in Section 2.2.4 as those systems for which
the output y[ny] depends only on the input samples x[z], for n < ng. It follows from
Eq. (2.52) or Eq. (2.62) that this definition implies the condition

Mn]=0, n<O, (2.70)

for causality of linear time-invariant systems. (See Problem 2.62.) For this reason, it is
sometimes convenient to refer to a sequence that is zero for n < 0 as a causal sequence,
meaning that it could be the impulse response of a causal system.

To illustrate how the properties of linear time-invariant systems are reflected in
the impulse response, let us consider again some of the systems defined in Examples 2.3—
2.10. First note that only the systems of Examples 2.3, 2.4, 2.6, and 2.10 are linear and
time invariant. Although the impulse response of nonlinear or time-varying systems
can be found, it is generally of limited interest, since the convolution-sum formula and
Egs. (2.65) and (2.70), expressing stability and causality, do not apply to such systems.

First, let us find the impulse responses of the systems in Examples 2.3, 2.4, 2.6, and
2.10. We can do this by simply computing the response of each system to §[n], using the
defining relationship for the system. The resulting impulse responses are as follows:

Ideal Delay (Example 2.3)
h[n] = é[n — n4), n, a positive fixed integer. (2.71)
Moving Average ( Example 2.4)

1
hln —_— dn—k
[] M +M+1 Zl[ ]
1 (2.72)
| —————, -Mi<n<M,,
={ M+ M+ 1 1=n=00
0, otherwise.

Accumuldtor (Example 2.6)

n

hln] = > 5[]

=—00

1, n=0,
10, n<0,

= u[n].
- Forward Dtﬁerence (Example 2.10)
h[n] = 8[n + 1] — §[n]. : ' (2.74)

(2.73)
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Backward Difference (Example 2.10)
h[n] = 8[n] — 8[n —1]. (2.75)

Given the impulse responses of these basic systems [Egs. (2.71)~(2.75)], we can
test the stability of each one by computing the sum

S= > |h[n].
n=—00
For the ideal delay, moving-average, forward difference, and backward difference ex-
amples, it is clear that § < oo, since the impulse response has only a finite number of
nonzero samples. Such systems are called finite-duration impulse response (FIR) sys-
tems. Clearly, FIR systems will always be stable, as long as each of the impulse response
values is finite in magnitude. The accumulator, however, is unstable because

[s,¢]
§= uln]=oc0.
n=0
In Section 2.2.5, we also demonstrated the instability of the accumulator by giving an
example of a bounded input (the unit step) for which the output is unbounded.

The impulse response of the accumulator is infinite in duration. This is an example
of the class of systems referred to as infinite-duration impulse response (IIR) systems.
An example of an IIR system that is stable is a system whose impulse response is
h[n] = a™u[n] with |a| < 1. In this case,

S= i la|". (2.76)

n=0
If |a| < 1, the formula for the sum of the terms of an infinite geometric series gives

1
1—|al

If, on the other hand, |a| > 1, the suin is infinite and the system is unstable.

To test causality of the linear time-invariant systems in Examples 2.3,2.4, 2.6, and
2.10, we can check to see whether A[n] = 0 for n < 0. As discussed in Section 2.2.4, the
ideal delay [ns > 0 in Eq. (2.23)] is causal. If n; < 0, the system is noncausal. For the
moving average, causality requires that —M; > 0 and M; > 0. The accumulator and
backward difference systems are causal, and the forward difference system is noncausal.

The concept of convolution as an operation between two sequences leads to the
simplification of many problems involving systems. A particularly useful result can be
stated for the ideal delay system. Since the output of the delay system is y[n] = x[n—n4],
and since the delay system has impulse response h[n] = 8[n — ng4], it follows that

x[n] * 8[n — n4]l = 8[n — ng] * x[n] = x[n — ng4). (2.78)

S=

< 00. (2.77)

That is, the convolution of a shifted impulse sequence with any signal x[n] is easily
evaluated by simply shifting x[n] by the displacement of the impulse.

Since delay is a fundamental operation in the implementation of linear systems,
the preceding result is often useful in the analysis and simplification of interconnections
of linear time-invariant systems. As an example, consider the system of Figure 2.13(a),
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Forward One-sample
— > —
x[n] | difference delay y[n]
(@)
One-sample > Eorward
x[n] delay difference y[n]

(b)

B.ackward I
x[n] difference y[n]

Figure 2.13 Equivalent systems found
by using the commutative property of
(c) convolution.

which consists of a forward difference system cascaded with an ideal delay of one sample.
According to the commutative property of convolution, the order in which systems are
cascaded does not matter, as long as they are linear and time invariant. Therefore, we
obtain the same result when we compute the forward difference of a sequence and
delay the result (Figure 2.13a) as when we delay the sequence first and then compute
the forward difference (Figure 2.13b). Also, it follows from Eq. (2.63) that the overall
impulse response of each cascade system is the convolution of the individual impulse
responses. Consequently,

h[n] = (8[n+ 1] — é[n]) * 6[n — 1]
= §[n—1]* (8[n+ 1] — 8[n]) (2.79)
= 8[n] — 8[n —1].

Thus, A[n] is identical to the impulse response of the backward difference system; that
is, the cascaded systems of Figures 2.13(a) and 2.13(b) can be replaced by a backward
difference system, as shown in Figure 2.13(c).

Note that the noncausal forward difference systems in Figures 2.13(a) and (b)
have been converted to causal systems by cascading them with a delay. In general, any
noncausal FIR system can be made causal by cascading it with a sufficiently long delay.

Another example of cascaded systems introduces the concept of an inverse system.
Consider the cascade of systems in Figure 2.14. The impulse response of the cascade
system is

Hln] = uln] * (8] — 8 — 1])
= u[n] —ufn —1] (2.80)
= 8[n].

That is, the cascade combination of an accumulator followed by a backward difference

(or vice versa) yields a system whose overall impulse response is the impulse. Thus, the

output of the cascade combination will always be equal to the input, since x[n] * §[n] =

x[n]. In this case, the backward difference system compensates exactly for (or inverts)
the effect of the accumulator; that is, the backward difference system is the inverse
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Figure 2.14 An accumulator in
cascade with a backward difference.
Backward. Since the backward difference is the
Accumulator »] difference inverse system for the accumulator, the
tem 1 cascade combination is equivalent to
xfn) | OS yInl | system | x[n] Cade
the identity system.

system for the accumulator. From the commutative property of convolution, the accu-
mulator is likewise the inverse system for the backward difference system. Note that
this example provides a system interpretation of Egs. (2.8) and (2.10). In general, if
a linear time-invariant system has impulse response A[n], then its inverse system, if it
exists, has impulse response A;[n] defined by the relation

h[n] = h;[n] = h;[n] * h[n] = 8[n]. (2.81)

Inverse systems are useful in many situations in which it is necessary to compensate
for the effects of a linear system. In general, it is difficult to solve Eq. (2.81) directly
for h;[n], given h[n]. However, in Chapter 3 we will see that the z-transform provides a
straightforward method of finding an inverse system.

2.5 LINEAR CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

An important subclass of linear time-invariant systems consists of those systems for
which the input x[r] and the output y[n] satisfy an Nth-order linear constant-coefficient
difference equation of the form

N M
> ayln—kl = bnx[n—m]. (2.82)
k=0 m=0

The properties discussed in Section 2.4 and some of the analysis techniques introduced
there can be used to find difference equation representations for some of the linear
time-invariant systems that we have defined.

Example 2.14 Difference Equation Representation of
the Accumulator

An example of the class of linear constant-coefficient difference equations is the ac-

cumulator system defined by
n

yin] = Z x[K]. (2.83)

k=—o0
To show that the input and output satisfy a difference equation of the form of Eq. (2.82),
note that we can write the output forn — 1 as

n—1

yln-1]= Z x[K]. (2.84)

=—00
By separating the term x[n] from the sum, we can rewrite Eq. (2.83) as

n—1

yinl=x[n)+ ) x[K]. (2.85)

k=—o00
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Substituting Eq. (2.84) into Eq. (2.85) yields
y[n] = x[n] + y[n —1], (2.86)

from which the desired form of the difference equation can be obtained by grouping
all the input and output terms on separate sides of the equation:

y[n] — yln — 1] = x[n]. ' (2.87)

-

Thus, we have shown that, in addition to satisfying the defining relationship of
Eq. (2.83), the input and output satisfy a linear constant-coefficient difference equation
of the form Eq. (2.82),with N=1,a0 =1,a1 = -1, M= 0,and by = 1.

The difference equation in the form of Eq. (2.86) gives us a better understanding
of how we could implement the accumulator system. According to Eq. (2.86), for each
value of n, we add the current input value x[n] to the previously accumulated sum
y[n — 1]. This interpretation of the accumulator is represented in block diagram form

in Figure 2.15.
xln] N yln]

Y

One-sample
delay

ylr-1j

Figure 2.15 Block diagram of a recursive difference equation representing an
accumulator.

Equation (2.86) and the block diagram in Figure 2.15 are referred to as a recursive
representation of the system, since each value is computed using previously computed
values. This general notion will be explored in more detail later in the section.

Example 2.15 Difference Equation Representation of
the Moving-Average System

Consider the moving-average system of Example 2.4, with M; = 0 so that the system
is causal. In this case, from Eq. (2. 72) the impulse response is

hln] = (u[n] uln — Mz — 1], (2.88)

( M
from which it follows that

1 &
y[n] = (Alz—-l-]_) gx[n - k], («‘ (289)

which is a special case of Eq. (2.82), with N = 0,ap = 1, M = M3, and b = 1/(M>+1)
for0 < k< M,.
Also, the impulse response can be expressed as

h[n] = (6[n] 8[n — M, — 1]) x u[n], (2.90)

(M
which suggests that the causal movmg-averagc system can be represented as the cas-
cade system of Figure 2.16. We can obtain a difference equation for this block diagram
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Adttenuator
— 1 Accumulator .
xln) | M+ Ystem | yin)

(My+1)
—>-1  sample
delay

Figure 2.16 Block diagram of the recursive form of a moving-average system.

by noting first that
xn] = (M D ——(x[n] — x[n — M; —1]). (2.91)
From Eq. (2.87) of Example 2.14, the output of the accumulator satisfies the difference
equation
y[n] = y[n — 1] = x[n],
so that
y[nl-yln-1]= (x[n] x[n— My —1]). (2.92)

(M

Again, we have a difference equation in the form of Eq. (2.82), but this time N = 1,
ay=1,a1 =-1, M= M; and by = —bp, 41 = 1/(M2 + 1), and b = 0 otherwise.

In Example 2.15, we showed two different difference equation representations
of the moving-average system. In Chapter 6 we will see that an unlimited number of
distinct difference equations can be used to represent a given linear time-invariant
input-output relation.

Just as in the case of linear constant-coefficient differential equations for contin-
uous-time systems, without additional constraints or information a linear constant-
coefficient difference equation for discrete-time systems does not provide a unique
specification of the output for a given input. Specifically, suppose that, for a given input
xp[n], we have determined by some means one output sequence y,[n], so that an equa-
tion of the form of Eq. (2.82) is satisfied. Then the same equation with the same input
is satisfied by any output of the form

ylnl = ypln] + yxlnl, (2.93)

where yx[n] is any solution to Eq. (2.82) with x[r] = 0, i.e., to the equation

N
Z axyn[n — k] =0. (2.94)
k=0

Equation (2.94) is referred to as the homogeneous equation and yy[n] the homogeneous
solution. The sequence yx[n] is in fact a member of a family of solutions of the form

N
wlnl =D Anz, (2.95)
m=1
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Substituting Eq. (2.95) into Eq. (2.94) shows that the complex numbers z,, must be roots
of the polynomial

N
Zakz_k = 0. (2.96)
k=0

Equation (2.95) assumes that all N roots of the polynomial in Eq. (2.96) are distinct. The
form of terms associated with multiple roots is slightly different, but there are always
N undetermined coefficients. An example of the homogeneous solution with multiple
roots is considered in Problem 2.38. ,

Since yp[n] has N undetermined coefficients, a set of N auxiliary conditions is
required for the unique specification of y[n] for a given x[#]. These auxiliary conditions
might consist of specifying fixed values of y[n] at specific values of n, such as y[—1],
y[=2],..., y[—N], and then solving a set of N linear equations for the N undetermined
coefficients.

Alternatively, if the auxiliary conditions are a set of auxiliary values of y[n], the
other values of y[n] can be generated by rewriting Eq. (2.82) as a recurrence formula,
1.€., in the form

yln] = — i ﬂy[n — k] + ZM: E’fx[n — k]. | (2.97)
=1 90 k=0 0 ,

If the input x[n], together with a set of auxiliary values, say, y[—1], y[-2], ..., ¥[-N], is
specified, then y[0] can be determined from Eq. (2.97). With y[0], y[-1], ..., ¥[-N+1]
available, y[1] can then be calculated, and so on. When this procedure is used, y[#n] is
said to be computed recursively; i.e., the output computation involves not only the input
sequence, but also previous values of the output sequence.

To generate values of y[n] for n < — N (again assuming that the values y[—1],

y[-2],..., y[—N] are given as auxiliary conditions), we can rearrange Eq. (2.82) in the
form
| N M b
yjn—N]= —kzgay[n—k]+kz%;;x[n—k], (2.98)

from which y[—N — 1], y[—=N — 2], ... can be computed recursively. The following
example illustrates this recursive procedure.

Example 2.16 Recursive Computation of Difference
Equations

The difference equation satisfied by the input and output of a system is
y[n] = ay|n — 1} + x[n]. (2.99)

Consider the input x[n] = Ké&[n], where K is an arbitrary number, and the auxiliary
condition y[—1] = c. Beginning with this value, the output forn > —1 can be computed
recursively as follows:

y[0] = ac + K,
y[1] = ay[0] + 0 = a(ac + K ) = a’c + aK,
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y[2] = ay[1]1+ 0 = a(a’c +aK) = a’c + a*K,
y[3] = ay[2] + 0 = a(@®c + a’K ) = a*c + &°K,

For this simple case, we can see that for n > 0,
y[n] = a**lc+a"K, forn > 0. (2.100)
To determine the output for n < (, we express the difference equation in the form

y[n — 1] = a7 Y(y[n] — x[n]), (2.101a)
or
y[r] = a1 (y[n + 1] - x[n + 1]). (2.101b)

Using the auxiliary condition y[—1] = ¢, we can compute y[n] for n < —1 as follows:

y=2] = a7l G[-1] ~x[~1]) =a"lc,
y[-3] = a"(y[—2] - x[-2]) =a~la~lc = a2,
y[-4] = a YW y[-3]-x[-3) =a"laPc =ac,
It then follows that
y[p] =a"*lc  forn < 1. (2.102)

In sum, combining Eqgs. (2.100) and (2.102), we obtain, as the result of the recursive
computation,

yln] = a*'c + Ka"uln), for all n. (2.103)

Several important points are illustrated by the solution of Example 2.16. First,
note that we implemented the system by recursively computing the output in both the
positive and the negative direction, beginning with n = —1. Clearly, this procedure is
noncausal. Also, note that when K = 0, the input is zero, but y[n] = a"*'c. A linear
system requires that the output be zero for all time when the input is zero for all time.
(See Problem 2.21.) Consequently, this system is not linear. Furthermore, if the input
were shifted by ny samples, i.e., x1[rn] = Ké[n — ny], the output would be

yi[n] = a*lc + Ka" ™uln — ngy], (2.104)

and the system is therefore not time invariant.

Our principal interest in this text is in systems that are linear and time invariant,
in which case the auxiliary conditions must be consistent with these additional require-
ments. In Chapter 3, when we discuss the solution of difference equations using the
z-transform, we implicitly incorporate conditions of linearity and time invariance. As
we will see in that discussion, even with the additional constraints of linearity and time
invariance, the solution to the difference equation, and therefore the system, is not
uniquely specified. In particular, there are, in general, both causal and noncausal linear
time-invariant systems consistent with a given difference equation.

If a system is characterized by a linear constant-coefficient difference equation
and is further specified to be linear, time invariant, and causal, the solution is unique.
In this case, the auxiliary conditions are often stated as initial-rest conditions. In other
words, the auxiliary information is that if the input x[#] is zero for n less than some time
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np, then the output y[n] is constrained to be zero for n less than ny. This then provides
sufficient initial conditions to obtain y[n] for n > ny recursively using Eq. (2.97).

To summarize, for a system for which the input and output satisfy a linear constant-
coefficient difference equation:

e The output for a given input is not uniquely specified. Auxiliary information or
conditions are required.

o If the auxiliary information is in the form of N sequential values of the output,
later values can be obtained by rearranging the difference equation as a recursive
relation running forward in n, and prior values can be obtained by rearranging
the difference equation as a recursive relation running backward in n.

¢ Linearity, time invariance, and causality of the system will depend on the auxiliary
conditions. If an additional condition is that the system is 1n1t1ally at rest, then the
system will be linear, time invariant, and causal.

With the preceding discussion in mind, let us now consider again Example 2.16,
but with initial-rest conditions. With x[n] = Ké[n], y[—1] = 0, since x[n] =0, n < 0.
Consequently, from Eq. (2.103), :

y[n] = Ka"uln]. (2.105)

If the input is instead K8[n — ny), again with initial-rest conditions, then the récursive

solution is carried out using the initial condition y[r] = 0, n < ny. Note that for ny < 0,

initial rest implies that y[—1] s 0. That is, initial rest does not always mean y[—1] =

- = y[-N] = 0. It does mean that y[ny — 1] = --- = y[ny — N] = 0if x[n] = 0 for

n < np. Note also that the impulse response for the example is k[n] = a"u[n]; i.e., h[n]

is zero for n < 0, consistent with the causality imposed by the assumption of initial rest.

The preceding discussion assumed that N > 1 in Eq. (2.82). If, instead, N = 0,

no recursion is required to use the difference equation to compute the output, and
therefore, no auxiliary conditions are required. That is,

M
yinl=Y" (s—’;) x[n — K]. (2.106)

k=0

Equation (2.106) is in the form of a convolution, and by setting x[n] = §[n], we see that
the impulse response is

hln] = f: (Z—:) 5[n — K],

k=0
or
(E), 0<n=<M,
h[n] = aop (2.107)
0, otherwise.

The impulse response is obviously finite in duration. Indeed, the output of any FIR sys-
tem can be computed nonrecursively using the difference equation of Eq. (2.106), where
the coefficients are the values of the impulse response sequence. The moving-average
system of Example 2.15 with M; = 0O is an example of a causal FIR system. An interest-
ing feature of that system was that we also found a recursive equation for the output. In
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Chapter 6 we will show that there are many possible ways of implementing a desired sig-
nal transformation using difference equations. Advantages of one method over another
depend on practical considerations such as numerical accuracy, data storage, and the
number of multiplications and additions required to compute each sample of the output.

2.6 FREQUENCY-DOMAIN REPRESENTATION OF
DISCRETE-TIME SIGNALS AND SYSTEMS

In the previous sections, we have introduced some of the fundamental concepts of the
theory of discrete-time signals and systems. For linear time-invariant systems, we saw
that a representation of the input sequence as a weighted sum of delayed impulses
leads to a representation of the output as a weighted sum of delayed impulse responses.
As with continuous-time signals, discrete-time signals may be represented in a number
of different ways. For example, sinusoidal and complex exponential sequences play a
particularly important role in representing discrete-time signals. This is because com-
plex exponential sequences are eigenfunctions of linear time-invariant systems and the
response to a sinusoidal input is sinusoidal with the same frequency as the input and
with amplitude and phase determined by the system. This fundamental property of
linear time-invariant systems makes representations of signals in terms of sinusoids or
complex exponentials (i.e., Fourier representations) very useful in linear system theory.

2.6.1 Eigenfunctions for Linear Time-Invariant Systems

To demonstrate the eigenfunction property of complex exponentials for discrete-time
systems, consider an input sequence x[n] = e/*" for —oo < n < o0, i.e., a complex
exponential of radian frequency w. From Eq. (2.62), the corresponding output of a
linear time-invariant system with impulse response h[n] is

= 3 H{ielel

k=—o¢
(2.108)
= elwn ( Z h[k]e_j“’k)_
k=—00
If we define
- o ]

H(e/®) = Y h[kle~/*, (2.109)

Eq. (2.108) becomes
y[n] = H(e/*)e/*", (2.110)

Consequently, e/“" is an eigenfunction of the system, and the associated eigenvalue is
H(e/?).From Eq. (2.110), we see that H(e/*) describes the change in complex amplitude
of a complex exponential input signal as a function of the frequency w. The eigenvalue
H(e’?) is called the frequency response of the system. In general, H(e/®) is complex
and can be expressed in terms of its real and imaginary parts as

H(e’®) = Hp(e'®) + j Hi(e'®) (2111)
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or in terms of magnitude and phase as
H(e!®) = | H(e/®)|e/<HE), (2.112)

Examplie 2.17 Frequency Response of the Ideal Delay
System '

As a simple example of how we can find the frequency response of a linear time-
invariant system, consider the ideal delay system defined by

y[n] = x[n — ng4), (2.113)
where ny is a fixed integer. If we consider x[n] = e/®" as input to this system, then,
from Eq. (2.113), we have

y[n] — ej'(u(n—nd) — e—ja)ndej(un.
Thus, for any given value of w, we obtain an output that is the input multiplied by a

complex constant, the value of which depends on the frequency « and the delay n,.
The frequency response of the ideal delay is therefore

H(el®) = e=/oma, | (2.114)

As an alternative method of obtaining the frequency response, recall that h[n] =
8[n — ng4] for the ideal delay system. Using Eq. (2.109), we obtain
o0
HE'*) = Z 8[n — ngle”/on = e Joma,
H==—0C .

From the Euler relation, the real and imaginary parts of the frequency response are

Hg(e/®) = cos(wny), (2.115a)
Hi(e/®) = —sin(wny). (2.115b)
The magnitude and phase are
|H(e/®)| = 1, (2.116a)
<H(e!®) = —wny. (2.116b)

In Section 2.7 we will show that a broad class of signals can be represented as a
linear combination of complex exponentials in the form

x[n] = Z e’ o, (2.117)
k

From the principle of superposition, the corresponding output of a linear time-invariant
system is

ynl =) e H(el™ e, (2.118)
k

Thus, if we can find a representation of x[n] as a superposition of complex exponential
sequences, as in Eq. (2.117), then we can find the output using Eq. (2.118) if we know
the frequency response of the system. The following simple example illustrates this
fundamental propertv of linear time-invariant svstems.
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Example 2.18 Sinusoidal Response of LTI Systems

Since it is simple to express a sinusoid as a linear combination of complex exponentials,
let us consider a sinusoidal input

x[n] = Acos(won + ¢) = gef"’e"“"’" + ge“""’e‘j‘”"". (2.119)
From Eq. (2.110), the response to x[r] = (A/2)e/¢e/ =0 is
yi[n] = H(ef“"’)?ef"’ef“’“”. (2.120a)
The response to x;[n] = (4/2)e ¢e~iwo” ig
y2[n] = H(e‘f“’o)?e‘f"’e'f““’". (2.120b)
Thus, the total response is
y[n] = ?[H(ef‘”o)e”’ej“"’" + H(e /@0)e 1#g=/w0n], (2.121)
If A[n] is real, it can be shown (see Problem 2.71) that H(e~/¢?) = H*(e/®°). Conse-
quently,

yln] = A|H(e/“%)| cos(won + ¢ + 0), (2.122)

where § = < H(e/?) is the phase of the system function at frequency wy.
For the simple example of the ideal delay, | H(e/“?)| = 1 and 8 = —wqny, as we

determined in Example 2.17. Therefore,
n} = Acos{(won+ ¢ — won
yin] ( 4) 2.123)
= A cos[wo(n —ng)+ @],

which is consistent with what we would obtain directly using the definition of the ideal
delay system.

The concept of the frequency response of linear time-invariant systems is essen-
tially the same for continuous-time and discrete-time systems. However, an important
distinction arises because the frequency response of discrete-time linear time-invariant
systems is always a periodic function of the frequency variable o with period 2. To
show this, we substitute w + 27 into Eq. (2.109) to obtain

H(e/@¥?) = 3" pln]e~/¥2on, (2.124)

N=--00

Using the fact that et/2"" = 1 for n an integer, we have

e—j(w+2:r)n = e—jwne—jann — e—jwn.
Therefore,
H(e/@™)) = H(el®), (2.125)
and, more generally,
H(e/ @ty = H(e/®), for r an integer. (2.126)

That is, H(e/®) is periodic with period 2rr. Note that this is obviously true for the ideal
delay system, since e~/(@12)n = ¢~jons when n, is an integer.
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The reason for this periodicity is related directly to our earlier observation that
the sequence

{efomy, —00 < 1 < 00,

is indistinguishable from the sequence

{ef(+2mimy —00 < 1 < 00,

Because these two sequences have identical values for all r, the system must respond
identically to both input sequences. This condition requires that Eq. (2.125) hold.
Since H(e/®) is periodic with period 27, and since the frequencies @ and
w + 27 are indistinguishable, it follows that we need only specify H(e/“) over an inter-
val of length 27, e.g.,0 < @ < 27w or —7 < w < . The inherent periodicity defines
the frequency response everywhere outside the chosen interval. For simplicity and for
consistency with the continuous-time case, it is generally convenient to specify H(e/®)
over the interval —n < w < 7. With respect to this interval, the “low frequencies” are
frequencies close to zero, while the “high frequencies” are frequencies close to +. Re-
calling that frequencies differing by an integer multiple of 2r are indistinguishable, we
might generalize the preceding statement as follows: The “low frequencies” are those
that are close to an even multiple of &, while the “high frequencies” are those that are
close to an odd multiple of &, consistent with our earlier discussion in Section 2.1.

Exampie 2.19 Ideal Frequency-Selective Filters

An important class of linear time-invariant systems includes those systems for which
the frequency response is unity over a certain range of frequencies and is zero at
the remaining frequencies. These correspond to ideal frequency-selective filters. The
frequency response of an ideal lowpass filter is shown in Figure 2.17(a). Because of the
inherent periodicity of the discrete-time frequency response, it has the appearance of

Hlp(ejw)

1

| | | |
=27 2m+w, -7 -, w, T 2r-w, 2m @

(2)
Hlp(ejw)

1

t |
—qr -, @, T w
(b)

Figure 2.17 ldeal lowpass filter showing (a) periodicity of the frequency response
and (b) one period of the periodic frequency response.
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th(ejm)
1
| l
- -w, 0 w, T
(a)
Hyy(e™)
1
1 |
- —-w, W, 0 w, W, T ®
(b)
pr(ejm)
1
| 1
~ —w, -, 0 W, w, T ®
(©

Figure 2.18 Ideal frequency-selective filters. (a) Highpass filter. (b) Bandstop
filter. (c) Bandpass filter. In each case, the frequency response is periodic with
period 2sr. Only one period is shown.

a multiband filter, since frequencies around w = 2x are indistinguishable from fre-
quencies around @ = 0. In effect, however, the frequency response passes only low
frequencies and rejects high frequencies. Since the frequency response is completely
specified by its behavior over the interval —7 < @ < &, the ideal lowpass filter fre-
quency response is more typically shown only in the interval -7 < @ < =, as in
Figure 2.17(b). It is understood that the frequency response repeats periodically with
period 27 outside the plotted interval. The frequency responses for ideal highpass,
bandstop, and bandpass filters are shown in Figures 2.18(a), (b), and (c), respectively.

Example 2.20 Frequency Response of the
Moving-Average System

The impulse response of the moving-average system of Example 2.4 is

1

- 7 ~—Mi=n<M,
h[n]= M1+M2+1

0, otherwise.
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Therefore, the frequency response is
1 :

H(e*)y= ————— e Jon, 2.127

(™) = M+ M +1 nZ ( )

—_1

Equation (2.127) can be expressed in closed form by using Eq. (2.56), so that

" . piwMy _ g jo(Ms+1)
Sl VAN VAN B pp
_ 1 gi(Mi+Ma+1)/2 _ e‘lf"”(M"”‘h"Ll)/2 e~ Ma—M1+1)/2
Mi+M;+1 1 —em®
(2.128)
_ 1 e;w(M1+M2+.U/2 - e‘{“"MﬁMﬁD/ 2 o je(Ma—My)/2
Mi+M+1 eiwl2 — g=jwl2
_ 1 sinfw(M1 + M3 + 1)/2] o ia(Ma=M)/2.
M +M+1 sin(w/2)
\H(e/)]
1
1 l ' '
=27 -7 =27 2w 4 2m ¢
L H(e/¥)
ﬂ —
\ \ N \ \
_27\ \ —A N \ ™ 27\ @
o

Figure 2.19 (a) Magnitude and (b) phase of the frequency response of the
moving-average system for the case My = 0and M, = 4.

The magnitude and phase of H(e/®) are plotted in Figure 2.19 for M; = Oand M, = 4.
Note that H(e/®) is periodic, as is required of the frequency response of a discrete-
time system. Note also that | H(e/%)] falls off at “high frequencies” and <(H(e/?), i.e.,
the phase of H(e/®), varies linearly with w. This attenuation of the high frequencies
suggests that the system will smooth out rapid variations in the input sequence; in other
words, the system is a rough approximation to a lowpass filter. This is consistent with
what we would intuitively expect about the behavior of the moving-average system.
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2.6.2 Suddenly Applied Complex Exponential Inputs

We have seen that complex exponential inputs of the form e/“” for —oo0 < n < o0
produce outputs of the form H(e/®)e/*" for linear time-invariant systems. Such inputs,
nonzero over a doubly infinite domain, may seem to be impractical models of signals;
however, as we will see in the next section, models of this kind are crucial to the mathe-
matical representation of a wide range of signals, even those that exist only over a finite
domain. Even so, we can gain additional insight into linear time-invariant systems by
considering more practical-appearing inputs of the form

x[n] = e/*"uln],

1.e., complex exponentials that are suddenly applied at an arbitrary time, which for
convenience here we choose as n = 0. Using the convolution sum in Eq. (2.62), the
corresponding output of a causal linear time-invariant system with impulse response
h[n] is

0, n <0,
y[ﬂ] = (Z h[k]e—ja)k) ejwrl’ n> 0.
k=0
If we consider the output for n > 0, we can write

y[n] = (i h[k]e'f“’k) elon — ( i h[k]e‘j"’k) elon (2.129)
k=0

k=n+1

= H(e/*)elom - ( i h[k]e‘f"”‘) efon. (2.130)

k=n+1
From Eq. (2.130), we see that the output consists of the sum of two terms, i.e., y[n] =
yss[r] + y:[n]. The first term,
yssn] = H(e!“)e/",

is called the steady-state response. It is identical to the response of the system when the
input is e/*” for all n. In a sense, the second term,

o
wlnl=— > hlkle /“keion,
k=n+1
is the amount by which the output differs from the eigenfunction result. This part is
called the transient response, because it is clear that in some cases it may approach zero.
To see the conditions for which this is true, let us consider the size of the second term.
Its magnitude is bounded as follows:

w . .
Z h[k]e"“’ke""”

k=n+1

< Y IK[A]l. (2.131)

k=n+1

|ye[n]l =

From Eq. (2.131), it should be clear that if the impulse response has finite length, so that
h[n] = O except for 0 < n < M, then the term y,[n] =0forn+1> M,orn > M —1.
In this case,

y[n] = ys[n] = H(e’*)e/*",  forn> M—1.
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When the impulse response has infinite duration, the transient response does not disap-
pear abruptly, but if the samples of the impulse response approach zero with increasing
n, then y,[n] will approach zero. Note that Eq. (2.131) can be written

yelnll = | 3 h[kle~iekelom| < Z \[K]| <§j|h Kl (2132)
k=n+1 k=n+1

That is, the transient response is bounded by the sum of the absolute values of all of the
impulse response samples. If the right-hand side of Eq. (2.132) is bounded, so that

(o <]

> " Ik[k]l < oo,

k=0
then the system is stable, From Eq. (2.132), it follows that, for stable systems, the tran-
sient response must become increasingly smaller as n — oc. Thus, a sufficient condition
for the transient response to die out is that the system be stable.

Figure 2.20 shows the real part of a complex exponential signal with frequency

@ = 2m/10. The solid dots indicate the samples x[k] of the suddenly applied complex
exponential, while the open circles indicate the samples of the complex exponential that
are “missing.” The shaded dots indicate the samples of the impulse response h[n — k]
as a function of k for n = 8. In the finite-length case shown in Figure 2.20(a), it is clear
that the output would consist only of the steady-state component for n > 8, while in
the infinite-length case, it is clear that the missing samples have less and less effect as n
increases, due to the decaying nature of the impulse response.

"r ’e hn -k

) P 1 Ml
gl“& J,ng 0 1" J'ln 11“1 C

(2)

,mm Wi, ]

II 0 11 n 1 k

0 ¥

gli
(b)

Figure2.20 lllustration of real part of suddenly applied complex exponential input
with (a) finite-length impulse response and (b) infinite-length impulse response.
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The condition for stability is also a sufficient condition for the existence of the
frequency response function. To see this, note that, in general,

< > Ia[ke7® < > IA[All,

o0
|H(e™)| = | 3 h[Kle/*
k=—co k=—oc0 k=—o00
so the general condition
LI LG [

k=—o00

ensures that H(e/“) exists. It is no surprise that the condition for existence of the
frequency response is the same as the condition for dominance of the steady-state
solution. Indeed, a complex exponential that exists for all n can be thought of as one
thatis applied atn = —o0. The eigenfunction property of complex exponentials depends
on stability of the system, since at finite n, the transient response must have become
zero, so that we only see the steady-state response H(e/“)e/*" for all finite 7.

2.7 REPRESENTATION OF SEQUENCES BY FOURIER TRANSFORMS

One of the advantages of the frequency-response representation of a linear time-

invariant system is that interpretations of system behavior such as the one we made

in Example 2.20 often follow easily. We will elaborate on this point in considerably

more detail in Chapter 5. At this point, however, let us return to the question of how

we may find representations of the form of Eq. (2.117) for an arbitrary input sequence.
Many sequences can be represented by a Fourier integral of the form

1 7 . .
— jw jwn
x[n] B X(e’*)e!"dw, (2.133)
where
X(e®)y= Y x[nle . (2.134)

Equations (2.133) and (2.134) together form a Fourier representation for the sequence.
Equation (2.133), the inverse Fourier transform, is a synthesis formula. That is, it repre-
sents x[n] as a superposition of infinitesimally small complex sinusoids of the form

1 ) .
jowy,jon
o X(e’*)e!"dw,

with w ranging over an interval of length 27 and with X (e/#) determining the relative
amount of each complex sinusoidal component. Although, in writing Eq. (2.133), we
have chosen the range of values for w between —z and +x, any interval of length 2=
can be used. Equation (2.134), the Fourier transform,? is an expression for computing
X (e/*) from the sequence x[n), i.e., for analyzing the sequence x[n] to determine how
much of each frequency component is required to synthesize x[n] using Eq. (2.133).

3Sometimes we will refer to Eq. (2.134) more explicitly as the discrete-time Fourier transform, or
DTFT, particularly when it is important to distinguish it from the continuous-time Fourier transform.
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In general, the Fourier transform is a complex-valued function of w. As with the
frequency response, we may either express X (e’“) in rectangular form as

X(e/®) = Xr(e'®) + j X1(e/®) (2.1352)
or in polar form as
X(e/®) = | X (ef®)|e < ¥ "), (2.135b)

The quantities | X (e/*)| and < X (e/) are the magnitude and phase, respectively, of the
Fourier transform. The Fourier transform is sometimes referred to as the Fourier spec-
trum or, simply, the spectrum. Also, the terminology magnitude spectrum or amplitude
spectrum is sometimes used to refer to | X(e/*)|, and the angle or phase <X (e/?) is
sometimes called the phase spectrum.

The phase <X (e/) is not uniquely specified by Eq. (2.135b), since any integer
multiple of 2 may be added to <X (e/) at any value of o without affecting the result of
the complex exponentiation. When we specifically want to refer to the principal value,
i.e., <X (e’?) restricted to the range of values between —x and +x, we will denote this
as ARG[ X (e/®)]. If we want to refer to a phase function that is a continuous function
of w for 0 < w < 7, we will use the notation arg[ X (e/)].

By comparing Egs. (2.109) and (2.134), we can see that the frequency response of
a linear time-invariant system is simply the Fourier transform of the impulse response
and that, therefore, the impulse response can be obtained from the frequency response
by applying the inverse Fourier transform integral; i.e.,

h[n] = % f H(e')e!*"dw. (2.136)

As discussed previously, the frequency response is a periodic function. Likewise,
the Fourier transform is periodic with period 2. Indeed, Eq. (2.134) is of the form of
a Fourier series for the continuous-variable periodic function X (¢/*), and Eq. (2.133),
which expresses the sequence values x[n] in terms of the periodic function X (e/*), is
of the form of the integral that would be used to obtain the coefficients in the Fourier
series. Our use of Eqs. (2.133) and (2.134) focuses on the representation of the sequence
x[n]. Nevertheless, it is useful to be aware of the equivalence between the Fourier series
representation of continuous-variable periodic functions and the Fourier transform
representation of discrete-time signals, since all the familiar properties of Fourier series
can be applied, with appropriate interpretation of variables, to the Fourier transform
representation of a sequence.

We have not yet shown explicitly that Eqgs. (2.133) and (2.134) are inverses of
each other, nor have we considered the question of how broad a class of signals can be
represented in the form of Eq. (2.133). To demonstrate that Eq. (2.133) is the inverse
of Eq. (2.134), we can find X (e/*) using Eq. (2.134) and then substitute the result into
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Eq. (2.133). Specifically, consider

% i ( io: x[m]e_j“”") e/"dw = 2[n], (2.137)

m=—00

where we have tentatively used %[r] to denote the result of the Fourier synthesis. We
wish to show that 2[n] = x[n] if X(e/®) can be found using Eq. (2.134). Note that
the “dummy index” of summation has been changed to m to distinguish it from #, the
variable index in Eq. (2.133). If the infinite sum converges uniformly for all w, then we
can interchange the order of integration and summation to obtain

o0

i)=Y x[m] (% f_ j, ef"’("‘”‘)da)). (2.138)

m=—0Q

Evaluating the integral within the parentheses gives

g [ e S
_ { 1, m=n,
0, m#n,
= §[n —m].
Thus,
%[n] = i x[m]8[n — m] = x[n],

which is what we set out to show.

Determining the class of signals that can be represented by Eq. (2.133) is equiv-
alent to considering the convergence of the infinite sum in Eq. (2.134). That is, we
are concerned with the conditions that must be satisfied by the terms in the sum in
Eq. (2.134) such that

|1 X (') <00 forall w,

where X (e/?) is the limit as M — oo of the finite sum

M
Xu(e’) = > x[n]e” /. (2.139)

n=—M

A sufficient condition for convergence can be found as follows:

e <]

Z x[n]e=/e"

n=-—00

< Y lx[n]llem|

n=—0oo

< > Ixlnll < oo

n=—oo

| X(e)| =




Sec. 2.7 Representation of Sequences by Fourier Transforms 51

Thus, if x[r] is absolutely summable, then X (e/®) exists. Furthermore, in this case, the
series can be shown to converge uniformly to a continuous function of w.

Since a stable sequence is, by definition, absolutely summable, all stable sequences
have Fourier transforms. It also follows, then, that any stable systern will have a finite
and continuous frequency response.

Absolute summability is a sufficient condition for the existence of a Fourier trans-
form representation. In Examples 2.17 and 2.20, we computed the Fourier transforms
of the sequences 8[n — ny] and [1/(M; + My + 1)](u[n + M1] — u[n — M, — 1]). These
sequences are absolutely summable, since they are finite in length. Clearly, any finite-
length sequence is absolutely summable and thus will have a Fourier transform repre-
sentation. In the context of linear time-invariant systems, any FIR system will be stable
and therefore will have a finite, continuous frequency response. When a sequence has
infinite length, we must be concerned about convergence of the infinite sum. The fol-
lowing example illustrates this case.

Example 2.21 Absolute Summability for a
Suddenly-Applied Exponential

Let x[n] = a"u[n]. The Fourier transform of this sequence is

00 o0
X(ejw) — Zane—jwn — Z(ae—jw)n
n=0 n=0
1 . —j
=— if lgae™’?| <1 or |a| <1
1—age- i@

Clearly, the condition |a| < 1 is the condition for the absolute summability of x[n]; i.e.,

> 1
Zlal" =T <% if ja| < 1. (2.140)

n=0

Absolute summability is a sufficient condition for the existence of a Fourier trans-
form representation, and it also guarantees uniform convergence. Some sequences are
not absolutely summable, but are square summable, i.e.,

o
> Ix[n]? < 0. (2.141)
n=—0oQ
Such sequences can be represented by a Fourier transform if we are willing to relax the
condition of uniform convergence of the infinite surn defining X (e/?). Specifically, in
this case we have mean-square convergence; that is, with
o0

X(ey= Y x[n]e7io (2.142a)
n=—00
and
. M v
Xu(e!®)= " x[nle~im, (2.142b)
n=—M
it follows that

lim / 1 X (/%) — Xp(e/®)Pdew = 0. (2.143)
M->00 —7
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In other words, the error | X (e/“)— Xy(e/*)| may not approach zero at each value of
w as M — oo, but the total “energy” in the error does. Example 2.22 illustrates this case.

Example 2.22 Square-Summability for the ldeal
Lowpass Filter

Let us determine the impulse response of the ideal lowpass filter discussed in Example
2.19. The frequency response is

: 1, |w| < we,
Hip(e/®) = {o, w0, < o] <7, (2.144)

with periodicity 27 also understood. The impulse response hip[n] can be found using
the Fourier transform synthesis equation (2.133):

1o
hip[n] = Zr_/ e’dw

1 we 1

- 2njn [ejwn]—wc = 2njn (/4™ — e Jem) (2.145)
sin w7
= , —00 < H < 0.
Th

We note that, since hjp[n] is nonzero for n < 0, the ideal lowpass filter is noncausal.
Also, hip[n] is not absolutely summable. The sequence values approach zero asn — oo,
but only as 1/n. This is because Hip(e/®) is discontinuous at w = w,. Since hyp[n] is not
absolutely summable, the infinite sum

oo .
Z sin wcne__jwn
nn

n=-—0oc

Hy e, M =1 Hy(e™), M =3
77T\ NN

// \\ l// \\,

-7 -, 0 w, w w - N —w, 0 w, NS 7o
(2) (b)
Hy (e, M=17 Hy (e, M=19
I\ VP _N A AAAAlALAAUA-
T \ AR
oy VN / \ ol - vavAvA PP oo
- N, 0 oV “mw -w —w, 0 W) T @

© (d)

Figure 2.21 Convergence of the Fourier transform. The oscillatory behavior at
w = w i$ often called the Gibbs phenomenon.
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does not converge uniformly for all values of . To obtain an intuitive feeling for this,
let us consider Hys(e’*) as the sum of a finite number of terms:

M .
Hu(e*)= Y 5“;%"(@". (2.146)
h=—M

We can show that Hy(e/?) can be expressed as

oy _ L “ sin[(2M + 1)(w — 6)/2]
Hule™) = 5 f sinf(o — 0)]/2

—tw,

do.

The function Hy(e/®) is evaluated in Figure 2.21 for several values of M. Note that
as M increases, the oscillatory behavior at w = w, (often referred to as the Gibbs
phenomenon) is more rapid, but the size of the ripples does not decrease. In fact, it
can be shown that as M — co, the maximum amplitude of the oscillations does not
approach zero, but the oscillations converge in location toward the point w = w,. Thus,
the infinite sum does not converge uniformly to the discontinuous function H]p(ef @)
of Eq. (2.144). However, hyp[n], as given in Eq. (2.145), is square summable, and
correspondingly, Hy(e/*) converges in the mean-square sense to Hiy(e/?); i.e.,

: joy _ Joy2 — .
B}gnoo/;anlp(e ) — Hu(e/?)|*dw = 0.

Although the error between limar, 00 Hu(e/®) and Hip(e/*) might seem unimportant
because the two functions differ only at @ = w., we will see in Chapter 7 that the be-
havior of finite sums has important implications in the design of discrete-time systems
for filtering.

It is sometimes useful to have a Fourier transform representation for certain se-
quences that are neither absolutely summable nor square summable. We illustrate sev-
eral of these in the following examples.

Example 2.23 Fourier Transform of a Constant

Consider the sequence x[n] = 1 for all n. This sequence is neither absolutely summable
nor square summable, and Eq. (2.134) does not converge in either the uniform or mean-
square sense for this case. However, it is possible and useful to define the Fourier
transform of the sequence x[n] to be the periodic impulse train*

Xy =Y 2né(w+2nr). (2.147)

r=—oQ

The impulses in this case are functions of a continuous variable and therefore are of
“infinite height, zero width, and unit area,” consistent with the fact that Eq. (2.134)
does not converge. The use of Eq. (2.147) as a Fourier representation of the se-
quence x[n] = 1 is justified principally because formal substitution of Eq. (2.147)
into Eq. (2.133) leads to the correct result. Example 2.24 represents a generalization
of this example.

_ “The impulse functionis c’gleﬁned as that “function” that has the following properties: 8(w) = Oforw 3 0;
X(e/9)s(0) = X(e/0)8(w); f_m 8(w)dw = 1; and 8(w) * X(e/?) = X(e/®), where * denotes continuous-
variable convolution. See Oppenheim and Willsky (1997) for a discussion of the impulse function.
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Example 2.24 Fourier Transform of Complex
Exponential Sequences

Consider a sequence x[rz] whose Fourier transform is the periodic impulse train

X(®) = Z 2n8(w — wo + 27r). (2.148)

r=—00

We show in this example that x[n] is the complex exponential sequence /0",

We can safely assume that —w < wg < x in this problem. If the chosen value
of wo does not satisfy this requirement, there is a choice of w in the interval which
produces the same X(e/®), since the impulses repeat periodically every 2. Thus, we
can redefine wy to be the frequency of the impulse in the summation of Eq. (2.148),
which falls in the interval between —m and & without any change in the spectrum
X(el®).

We can determine x[r] by substituting X (e/) into the inverse Fourier trans-
form integral of Eq. (2.133). Because the integration of X (e/*) extends only over one
period, from —n < w < 7, we need include only the r = 0 term from Eq. (2.148).
Consequently, we can write

n
x[n] = E];—r/ 21 8(w — wo)e’*dw. (2.149)
-

From the definition of the impulse function, it follows that
x[n] = e/@on for any n.

For wgo = 0, this reduces to the sequence considered in Example 2.23.

Clearly, x[n]in Example 2.24 is not absolutely summable, nor isit square summable,
and | X (e/*)| is not finite for all w. Thus, the mathematical statement

oo oo
Z g/omeion — Z 2n8(w — wo + 27r) (2.150)
n=-—00 r=—0o0
must be interpreted in a special way. Such an interpretation is provided by the theory
of generalized functions (Lighthill, 1958). Using that theory, we can rigorously extend
the concept of a Fourier transform representation to the class of sequences that can be
expressed as a sum of discrete frequency components, such as

x[n] = Zakef‘”"", —00 < N < 00. (2.151)
From the result of Example 2.24, it follows that
o0
Xy = 3" Y 2nad(w— wx+2nr) (2.152)
r=-o0 k . :

is a consistent Fourier transform representation of x[n] in Eq. (2.151).

Another sequence that is neither absolutely summable nor square summable is
the unit step sequence u[n]. Although it is not completely straightforward to show this
sequence can be represented by the following Fourier transform:

U(e'”) = ﬁ + Z w8(w + 2mr). (2.153)

r=-—-00
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2.8 SYMMETRY PROPERTIES OF THE FOURIER
TRANSFORM

In using Fourier transforms, it is useful to have a detailed knowledge of the way that
properties of the sequence manifest themselves in the Fourier transform and vice versa.
In this section and Section 1.9, we discuss and summarize a number of such properties.

Symmetry properties of the Fourier transform are often very useful for simplifying
the solution of problems. The following discussion presents these properties, and the
proofs are considered in Problems 1.72 and 1.73. Before presenting the properties,
however, we begin with some definitions.

A conjugate-symmetric sequence x,[n] is defined as a sequence for which x,.[n] =
x}[—n], and a conjugate-antisymmetric sequence x,[n] is defined as a sequence for which
Xo[n] = —x}[—n], where * denotes complex conjugation. Any sequence x[r] can be
expressed as a sum of a conjugate-symmetric and conjugate-antisymmetric sequence.
Specifically,

x{n] = x.[n] + x,[n], : (2.154a)
where
Xe[n] = %(x[n] + x*[-n]) = x}[—n] | (2.154b)
and
%o[n] = 3(x[n] — x*[~n]) = —x}[-n]. (2.154¢)
A real sequence that is conjugate symmetric such that x,.[n] = x,[—n] is called an even
sequence, and areal sequence that is conjugate antisymmetric such that x,[n] = —x,[—n]

is called an odd sequence.
A Fourier transform X (e/?) can be decomposed into a sum of conjugate-symmetric
and conjugate-antisymmetric functions as

X (e'?) = X.(e/°) + X, (e'®), (2.155a)
where '
X (/) = [ X (/) + X*(e7/®)] (2.155b)
and
X,(e/?) = %[X(ej‘”) — X*(e7 ). (2.155¢)

By substituting —w for win Eqgs. (2.155b) and (2.155c¢), it follows that X,(e/®)isconjugate
symmetric and X,(e/®) is conjugate antisymmetric; i.e.,

X.(e/*) = X*(e™®) | (2.156a)
and
X,(e®) = —=X*(e'*). (2.156b)

If a real function of a continuous variable is conjugate symmetric, it is referred to as an
even function, and a real conjugate-antisymmetric function of a continuous variable is
referred to as an odd function.

The symmetry properties of the Fourier transform are summarized in Table 1.1.
The first six properties apply for a general complex sequence x[n] with Fourier trans-
form X (e/?). Properties 1 and 2 are considered in Problem 1.72. Property 3 follows from
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TABLE2.1  SYMMETRY PROPERTIES OF THE FOURIER TRANSFORM

Sequence Fourier Transform
x[n] X(e)?)

1. x*[n] X*(ei®)

2. x*[-n] X*(el?)

3. Re{x[n]} X,(e/¥) (conjugate-symmetric part of X(e/?))

4. jTmix[n]} X,(e/®) (conjugate-antisymmetric part

of X(e’*))
5. xe[n] (conjugate-symmetric part  Xg(e/®) = Re{X(e/%)}
of x[n])
6. xo[n] (conjugate-antisymmetric  jXi(e/?) = jTm{X(e/*))
part of x[n])
The following properties apply only when x[n] is real:
7. Any real x[n] X(e/?)y = X*(e~/*) (Fourier transform is
conjugate symmetric)

8. Any real x[n] Xr(e/®) = Xg(e~/*) (real partis even)

9. Any real x[n] Xj(e/®) = —Xy(e~/*) (imaginary part is odd)
10. Any real x[n] | X(e/®)| = | X(e~/*)| (magnitude is even)
11. Any real x[n] <X(e/?) = —aX(e~/?) (phase is odd)
12. x.[n] (even part of x[n]) Xg(ei®)
13. x,[n] (odd part of x[n]) J X1 (ei®)

properties 1 and 2, together with the fact that the Fourier transform of the sum of two
sequences is the sum of their Fourier transforms. Specifically, the Fourier transform of
Re{x[n]} = 1(x[n] +x*[n])) is the conjugate-symmetric part of X (¢/%), or X.(e/*). Sim-
ilarly, j Tm{x[n]} = L(x[n] — x*[n]), or equivalently, j Jm{x[n]} has a Fourier transform
that is the conjugate-antisymmetric component X,(e/*) corresponding to property 4.
By considering the Fourier transform of x.[#] and x,[n], the conjugate-symmetric and
conjugate-antisymmetric components, respectively, of x[n], it can be shown that prop-
erties 5 and 6 follow.

If x[n] is a real sequence, these symmetry properties become particularly straight-
forward and useful. Specifically, for a real sequence, the Fourier transform is conjugate
symmetric; i.e., X(e/?) = X*(e~/?) (property 7). Expressing X (e¢/®) in terms of its real
and imaginary parts as

X (e/®) = Xr(e'?) + j X;(e/*), (2.157)
we can derive properties 8 and 9—specifically,
Xr(e/®) = Xgr(e™/®) (2.158a)
and _ _
Xl(ef“’) = —Xl(e"“’). (2.158b)

In other words, the real part of the Fourier transform is an even function, and the
imaginary part is an odd function, if the sequence is real. In a similar manner, by
expressing X (e/*) in polar form as

X(e!”) = | X (e))]e/ <X, (2.159)
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we can show that, for a real sequence x[n], the magnitude of the Fourier transform,
| X (e/#)|, is an even function of @ and the phase, <X (e’?), can be chosen to be an odd
function of w (properties 10 and 11). Also, for a real sequence, the even part of x[#]
transforms to Xz(e/®), and the odd part of x[n] transforms to j X;(e’®) (properties 12
and 13).

Example 2.25 Hlustration of Symmetry Properties

Let us return to the sequence of Example 2.21, where we showed that the Fourier
transform of the real sequence x[n] = a"u[n] is

X(*) = - if a] < 1. (2.160)

—aejo
Then, from the properties of complex numbers, it follows that

. 1 .
joy— - _ —je

X(e?) = e X*(e™7%) (property 7),
: 1—acosw ;
joy — = —jw

Xp(el”) = oo — = Xp(e /) (property8),
i —asinw . ‘
Joy — - _ —jw

Xi(e!*) T p— Xi(e™7?) (property 9),

1

| X(e/)] = = |X(e7/*)| (property 10),’

(1+ a? — 2acosw)1/2

<X(e™) = tan™? (i%) ——<X(e)  (property 11).
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Figure 2.22 Frequency response for a system with impulse response #[n] =
a™u[n). (a) Real part. 2 > 0; 2 = 0.9 (solid curve) and a2 = 0.5 (dashed curve).
(b) Imaginary part.
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Figure 2.22 (Continued) (c) Magnitude. a > 0; a = 0.9 (solid curve) and
a = 0.5 (dashed curve). (d) Phase.

These functions are plotted in Figure 2.22 for a > 0, specifically, a = 0.9 (solid curve)
and g = 0.5 (dashed curve). In Problem 2.43, we consider the corresponding plots for

a<0.

2.9 FOURIER TRANSFORM THEOREMS

In addition to the symmetry properties, a variety of theorems (presented in Sections
2.9.1-2.9.7) relate operations on the sequence to operations on the Fourier transform.
We will see that these theorems are quite similar in most cases to corresponding theo-
rems for continuous-time signals and their Fourier transforms. Tofacilitate the statement

of the theorems, we introduce the following operator notation:

X(?) = Fix[n]},
x[n] = FHX(@E*),

x[n] AN X(e!®).

That is, F denotes the operation of “taking the Fourier transform of x[n],” and F 1 is the
inverse of that operation. Most of the theorems will be stated without proof. The proofs,
which are left as exercises (Problem 2.74), generally involve only simple manipulations
of variables of summation or integration. The theorems in this sectioryare summarized

in Table 2.2.
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TABLE2.2 FOURIER TRANSFORM THEOREMS

Sequence Fourier Transform

x[n] X(el*)

yin] Y(e!?)
1. ax[n] + by[n] aX(el®) + bY(e/*)
2. x[n—n4] (ng aninteger) e~ jond X (e/@)
3. ef@ony[n] X (e/(@-wo)y
4. x[—n] X(e™/®)

X*(e/®) if x[n] real.

5. nx[n] ,dXd(:)”’)
6. x[n] * y[n] X(el®)Y(e/®)
7. x[n]y[n] % / X(e®) V(e dp

Parseval’s theorem:

8. Z |x[n]|2= %'/ IX(ej“’)Izda)

9. > xlnly'in] = % / X (/) Y*(e/®)dw

2.9.1 Linearity of the Fourier Transform
If

x1[n] DL Xi1(e/?)
and _

xln] <> Xo(e),
tll:en it follows by substitution into the definition of the discrete-time Fourier transform
that

axi[n] + bxa[n] <2 aXi1(e!®) + bXo(e!®). (2.161)

2.9.2 Time Shifting and Frequency Shifting
If
x[n] < X(e/®),

then, for the time-shifted sequence, a simple transformation of the index of summation
in the discrete-time Fourier transform yields

x[n — ngl <Zs e~ioma X (el®). (2.162)

Direct substitution proves the following result for the frequency-shifted Fourier trans-
foym:

e/*"x[n] PLAN X (ef(@0m@0)y, (2.163)
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2.9.3 Time Reversal
If
.'F' .
x[n] «— X(e’*),
then if the sequence is time reversed,
x[~n] << X(e77®).
If x[n] is real, this theorem becomes

x[—n] < X*(7).

2.9.4 Differentiation in Frequency
If
F jer
x[n] «— X(e!*),
then, by differentiating the discrete-time Fourier transform, it is seen that

F dX(e*
nx[n] «— j d(w ).

2.9.5 Parsevals Theorem
if
x[n] <> X(e/),
then
[s,2} 1 T
= 2 _ Joy2 )
E= ) |x[n)f =5 | 1X()de

n=-—00

Chap. 2

(2.164)

(2.165)

(2.166)

(2.167)

The function | X (e/#)|? is called the energy density spectrum, since it determines how the
energy is distributed in the frequency domain. Necessarily, the energy density spectrum
is defined only for finite-energy signals. A more general form of Parseval’s theorem is

shown in Problem 2.77.

2.9.6 The Convolution Theorem

If
x[n] <> X(e/®)
and
K[n] <I> H(e/®),
and if
yinl= " x[klhn — k] = x[n] * k(n], :
k=-00 1(
then '

Y (e/®) = X(e/®)H(e/?).

(2.168)

(2.169)
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Thus, convolution of sequences implies multiplication of the corresponding Fourier
transforms. Note that the time-shifting property is a special case of the convolution
property, since

8[n — ng] <> e~fom (2.170)
and if A[n] = 8[n — ng], then y[n] = x[n] * 8[n — ng] = x[n — ngy)]. Therefore,
H(®)=e'*"  and  Y(e/*) = e /®™X(e/).

A formal derivation of the convolution theorem is easily achieved by applying the
definition of the Fourier transform to y[n] as expressed in Eq. (2.168). This theorem can
also be interpreted as a direct consequence of the eigenfunction property of complex
exponentials for linear time-invariant systems. Recall that H(e/®) is the frequency re-

sponse of the linear time-invariant system whose impulse response is #[n]. Recall also
that if

x[n] = e/®",
then
y[n] = H(e/®)e/".

That is, complex exponentials are eigenfunctions of linear time-invariant systems, where
H(e’?), the Fourier transform of A{n], is the eigenvalue. From the definition of integra-
tion, the Fourier transform synthesis equation corresponds to the representation of a
sequence x[n] as a superposition of complex exponentials of infinitesimal size; that is,

1 [7 o 1 ' ‘
x[n] = > X(e/*)el* dey = Alj)IEO = Z X(ejkAw)e]kAwnAw.
k

ht'i1

By the eigenfunction property of linear systems and by the principle of superposition,
the corresponding output will be

1 , . . 1 /7 . C
. jkAw jkAwN , jfkAwn — jo joy,jon
y[n] = Al;r_xz() 5 Ek H(e'**) X (e!***)e Aw - ./: ) H(e’)X (e/*)e!"dw.

Thus, we conclude that
Y(e/?) = H(e'*) X (e'®),
as in Eq. (2.169).

2.9.7 The Modulation or Windowing Theorem

If
F i
x[n] «<— X (/%)
and
F i
w[n] «— W(e/®),
and if

yln} = x[n]w[n], _ (2.171)



62 Discrete-Time Signals and Systems ~ Chap. 2

then

Y(e/®) = _%t_ X (e YW(el@)dp. (2.172)

-7

Equation (2.172) is a periodic convolution, i.e., a convolution of two periodic functions
with the limits of integration extending over only one period. The duality inherent in
most Fourier transform theorems is evident when we compare the convolution and
modulation theorems. However, in contrast to the continuous-time case, where this du-
ality is complete, in the discrete-time case fundamental differences arise because the
Fourier transform is a sum while the inverse transform is an integral with a periodic
integrand. Although for continuous time we can state that convolution in the time do-
main is represented by multiplication in the frequency domain and vice versa, in discrete
time this statement must be modified somewhat. Specifically, discrete-time convolution
of sequences (the convolution sum) is equivalent to multiplication of corresponding
periodic Fourier transforms, and multiplication of sequences is equivalent to periodic
convolution of corresponding Fourier transforms.

The theorems of this section and a number of fundamental Fourier transform pairs
are summarized in Tables 2.2 and 2.3, respectively. One of the ways that knowledge of

TABLE2.3 FOURIER TRANSFORM PAIRS

Sequence Fourier Transform
1. 8[n] 1
2, 8[n — ng) e~ jono
00
3.1 (—o00 < n < o0) Z 27 8(w + 2 k)
k=—o00

4, a"uln] (lal < 1) L

1 —ge-lo
1 =}
5. u[n] ‘ 1o + Z ad(w + 27k)
=-00
1
6. (n+1)a"uln] (la] <1) A= ae oy
Msinwp(n+1) 1
7, — —_— .
sinw, un] (rl<1) 1 —2r cos wpe™Jo + r2e=j2w
sin wen joy ) L o) < o,
8. mn Xe )-{0, we<|lwl <
_J1, 0<n<M sinfw(M+1)/2] _j,mp2
9. x[n] = {0, otherwise sin(w/2) €
w
10. glwon Z 278w — wo + 27K)
==00
o0
11. cos{won + @) Z [re8(w — wo + 2k) + e #8(w + wo + 27K)]

k=—0
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Fourier transform theorems and properties is useful is in determining Fourier transforms
or inverse transforms. Often, by using the theorems and known transform pairs, it is
possible to represent a sequence in terms of operations on other sequences for which
the transform is known, thereby simplifying an otherwise difficult or tedious problem.
Examples 2.26-2.30 illustrate this approach.

Example 2.26 Determining a Fourier Transform
using Tables 2.2 and 2.3

Suppose we wish to find the Fourier transform of the sequence x[n] = a"u[n — 5]. This
transform can be computed by exploiting Theorems 1 and 2 of Table 2.2 and transform
pair 4 of Table 2.3. Let x;[n] = a"u[n]. We start with this signal because it is the most
similar signal to x[n] in Table 2.3. The table states that
. 1 |
jw = . .
X1(e’®) T (2:173)
“To obtain x[n] from x; [r], we first delay x; [n] by 5 samples, i.e., x2[n] = x;[n—5]. Theo-
rem 2 of Table 2.2 gives the corresponding frequency-domain relatlonshlp, Xo(el®) =
e~ 15 X (e/*), so
e~ 5w

Xo(e/®) = @174

1—aejo’

In order to get from x;[n] to the desired x[n], we need only multiply by the constant
a3, i.e., x[n] = @°x,[n]. The linearity property of the Fourier transform, Theorem 1 of

Table 2.2, then yields the desired Fourier transform, :

jo e—]Sw
X() = T—- (2.175)
Example 2.27 Determining an Inverse Fourier
Transform Using Tables 2.2 and 2.3
Suppose that
X(ef®) = 1 (2.176)

(1 ae~Jo)(1 — be~iv)’

Direct substitution of X (e/“) into Eq. (2.133) leads to an integral that is difficult to
evaluate by ordinary real integration techniques. However, using the technique of
partial fraction expanston, which we discuss in detail in Chapter 3, we can expand
X (e/?) into the form

X( jw) —_ a/(a ) ‘b/(a - b)

—gei® 1—beie’

From Theorem 1 of Table 2.2 and t_ransform pair 4 of Table 2.3, it follows that -

xln] = (a 2 b) a"uln] - (a—i—b) B uln). (2178)

(2.177)
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Example 2.28 Determining the Impulse Response
from the Frequency Response

The frequency response of a highpass filter with delay is

e~jond o < |w| <,

H(e/?) = { 0 o] < o, (2.179)
where a period of 27 is understood. This frequency response can be expressed as
H(e’*) = e™/*"(1 — Hip(e/?)) = e~Io"d — g=iomd [ (e®),
where Hip(e/) is periodic with period 2 and

Hlp(ejw) = { 11 lﬂ)' < a)(.‘v

0, w.<|o| <m,

Using the result of Example 2.22 to obtain the inverse transform of Hi,(e/®), together
with properties 1 and 2 of Table 2.2, we have

h[n] = é[n — ng] — r[n — ng4]
sinaw.(n ~ ng)

= =nd ==

Exampie 2,29 Determining the Impuise Response
for a Difference Equation

In this example we determine the impulse response for a stable linear time-invariant
system for which the input x[n] and output y[n] satisfy the linear constant-coefficient
difference equation

y[nl = dyln ~ 1] = x[n] - ix[n - 1]. (2.180)
In Chapter 3 we will see that the z-transform is more useful than the Fourier transform
for dealing with difference equations. However, this example offers a hint of the utility

of transform methods in the analysis of linear systems. To find the impulse response,
we set x[n] = §[n]; with hA[n] denoting the impulse response, Eq. (2.180) becomes

h[n] — yhln — 1] = 8[n] — +é[n - 1]. (2.181)

Applying the Fourier transform to both sides of Eq. (2.181) and using properties 1 and
2 of Table 2.2, we obtain

H(e™) - fe~i* H(el*) =1 — }e~/*, (2.182)
or 1 .
, 1—3ze7/?
Joy — - 47
H(e) = = = (2.183)

To obtain A[n], we want to determine the inverse Fourier transform of H(e/®). Toward
this end, we rewrite Eq. (2.183) as
1 %—e‘f @

H(e'*) = — -~ — 2.184

| R v vl v v (2184)
From transform 4 of Table 2.3,

n F 1

(%) u[n] «— T

—1l,—jo’
1 zel
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Combining this transform with property 3 of Table 2.2, we obtain

1 —jo

1y(1y*1 F 3¢
— (Z)(_) ufn - 1] o %e_’,w. (2.185)
Based on property 1 of Table 2.2, then,
i) = (1) uln] — (H)(E)" uln -1, (2.186)

2.10 DISCRETE-TIME RANDOM SIGNALS

The preceding sections have focused on mathematical representations of discrete-time
signals and systems and the insights that derive from such mathematical representations.
We have seen that discrete-time signals and systems have both a time-domain and
a frequency-domain representation, each with an important place in the theory and
design of discrete-time signal-processing systems. Until now, we have assumed that the
signals are deterministic, i.e., that each value of a sequence is uniquely determined by
a mathematical expression, a table of data, or a rule of some type.

In many situations, the processes that generate signals are so complex as‘to make
precise description of a signal extremely difficult or undesirable, if not impossible. In
such cases, modeling the signal as a stochastic process is analytically useful. As an
example, we will see in Chapter 6 that many of the effects encountered in implementing
digital signal-processing algorithms with finite register length can be represented by
additive noise, i.e., a stochastic sequence. Many mechanical systems generate acoustic
or vibratory signals that can be processed to diagnose potential failure; again, signals
of this type are often best modeled in terms of stochastic signals. Speech signals to
be processed for automatic recognition or bandwidth compression and music to be
processed for quality enhancement are two more of many examples.

A stochastic signal is considered to be a member of an ensemble of discrete-time
signals that is characterized by a set of probability density functions. More specifically,
for a particular signal at a particular time, the amplitude of the signal sample at that
time is assumed to have been determined by an underlying scheme of probabilities.
That is, each individual sample x[n] of a particular signal is assumed to be an outcome
of some underlying random variable x,,. The entire signal is represented by a collection
of such random variables, one for each sample time, —o0 < n < . This collection of
random variables is called a random process, and we assume that a particular sequence
of samples x[n] for —~o0 < n < oo has been generated by the random process that
underlies the signal. To completely describe the random process, we need to specify the
individual and joint probability distributions of all the random variables.

The key to obtaining useful results from such models of signals lies in their de-
scription in terms of averages that can be computed from assumed probability laws or
estimated from specific signals. While stochastic signals are not absolutely summable or
square summable and, consequently, do not directly have Fourier transforms, many (but
not all) of the properties of such signals can be summarized in terms of averages such as
the autocorrelation or autocovariance sequence, for which the Fourier transform often
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exists. As we will discuss in this section, the Fourier transform of the autocovariance
sequence has a useful interpretation in terms of the frequency distribution of the power
in the signal. The use of the autocovariance sequence and its transform has another
important advantage: The effect of processing stochastic signals with a discrete-time
linear system can be conveniently described in terms of the effect of the system on the
autocovariance sequence.

In the following discussion, we assume that the reader is familiar with the basic
concepts of stochastic processes, such as averages, correlation and covariance functions,
and the power spectrum. A brief review and summary of notation and concepts is
provided in Appendix A. A more detailed presentation of the theory of random signals
can be found in a variety of excellent texts, such as Davenport (1970) and Papoulis
(1984).

Our primary objective in this section is to present a specific set of results that will
be useful in subsequent chapters. Therefore, we focus on wide-sense stationary random
signals and their representation in the context of processing with linear time-invariant
systems. Although, for simplicity, we assume that x[n] and h[n] are real valued, the
results can be generalized to the complex case.

Consider a stable linear time-invariant system with real impulse response k[n].
Let x[n] be a real-valued sequence that is a sample sequence of a wide-sense stationary
discrete-time random process. Then the output of the linear system is also a sample
function of a random process related to the input process by the linear transformation

yinl= Y hln—Kx[k]= > hlklx[n —k].

k=—-00 k=—o0

As we have shown, since the system is stable, y[#] will be bounded if x[n] is bounded. We
will see shortly that if the input is stationary,” then so is the output. The input signal may
be characterized by its mean m, and its autocorrelation function ¢, [m], or we may also
have additional information about first- or even second-order probability distributions.
In characterizing the output random process y[n] we desire similar information. For
many applications, it is sufficient to characterize both the input and output in terms of
simple averages, such as the mean, variance, and autocorrelation. Therefore, we will
derive input-output relationships for these quantities.
The means of the input and output processes are, respectively,

my, =E{Xp},  m,, =E{ya}, (2.187)

where £{-} denotes the expected value. In most of our discussion, it will not be necessary
to carefully distinguish between the random variables x,, and y, and their specific values
x[n] and y[r]. This will simplify the mathematical notation significantly. For example,
Egs. (2.187) will alternatively be written

miln] = Exln),  myin] = EQyinD. (2.188)

If x[n] is stationary, then m, [n] is independent of n and will be written as m,, with similar
notation for my[n] if y[n] is stationary.

5In the remainder of the text, we will use the term stationary to mean “wide-sense stationary.”
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The mean of the output process is

my[n] = E{y[n]} = ) h[kIE{x[n - K]},

k=—00

where we have used the fact that the expected value of a sum is the sum of the expected
values. Since the input is stationary, m,[n — k] = m,, and consequently,

my[n] = m, i h[k]. (2.189)

k=—00

From Eq. (2.189), we see that the mean of the output is also constant. An equivalent
expression to Eq. (2.189) in terms of the frequency response is

m, = H(e%)m,. (2.190)

Assuming temporarily that the output is nonstationary, the autocorrelation func-
tion of the output process for a real input is

¢yy[n, n+ m] = E{y[n]y[n+ m])

=& { i f: h[k)h[r]x[n — k]x[n + m — r]}

k=—00 r=~00

= Z h[k] Z h[r1€{x[n — k]x[n +m —r]}.
k=—00

r=—0C

Since x[n] is assumed to be stationary, £{x[n — k]x[n+m —r]} depends only on the time
difference m + k — r. Therefore,

eplnn+ml= " Alr] Y hlrlpulm+k—r] = ¢,[m]. (2.191)

k=—o00 r=—00
That is, the output autocorrelation sequence also depends only on the time difference
m. Thus, for a linear time-invariant system having a wide-sense stationary input, the
output is also wide-sense stationary.
By making the substitution £ = r — k, we can express Eq. (2.191) as

¢yy[m] = Z ¢xx[m - E] Z h[k]h[ﬂ + k]

= koo (2.192)
= Z ¢xx[m - E]Chh [‘e]a
{=—00
where we have defined |
c[€] = > hlkIA{L + . (2.193)
k=—00

A sequence of the form of cy,[£] is called a deterministic autocorrelation sequence
or, simply, the autocorrelation sequence of hin]. It should be emphasized that cxx[£] is
the autocorrelation of an aperiodic—i.e., finite-energy—sequence and should not be
confused with the autocorrelation of an infinite-energy random sequence. Indeed, it
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can be seen that cpy[€] is simply the discrete convolution of A[n] with A[—n]. Equa-
tion (2.192), then, can be interpreted to mean that the autocorrelation of the output of
a linear system is the convolution of the autocorrelation of the input with the aperiodic
autocorrelation of the system impulse response.

Equation (2.192) suggests that Fourier transforms may be useful in characteriz-
ing the response of a linear time-invariant system to a stochastic input. Assume, for
convenience, that m, = 0; i.e., the autocorrelation and autocovariance sequences are
identical. Then, with ®,,(e/), ®,,(e/®), and Cy(e/®) denoting the Fourier transforms
of ¢,x[m], ¢y,[m], and cpu[£], respectively, from Eq. (2.192),

B,y (€7) = Cun(e™) D x(e™). (2.194)
Also, from Eq. (2.193),
Crn(e’®) = H(e!*)H*(e/®)
= |H(/*)P,
SO
Dyy(e/?) = [H(e!®)* D x(e’). (2.195)

Equation (2.195) provides the motivation for the term power density spectrum. Specifi-

cally,
1 " -
] _ - w
EVIn) = ¢nl0]= 5= | ®ple™)dw (2.196)

= total average power in output.
Substituting Eq. (2.195) into Eq. (2.196), we have

1 r . ,
E(?[n]) = ¢,,[0) = o f_ | H(e'®) P @z (/%) dw. (2.197)

Suppose that H(e/) is an ideal bandpass filter, as shown in Figure 2.18(c). We recall
that ¢,,[] is an even sequence, so

q)x:c(ejw) = (pxx(e_jw)'
Likewise, | H(e/*)|? is an even function of w. Therefore, we can write
#,y[0] = average power in output

1 fa», ( ; \a N ( } ya (2.198)
= — Q. (e’?)dw + —/ Q. (e’?)dw.
m . xx o oy xx

Thus, the area under ®,,(e/?) for w, < |@| < wp can be taken to represent the mean-
square value of the input in that frequency band. We observe that the output power
must remain nonnegative, so

lim ¢,,[0] >0.

(wp—wg =0

This result, together with Eq. (2.198) and the fact that the band w, < @ < wp can be
arbitrarily small, implies that ‘

$,e(e/?) >0  forall w. (2.199)

Hence, we note that the power density function of a real signal is real, even, and non-
negative.
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Example 2.30 White Noise

The concept of white noise is exceedingly useful in quantization error analysis. A
white-noise signal is a signal for which ¢y, {m] = a28[m]. We assume in this example
that the signal has zero mean. The power spectrum of a white noise signal is a constant,
Le.,

@ (/) =02 for all w.

The average power of a white-noise signal is therefore

1 " 1 [7
i 2 2
$xx[0] = o /_n Oyx(e/”) dw = T /;n oy dw =0y,

The concept of white noise is also useful in the representation of random signals
whose power spectra are not constant with frequency. For example, a random signal
y[n] with power spectrum &,,(e/*) can be assumed to be the output of a linear time-
invariant system with a white-noise input. That is, we use Eq. (2.195) to define a system
with frequency response H(e/®) to satisfy the equation

®,y(e/?) = | H(e*) a7,

where o2 is the average power of the assumed white-noise input signal. We adjust
the average power of this input signal to give the correct average power for y[n]. For
example, suppose that x[n] = a"u[n]. Then

- 1
H(e/?) = —n0,
€™ 1—ge-iv
and we can represent all random signals whose power spectra are of the form
2 2

2 Oy

g, = .
* 1442 -2acosw

1

1 —ae-Jjo

d’yy(ejw) = ‘

Another important result concerns the cross-correlation between the input and
output of a linear time-invariant system:

bxy[m] = E{x[n]y[n + m]}

=& {x[n] i hlk)x[n+ m — k]} (2.200)

k=—00
= Z h[Klgxx[m — K.
k=~o0

In this case, we note that the cross-correlation between input and output is the convo-
lution of the impulse response with the input autocorrelation sequence.
The Fourier transform of Eq. (2.200) is

&y (e/?) = H(e!®)Drr(e’®). (2.201)

This result has a useful application when the input is white noise, i.e., when ¢, [m] =
a28[m]. Substituting into Eq. (2.198), we note that

¢uy[m] = o7 hlm]. (2.202)
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That is, for a zero-mean white-noise input, the cross-correlation between input and
output of a linear system is proportional to the impulse response of the system. Similarly,
the power spectrum of a white-noise input is

®,.(e/*) = o2, T <w<m. (2.203)
Thus, from Eq. (2.201),
®,y(e!?) = a2 H(e'®). (2.204)

In other words, the cross power spectrum is in this case proportional to the frequency
response of the system. Equations (2.202) and (2.204) may serve as the basis for esti-
mating the impulse response or frequency response of a linear time-invariant system if
it is possible to observe the output of the system in response to a white-noise input.

2.11 SUMMARY

In this chapter, we have considered a number of basic definitions relating to discrete-
time signals and systems. We considered the definition of a set of basic sequences, the
definition and representation of linear time-invariant systems in terms of the convolu-
tion sum, and some implications of stability and causality. The class of systems for which
the input and output satisfy a linear constant-coefficient difference equation with initial
rest conditions was shown to be an important subclass of linear time-invariant systems.
The recursive solution of such difference equations was discussed and the classes of FIR
and IIR systems defined.

An important means for the analysis and representation of linear time-invariant
systems lies in their frequency-domain representation. The response of a system to a
complex exponential input was considered, leading to the definition of the frequency
response. The relation between impulse response and frequency response was then
interpreted as a Fourier transform pair.

We called attention to many properties of Fourier transform representations and
discussed a variety of useful Fourier transform pairs. Tables 2.1 and 2.2 summarize the
properties and theorems, and Table 2.3 contains some useful Fourier transform pairs.

The chapter concludes with an introduction to discrete-time random signals. These
basic ideas and results will be developed further and used in later chapters.

Although the material in this chapter was presented without direct reference to
continuous-time signals, an important class of discrete-time signal-processing problems
arises from sampling such signals. In Chapter 4 we consider the relationship between
continuous-time signals and sequences obtained by periodic sampling.

PROBLEMS ‘

Basic Problems with Answers

2.1. For each of the following systems, determine whether the system is (1) stable, (2) causal,
(3) linear, (4) time invariant, and (5) memoryless:
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2.2.

2.3 (]

2.4!

2.5.

2.6.

2.7,

2.8.

2.9.

2 Problems 71

(a) T(x[n]) = g[n]x[n] with g[n] given

() T(x[n]) =377, x[k

© T([nl) =300, x[K]

(@) T(x[n]) = x[n — no]

(e) T(x[n]) = el

® T(x[n]) = ax[n] + b

@® T(x[n]) =x[-n]

M) T(x[n]) = x[n] + 3uln +1]

(a) The impulse response A[n] of a linear time-invariant system is known to be zero, except
in the interval No < n < Ni. The input x[n] is known to be zero, except in the interval
N, < n < Nj. As aresult, the output is constrained to be zero, except in some interval
N4 < n < Ns. Determine N4 and Ns in terms of Ny, N1, N2, and Ns.

(b) Ifx[n]iszero,exceptfor N consecutive points, and h[n] is zero, except for M consecutive
points, what is the maximum number of consecutive points for which y[r] can be
nonzero?

By direct evaluation of the convolution sum, determine the step response of a linear time-
invariant system whose impulse response is

h[n] = a "u[—n], O<a<l.

Consider the linear constant-coefficient difference equation
yln] - %y[n 1]+ %y[n —2] =2x[n—1].
Determine y[n] for n > 0 when x[n] = é[n] and y[n] = 0,n < 0.
A causal linear time-invariant system is described by the difference equation
ylr] = Sy[n — 1] + 6y[n — 2] = 2x[n —1].
(a) Determine the homogeneous response of the system, i.e., the possible outputs if x[n] =
0 for all n.

(b) Determine the impulse response of the system.
(¢) Determine the step response of the system.

(a) Find the frequency response H(e/®) of the linear time-invariant system whose input
and output satisfy the difference equation

y[ln] = Ly[n — 1] = x[n] + 2x[n — 1] + x[n — 2].
(b) Write a difference equation that characterizes a system whose frequency response is
1—1e-jo 4 i3

H(el®) = - —.
(€™) 1+ leio 4 Je-itw

Determine whether each of the following signals is periodic. If the signal is periodic, state
its period.

(a) x[n] = ein/0)

(b) x[n] = ej(3:rn/4)

(© x[n] = [sin(zn/5)]/(7n)

(d) x[n] = eimniV2

An LTI system has impulse response h[n] = 5(—1/2)"u[n]. Use the Fourier transform to
find the output of this system when the input is x[r] = (1/3)"u[n].

Consider the difference equation

yin] = 2yln =11+ gyl — 2] = gafn -1
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(a) What are the impulse response, frequency response, and step response for the causal
LTI system satisfying this difference equation.

(b) What is the general form of the homogeneous solution of the difference equation?

(¢) Consider a different system satisfying the difference equation that is neither causal nor
LTI, but that has y[0] = y[1] = 1. Find the response of this system to x[n] = §[n].

Determine the output of a linear time-invariant system if the impulse response 4[n] and
the input x[#] are as follows:

(a) x[n] = u[n] and A[n] = a"u[—n — 1], witha > 1.

(b) x[n] = u[n — 4] and k[n] = 2"u[—n - 1].

(¢©) x[n] = u[n] and k[n] = (0.5)2"u[—n].

(d) A[n] =2"u[—n — 1] and x[n] = u[n] — u[n — 10]

Use your knowledge of linearity and time invariance to minimize the work in Parts (b)-(d).
Consider an LTI system with frequency response

1—e" f2w

joy_ 1—€
H(e ) 1+%e_}.4w,

T <@w=<T.

Determine the output y[r] for all n if the input x[n] for all n is
. (T7h
x[n] = s1n(~z—) .
Consider a system with input x[n] and output y[n] that satisfy the difference equation

ylnl = nyln — 1] + x[n].

The system is causal and satisfies initial-rest conditions; i.e., if x[n] = 0 for n < ng, then
y[n] = 0 for n < nyp.

(a) If x[n] = 8[n], determine y[~] for all ».

(b) Is the system linear? Justify your answer.

(¢) Isthe system time invariant? Justify your answer.

Indicate which of the following discrete-time signals are eigenfunctions of stable, linear
time-invariant discrete-time systems:
(a) e f2mn/3
(b) 3
(© 2"u[-n-1]
() cos(won)
(e) (1/4)"
® (1/4)"u[n] + 4"u[—n — 1]
A single input—output relationship is given for each of the following three systems:
(a) System A: x[n] = (1/3)", y[n] =2(1/3)". '
(b) System B: x[n] = (1/2)", y[n] = (1/4)".
(¢) System C: x{n] = (2/3)"u[n], y[r] = 4(2/3)"uln] —3(1/2)"u[n].
Based on this information, pick the strongest possible conclusion that you can make about
each system from the following list of statements:
(i) The system cannot possibly be LT1.
(ii) The system must be LTI.
(iii) The system can be LTI, and there is only one LTI system that satisfies this input—output
constraint.
(iv) The system can be LTI, but cannot be uniquely determined from the information in
this input—output constraint.
If you chose option (iii) from this list, specify either the impulse response h{n] or the
frequency response H(e/) for the LTI system.
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Consider the system illustrated in Figure P2.15-1. The ouput of an LTI system with an
impulse response h[n] = (1) u[n + 10] is multiplied by a unit step function u[n] to yield
the output of the overall system. Answer each of the following questions, and briefly justify
your answers:

e __ ) Figure £2.15-1

(a) Is the overall system LTI?
(b) Isthe overall system causal?
(¢) Is the overall system stable in the BIBO sense?

Consider the following difference equation:

] = 33l — 1] = gyl — 2] = 3l

(a) Determine the general form of the homogeneous solution to this difference equation.

(b) Both a causal and an anticausal LTI system are characterized by this difference equa-
tion. Find the impulse responses of the two systems.

(c) Show that the causal LTI system is stable and the anticausal LTI system is unstable

(d) Find a particular solution to the difference equation when x[n] = (1/2)"u[n].

(a) Determine the Fourier transform of the sequence

[]_" 1, 0<n<M,
=90, otherwise.

(b) Consider the sequence

1
win] = 5 [1—cos(ng—n)], 0<n<M,

0, otherwise.

Sketch w[n] and express W(e/*), the Fourier transform of w[n], in terms of R (¢/®), the
Fourier transform of r[n]. (Hint: First express w[n] in terms of r[n] and the complex
exponentials ¢/27/M) and ¢~/@r/M) )

(c) Sketch the magnitude of R(e/®) and W (¢/®) for the case when M = 4.

For each of the following impulse responses of LTI systems, indicate whether or not the
system is causal:

(@) h[n] = (1/2)"un]

(b) A[n] = (1/2)u[n — 1]

(©) hln] = (1/2)"!

(d) A[n] =u[n+2] —u[n - 2]

(e) h[n] = (1/3)"u[n] + 3"u[—n — 1]

For each of the following impulse responses of LTI systems, indicate whether or not the
system is stable:

(a) h[n] = 4"u[n]

(b) h[n] = u[n] — u[n — 10]

(©) Ah[n] =3"u[—n - 1]
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(@) h[n] =sin(zn/3)uln]
(e) h[n] = (3/4)" cos(wn/4 + n/4)
(® hln] =2u[n+ 5] — u[n] — u[n - 5]

2.20. Consider the difference equation representing a causal LTI system
y[n] + (1/a)yln — 1] = x[n — 1].

(a) Find the impulse response of the system, h[n], as a function of the constant a.
(b) For what range of values of a will the system be stable?

Basic Problems

2.21. Consider an arbitrary linear system with input x[n] and output y[r]. Show that if x[n] =0
for all n, then y[r] must also be zero for all n.

2,22, For each of the pairs of sequences in Figure P2.22-1, use discrete convolution to find the
response to the input x[#] of the linear time-invariant system with impulse response h[n].

x[n] 2 hin]
—o—+—I—1~—o— ———l——ll—~—

0 1 n 0 1 n
(a)
» ] , Al
1
N ol 1,
M) 1' n 1 1 2 n
-1 -1
(b)
x[n] h[n]
1 1
-1012345 n 012345678910 12 14 16 n
(©
2 x[n]
1
-2 012 n

(d)
Figure P2.22-1

2,23. Using the definition of linearity (Eqs. (2.26a)—(2.26b)), show that the ideal delay system
(Example 2.3) and the moving-average system (Example 2.4) are both linear systems.
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2.24. The impulse response of a linear time-invariant system is shown in Figure P2.24-1. Deter-
mine and carefully sketch the response of this system to the input x[n] = u[n — 4].

hin]

Figure P2.24-1

2.25. A linear time-invariant system has impulse response h[n] = u[n]. Determine the response
of this system to the input x[n] shown in Figure P2.25-1 and described as

0, n<0,
a", 0<n< Ny,
x[n]=<¢ 0, N1 <n< Ny,
a* N Ny <n <N+ Ny,
0, N> + Ny <n,
where 0 < a < 1.
x[n]
an . a(n—Nz)
0 Mo N, N2+Ni m Figure P2.25-1
2.26. Which of the following discrete-time signals could be eigenfunctions of any stable LTI
system?
(a) 5"uln]
(b) e f2on
(c) ejwn + ejZa)n
@ 5"
(e) 5" . ef2wn

2.27. Three systems A, B, and C have the inputs and outputs indicated in Figure P2.27-1. Deter-
mine whether each system could be LTI. If your answer is yes, specify whether there could
be more than one LTI system with the given input—output pair. Explain your answer.

(%)n—-» System A —-—)—(—-)n

e"By[n] ——»| System B |[—— 2e/*8y[p]

/8 am————3=| System C > 2e/n8

Figure P2.27-1
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Determine which of the following signals is periodic. If a signal is periodic, determine its
period.

(a) x[n] = /@75

(b) x[n] =sin(xn/19)

(¢) x[n] = ne/™

@) x[n] =e"

A discrete-time signal x[n] is shown in Figure P2.29-1.

1 x[n]
2
2-10123 4 Figure P2.29-1
Sketch and label carefully each of the following signals:
(@) x[n-2]
(b) x[4 —n]
(c) x[2n]

(d) x[n]u[2 —n]

(e) x[n—1][n - 3]

For each of the following systems, determine whether the system is (1) stable, (2) causal,
(3) linear, and (4) time invariant.

(@) T(x[n]) = (cosmn)x[n]

(b) T(x[n]) = x[n?)

(©) T(x[n]) = x[n)> s, 8[n — k]

@) Tl = 3752, x[K

Consider the difference equation

sl + g5yl = 1]~ $yln~2] = xlnl.

(a) Determine the general form of the homogeneous solution to this equation.

(b) Both a causal and an anticausal LTI system are characterized by the given difference
equation. Find the impulse responses of the two systems.

(c) Show that the causal LTI system is stable and the anticausal LTI system is unstable.

(d) Find a particular solution to the difference equation when x[n] = (3/5)" u[n].

Consider an LTI system with frequency response
1+e /% f 4emi%
1+ je 2w

H(e!®) = e~ i@-%) (

). —T <w<T.

Determine the output y[#] for all # if the input for all n is
n
x[n] = cos (7) .

Consider an LTI system with |H(e/®)] = 1, and let arg[H(e/“)] be as shown in Fig-

ure P2.33-1. If the input is
x[n] = cos 3—Jrn +Z
- 2 4/

determine the output y[n].
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arg[H (e/*)]
———————— 5m/6
Slope =-1/3 w2
l ]
- ko @

—m/2 Slope =-1/3

Swf6 |- — = Figure P2.33-1
2.34. The input—output pair shown in Figure P2.34-1 is given for a stable LTI system.

) xo[n] 2 yolr]
1I I Il — ,

-1 0 1 n

Figure P2.34-1
(a) Determine the response to the input x;[n] in Figure P2.34-2.

49

x1[n]

~] —
[ ]

oocL

Figure P2.34-2

(b) Determine the impulse response of the system.

Advanced Problems

2.35. The system T in Figure P2.35-1 is known to be time invariant. When the inputs to the system
are x1[n], x2[n], and x3[n], the responses of the system are y1[n], y2[n], and y3[n], as shown.
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x4 [n] : 3 yin]
2 — T —> 2
a—o—ll—l—o—%
0 1 n 0 1 2 n
x;[n]
IZ —— T
0 1 n
x3[n] 3 . y3ln]
— T b 2
—H—-o—o—o—o—o——I—l-
01 2 3 4 n -2 -1 0 n
Figure P2.35-1

(a) Determine whether the system 7T could be linear.

(b) If the input x[n] to the system T is §[n], what is the system response y[n]?

(¢) What are all possible inputs x[#] for which the response of the system T can be deter-
mined from the given information alone?

2.36. The system L in Figure P2.36-1 is known to be linear. Shown are three output signals y1[n],
y2[n], and y3{n] in response to the input signals x;[n], xz[#], and x3[r], respectively.

x[7] 313 yiln]
sl oaldl
l 0 l " L [ o1 23 n
-1
2 =2
x;[n]
1 T1
—_— *~— —] L .
l 0 n
2
x3[n]
1 e1
_._._.._I__I_._ — L —>
0 1 n

Figure P2.36-1
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(a) Determine whether the system L could be time invariant.
(b) If the input x[#] to the system Lis 8[xn], what is the system response y[n]?

Consider a discrete-time linear time-invariant system with impulse resbénse h[n]. If the
input x[n] is a periodic sequence with period N (i.e., if x[n] = x[n + N]), show that the
output y[n] is also a periodic sequence with period N.

In Section 2.5, we stated that the solution to the homogeneous difference equation

N .
> ayuln—i =0 | (P2.38-1)
k=0

is of the form

N
wlnl =" Az, (P2.38-2)
m=1

with the Ap,’s arbitrary and the z,,’s the N roots of the polynomial

N
Z axz* = 0; (P2.38-3)
k=0

ie.,

N N ,
Z arz k= H(l — 7wz b). (P2.38-4)
k=0 m=1

(a) Determine the general form of the homogeneous solution to the difference equation
y[n] = 3y[n — 1]+ yln — 2] = 2x[n — 1). (P2.38-5)

(b) Determine the coefficients A,, in the homogeneous solution if y[~1] = 1 and y[0] = 0.

. (¢) Now consider the difference equation

y[n] = yin =11+ 3y[n —2] = 2y[n - 11. (P2.38-6)

If the homogeneous solution contains only terms of the form of Eq. (P2.38-2), show
that the initial conditions y[—1] = 1 and y[0] = 0 cannot be satisfied.

(d) If Eq. (P2.38-3) has two roots that are identical, then, in place of Eq. (P2.38-2), yx[n]
will take the form

N-1
wlnl =" Anzly +nBazl, (P2.38-7)

m=1

where we have assumed that the double root is z1. Using Eq. (P2.38-7), determine
the general form of yx[n] for Eq. (P2.38-6). Verify explicitly that your answer satisfies
Eq. (P2.38-6) with x[n] = 0.
(e) Determine the coefficients A; and B in the homogeneous solution obtained in Part (d)
if y[—1] =1 and y[0] = 0. '
Consider a system with input x[n] and output y[r]. The input—output relation for the system
is defined by the following two properties: :
1. y[n] —ay[n —1] = x[n],
2 y[O] = 1.
(a) Determine whether the system is time invariant.
(b) Determine whether the system is linear.
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(c) Assume that the difference equation (property 1) remains the same, but the value y[0]
is specified to be zero. Does this change your answer to either Part (a) or Part (b)?

2.40. Consider the linear time-invariant system with impulse response

h[n] = (l)nu[n], where j = \/:I

2
Determine the steady-state response, i.e., the response for large n, to the excitation
x[n] = cos(mn)u[n].

2.41. A linear time-invariant system has frequency response

jo
He’™) = om (3)
09 ry -~ S Iw] Sjr'

The input to the system is a periodic unit-impulse train with period N = 16; i.e.,

oo

x[n) = > &[n+ 16k].
k=—00
Find the output of the system.
2.42. Consider the system in Figure P2.42-1,
e
| |
!
: >{ + h,[n] = a"u[n] p—t—
x[n] | | yin]
! |
|
| hi[n] =B 8[n-1] !
i |
e |
h(n] Figure P2.42-1

(a) Find the impulse response A{n] of the overall system.

(b) Find the frequency response of the overall system.

(c) Specify a difference equation that relates the output y[r] to the input x[n].
(d) Is this system causal? Under what condition would the system be stable?

243. For X(e/®) = 1/(1 — ae~/®), with —1 < g < 0, determine and sketch the following as a
function of w:
(8) Re{X(e/*)}
(b) Tm{X(ei))
(©) 1X(e/)
d) <X (e/?)

2.44. Let X (e/?)denote the Fourier transform of the signal x[n] shown in Figure P2.44-1. Perform
the following calculations without explicitly evaluating X (e/®):
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2 3 4 5 6

1 -1
Figure P2.44-1

(a) Evaluate X(e/®)|,—0.

(b) Evaluate X (e/)|y=r.

(c) Find <X (e/®).

(d) Evaluate [7 X (e/*)dw.

(e) Determine and sketch the signal whose Fourier transform is X (e~7/®).

() Determine and sketch the signal whose Fourier transform is Re{X (e/*)}.

2.45. For the system in Figure P2.45-1, determine the output y[#] when the input x[r] is §[»] and
H(e’®) is an ideal lowpass filter as indicated, i.e.,

o 1, |w|l <m/2,
Joy —
H(') = {0, /2 < |@ <.

(-1)"w(n]

. w[n]
E— H(e]w)_
x[n] y[n]
H(el®)
1
T T )
1 b N
-2 -r T T W 27 w
2 2

Figure P2.45-1

2.46. A sequence has the discrete-time Fourier transform
1-a?

X(e") = 1 —-aej®)(1 - aef“’).'

la| <1.

(a) Find the sequence x[n].
(b) Calculate [ X(e/*)cos(w)dw/2.
2.47. A linear time-invariant system is described by the input—output relation
yln) = x[n] + 2x[n = 1] + x[n - 2]

(a) Determine k[n], the impulse response of the system.

(b) Is this a stable system?

(¢) Determine H(e/®), the frequency response of the system. Use trigonometric identities
to obtain a simple expression for H(e/®).
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(d) Plot the magnitude and phase of the frequency response. _
(e) Now consider a new system whose frequency response is Hi(e/) = H(e/@+)). De-
termine A, [n], the impulse response of the new system.

Let the real discrete-time signal x[n] with Fourier transform X (e/“) be the input to a system
with the output defined by

[n] = x[n], ifniseven,
=90, otherwise.

(a) Sketch the discrete-time signal s[n] = 1 + cos(zn) and its (generalized) Fourier trans-
form S(e’®).

(b) Express Y (e/?), the Fourier transform of the output, as a function of X (e/“) and S(e/*).

(¢) You would like to approximate x[n] by the interpolated signal win] = y[n] +
(1/2)(y[n + 1] + y[n — 1]). Determine the Fourier transform W(e/*) as a function
of Y (e/®).

(d) Sketch X{(e/®), Y (e/*),and W(e/®) for the case when x[n] = sin(wn/a)/(wn/a) anda >
1. Under what conditions is the proposed interpolated signal w{n] a good approximation
for the original x[n].

Consider a discrete-time LTI system with frequency response H(e/®) and corresponding
impulse response A[n].
(a) We are first given the following three clues about the system:
(i) The system is causal. '

(i) H(e/®)= H*(e~/®).

(iii) The DTFT of the sequence A[n + 1] is real.

Using these three clues, show that the system has an impulse response of finite duration.
(b) In addition to the preceding three clues, we are now given two more clues:

(iv) -21; / " H(e!*)dw =2.

(v) H(e/")=0.
Is there enough information to identify the system uniquely? If so, determine the
impulse response A[n]. If not, specify as much as you can about the sequence A[n].

Consider the three sequences

v[n] = u[n] — u[n - 6],
w(n] = é[n] +26[n — 2] + 8[n — 4],
q[n] = vin] x w[n].

(a) Find and sketch the sequence g[n].
(b) Find and sketch the sequence 7[#] such that 7[n] x v[n] = ',:;1_ oo ALK).
(¢) Is g[—n] = v[—n] » w[—n]? Justify your answer.

A linear time-invariant system has impulse response k[n] = a"u[n].

(a) Determine y1[n], the response of the system to the input x;[n] = e/(*/2)",

(b) Use the result of Part (a) to help to determine y;[n], the response of the system to the
input x2[n] = cos(rn/2).

(¢) Determine y3[n], the response of the system to the input x3[xn] = e/*/2ny[n).

(d) Compare y3[n] with y1[n] for large n.
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The frequency response of an LTI system is
H(ef“’) = e fol4 —-T <w<T.
Determine the output of the system, y[n], when the input is x[r] = cos(5wn/2). Express
your answer in as simple a form as you can.
Consider the cascade of LTI discrete-time systems shown in Figure P2.53-1.

| LTI system | LTIsystem
#1 wn] #2

e
x[n]

— -

ylnl  Figure P2.53-1

The first system is described by the equation

; 1, |w| <05n
joy H
Hy(e') = {o, 0.57 < |o] < 7,

and the second system is described by the equation
y[n] = wln] —win —1].
The input to this system is
x[n] = cos(0.6n) + 38[n — 5] + 2.

Determine the output y[r]. With careful thought, you will be able to use the properties of
LTI systems to write down the answer by inspection.

Consider an LTI system with frequency response

Determine y[n], the output of this system, if the input is
x[n] = cos Lan _ =
- 4 3

For the system shown in Figure P2.55-1, System 1 is a memoryless nonlinear system. System
2 determines the value of A according to the relation

100
A= Z yln].

n=0

for all n.

> System 1 > LTI >
x[n] win] [ Stable | yn]

System2 p——>

4 Figure P2.55-1

Specifically, consider the class of inputs of the form x[n] = cos(wn), with o a real finite
number. Varying the value of w at the input will change A;i.e., Awill be a function of . In
general, will A be periodic in @? Justify your answer.

Consider a system S with input x[#] and output y[r] related according to the block diagram
in Figure P2.56-1.

x[n] —{ T — LT‘,f[iTe‘“ — (]

ejoon Figure P2.56-1
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The input x[n] is multiplied by e~/#0", and the product is passed through a stable LTI system

with impulse response A[n].

(a) Isthe system S linear? Justify your answer.

(b) Is the system S time invariant? Justify your answer.

(c) Is the system § stable? Justify your answer.

(d) Specify asystem C such that the block diagram in Figure P2.56-2 represents an alterna-
tive way of expressing the input—output relationship of the system S. (Note: The system
C does not have to be an LTI system.)

Y

x[n] = h[n]e/oon C —> y[n]

Figure P2.56-2

An ideal lowpass filter with zero delay has impulse response hyp[n] and frequency response

; 1, |w| <0.2n,
joy =
Hip(e!®) = {0, 027 < |w| <.

(8) A new filter is defined by the equation hy[n] = (—1)"hip[n] ='e/™py,[n]. Determine
an equation for the frequency response of H;(e/*), and plot the equation for |w| < x.
What kind of filter is this?

(b) A second filter is defined by the equation A3[n] = 2hip[n] cos(0.57n). Determine the
equation for the frequency response Hz(e’/®), and plot the equation for |w| < 7. What
kind of filter is this?

(c) A third filter is defined by the equation

sin(0.1rn)

h3ln] = ——

hlp [n]

Determine the equation for the frequency response Hi(e/®), and plot the equation for
|w| < 7v. What kind of filter is this?

The LTI system

joy _ ) =) O<w<m,
Hee )_{j, —T<w<0,

is referred to as a 90° phase shifter and is used to generate what is referred to as an analytic
signal w[n] as shown in Figure P2.58-1. Specifically, the-analytic signal w[n] is a complex-
valued signal for which

Re{w[n]} = x([n],
Im{w[n]} = y[n].

pre » Re {w[n]}

H(e/) f— $m (w[n]

yin Figure P2.58-1

If X (e/*)is as shown in Figure P2.58-2, determine and sketch W(e/), the Fourier transform
of the analytic signal w[n] = x[n] + jy[n].



Chap. 2 Problems 85

Re (X (e™) ) ' $m (X)) =0

r T W —aT T

Figure P2.58-2

2.59. The autocorrelation sequence of a signal x[n] is defined as

o0

Rinl= Y x*[klx[n+ A].

k=-—0C

(a) Show that for an appropriate choice of the signal g[n], R,[n] = x[n] * g[#], and identify
the proper choice for g[n].
(b) Show that the Fourier transform of R,[n} is equal to | X (/).

2.60. The signals x[#] and y[n] shown in Figure P2.60-1 are the input and corresponding output
for an LTT system.

y[n]

1 x[n]

-1 -1 Figure P2.60-1
(a) Find the response of the system to the sequence x;[#] in Figure P2.60-2.

1 xofn]

-1 Figure P2.60-2

(b) Find the impulse response k[n] for this LTI system.
2.61. Consider a system for which the input x[#] and output y[n] satisfy the difference equation

¥l = 3¥ln — 1] = x[n]

and for which y[—1] is constrained to be zero for every input. Determine whether or not
the system is stable. If you conclude that the system is stable, show your reasoning. If you
conclude that the system is not stable, give an example of a bounded input that results in
an unbounded output.

Extension Problems

2.62. The causality of a system was defined in Section 2.2.4, From this definition, show that, for
a linear time-invariant system, causality implies that the impulse response k[n] is zero for
n < 0. One approach is to show that if A[n] is not zero for n < 0, then the system cannot
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be causal. Show also that if the impulse response is zero for n < 0, then the system will
necessarily be causal.

Consider a discrete-time system with input x[n] and output y[r]. When the input is

the output is
1 n
y[n] = (§> for all n.

Determine which of the following statements is correct:

¢ The system must be LTI,
¢ The system could be LTI.
¢ The system cannot be LTI.

If your answer is that the system must or could be LTI, give a possible impulse response. If
your answer is that the system could not be LT, expiain clearly why not.

Consider an LTI system whose frequency response is
H(e/*)y=e 1*2, |o| <.
Determine whether or not the system is causal. Show your reasoning.

In Figure P2.65-1, two sequences x;[n] and x»[#] are shown. Both sequences are zero for all
n outside the regions shown. The Fourier transforms of these sequences are X(e/*) and
X(e/®), which, in general, can be expected to be complex and can be written in the form

X1(e?) = A(w)e/@,
Xz(ej“’) = Az(a))ejez(“’),

where A;(w), 61(w), A2(®), and 8;(w) are all real functions chosen so that both A;(w) and
Az(w) are nonnegative at @ = 0, but otherwise can take on both positive and negative
values, Determine appropriate choices for 61(w) and 8;(w), and sketch these two phase
functions in the range 0 < w < 27, '

2 2 xl[n]
1 1
) 20 1T s B
3 2 l 1 2 1 5 6 n
-1 -1
—44 ~4 @
4 4 » x,[n]
2 2
1 1
Tlardlr oy s
4 -3 2 l o 1 2 3 ] . 7 l 10
-2 2
-4 -4

Figure P2.65-1
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2.66. Consider the cascade of discrete-time systems in Figure P1.66-1. The time-reversal systeins
are defined by the equations f[n] = e[—n] and y[n] = g|[—n]. Assume throughout the
problem that x[#] and A4 [n] are real sequences.

|
|
: LTI
|

—T system > rT\iﬁz;l
hyln] 11 s
x[n] | 117 e[n] system

| Hy(e!”) Y

|

|

of h1 [I’l]

LTI
system Time-
A » reversal |—+——>
1[n] gln] system I y[n]
Hy(e?) |
|

Figure P2.66-1
(a) Express E(e/?), F(e/®), G(e/®), and Y (¢/®) in terms of X(e/®) and Hi(e/®).
(b) The result from Part (a) should convince you that the overall system is LTI. Find the

frequency response H(e!®) of the overall system.
(¢) Determine an expression for the impulse response #[n] of the overall system in terms

2.67. The overall system in the dotted box in Figure P1.67-1 can be shown to be linear and time

invariant.

(a) Determine an expression for H(e/®), the frequency response of the overall system from
the input x[n] to the output y[x], in terms of Hj(e/?), the frequency response of the
internal LTI system. Remember that (—1)" = ¢/™".

(b) Plot H(e/®) for the case when the frequency response of the internal LTI system is

Hy(e/®) = {

1,

system
hy[n]

Causal LTI

Ia)| < a)C!
0, we<l|ol=m.

Figure P2.67

-1

2.68. Figure P1.68-1 shows the input-output relationships of Systems A and B, while Fig-
ure P1.68-2 contains two possible cascade combinations of these systems.

xy[n] ——

System A

xp[n] ——>

System B

——> yaln]=x4[-n]

—> ygln] =xp[n +2]

xy[n] =——{

System A

System B

> W [n]

xo[n] =i

System B

System A

wy[n]

Figure P2.68-1

Figure P2.68-2
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If x1[n] = x3[n], will wi [r] and w[n] necessarily be equal? If your answer is yes, clearly and
concisely explain why and demonstrate with an example. If your answer is not necessarily,
demonstrate with a counterexample.

2.69. Consider the system in Figure P2.69-1, where the subsystems S; and §; are LTT.

Y
n
—

x[n]

e e e e e ! Figure P2.69-1

(a) Is the overall system enclosed by the dashed box, with input x[#n] and output y[n] equal
to the product of y;[n] and y;[r], guaranteed to be an LTI system? If so, explain your
reasoning. If not, provide a counterexample.

(b) Suppose 51 and S, have frequency responses Hy(e/®) and H,(e/*) that are known to
be zero over certain regions. Let

Hi(e®) = {0, || < 0.2,

unspecified, 027 < |o| <,

jwy _ | unspecified, |w| < 0.4,
HZ(e ) B {0, 04rn < |w| < m.

Suppose also that the input x[#] is known to be bandlimited to 0.3x, i.e.,

joy _ ) unspecified, |e| < 0.3m,
X(e™) = {0, 037 < |w| < 7.

Over what region of —~7 < w < 7 is Y(e/*), the DTFT of y[n], guaranteed to be zero?

2.70. A commonly used numerical operation called the first backward difference is defined as

y[n] = V(x[n]) = x[n] — x[n - 1],

where x[n] is the input and y[#n] is the output of the first-backward-difference system.
(a) Show that this system is linear and time invariant.

(b) Find the impulse response of the system.

(¢) Find and sketch the frequency response (magnitude and phase).

(d) Show that if

x[n] = fln] = g[n], ‘
then ‘
V(x[n]) = V(f[n]) * g[n] = fin] * V(gln)),

where * denotes discrete convolution.
(e) Find the impulse response of a system that could be cascaded with the first-difference
system to recover the input; i.e., find ;[n], where

hi[n] * V(x[n]) = x[n].

2.71. Let H(e/®) denote the frequency response of an LTI system with impulse response A[n],

where h[n] is, in general, complex.
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(a) Using Eq. (2.109), show that H*(e~/#) is the frequency response of a system with
impulse response ~*[n], where * denotes complex conjugation.

(b) Show that if h{n] is real, the frequency response is conjugate symmetric, i.e., H(e™/*) =
H*(e!®).

Let X (e/*) denote the Fourier transform of x[#]. Using the Fourier transform synthesis or

analysis equations (Eqs. (2.133) and (2.134)), show that

(a) the Fourier transform of x*[n] is X*(e~/®),

(b) the Fourier transform of x*[—n] is X*(e/®). ‘

Show that for x{n] real, property 7 in Table 2.1 follows from property 1 and that properties

8-11 follow from property 7.

In Section 2.9, we stated a number of Fourier transform theorems without proof. Using the
Fourier synthesis or analysis equations (Eqs. (2.133) and (2.134)), demonstrate the validity
of Theorems 1-5 in Table 2.2.

In Section 2.9.6, it was argued intuitively that
Y(e/?) = H(e/*) X (e®), (P2.75-1)

when Y (e/*), H(e/®), and X (e/®) are, respectively, the Fourier transforms of the output
y[n], impulse response k[n], and input x[n] of a linear time-invariant system; i.e.,

(o ¢]

yirl= > x[klhln— . (P2.75-2)

k=—00

Verify Eq. (P2.75-1) by applying the Fourier transform to the convolution sum given in
Eq. (P2.75-2).

By applying the Fourier synthesis equation (Eq. (2.133)) to Eq. (2.172) and using Theorem 3
in Table 2.2, demonstrate the validity of the modulation theorem (Theorem 7, Table 2.2).

Let x[n] and y[n] denote complex sequences and X (e/*) and Y (e/#) their respective Fourier

transforms.

(a) By using the convolution theorem (Theorem 6 in Table 2.2) and appropriate properties
from Table 2.2, determine, in terms of x[n] and y[n], the sequence whose Fourier
transform is X (e/®)Y*(e/®).

(b) Using the result in Part (a), show that

x

z x[n]y*[n] = 51; /’f X(e*)Y*(e/)dw. (P2.77-1)

R=—~00

Equation (P2,77-1) is a more general form of Parseval’s theorem, as given in Sec-
tion 2.9.5.
(¢) Using Eq. (P2.77-1), determine the numerical value of the sum

f: sin(wrn/4) sin(n/6)

2nn Snn
n=—00

Let x[n] and X (e/?) represent a sequence and its Fourier transform, respectively. Deter-
mine, in terms of X(e/®), the transforms of ys[n], ys[n], and y.[n]. In each case, sketch
Y (e/) for X(e/*) as shown in Figure P2.78-1.
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X(e'®)

27 - aT 2w @  Figure P2.78-1
(a) Sampler:

x\ni, n eeven,
ysln] = {0[ : n odd.

Note that y;[n] = }{x[n] + (—1)"x[n]} and —1 = /™.
(b) Compressor:

ya[n] = x[2n].
(¢) Expander:

2], .
] = {3}"/ ] meven

2.79. The two-frequency correlation function &, (N, ) is often used in radar and sonar to evalu-
ate the frequency and travel-time resolution of a signal. For discrete-time signals, we define

oo
Oy(N, w) = Z x[n + Nlx*[n — N]e /o,
n=-=00
(a) Show that
¢ (=N, —w) = O}(N, w).
®) If
x[n] = Aa"u[n], 0<a<l,

find ®,(N, w). (Assume that N > 0.)

(c) The function ®;(N, w) has a frequency domain dual Show that

Ox(N,0) = 1 f X (/@) X0 (eI~ gi2oN gy,

4

2,80, Let x[n] and y[n] be stationary, uncorrelated random sfgnals. Show that if
wln] = x[n] + y[n],
then

2

- 2 2
my=m;+my and o, =o0; +o0,.

2.81. Let e[n] denote a white-noise sequence, and let s[n] denote a sequence that is uncorrelated
with e[n]. Show that the sequence

yln] = s[rle[n]
is white, i.e., that
E{y[n]yln + m]} = As{m],

where Ais a constant.
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Consider a random signal x[n] = s[n] + e[n], where both s[zn] and e[#n] are indepen-
dent zero-mean stationary random signals with autocorrelation functions ¢ss[m] and ¢.[m]
respectively.

(a) Determine expressions for ¢ [m] and @, (e/®).

(b) Determine expressions for ¢y [m] and ®,.(e/?).

(¢) Determine expressions for ¢, [m] and ®,;(e/?).

Consider an LTI system with impulse response A[n] = a"u[n] with |a| < 1.

(a) Compute the deterministic autocorrelation function ¢y [#] for this impulse response.
(b) Determine the energy density function | H(e/)|? for the system.

() Use Parseval’s theorem to evaluate the integral

1 T ,
— f | H(e/) | dw
2r J_,

The input to the first-backward-difference system (Example 2.10) is a zero-mean white-

noise signal whose autocorrelation function is ¢y [m] = 028[m].

(a) Determine and plot the autocorrelation function and the power spectrum of the cor-
responding output of the system.

(b) What is the average power of the output of the system?

(c) What does this problem tell you about the first backward difference of a noisy signal?

for the system.

Let x[n] be a real, stationary, white-noise process, with zero mean and variance o?. Let y{n]
be the corresponding output when x[n] is the input to a linear time-invariant system with
impuise response A[n]. Show that

(@ E{x[n]y[n]) = h[0]o7,

(b) oryz =023 >~ _ H[nl.

Let x[n] be a real stationary white-noise sequence, with zero mean and variance crf. Let
x[#] be the input to the cascade of two causal linear time-invariant discrete-time systems,
as shown in Figure P1.86-1.

—— hy[n] » hy[n] b—
x[n] y[n] wln]  Figure P2.86-1
@) Isol =023 0 HLk]?
(b) Isol =023 2o h3k]?
(¢) Let hy[n] = a"u[n] and hz[n] = b"u[n]. Determine the impulse response of the overall

system in Figure P1.86-1, and, from this, determine o2. Are your answers to parts (b)
and (c) consistent?

Sometimes we are interested in the statistical behavior of a linear time-invariant system
when the input is a suddenly applied random signal. Such a situation is depicted in Fig-

ure P1.87-1.
—o)(o—> hn] p—————
x[n] win] ylnl
(switch closed at n = 0) Figure P2.87-1

Let x[n] be a stationary white-noise process. The input to the system, w[x], given by

is a nonstationary process, as is the output y[n].
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(a) Derive an expression for the mean of the output in terms of the mean of the input.

(b) Derive an expression for the autocorrelation sequence ¢y,[n1, nz] of the output.

(¢) Show that, for large n, the formulas derived in parts (a) and (b) approach the results
for stationary inputs.

(d) Assume that h[n] = a"u[n]. Find the mean and mean-square values of the output in
terms of the mean and mean-square values of the input. Sketch these parameters as a
function of .

Let x[n] and y[n] respectively denote the input and output of a system. The input—output

relation of a system sometimes used for the purpose of noise reduction in images is given
by

2
1] = STl = ) + sl
where ’
1 n+1
oflnl =3 3 (clkl = mulnl)?,
k=n—1
1 n+1
moln] = k§lx[k],
2 J ol —al, aln] 2 ay,
% nl = { 0, otherwise,

and o2 is a known constant proportional to the noise power.

(a) Isthe system linear?

(b) Is the system shift invariant?

(¢) Is the system stable?

(d) Is the system causal?

(e) For a fixed x[n], determine y[n] when o2 is very large (large noise power) and when

" 62 is very small (small noise power). Does y[n] make sense for these extreme cases?

Consider a random process x[#z] that is the response of the linear time-invariant system
shown in Figure P2.89-1. In the figure, w[n] represents a real zero-mean stationary white-
noise process with E{w?[n]} = 2.

—_—HEy=-— 1 |
w[n] 1-05e&7® x[n] B

Figure P2.89-1

() Express £(x*[n]} in terms of ¢, [r] or @y, (e/®).

(b) Determine &,,(e’/?), the power density spectrum of x[n].

(¢) Determine ¢y, [n], the correlation function of x[n].

Consider a linear time-invariant system whose impulse response is real and is given by k[n].

Suppose the responses of the system to the two inputs x[#] and v[n] are, respectively, y[n]
and z[n], as shown in Figure P2.90-1.

—1 h[n] p—>
x[n] y[n]

—1 h[n} p—>

v[n] z[r)  Figure P2.90-1
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The inputs x[n] and v[r] in the figure represent real zero-mean stationary random processes

with autocorrelation functions ¢,,[n] and ¢,,[#n], cross-correlation function ¢,,[n], power

spectra ®,,(e/®) and ®,,(e/?), and cross power spectrum ®,,(e/¢).

(@) Given ¢yi[n], dus[n], dxvln], xx(e/?), ®yu(e/?), and ®,,(e/®), determine ®,,(e/®), the
cross power spectrum of y[n] and z[n], where ®,.(e/®) is defined by

¢yz["] ‘i’ ¢yz(ejw)v |

with ¢y;[n] = E{y[klz[k—n]}. _
(b) Is the cross power spectrum ®,,(e/*) always nonnegative; i.e., is ®,,(e/*) > 0 for all
w? Justify your answer.

Consider the LTI system shown in Figure P2.91-1. The input to this system, ¢[n], is a station-
ary zero-mean white-noise signal with average power 2. The first system is a backward-
difference system as defined in Eq. 2.45 with f[n] = e[n] — e¢[n — 1]. The second system is
an ideal lowpass filter with frequency response

; 1, |o| < w,
joy = J &
Hy(e'") = {O, w, < |w| € 7.

LTI system .| LTI system

#1 f['T #2

e[n]

.

gl Figure P2.91-1

(a) Determine an expression for ® s¢(e/?), the power spectrum of f[n], and plot this ex-
pression for —27 < w < 2m.

(b) Determine an expression for ¢ ¢¢[m], the autocorrelation function of f[n].

(c) Determine an expression for ®g(e/®), the power spectrum of g[n], and plot this
expression for —27 < w < 27.

(d) Determine an expression for agz, the average power of the output.




THE Z-TRANSFORM

3.0 INTRODUCTION

We have seen that the Fourier transform plays a key role in representing and analyzing
discrete-time signals and systems. In this chapter, we develop the z-transform repre-
sentation of a sequence and study how the properties of a sequence are related to the
properties of its z-transform. The z-transform for discrete-time signals is the counter-
part of the Laplace transform for continuous-time signals, and they each have a similar
relationship to the corresponding Fourier transform. One motivation for introducing
this generalization is that the Fourier transform does not converge for all sequences and
it is useful to have a generalization of the Fourier transform that encompasses a broader
class of signals. A second advantage is that in analytical problems the z-transform no-
tation is often more convenient than the Fourier transform notation.

3.1 z-TRANSFORM

The Fourier transform of a sequence x[n] was defined in Chapter 2 as

X(ely = " x[n]emiom. (3.1)
The z-transform of a sequence x[n] is defined as
X()= Y x[n]z"" (3.2)

94
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This equation is, in general, an infinite sum or infinite power series, with z being a com-
plex variable. Sometimes it is useful to consider Eq. (3.2) as an operator that transforms
a sequence into a function, and we will refer to the z-transform operator Z{-}, defined as
o0
Zix[al) = D x[nlz " = X(2). (3.3)
n=—00

With this interpretation, the z-transform operator is seen to transform the sequence x[n]
into the function X(z), where z is a continuous complex variable. The correspondence
between a sequence and its z-transform is indicated by the notation

x[n] < X(2). (3.4)

The z-transform, as we have defined it in Eq. (3.2), is often referred to as the
two-sided or bilateral z-transform, in contrast to the one-sided or unilateral z-transform,

which is defined as

X(z) = Z x[n)z™". (3.5)
n=0
Clearly, the bilateral and unilateral transforms are equivalent only if x[r] = Oforn < 0.
In this book, we focus on the bilateral transform exclusively.

It is evident from a comparison of Egs. (3.1) and (3.2) that there is a close rela-
tionship between the Fourier transform and the z-transform. In particular, if we replace
the complex variable z in Eq. (3.2) with the complex variable e/, then the z-transform
reduces to the Fourier transform. This is one motivation for the notation X (e/®) for the
Fourier transform; when it exists, the Fourier transform is simply X (z) with z = /. This
corresponds to restricting z to have unity magnitude; i.e., for |z} = 1, the z-transform
corresponds to the Fourier transform. More generally, we can express the complex
variable z in polar form as

z=relv.

With z expressed in this form, Eq. (3.2) becomes

>

X(re’®) = Z x[n)(re/)™",
or —
X(re’?) = Z (x[n]r—™)e /", (3.6)

Equation (3.6) can be interpreted as the Fourier transform of the product of the original
sequence x[#] and the exponential sequence r ~". Obviously, forr = 1, Eq. (3.6) reduces
to the Fourier transform of x[n].

Since the z-transform is a function of a complex variable, it is convenient to de-
scribe and interpret it using the complex z-plane. In the z-plane, the contour corre-
sponding to {z| = 1 is a circle of unit radius, as illustrated in Figure 3.1. This contour is
referred to as the unit circle. The z-transform evaluated on the unit circle corresponds
to the Fourier transform. Note that w is the angle between the vector to a point z on the
unit circle and the real axis of the complex z-plane. If we evaluate X'(z) at points on the
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$m z-plane

Unit circle

Figure 3.1 The unit circle in the
complex z-plane.

unit circle in the z-plane beginning at z = 1 (i.e., @ = 0) through z = j (i.e, w = 7/2)

to z = —1 (i.e., = ), we obtain the Fourier transform for 0 < w < n. Continuing
around the unit circle would correspond to examining the Fourier transform fromw = 7
to w = 2m or, equivalently, from w = —n to w = 0. In Chapter 2, the Fourier trans-

form was displayed on a linear frequency axis. Interpreting the Fourier transform as the
z-transform on the unit circle in the z-plane corresponds conceptually to wrapping the
linear frequency axis around the unit circle withw =0atz=1andw =7 at 7z = —1.
With this interpretation, the inherent periodicity in frequency of the Fourier transform
is captured naturally, since a change of angle of 2 radians in the z-plane corresponds
to traversing the unit circle once and returning to exactly the same point.

As we discussed in Chapter 2, the power series representing the Fourier transform
does not converge for all sequences; i.e., the infinite sum may not always be finite.
Similarly, the z-transform does not converge for all sequences or for all values of z.
For any given sequence, the set of values of z for which the z-transform converges is
called the region of convergence, which we abbreviate ROC. As we stated in Sec. 2.7, if
the sequence is absolutely summable, the Fourier transform converges to a continuous
function of w. Applying this criterion to Eq. (3.6) leads to the condition

Z [x[n]r™"| < 0o (3.7

for convergence of the z-transform. It should be clear from Eq. (3.7) that, because of
the multiplication of the sequence by the real exponential r ", it is possible for the
z-transform to converge even if the Fourier transform does not. For example, the se-
quence x[n] = u[n] is not absolutely summable, and therefore, the Fourier transform
does not converge absolutely. However, r u[n] is absolutely summable if » > 1. This
means that the z-transform for the unit step exists with a region of convergence |z| > 1.
Convergence of the power series of Eq. (3.2) depends only on |z, since | X (z)| < oo

if N
> Ix[nlliz ™" < oo, (3.8)

n=—o00
i. e., the region of convergence of the power series in Eq. (3.2) consists of all values of z
such that the inequality in Eq. (3.8) holds. Thus, if some value of z, say, z = z;, is in the
ROC, then all values of z on the circle defined by |z| = |z;| will also be in the ROC. As
one consequence of this, the region of convergence will consist of a ring in the z-plane
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$m z-plane

e Figure 3.2 The region of convergence
: _ (ROC) as a ring in the z-plane. For
v S~ / specific cases, the inner boundary can
N s extend inward to the origin, and the ROC
~ - becomes a disc. For other cases, the
outer boundary can extend outward to
infinity.

centered about the origin. Its outer boundary will be a circle (or the ROC may extend
outward to infinity), and its inner boundary will be a circle (or it may extend inward to
include the origin). This is illustrated in Figure 3.2. If the ROC includes the unit circle,
this of course implies convergence of the z-transform for |z| = 1, or equivalently, the
Fourier transform of the sequence converges. Conversely, if the ROC does not include
the unit circle, the Fourier transform does not converge absolutely.

A power series of the form of Eq. (3.2) is a Laurent series. Therefore, a number of
elegant and powerful theorems from the theory of functions of a complex variable can be
employedin the study of the z-transform. (See, for example, Churchill and Brown, 1990.)
A Laurent series, and therefore the z-transform, represents an analytic function at every
point inside the region of convergence; hence, the z-transform and all its derivatives
must be continuous functions of z within the region of convergence. This implies that if
the region of convergence includes the unit circle, then the Fourier transform and all its
derivatives with respect to @ must be continuous functions of w. Also, from the discussion
in Section 2.7, the sequence must be absolutely summable, i.e., a stable sequence.

Uniform convergence of the z-transform requires absolute summability of the
exponentially weighted sequence, as stated in Eq. (3.7). Neither of the sequences

Sin w.n
xi[n] = , —00 < N < 00,
N
and
x;[n] = coswyn, —00 < H < 00,

is absolutely summable. Furthermore, neither of these sequences multiplied by r~"
would be absolutely summable for any value of r. Thus, these sequences do not have
a z-transform that converges absolutely for any z. However, we showed in Section 2.7
that even though sequences such as x;[n] are not absolutely summable, they do have
finite energy, and the Fourier transform converges in the mean-square sense to a discon-
tirfuous periodic function. Similarly, the sequence x;[n] is neither absolutely nor square
summable, but a useful Fourier transform for x;[n] can be defined using impulses. In both
cases the Fourier transforms are not continuous, infinitely differentiable functions, so
they cannot result from evaluating a z-transform on the unit circle. Thus, in such cases it
is not strictly correct to think of the Fourier transform as being the z-transform evaluated
on the unit circle, although we nevertheless use the notation X (e/*) that implies this.
The z-transform is most useful when the infinite sum can be expressed in closed
form, i.e., when it can be “summed” and expressed as a simple mathematical formula.
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Among the most important and useful z-transforms are those for which X'(z) is arational
function inside the region of convergence, i.e.,
P(z)
Q(2)’
where P(z) and Q(z) are polynomials in z. The values of z for which X (z) = 0 are called
the zeros of X(z), and the values of z for which X(z) is infinite are referred to as the
poles of X(z). The poles of X (z) for finite values of z are the roots of the denominator
polynomial. In addition, poles may occur at z = 0 or z = cc. For rational z-transforms,
a number of important relationships exist between the locations of poles of X(z) and
the region of convergence of the z-transform. We discuss these more specifically in
Section 3.2. First, however, we illustrate the z-transform with several examples.

X(z) = (3.9)

Example 3.1 Right-Sided Exponential Sequence

Consider the signal x[n] = a™u[n]. Because it is nonzero only for n > 0, this is an
example of a right-sided sequence. From Eq. (3.2),

X(2)= i =a"uln)z7" = i(az‘l)".
n=—00 n=0

For convergence of X(z), we require that
o0

laz™
n=0

)" < oc.

Thus, the region of convergence is the range of values of z for which [az!'| < 1 or,
equivalently, |z| > |a|. Inside the region of convergence, the infinite series converges to

X(z)=Z(az‘1)"=1_1 = Za, 2| > |al. (3.10)
=0

az7!'  z-—-

Here we have used the familiar formula for the sum of terms of a geometric
series. The z-transform has a region of convergence for any finite value of |a|. The
Fourier transform of x[n], on the other hand, converges only if |a] < 1. Fora = 1, x[n]
is the unit step sequence with z-transform

X(z) = 2| > 1. (3.11)

1—z7

In Example 3.1, the infinite sum is equal to a rational function of z inside the
region of convergence; for most purposes, this rational function is a much more con-
venient representation than the infinite sum. We will see that any sequence that can
be represented as a sum of exponentials can equivalently be represented by a rational
z-transform. Such a z-transform is determined to within a constant multiplier by its
zeros and its poles. For this example, there is one zero, at z = 0, and one pole, at z = a.
The pole—zero plot and the region of convergence for Example 3.1 are shown in Fig-
ure 3.3 where a “o” denotes the zero and an “x” the pole. For |a| > 1, the ROC does
not include the unit circle, consistent with the fact that, for these values of a, the Fourier
transform of the exponentially growing sequence a"u[n] does not converge.
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z-plane

Unit circle

Figure 3.3 Pole—zero plot and region
of convergence for Example 3.1.

Example 3.2 Left-Sided Exponential Sequence

Now let x[n] = —a"u[—n — 1]. Since the sequence is nonzero only for n < —1, this is
a left-sided sequence. Then

-1

X(2) = - i a"u[-n—1]z7" = - Z az’"

fr=mee = (3.12)
Lo <] [o o]
D S B ey
n=1 I1=0
If |a—'z| < 1 or, equivalently, |z| < |a|, the sum in Eq. (3.12) converges, and
1 1 F4
X(z)=1- = = , . 3.13
(@) l-alz 1-az7! z-a 2] < lai (3-13)

$m z-plane

Unit circle

Figure 3.4 Pole—zero plot and region of convergence for Example 3.2.

The pole—zero plot and region of convergence for this example are shown in Figure 3.4.
Note that for |a| < 1, the sequence —a"u[—n — 1] grows exponentially as n — —oo,
and thus, the Fourier transform does not exist.
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Comparing Egs. (3.10) and (3.13) and Figures 3.3 and 3.4, we see that the sequences
and, therefore, the infinite sums are different; however, the algebraic expressions for
X (2) and the corresponding pole—zero plots are identical in Examples 3.1 and 3.2. The
z-transforms differ only in the region of convergence. This emphasizes the need for spec-
ifying both the algebraic expression and the region of convergence for the z-transform
of a given sequence. Also, in both examples, the sequences were exponentials and the
resulting z-transforms were rational. In fact, as is further suggested by the next exam-
ple, X(z) will be rational whenever x[z] is a linear combination of real or complex
exponentials.

Example 3.3 Sum of Two Exponential Sequences

Consider a signal that is the sum of two real exponentials:

x[n] = (%)" uln] + (—%)n u[n]. (3.14)

(a) (b)

(c)

Figure 3.5 Poie—zero plot and region of convergence for the individual terms
and the sum of terms in Examples 3.3 and 3.4. (a) 1/(1 — 327"), 12l > 3.

M 1/0+3z70) 12> 5. @1/ -327)+1/0+ 327,121 > 5.
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The z-transform is then

fi {(4) uln] + (—1)" uln]} 2"

X(2) =
=Y (D'ulnlz+ Y (—5) ulnle (3.15)
=3 G+ (-3
n=0 n=0
S S S 2(1-5z7Y)
=gzt 14t (L=t (14 52
1
__2(-m) (3.16)

(z2=2) (z+3)
For convergence of X(z), both sums in Eq. (3.15) must converge, which requires that
both [%z‘ll < 1 and I(—%) z‘1| < 1 or, equivalently, |z| > % and |2} > % Thus, the
region of convergence is the region of overlap, |z > % The pole-zero plot and ROC
for the z-transform of each of the individual terms and for the combined signal are
shown in Figure 3.5.

In each of the preceding examples, we started with the definition of the sequence
and manipulated each of the infinite sums into a form whose sum could be recog-
nized. When the sequence is recognized as a sum of exponential sequences of the form
of Examples 3.1 and 3.2, the z-transform can be obtained much more simply using
the fact that the z-transform operator is linear. Specifically, from the definition of the
z-transform, Eq. (3.2), if x[n] is the sum of two terms, then X(z) will be the sum of the
corresponding z-transforms of the individual terms. The ROC will be the intersection
of the individual regions of convergence, i.e., the values of z for which both individual
sums converge. We have already demonstrated this fact in obtaining Eq. (3.15) in Ex-
ample 3.3. Example 3.4 shows how the z-transform in Example 3.3 can be obtained in
a much more straightforward manner.

Example 3.4 Sum of Two Exponentials {Again)

Apgain, let x[n] be given by Eq. (3.14). Then using the general result of Example 3.1 with

a= % anda = — % the z-transforms of the two individual terms are easily seen to be
| " Z 1
(%) uln] «— — 2| > 3, (3.17)
1-— iz
1\" Z 1 1
—z) u[n] — ———, zl > 3, 3.18

and, consequently,
()" uln) + (=5)"uln) > - ;

+ , 7l > 3, 3.19
1_%2_1 1+%Z_1 I I 2 ( )

as we had determined in Example 3.3. The pole-zero plot and ROC for the z-transform
of each of the individual terms and for the combined signal are shown in Figure 3.5.
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All the major points of Examples 3.1-3.4 are summarized in Example 3.5.
Example 3.5 Two-Sided Exponential Sequence
Consider the sequence
x|n] = (—-%)” uln] — (%)" u[—n—1]. (3.20)

Note that this sequence grows exponentially as 1 — —o0. Using the general result of

Example 3.1 witha = —%, we obtain

] n zZ 1
-2} ulp| — ———, |z| > 3.
and using the result of Example 3.2 witha = % yields
b4 1
_(%)"u[—n—l] < Py lz] < %
Thus, by the linearity of the z-transform,
1 1
X(z) = + , d <zl Jzl < d,
(2) T+l =i :
) (321)
2(1- 77" 22(2— 75)

(2 3) (z-3)

(s (1-52)

In this case, the ROC is the annular region % < |z| < 5.Note that the rational function
in this example is identical to the rational function in Examples 3.3 and 3.4, but the
ROC is different in the three cases. The pole—zero plot and the ROC for this example

are shown in Figure 3.6.

Im z-plane
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/ / \ \
! ! \
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Vo3 12 / /2
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N ~— R Vi
~ F 4
\\\ ////

Figure 3.6 Pole—zero plot and region of convergence for Example 3.5.

Note that the ROC does not contain the unit circle, so the sequence in Eq. (3.20) does
not have a Fourier transform.

In each of the preceding examples, we expressed the z-transform both as a ratio

of polynomials in z and as a ratio of polynomials in z~!. From the form of the definition
of the z-transform as given in Eq. (3.2), we see that, for sequences that are zero for
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n < 0, X(z) involves only negative powers of z. Thus, for this class of signals, it is
particularly convenient for X(z) to be expressed in terms of polynomials in z~! rather
than z; however, even when x[n] is nonzero for n < 0, X(z) can still be expressed in
terms of factors of the form (1 — az™!). It should be remembered that such a factor
introduces both a pole and a zero, as illustrated by the algebraic expressions in the
preceding examples.

From these examples, it is easily seen that infinitely long exponential sequences
have z-transforms that can be expressed as rational functions of either z or z7!. The
case where the sequence has finite length also has a rather simple form. If the sequence
is nonzero only in the interval N; < n < N,, the z-transform

N2
X()= > x[n]z™" (3.22)
n=N,

has no problems of convergence, as long as each of the terms [x[n]z™"| is finite. In
general, it may not be possible to express the sum of a finite set of terms in a closed
form, but in such cases it may be unnecessary. For example, it is easily seen that if
x[n] = 8[n] + 8[n — 5], then X (2) = 1 + z7°, which is finite for |z] > 0. An example
of a case where a finite number of terms can be summed to produce a more compact
representation of the z-transform is given in Example 3.6.

Example 3.6 Finite-Length Sequence

Consider the signal

x[n] = a", 0<ns<N-1,
~ 10, otherwise.

Then
N-1 N-1
X(z) = Za"z”" = Z(az‘l)"
=0 =0 (3.23)
1—(az7 )V 1 N-aV
T d—az ! T N1 z—g

where we have used the general formula in Eq. (2.56) to sum the finite series. The
ROC is determined by the set of values of z for which

N-1

Z laz 1" < oo.

n=0

Since there are only a finite number of nonzero terms, the sum will be finite as long
as az~! is finite, which in turn requires only that |a| < oo and z # 0. Thus, assuming
that |a| is finite, the ROC includes the entire z-plane, with the exception of the origin
(z = 0). The pole-zero plot for this example, with N = 16 and a real and between zero
and unity, is shown in Figure 3.7. Specifically, the N roots of the numerator polynomial
are at

7p = aelCTRN) k=01... N-1. (3.24)

(Note that these values satisfy the equation z¥ = ", and when a = 1, these complex
values are the Nth roots of unity.) The zero at & = 0 cancels the pole at z = a.
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z-plane

Unit circle

Figure 3.7 Pole-zero plot for Example 3.6 with N = 16 and a real such that
0 < a < 1. The region of convergence in this example consists of all values of z

except z = 0.

Consequently, there are no poles other than at the origin. The remaining zeros are at

2k =ael@EN - p=1,.. N-1. (3.25
TABLE3.1 SOME COMMON 2-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 All z
1
2. u[n] 1—_?1- lz| = 1
3. —u[-n-1] 1 [z] <1
' 1-z71
4. §[n—m| " All zexcept 0 (if m > 0)
or oo (if m < 0)
1
5. a"uln] 1 az-1 12| > lal
6. —a"u[-n-1] 1—_1—;_—1 Iz| < |al
-1
n az
7. na u[n] (—1——-0—2,'?)_2 lZ > |al
-1
8. —na"u[—-n ~ 1] (—1_"—;?1? |2l < lal
1 — [coswg]z™!
9, 1
[cos wonu(n] 1—[2coswplz=! + 272 I >
. [sin we]z?
10. 1
[sin won]u{n] T Zoosa) + 22 Iz} >
11. [r" coswon]u[n] L [r coswole”! [zl >r
’ 0 1 —[2r coswplz=! +r2z-2
. [r sinwg)z™!
12. [r”
[r™ sin worjuln) 1= [2r coswale—T + 1722 |z| > r
a", 0<n=N-1, 1—aNg N
13. { 0, otherwise 1—az-1 2l >0
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The transform pairs corresponding to some of the préceding examples, as well as a
number of other commonly encountered z-transform pairs, are summarized in Table 3.1.
We will see that these basic transform pairs are very useful in finding z-transforms given
a sequence or, conversely, in finding the sequence corresponding to a given z-transform.

3.2 PROPERTIES OF THE REGION OF CONVERGENCE
FOR THE z-TRANSFORM

The examples of the previous section suggest that the properties of the region of con-
vergence depend on the nature of the signal. These properties are summarized next,
followed by some discussion and intuitive justification. We assume specifically that the
algebraic expression for the z-transform is a rational function and that x[n] has finite
amplitude, except possibly at n = 0o or n = —oco.

prROPERTY 1: The ROC is a ring or disk in the z-plane centered at the origin; i.e.,
0<rgr<lz] <rp<oo.

pROPERTY 2: The Fourier transform of x[n] converges absolutely if and only if
the ROC of the z-transform of x[r] includes the unit circle.

pROPERTY 3: The ROC cannot contain any poles.

PROPERTY 4:  If x[n]is a finite-duration sequence, i.¢., a sequence that is zero except
in a finite interval —oo < N; < n < N; < oo, then the ROC s the entire z-plane,
except possibly z = 0 or z = o0.

prOPERTY 5: If x[n] is a right-sided sequence, i.e., a sequence that is zero for
n < Nj < oo, the ROC extends outward from the outermost (i.e., largest
magnitude) finite pole in X (z) to (and possibly including) z = cc.

pROPERTY 6: If x[n] is a left-sided sequence, i.e., a sequence that is zero for n >
N; > —o0o, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X (z) to (and possibly including) z = 0.

PROPERTY 7: A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] i5"a two-sided sequence, the ROC will consist
of a ring in the z-plane, bounded on the interior and exterior by a pole and,
consistent with property 3, not containing any poles.

prOPERTY 8: The ROC must be a connected region.

As discussed in Section 3.1, property 1 results from the fact that convergence of
Eq. (3.2) for a given x[n] is dependent only on |z|, and property 2 is a consequence of
the fact that Eq. (3.2) reduces to the Fourier transform when |z| = 1. Property 3 follows
from the recognition that X'(z) is infinite at a pole and therefore, by definition, does not
converge.

Properties 4 through 7 can all be developed more or less directly from the inter-
pretation of the z-transform as the Fourier transform of the original sequence, modified
by an exponential weighting. Let us first consider property 4. Figure 3.8 shows a finite-
duration sequence and the exponential sequence r " for 1 < r (a decaying exponential)
and for 0 < r < 1 (a growing exponential). Convergence of the z-transform is implied
by absolute summability of the sequence x[r]|z|™" or, equivalently, x[n]r~". It should



106 The z-Transform Chap. 3

x[n]
Nl Nz n
(a)
*
rforr>1
7 7 n
(b)
1
rrfor0<r<l Figure 3.8 Finite-length sequence and
weighting sequences implicit in
convergence of the z-transform.
(a) The finite-length sequence x[n].
. (b) Weighting sequence r~"for1 <r.
(c) Weighting sequence r—" for
(c) 0<r<1.

be evident from Figure 3.8 that, since x[r] has only a finite number of nonzero values, as
long as each of these values is finite, x[n] will be absolutely summable. Furthermore, this
will not be affected by the exponential weighting if the weighting sequence has finite
amplitude in the interval where x[n] is nonzero, i.e., N; < n < N,. Therefore, for a
finite-duration sequence, x[r]r ~" will be absolutely summable for 0 < r < oo. The only
possible complication arises for r = 0 or for r = oo. If x[n] is nonzero for any positive
values of n (i.e., if N> > 0), and if r, or, equivalently, |z|, is zero, then x[n]r~—" will be
infinite for 0 < n < N,. Correspondingly, if x[r] is nonzero for any negative values of
n (i.e., if Ny < 0), then x[n]r~" will be infinite for N; < n < 0if r, or, equivalently, |z],
is infinite.

Property 5 can be interpreted in a somewhat similar manner. Figure 3.9 illustrates
a right-sided sequence and the exponential sequence r =" for two different values of r.
A right-sided sequence is zero prior to some value of n, say, N;. If the circle [z| = rpisin
the ROC, then x[n]r, " is absolutely summable, or equivalently, the Fourier transform of
x[n]ry" converges. Since x[n] is right sided, the sequence x[n]r; " will also be absolutely
summable if ;" decays faster than r; . Specifically, asillustrated in Figure 3.9, this more
rapid exponential decay will further attenuate sequence values for positive values of n
and cannot cause sequence values for negative values of n to become unbounded, since
x[n]z7" = 0 for n < Ni. Based on this property, we can conclude that, for a right-sided
sequence, the ROC extends outward from some circle in the z-plane, concentric with the
origin. This circle, in fact, is at the outermost pole in X(z). To see this, assume that the
poles occur at z = d,, . . ., dn, with d; having the smallest magnitude, i.e., corresponding
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x[n]

IIJT- rI
l

ro’ forrg>1

ri"forri>ry
Figure 3.9 Right-sided sequence and
weighting sequences implicit in
I I T T convergence of the z-transform. (a) The
| | | I right-sided sequence x[n].

n (b) Weighting sequence ;" for 1 < r.
(c) (c) Weighting sequence r." for ry > ro.

to the innermost pole, and dy having the largest magnitude, i.e., corresponding to the
outermost pole. To simplify the argument, we will assume that all the poles are distinct,
although the argument can be easily generaliz&/d/for multiple-order poles. As we will
see in Section 3.3, for Ny < n, x[n] will consist of a sum of exponentials of the form

N
x[n] =) Ald)’,  nx= Ny (3.26)
k=1

The least rapidly increasing of these exponentials, as n increases, is the one correspond-
ing to the innermost pole, i.e., d;, and the most slowly decaying {or most rapidly growing)
is the one corresponding to the outermost pole, i.e., dy. Now let us consider x[n] with
the exponential weighting r " applied, i.e.,

N
x[ar™ =r"Y " Ald)',  nx Ny, (3.27)
k=1

N .
=) Adry, n> Ni. (3.28)
k=1
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Absolute summability of x[n]r~" requires that each exponential in Eq. (3.28) be abso-
lutely summable; i.e.,

> ddrTl" <00, k=1,...N, (3.29)
n=N,

or equivalently,
[r| > |dkl, k=1,...,N. (3.30)
Since the outermost pole, dy, is the one with the largest absolute value,
Ir| > ldnl; (3.31)

i.e., the ROC is outside the outermost pole, extending to infinity. If Ny < 0, the ROC
will not include |z] = oo, since r " is infinite for r infinite and » negative.

As suggested by the preceding discussion, it is possible to be very precise about
property 5 (as well as the associated properties 6 and 7). The essence of the argument,
however, is that for a sum of right-sided exponential sequences with an exponential
weighting applied, the exponential weighting must be restricted so that all of the expo-
nentially weighted terms decay with increasing .

For property 6, which is concerned with left-sided sequences, an exactly paraliel
argument can be carried out. Here, however, x[n] will consist of a sum of exponentials
of the same form as Eq. (3.28), but for n < N»;i.e,

N
x[a] =" Ald)".  n=< Ny, (3.32)
k=1
or, with exponential weighting,
N
[y =3 " Adder™Y', n< N, (3.33)
k=1

Since x[n] now extends to —oo along the negative n-axis, r must be restricted so that for
each d,, the exponential sequence (dir~!)" decays to zero as n decreases toward —oc.
Equivalently,

[rl < |dkl, k=1,...,N,
or, since d; has the smallest magnitude,
Irl < ldif; (3.34)

i.e., the ROC s inside the innermost pole. If the left-sided sequence has nonzero values
for positive values of s, then the ROC will not include the origin, z = 0.

For right-sided sequences, the ROC is dictated by the exponential weighting re-
quired to have all exponential terms decay to zero for increasing »; for left-sided se-
quences, the exponential weighting must be such that all exponential terms decay to
zero for decreasing n. For two-sided sequences, the exponential weighting needs to be
balanced, since if it decays too fast for increasing n, it may grow too quickly for de-
creasing n and vice versa. More specifically, for two-sided sequences, some of the poles
contribute only for n > 0 and the rest only for n < 0. The region of convergence is
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Figure 3.10 Examples of four z- transforms with the same pole—zero locations,
illustrating the different possibilities for the region of convergence. Each ROC
corresponds to a different sequence: (b) to a right-sided sequence, (c) to a left-
sided sequence, {d) to a two-sided sequence, and (e) to a two-sided sequence.
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bounded on the inside by the pole with the largest magnitude that contributes forn > 0
and on the outside by the pole with the smallest magnitude that contributes for n < 0.

Property 8 is somewhat more difficult to develop formally, but, at least intuitively,
it is strongly suggested by our discussion of properties 4 through 7. Any infinite two-
sided sequence can be represented as a sum of a right-sided part (say, for n > 0) and a
left-sided part that includes everything not included in the right-sided part. The right-
sided part will have an ROC given by Eq. (3.31), while the ROC of the left-sided part
will be given by Eq. (3.34). The ROC of the entire two-sided sequence must be the
intersection of these two regions. Thus, if such an intersection exists, it will always be a
simply connected annular region of the form

rgp< |zl <rL.

There is a possibility of no overlap between the regions of convergence of the right-
and left-sided parts; i.e., r, < rg. An example is the sequence x[n] = (%)"u[n] -
(—1)" u[~n — 1]. In this case, the z-transform of the sequence simply does not exist. If
such cases arise, however, it may still be possible to use the z-transform by considering
the sequence to be the sum of two sequences, each of which has a z-transform, but
the two transforms cannot be combined in algebraic expressions, since they have no
common ROC.

As we indicated in comparing Examples 3.1 and 3.2, the algebraic expression or
pole—zero pattern does not completely specify the z-transform of a sequence; i.e., the
ROC must also be specified. The properties considered in this section limit the possible
ROC’s that can be associated with a given pole-zero pattern. To illustrate, consider
the pole—zero pattern shown in Figure 3.10(a). From properties 1, 3, and 8, there are
only four possible choices for the ROC. These are indicated in Figures 3.10(b), (c), (d),
and (e), each being associated with a different sequence. Specifically, Figure 3.10(b)
corresponds to a right-sided sequence, Figure 3.10(c) to a left-sided sequence, and
Figures 3.10(d) and 3.10(e) to two different two-sided sequences. If we assume, as
indicated in Figure 3.10(a), that the unit circle falls between the pole at z = b and the
pole at z = c, then the only one of the four cases for which the Fourier transform would
converge is that in Figure 3.10(e).

In representing a sequence through its z-transform, it is sometimes convenient
to specify the ROC implicitly through an appropriate time-domain property of the
sequence. This is illustrated in Example 3.7.

Examplie 3.7 Stability, Causality, and the ROC

Consider a system with impulse response #[n] for which the z-transform H(z) has the
pole—zero plot shown in Figure 3.11. There are three possible ROC'’s consistent with
properties 1-8 that can be associated with this pole-zero plot. However, if we state
in addition that the system is stable (or equivalently, that h[#] is absolutely summable
and therefore has a Fourier transform), then the ROC must include the unit circle.
Thus, stability of the system and properties 1-8 imply that the ROC is the region
% < |z| < 2. Note that as a consequence, h[n] is two sided, and therefore, the system
is not causal.

If we state instead that the system is causal, and therefore that h[n] is right sided,
then property 5 would require that the ROC be the region |z| > 2. Under this
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Figure 3.11 Pole-zero plot for the system function in Example 3.7.

condition, the system would not be stable; i.e., for this specific pole-zero plot, there is
no ROC that would imply that the system is both stable and causal.

3.3 THE INVERSE z-TRANSFORM

One of the important roles of the z-transform is in the analysis of discrete-time linear
systems. Often, this analysis involves finding the z-transform of sequences and, after
some manipulation of the algebraic expressions, finding the inverse z-transform. There
are a number of formal and informal ways of determining the inverse z-transform from
a given algebraic expression and associated region of convergence. There is a formal
inverse z-transform expression that is based on the Cauchy integral theorem (Churchill
and Brown, 1990). However, for the typical kinds of sequences and z-transforms that
we will encounter in the analysis of discrete linear time-invari%{\:gstems, less formal
procedures are sufficient and preferable. In Sections 3.3.1-3.3.3 we consider some of
these procedures, specifically the inspection method, partial fraction expansion, and
power series expansion.

3.3.1 Inspection Method

The inspection method consists simply of becoming familiar with, or recognizing “by
inspection,” certain transform pairs. For example, in Section 3.1, we evaluated the
z-transform for sequences of the form x[n] = a"u[n], where a can be either real or
complex. Sequences of this form arise quite frequently, and consequently, it is particu-
larly useful to make direct use of the transform pair

z 1

a"uln] > 1T g |z > |al. (3.35)

If we need to find the inverse z-transform of

1
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and we recall the z-transform pair of Eq. (3.35), we would recognize “by inspection” the
associated sequence as x[n] = (%)'1 u[n]. If the ROC associated with X (z) in Eq. (3.36)
had been |z| < %, we can recall transform pair 6 in Table 3.1 to find by inspection that
x[n} = - (1) u[-n - 1].

Tables of z-transforms, such as Table 3.1, are invaluable in applying the inspection
method. If the table is extensive, it may be possible to express a given z-transform as
a sum of terms, each of whose inverse is given in the table. If so, the inverse transform
(i.e., the corresponding sequence) can be written from the table.

3.3.2 Partial Fraction Expansion

As already described, inverse z-transforms can be found by inspection if the z-transform
expression is recognized or tabulated. Sometimes X (z) may not be given explicitly
in an available table, but it may be possible to obtain an alternative expression for
X(z) as a sum of simpler terms, each of which is tabulated. This is the case for any
rational function, since we can obtain a partial fraction expansion and easily identify
the sequences corresponding to the individual terms.

To see how to obtain a partial fraction expansion, let us assume that X(z) is

expressed as a ratio of polynomials in z71; i.e.,
M
Z ka_k
X(z) = “;L— (3.37)

S
k=0

Such z-transforms arise frequently in the study of linear time-invariant systems. An
equivalent expression is

M
ZN Z bkzM—k .
X(z)=—F=2 (3.38)

N
™ Z agz¥k
k=0

Equation (3.38) explicitly shows that for such functions, there will be M zeros and N
poles at nonzero locations in the z-plane. In addition, there will be either M — N poles
atz=0if M > Nor N— Mzerosat z=0if N > M. In other words, z-transforms of the
form of Eq. (3.37) always have the same number of poles and zeros in the finite z-plane,
and there are no poles or zeros at z = oo. To obtain the partial fraction expansion of
X(z) in Eq. (3.37), it is most convenient to note that X (z) could be expressed in the
form

M
(1—cxz™)
o L)

X(z2)= P
[[a-dz™)
k=1

, (3.39)
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where the ¢,’s are the nonzero zeros of X (z) and the d’s are the nonzero poles of X(z).
If M < N and the poles are all first order, then X (z) can be expressed as

N

X()=)_ M (3.40)

a1
i L dkz

Obviously, the common denominator of the fractions in Eq. (3.40) is the same as the
denominator in Eq. (3.39). Multiplying both sides of Eq. (3.40) by (1 — dxz™") and
evaluating for z = dj shows that the coefficients, A, can be found from

Av=(1-diz VX (@), (3.41)

Example 3.8 Second-Order z-Transform

Consider a sequence x[r] with z-transform

X(z) = izl > = (3.42)

Figure 3.12 Pole-zero plot and ROG for Example 3.8.

The pole-zero plot for X(z) is shown in Figure 3.12. From the region of convergence
and property 5, Section 3.2, we see that x[#] is a right-sided sequence. Since the poles
are both first order, X (z) can be expressed in the form of Eq. (3.40);1.e.,

Aq A
X(z) = + .
(Y= E
From Eq. (3.41),
A= (1- %Z—l) X(Z)'z=1/4 = -1
Az = (1~ %2_1) X(Z)lzzl/z =2
Therefore,
1 2
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Since x[n] is right sided, the ROC for each term extends outward from the outermost
pole. From Table 3.1 and the linearity of the z-transform, it then follows that

x[n] =2 (%) uln] — (%) uln] .

Clearly, the numerator that would result from adding the terms in Eq. (3.40) would
be at most of degree (N — 1) in the variable z7!. If M > N, then a polynomial must
be added to the right-hand side of Eq. (3.40), the order of which is (M — N). Thus, for
M > N, the complete partial fraction expansion would have the form

M-N ., N Ak
r=0 k=1 k2

If we are given a rational function of the form of Eq. (3.37), with M > N, the B,’s can
be obtained by long division of the numerator by the denominator, with the division
process terminating when the remainder is of lower degree than the denominator. The
Ay’s can still be obtained with Eq. (3.41).

If X (z) has multiple-order poles and M > N, Eq. (3.43) must be further modified.
In particular, if X(z) has a pole of order s at z = d; and all the other poles are first-order,
then Eq. (3.43) becomes

M-N N Ak s C
X@=> B+ Y, —F—+> e (3.44)
—0 k=1 ki 1 —diz o (L=diz™h)

The coefficients A; and B, are obtained as before. The coefficients C,, are obtained
from the equation

1 as—m ] _
Cm = (S _ m)!(_dl_)s—m {dws_m [(l — a.!iW) X(w 1)]}w:d'_| . (345)

Equation (3.44) gives the most general form for the partial fraction expansion of a
rational z-transform expressed as a function of z~! for the case M > N and for d; a pole
of order s. If there are several multiple-order poles, there will be a term like the third
sum in Eq. (3.44) for each multiple-order pole. If there are no multiple-order poles,
Eq. (3.44) reduces to Eq. (3.43). If the order of the numerator is less than the order
of the denominator (M < N), then the polynomial term disappears from Egs. (3.43)
and (3.44).

It should be emphasized that we could have achieved the same results by assuming
that the rational z-transform was expressed as a function of z instead of z~!. That is,
instead of factors of the form (1 — az~'), we could have considered factors of the form
(z — a). This would lead to a set of equations similar in form to Eqs. (3.39)-(3.45) that
would be convenient for use with a table of z-transforms expressed in terms of z. Since
Table 3.1 is expressed in terms of z~!, the development we pursued is more useful.

To see how to find the sequence corresponding to a given rational z-transform, let
us suppose that X (z) has only first-order poles, so that Eq. (3.43) is the most general
form of the partial fraction expansion. To find x[n], we first note that the z-transform
operation is linear, so that the inverse transform of individual terms can be found and
then added together to form x{n].
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The terms B,z™" correspond to shifted and scaled impulse sequences, i.e., terms
of the form B,§[n — r]. The fractional terms correspond to exponential sequences. To
decide whether a term A

1- de—l
corresponds to (dy)"u[n] or —(dy)"u[—n— 1], we must use the properties of the region of
convergence that were discussed in Section 3.2, From that discussion, it follows that if
X (z) has only simple poles and the ROC s of the formrg < |z] < r,,thenagiven pole di
will correspond to a right-sided exponential (di)"u[#] if |dx| < rg, and it will correspond
to a left-sided exponential if |di| > r;. Thus, the region of convergence can be used
to sort the poles. Multiple-order poles also are divided into left-sided and right-sided
contributions in the same way. The use of the region of convergence in finding inverse
z-transforms from the partial fraction expansion is illustrated by the following examples.

Example 3.9 Inverse by Partial Fractions

To illustrate the case in which the partial fraction expansion has the form of Eq. (3.43),
consider a sequence x[n] with z-transform

1+277'+272 (1+ ")
—3z7' 4+ 522 (-5 (-2

X(z) = - . > 1 (3.46)

Figure 3.13 Pole—zero plot for the z-transform in Example 3.9.

The pole-zero plot for X(z) is shown in Figure 3.13. From the region of convergence
and property 5, Section 3.2, it is clear that x[n] is a right-sided sequence. Since M =
N =2 and the poles are all first order, X (z) can be represented as

A A;

X(z)=B°+1_1z—1 ppe—
2

The constant By can be found by long division:
2
1r2 -3z 41 [ 242 41
772-3z7142
5z71-1
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Since the remainder after one step of long division is of degree 1 in the variable z7/,

it is not necessary to continue to divide. Thus, X (z) can be expressed as
—1+5z71
(1—3z71)(1-zY

Now the coefficients A and A; can be found by applying Eq. (3.41) to Eq. (3.46) or,
equivalently, Eq. (3.47). Using Eq. (3.47), we obtain

X()=2+ (3.47)

i -1
— 1
Al = (2+ 1 1 1_-1'- Szl 1 ) (1 - EZ—I):l = -9,
L ( N EZ ) ( —< ) z=1/2
[ 145771
Ay = (2+ - )(1—[‘)} =8.
_ 1. R
| (1-2z7) (=27 ol
Therefore,
9 8
=2 . 3.
X(2) 1—%z—1+1—z—1 (3.48)

From Table 3.1, we see that since the ROC s |z] > 1,

2 <% 28[n).
1 zZ n
g > (%) uln).
2
1 Z
=T uln).

Thus, from the linearity of the z-transform,

x[n] = 28[n] - 9 (3)" uln] + 8uln).

In Section 3.4 we will discuss and illustrate a number of properties of the
z-transform that, in combination with the partial fraction expansion, provide a means
for determining the inverse z-transform from a given rational algebraic expression and
associated ROC, even when X (z) is not exactly in the form of Eq. (3.39).

3.3.3 Power Series Expansion

The defining expression for the z-transform is a Laurent series where the sequence
values x[n] are the coefficients of z7". Thus, if the z-transform is given as a power series

in the form
o0

X@) =3 xlnle™
=+ x[-2]z? + x[-1]z + x[0] + x[1]z" + x[2]z> + - -,
we can determine any particular value of the sequence by finding the coefficient of the

appropriate power of z-!. We have already used this approach in finding the inverse
transform of the polynomial part of the partial fraction expansion when M > N. This

(3.49)
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approach is also very useful for finite-length sequences where X (z) may have nosimpler

form than a polynomial in z7!.

Example 3.10 Finite-Length Sequence
Suppose X (z) is given in the form
X@=22(1-iz)Q+z7Ha-z". (3.50)

Although X (z) is obviously a rational function, its only poles are at z = 0, so a partial
fraction expansion according to the technique of Section 3.3.2 is not appropriate.
However, by multiplying the factors of Eq. (3.50), we can express X(z) as

X()=2"-3z-1+3z7".

Therefore, by inspection, x[x] is seen to be

1, n=-2,

—%, n=-1,
x[n]=< -1, n=0,

%, n=1,

0, otherwise,

Equivalently,
x[n] = 8[n+2] — Lo[n + 1] — 8[n] + Lo[n — 1].

In finding z-transforms of a sequence, we generally seek to sum the power series
of Eq. (3.49) to obtain a simpler mathematical expression, e.g., a rational function. If
we wish to use the power series to find the sequence corresponding to a given X(z)
expressed in closed form, we must expand X (z) back into a power series. Many power
series have been tabulated for transcendental functions such as log, sin, sinh, etc. In
some cases such power series can have a useful interpretation as z-transforms, as we
illustrate in Example 3.11. For rational z-transforms, a power series expansion can be
obtained by long division, as illustrated in Examples 3.12 and 3.13.

Example 3.11 Inverse Transform by Power
Series Expansion

Consider the z-tral_lsform
X(z) =log(1 +az7!), 1z > lal. (3.51)

Using the power series expansion for log(1 + x), with |x| < 1, we obtain

® 1yl n—n
X(z) = Z &n_a_f___
n=1
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Therefore,

aﬂ
x[n] = {(_1)”1? nzl, (3.52)
0 <

Example 3.12 Power Series Expansion by
Long Division

Consider the z-transform
1
X(2)= —, } 3.53
(2) 1 a0 1zl > |a| ( )

Since the region of convergence is the exterior of a circle, the sequence is a right-sided
one. Furthermore, since X (2) approaches a finite constant as z approaches infinity, the
sequence is causal. Thus, we divide, so as to obtain a series in powers of L Carrying
out the long division, we obtain

l+az ' +a%z7 2+

1—az7! 1
1—az™!
az’!
az-! —az2
2272
or
1

2

=1+az'+a’z?+---.

1—az!

Hence, x[n] = a"u[n].

Example 3.13 Power Series Expansion for a
Left-Sided Sequence

As another example, we can consider the same ratio of polynomials as in Eq. (3.53),
but with a different region of convergence:

1
X(9) = 1= a1’ 1z| < lal. (3.54)

Because of the region of convergence, the sequence is a left-sided one, and since X'(z)
at z = Ois finite, the sequence is zero for n > (. Thus, we divide, so as to obtain a series
in powers of z as follows:

-1 -2 _ ...

—a - a‘zz

—a+z|z
z—a1z2?

a—1z2

Therefore, x[n] = —a”"u[—n — 1].
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3.4 z-TRANSFORM PROPERTIES

Many of the properties of the z-transform are particularly useful in studying discrete-
time signals and systems. For example, these properties are often used in conjunction
with the inverse z-transform techniques discussed in Sec. 3.3 to obtain the inverse z-
transform of more complicated expressions. In Chapter 5 we will see that the properties
also form the basis for transforming linear constant-coefficient difference equations to
algebraic equations in terms of the transform variable z, the solution to which can then
be obtained using the inverse z-transform. In this section, we consider some of the most
frequently used properties. In the following discussion, X (z) denotes the z-transform
of x[n], and the ROC of X (z) is indicated by R,; i.e.,

x[n] <> X(z), ROC = R,.

As we have seen, R, represents a set of values of z such that rz < |z| < r;. For
properties that involve two sequences and associated z-transforms, the transform pairs
will be denoted as

xln] < Xi(z))  ROC=R,,,
x[n] << X»(z),  ROC = R,,.

3.4.1 Linearity
The linearity property states that \
axi[n] + bxz[n] <5 aXi(2) + bXa(2), ROC contains \Rx, N R,,,

and follows directly from the z-transform definition, Eq. (3.2). As indicated, the region
of convergence is at least the intersection of the individual regions of convergence.
For sequences with rational z-transforms, if the poles of a X71(z) + bX>(z) consist of
all the poles of X1(z) and X,(2) (i.e., if there is no pole-zero cancellation), then the
region of convergence will be exactly equal to the overlap of the individual regions
of convergence. If the linear combination is such that some zeros are introduced that
cancel poles, then the region of convergence may be larger. A simple example of this
occurs when x;[n] and x;[n] are of infinite duration, but the linear combination is of
finite duration. In this case the region of convergence of the linear combination is the
entire z-plane, with the possible exception of z = 0 or z = co. An example was given in
Example 3.6, where x[#] can be expressed as

x[n] = a"u[n] — a"ufn — N].

Both a"u[n] and a"u[n — N|] are infinite-extent right-sided sequences, and their
z-transforms have a pole at z = a. Therefore, their individual regions of convergence
would both be |z| > |a|. However, as shown in Example 3.6, the pole at z = a is can-
celed by a zero at z = a, and therefore, the ROC extends to the entire z-plane, with the
exception of z = 0.

We have already exploited the linearity property in our previous discussion of the
use of the partial fraction expansion for evaluating the inverse z-transform. With that
procedure, X (z) is expanded into a sum of simpler terms, and through linearity, the
inverse z-transform is the sum of the inverse transforms of each of these terms.
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3.4.2 Time Shifting
According to the time-shifting property,

x[n — ng] Es 7mX(2), ROC = R,(except for the
possible addition or
deletion of z = 0 or z = 00).

The quantity ny is an integer. If ny is positive, the original sequence x[n] is shifted right,
and if ny is negative, x[n] is shifted left. As in the case of linearity, the ROC can be
changed, since the factor z7™ can alter the number of poles at z =0 or z = 00.
The derivation of this property follows directly from the z-transform expression
in Eq. (3.2). Specifically, if y[n] = x[n — ng], the corresponding z-transform is
Y(2) = Z x[n = nolz™".
With the substitution of variables m = n — ng,

Y@= 3 xlmlz

m=—o<

=z " Z x[m]z™"™,

m==—o0

or
Y(2) = 77" X(2).

The time-shifting property is often useful, in conjunction with other properties
and procedures, for obtaining the inverse z-transform. We illustrate with an example.

Example 3.14 Shifted Exponential Sequence
. Consider the z-transform

X(2) = 1

1
T |Z|>Z
Z_Z

From the ROC, we identify this as corresponding to a right-sided sequence. We
can first rewrite X(z) in the form

-1
Z
X@ =117

s ld >k (3.55)

* This z-transform is of the form of Eq. (3.39) with M = N = 1, and its expansion in the
form of Eq. (3.43) is

X(z)=—4+ (3.56)

4
11—zt

- From Eq. (3.56), it follows that x{n} can be expressed as

x[n] = —48[n] + 4 (3)" uln]. (3.57)
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An expression for x[n] can be obtained more directly by applying the time-shifting
property. First, X(z) can be written as

_ 1
X(g)=z7" (l_jF) 1zl > 3. (3.58)

From the time-shifting property, we recognize the factor z=! in Eq. (3.58) as being
. . . . . 1\" .
associated with a time shift of one sample to the right of the sequence (Z) uln];ie.,

xfn] = ()" uln - 1], (3.59)

It is easily verified that Egs. (3.57) and (3.59) are the same for all values of #; i.e., they
represent the same sequence.

3.4.3 Muitiplication by an Exponential Sequence

The exponential multiplication property is expressed mathematically as
z6x[n] <> X(z/20).  ROC = |z0lR..

The notation ROC = |z¢| R, denotes that the ROC is R, scaled by |z¢]; i.e., if R, is the
set of values of z such that rg < |z| < r, then |zg| R, 1s the set of values of z such that
{zolrr < 12| < |zolre. \

This property is easily shown simply by substituting sz[n} into Eq. (3.2). As a
consequence of the exponential multiplication property, all the pole—zero locations are
scaled by a factor zg, since, if X(z) has a pole at z = z;, then X(z;'z) will have a pole at
2= 202;1. If zo is a positive real number, the scaling can be interpreted as a shrinking or
expanding of the z-plane;i.e., the pole and zero locations change along radial lines in the
z-plane. If z¢ is complex with unity magnitude, so that zo = e/“°, the scaling corresponds
to a rotation in the z-plane by an angle of wy; i.e., the pole and zero locations change
in position along circles centered at the origin. This in turn can be interpreted as a
frequency shift or translation, associated with the modulation in the time domain by
the complex exponential sequence e/“*". That is, if the Fourier transform exists, this
property has the form

el x[n] <I» X (ell@=0).

Example 3.15 Exponential Multiplication

Starting with the transform pair

u[n] «— lz| > 1, (3.60)

1-z71"
we can use the exponential multiplication property to determine the z-transform of

x[n] = r" cos(won)uln]. (3.61)
First, x[n] is expressed as

x[n] = %(ref‘"o)"u[n] + %(re‘f“’")"u[n].
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Then, using Eq. (3.60) and the exponential multiplication property, we see that

1

16y oi z 2

i(relwo)"u[n] L4 1 — refwﬂz_l 14 |z| > r’
1

1/, ,—j z 2
Lre /o0y 'uln] <> e — lz] > r.

From the linearity property, it follows that

1 1

X(2) = i.w — + E.w T |zl > r
1 —relwoz 1—re-joog (3.62)

B (1 —rcoswgz™!) 2 > r

T 1-2rcoswpz-! +r2z72’ a=r
3.4.4 Differentiation of X(z)
The differentiation property states that

dX
nx[n] <> —z diz), ROC = R,.

This property is verified by differentiating the z-transform expression of Eq. (3.2);i.e.,

X(z) = Z x[n)z7",
= Z nx[n]z™" _ Z{nx[n]}.

We illustrate the use of the differentiation property with two examples.

Example 3.16 Inverse of Non-Rational z-Transform

In this example, we use the differentiation property together with the time-shifting
property to determine the inverse z-transform considered in Example 3.11. With

X(2)=log(l +az™), |zl > lal,
we first differentiate to obtain a rational expression:

dX(z) —az?
dz  1l+4az7l

From the differentiation property,

z dX(z)  az’!
nxln] — -z dz ~ 1+az7V’

[z] > |a]. (3.63)
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The inverse transform of Eq. (3.63) can be obtained by the combined use of the
z-transform pair of Example 3.1, the linearity property, and the time-shifting property.
Specifically, we can express nx|[n] as

nx[n] = a(—a)" 'u[n - 1].
Therefore,

n
x[n] = (——1)’”rl %u[n —1] <i> log(1 +az ), lz| > lal.

Example 3.17 Second-Order Pole

As another example of the use of the differentiation property, let us determine the
z-transform of the sequence

x[n] = na"u[n] = n(a"uln)).

From the z-transform pair of Example 3.1 and the differentiation property, it follows

that
X@ = -2 (1—_2—2_—]) . 12> lal
az”!
= A —az )’ Izl > la|.
Therefore,
na"uln] <% (1—_"5;—1)2 2] > lal.

3.4.5 Conjugation of a Complex Sequence

The conjugation property is expressed as
x*[n] < X*(z*), ROC=R,.

This property follows in a straightforward manner from the definition of the z-transform,
the details of which are left as an exercise (Problem 3.51).

3.4.6 Time Reversal

By the time-reversal property,

x*[—n] PEIN X*(1/z%), ROC = —1—
R;
The notation ROC =1/ R, implies that R, is inverted; i.e., if R, is the set of values of z
suchthatrg < |z| < rp,thenthe ROCisthe set of valuesof zsuchthatl/r; < |z| < 1/rg.
Thus, if z¢ is in the ROC for x[n], then 1/z{ is in the ROC for the z-transform of x*[—n].
If the sequence x[n] is real or we do not conjugate a complex sequence, the result
becomes

x[-n] < X(1/z7), ROC = Ri.

X
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As with the conjugation property, the time-reversal property follows easily from the
definition of the z-transform, and the details are left as an exercise (Problem 3.51).

Example 3.18 Time-Reversed Exponential Sequence

As an example of the use of the property of time reversal, consider the sequence
x[n] = a™"u[—n],

which is a time-reversed version of a"u[n]. From the time-reversal property, it follows
that

1 —a1z77
X = = s -1 .
@) l—az 1-alz7! 2l < la ]

3.4.7 Convolution of Sequences
According to the convolution property,
x[n] * x3[n] << X1(2)X2(z),  ROC contains R, N R,,.

To derive this property formally, we consider

yinl= 3" xi[Kxaln - Al
k=—00
so that
Y@= ) ynlz”
-y { 3 xl[k]xz[n—k]}z_".
n=—00 \k=—o0

If we interchange the order of summation,
Y(z) = Z x1[k] Z x[n — k]z7".
k=—o0 n=—0oo

Changing the index of summation in the second sum from n to m = n — k, we obtain

Y@= 3 xl { ) xz[mlz-'"} ™
k=—00 m=—00

Thus, for values of z inside the regions of convergence of both X;(z) and X(z), we can

write

Y(z) = Xl(Z)XZ(Z),

where the region of convergence includes the intersection of the regions of convergence
of X1(z) and X>(z). If a pole that borders on the region of convergence of one of the
z-transforms is canceled by a zero of the other, then the region of convergence of Y (z)
may be larger. As we develop and exploit it in Chapter 5, the convolution property
plays a particularly important role in the analysis of LTI systems. Specifically, as a con-
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sequence of this property, the z-transform of the output of an LTI system is the product
of the z-transform of the input and the z-transform of the system impulse response. The
z-transform of the impulse response of an LTI system is typically referred to as the
system function.

Exampie 3.19 Evailuating a Convolution Using
the z-Transform

Let x;{n] = a"u[n] and xz{n] = u[n]. The corresponding z-transforms are

oC

n 1
Xi(2)=)Y a"z" = = >l
n=0
and
= 1
XZ(Z)=ZOZ_ =1—_z—_1, |Z‘ > 1.

If |a| < 1, the z-transform of the convolution of x;[z] with x;[#] is then

1 72

Y(z) = = , 1. 3.64
(2) (1-az7)(1-z1) (z—a)z-1) Il > (364)
Fm
z-plane
Re
Region of
convergence

Figure 3.14 Pole-zero plot for the z-transform of the convolution of the
sequences u[n] and a"u[n].

The poles and zeros of Y (z) are plotted in Figure 3.14, and the region of convergence
is seen to be the overlap region. The sequence y{#] can be obtained by determining
the inverse z-transform. Expanding Y (z) in Eq. (3.64) in a partial fraction expansion,
we get

1 1 a
Y(@) = 1— (1—z—1 —1_az_1), lz| > 1.

Therefore,

(u[n] — a"*lu[n)).

yinl = 1—
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TABLE 3.2 SOME z-TRANSFORM PROPERTIES

Section
Reference Sequence Transform ROC
x[n] X(2) R,
X1 [n] X1 (Z) Rxl
x2[n] X2(2) Ry,
34.1 axy[n] + bxa[n] aX1(z) + bX2(2) Contains R;, N Ry,
342 x[n — ny] 7" X(2) Ry, except for the possible
addition or deletion of
the origin or oo
343 zpx[n] X(z/z0) [zo| Rx
3.4.4 nx[n] —z%(z) Ry, except for the possible
z addition or deletion of
the origin or oo
345 x*[n] X*(z%) Ry
1
Re(x[n]) E[X(Z) + X*(z")] Contains R,
Jmix[n]} ;—_[X(z) —X*(z")] Contains R,
]
3456 x*[—n] X*(1/z%) 1/R;
347 x1[n] * x2[n] X1(2)X2(2) Contains Ry, N Ry,
348 Initial-value theorem:

x[n]=0, n<0 lim X(z) = x[0]

3.4.8 Initial-Value Theorem
If x{n] is zero for n < 0 (i.e., if x[n] is causal), then
x[0] = lim X(=z).
I—>00

This theorem is shown by considering the limit of each term in the series of Eq. (3.2).
(See Problem 3.56.)

3.4.9 Summary of Some z-Transform Properties

We have presented and discussed a number of the theorems and properties of
z-transforms, many of which are useful in manipulating z-transforms. These proper-
ties and a number of others are summarized for convenient reference in Table 3.2.

3.5 SUMMARY

In this chapter, we have defined the z-transform of a sequence and shown that it is a
generalization of the Fourier transform. The discussion focused on the properties of
the z-transform and techniques for obtaining the z-transform of a sequence and vice
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versa. Specifically, we showed that the defining power series of the z-transform may
converge when the Fourier transform does not. We explored in detail the dependence
of the shape of the region of convergence on the properties of the sequence. A full
understanding of the properties of the region of convergence is essential for successful
use of the z-transform. This is particularly true in developing techniques for finding
the sequence that corresponds to a given z-transform, i.e., finding inverse z-transforms.
Much of the discussion focused on z-transforms that are rational functions in their region
of convergence. For such functions, we described a technique of inverse transformation
based on the partial fraction expansion of X (z). We also discussed other techniques for
inverse transformation, such as the use of tabulated power series expansions and long
division.

An important part of the chapter was a discussion of some of the many properties
of the z-transform that make it useful in analyzing discrete-time signals and systems. A
variety of examples demonstrated how these properties can be used to find direct and
inverse z-transforms. "‘

Basic Problems with Answers

3.1. Determine the z-transform, including the region of convergence, for each of the following
sequences:

@ (3)" uln]
(b) —(3)"ul[-n—1]
© (1) u[-n]

(d) é[n]
(e) §[n—1]
®) S[n+1]

® (3)" (uln] - ufn— 10])
3.2, Determine the z-transform of the sequence

n 0<n=<N-1,
Al =3 N N<n

3.3. Determine the z-transform of each of the following sequences. Include with your answer
the region of convergence in the z-plane and a sketch of the pole—zero plot. Express all
sums in closed form; « can be complex.

@) x;[n] =a™, 0< || <1.
1, 0<sn< N-1,

(b) xy[n] = {0, otherwise.
n, 0=<n=<N,

(©) x[n]=< 2N-n, N+1<n<2N,
0, otherwise.

Hint: Note that xp{n] is a rectangular sequence and x.[n] is a triangular sequence. First
express x.[#n] in terms of xp[n].
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34.

3.5.

3.6.

3.7.

The z-Transform Chap. 3

Consider the z-transform X (z) whose pole—zero plot is as shown in Figure P3.4-1.

(a) Determine the region of convergence of X (z) if it is known that the Fourier transform
exists. For this case, determine whether the corresponding sequence x[n] is right sided,
left sided, or two sided. \

(b) How many possible two-sided sequences have the pole-zero plot shown in Fig-*
ure P3.4-1?

(¢) Is it possible for the pole—zero plot in Figure P3.4-1 to be associated with a sequence
that is both stable and causal? If so, give the appropriate region of convergence.

$m
z-plane
Unit circle
-1 1 2 3 Re
3
Figure P3.4-1

Determine the sequence x[n] with z-transform
X(z)=(1+2)(1+3z7 )1 —z7h).

Following are several z-transforms. For each, determine the inverse z-transform using both
methods—partial fraction expansion and power series expansion—discussed in Section 3.3.
In addition, indicate in each case whether the Fourier transform exists.

1
(a) X(z)= m |z] > %
2
1
(b) X(Z)=1—+"l—zja |Z|<%
2
1-1z1
(€) X(2)= 2 c 2>
( 14+ 3z71 4 4272 :
1-1z71
@ X@= == 1d>;
4
1—az!
(e) X(2)= Z1_a’ |zl > |1/a|

The input to a causal linear time-invariant system is
1 n
x[n] = u[-n - 1]+ (3)" uln].
The z-transform of the output of this system is
1

T —.
(1 -3z l)(]. +z l)
(a) Determine H(z), the z-transform of the system impulse response. Be sure to specify

the region of convergence.

(b) What is the region of convergence for Y (z)?
(¢) Determine y[n].

Y(z)=
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38.

3.9.

3.10.

3.11.
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The system function of a causal linear time-invariant system is

1—z!
H(?) = ————.
(2) 1+ 327!

The input to this system is

x[n] = (1) ufn] + u[-n - 1].

(a) Find the impulse response of the system, h[n].
(b) Find the output y[n].
(c) Isthe system stable? That is, is k#[#n] absolutely summable?

A causal LTI system has impulse response h[#], for which the z-transform is

1+z7!
(1-3z1)(1+5z71)

(a) What is the region of convergence of H(z)?
(b) Is the system stable? Explain.
(¢) Find the z-transform X(z) of an input x[#] that will produce the output

yln] = ~1(=3)"uln] — £2)"u[—n —1].

(d) Find the impulse response h[n] of the system.

H(z) =

Without explicitly solving for X(z), find the region of convergence of the z-transform of
each of the following sequences, and determine whether the Fourier transform converges:

@ xtnl = [(1)" + (3)"] uln - 10]

1, -10<n<10,
) x[n] = {0, otherwise,

(¢} x[n] =2"u[-n]

@ xln) = (1) - (e””)”] uln — 1]

(e) x[n] = u[n+10] — u[n + 5]

@ x[n] = (3)" ulnl + 2+ 3y 2ul-n - 1]

Following are four z-transforms. Determine which ones could be the z-transform of a causal
sequence. Do not evaluate the inverse transform. You should be able to give the answer by
inspection. Clearly state your reasons in each case.

(1-z1)?
e
by =
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3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

The z-Transform Chap. 3

Sketch the pole-zero plot for each of the following z-transforms and shade the region of
convergence:

1- %z‘l
X = — ROC: 2
(@) X1(2) =y OC: |z| <
1— 1771
(b) X»(z) = , x2[n] causal
(1+3271)(1-3271)
1+z71—-272

x3[n] absolutely summable.

A causal sequence g[n] has the z-transform
G(z) =sin(z V)1 + 3272 +2z27%).
Find g[11].

1
If H(z) = 1= and h[n] = Ayaefu[n] + Azaju[n], determine the values of A;, Az, a1,

and a;.
-10

1
— 552
If H(z) = —IL?T for |z] > 0, is the corresponding LTI system causal? Justify your

2
answer.

When the input to an LTI system is

x[n] = (%) u[n] + 2)ul=n — 1],

the corresponding output is

yln] =5 (;—) u[n] -5 (%) u[n].

(a) Find the system function H(z) of the system. Plot the pole(s) and zero(s) of H(z) and
indicate the region of convergence.

(b) Find the impulse response h[n] of the system.

(c) Write a difference equation that is satisfied by the given input and output.

(d) Is the system stable? Is it causal?

Consider an LTI system with input x[z] and output y[#] that satisfies the difference equation

5
yin] = 5yl = 1] + yln = 2] = x{n] ~ x[n ~ 1].
Determine all possible values for the system’s impulse response k[n] at n = 0.
A causal LTT system has the system function

14277V 4772
(1+3iz71)(1-z1)

H(z) =
(a) Find the impulse response of the system, A[n].
(b) Find the output of this system, y[n], for the input
x[n] = eitn/2m,

For each of the following pairs of input z-transform X (z) and system function H(z), deter-
mine the region of convergence for the output z-transform Y (z):
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(a)
1 1
XZ = —, Zl > =
(2) ar=tLE
H(2) ol >+
= — > —
z =Y >y
(b)
1
Y@=y <2
e — ]
(Z)_l_l—l’ |Z|>§
(c)
X(z) ! 2] <3
, < <
(1-1z71)(1+3z71) 5
1+3z71
H(Z)_1+l—1’ ||>§

3.20. For each of the following pairs of input and output z-transforms X (z) and Y (z), determine
the region of convergence for the system function H(z):

(a)
X(z) = #, |z]| > %
Y(2) = 14_1? |zl > %
(b)
X(2) = T_%Z_—l Izl < %
S e IR

Basic Problems

3.21. Consider a linear time-invariant system with impulse response

a*, n=>0,
h[n] = {0

n <0,

and input

_J1, 0=sn=<(N-1),
x[n] = {O, otherwise.

(a) Determine the output y[n] by explicitly evaluating the discrete convolution of x[n]
and A[n].

(b) Determine the output y[n] by computing the inverse z-transform of the product of
the z-transforms of x[n] and h[n].
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3.22,

3.23,

3.24.

3.25.

The z-Transform Chap. 3

Consider an LTI system that is stable and for which H(z), the z-transform of the impulse
response, is given by

H(z)= ———.
1+ 4271
Suppose x[#], the input to the system, is a unit step sequence.

(a) Find the output y[#] by evaluating the discrete convolution of x[n] and h[n].
(b) Find the output y[n] by computing the inverse z-transform of Y (z).

An LTI system is characterized by the system function
()
H(z) = = C >
N EDED :

(a) Determine the impulse response of the system.

(b) Determine the difference equation relating the system input x[r] and the system
output y[n].

Sketch each of the following sequences and determine their z-transforms, including the

region of convergence:

@ > 8[n—44

k=—o0c

(b) % [ef”” + cos(%n) + sin (% +27mﬂ uln]

Consider a right-sided sequence x{n] with z-transform
1 _ z?
(1—-az)(1~bz1) (z—a)(z—b)
In Section 3.3 we considered the determination of x[n] by carrying out a partial fraction
expansion, with X (z) considered as a ratio of polynomials in z~!. Carry out a partial frac-

tion expansion of X (z), considered as a ratio of polynomials in z, and determine x[n] from
this expansion.

X =

Advanced Problems

3.26.

Determine the inverse z-transform of each of the following. In Parts (a)—(c), use the methods
specified. In Part (d), use any method you prefer.
(a) Long division:

1,1

1-1
X(z) = __?L, x[n] a right-sided sequence
1+ §Z_1
(b) Partial fraction:
3
X(@)= ——— x[n] stable
z— g g2
(¢) Power series:
X(=In(1-42), |z <3
1
@ X@)=—5—. lzd>@)"
1-— 3%
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3.27. Using any method, determine the inverse z-transform for each of the following:
1
(a) X(Z) = ) 2
(1432717 (1-2-11 - 3z71)
®) X(@)=e'
27 ~2z
X(z) = ,
() X(2) P
3.28. Determine the inverse z-transform of each of the following. You should find the z-transform
properties in Section 3.4 helpful.
3773
(-4
(b) X(z) =sin(z), ROC includes |z] = 1

.
=2
(c) X(2) = -7 lz] > 1

, stable sequence

left-sided sequence

(a) X(2)= x[n] left sided

3.29. Determine a sequence x[n] whose z-transform is X (z) = e? +e!/%, z # 0.
3.30. Determine the inverse z-transform of
X(z)=log2(} —z). lzl <1,

by
(a) using the power series

X 4
10g(1—x)=—le—., x| < 1;
i=1

(b) first differentiating X(z) and then using the derivative to recover x{n].

3.31. For each of the following sequences, determine the z-transform and region of convergence,
and sketch the pole-zero diagram:
(@) x[n] = a"ufn] + b"u[n] + c"u[—-n — 1], lal < |b| < |c|

(b) x[n] = na"u[n)
— pn’ il —en Ll -
(©) x[n]=e [cos (12n)] uln]—e [cos (12n)] uln —1]
3.32. The pole—zero diagram in Figure P3.32-1 corresponds to the z-transform X (z) of a causal

sequence x[n]. Sketch the pole—zero diagram of Y (z), where y[n] = x[—n+3]. Also, specify
the region of convergence for Y (z).

$m

Z-plane

Figure P3.32-1

3.33. Let x[n] be the sequence with the pole-zero plot shown in Figure P3.33-1. Sketch the
pole—zero plot for:

@) y[n]=(3)" =[]
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3.34.

3.35.

3.36.

3.37.

3.38.

3.39.
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ThH

by wn] = cos(T)x[n]

Im z-plane N

FRe

(SIS ¢
—

Figure P3.33-1

Consider an LTI system that is stable and for which H(z), the z-transform of the impulse
response, is given by
3-7z71 45272

H(Z) = .
1— 3z 4772

Suppose x[#], the input to the system, is a unit step sequence.
(a) Find the output y[x] by evaluating the discrete convolution of x[n] and h[n].
(b) Find the output y[n] by computing the inverse z-transform of Y(z).

Determine the unit step response of the causal system for which the z-transform of the
impulse response is

123
H@) =173

If the input x[n] to an LTI system is x[n] = u[n], the output is
n—1
slnl = (3)" ufn + 11

(a) Find H(z), the z-transform of the system impulse response, and plot its pole-zero
diagram.

(b) Find the impulse response A[n].

(¢} Isthe system stable?

(d) Isthe system causal?

Consider a sequence x[#] for which the z-transform is
1 L

X(z) = 3 i
(2) e~ + o

and for which the region of convergence includes the unit circle. Determine x[0] using the
initial-value theorem.

Consider a stable linear time-invariant system. The z-transform of the impulse response is
74272
1_— 1 _-1Y°

(1-7z7)(1+32")

Suppose x[n], the input to the system, is 2u[n]. Determine y[n] atn = 1.

H(z) =

Suppose the z-transform of x[n] is

X(z) =
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3.40.

3.41.

3.42.

It is also known that x[n] is a stable sequence.

(a) Determine the region of convergence of X(z).

(b) Determine x[n] at n = —8.

In Figure P3.40-1, H(z) is the system function of a causal LTI system.

(a) Using z-transforms of the signals shown in the figure, obtain an expression for W(z) in
the form

W(z) = Hi(2) X (2) + H2(2) E(2),

where both H)(z) and H,(z) are expressed in terms of H(z).
(b) For the special case H(z) = z7!/(1 — z71), determine H,(z) and H>(z).
(c) Isthe system H(z) stable? Are the systems H;(z) and H»(z) stable?

e[n]

+
H(z) —
w[n]

Figure P3.40-1

In Figure P3.41-1, h[n] is the impulse response of the LTI system within the inner box. The
input to system h[n] is v[n], and the output is w[n]. The z-transform of h[n], H(z), exists in
the following region of convergence:

0 < rmin < 12| < Fmax < 00.

(a) Can the LTI system with impulse response #A[n] be BIBO stable? If so, determine
inequality constraints on rm;, and 7., such that it is stable. If not, briefly explain why.

(b) Is the overall system (in the large box, with input x[#] and output y{n]) LTI? If so, find
its impulse response g[n]. If not, briefly explain why.

(¢) Can the overall system be BIBO stable? If so, determine inequality constraints relating
@, 'min, and ryax such that it is stable. If not, briefly explain why.

______________________ ¥ Figure P3.41-1

A causal and stable LTI system S has its input x[n] and output y[#n] related by the linear
constant-coefficient difference equation

10
ylal+ ) awyln — k] = x[n] + Bxln — 1].

k=1

Let the impulse response of S be the sequence A[n].

(a) Show that #[0] must be nonzero.

(b) Show that «; can be determined from the knowledge of A£[0] and A[1].

(¢) If h[n] = (0.9)"cos(mn/4) for 0 < n < 10, sketch the pole-zero plot for the system
function of &, and indicate the region of convergence.
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3.43.

3.44.

3.45.

3.46.
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When the input to an LTI system is

x[n] = (%) uln] + 2"u[-n — 1],

the output is

y[n] =6 (%) uln] -6 (%) uln].

(a) Find the system function H(z) of the system. Plot the poles and zeros of H(z), and
indicate the region of convergence.

(b) Find the impulse response k[n] of the system.

(¢} Write the difference equation that characterizes the system.

(d) Is the system stable? Is it causal?

When the input to a causal LTI system is

x[n] = —% (%) uln] - gZ"u[—n -1],

the z-transform of the output is

147!
(1-z)(1+3z1)(1-271)

Y(2) =

(a) Find the z-transform of x[n].

(b) What is the region of convergence of Y (2)?
(¢) Find the impulse response of the system.
(d) Is the system stable?

Let x[n] be a discrete-time signal with x[n] = 0 for n < 0 and z-transform X(z). Further-
more, given x[n], let the discrete-time signal y[n] be defined by

1
) 2x[n], n=>0,
yln] = {6 otherwise.

(a) Compute Y (z) in terms of X (z).
(b) Using the result of Part (a), find the z-transform of

w(n] [n—1].

Tt

The signal y[n]is the output of an LTI system with impulse response h[n] for a given input
x[n]. Throughout the problem, assume that y[z]is stable and has a z-transform Y (z) with the
pole-zero diagram shown in Figure P3.46-1. The signal x[n] is stable and has the pole-zero
diagram shown in Figure P3.46-2.
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Im(z)

Im(z)

Re(z)

(a) What is the region of convergence, Y (z)?

(b) Is y[n] left sided, right sided, or two sided?

(¢) What is the ROC of X(z)?

(d) Is x[n] a causal sequence? That is, does x[n] =0
(e) Whatis x[0]?

(f) Draw the pole—zero plot of H(z), and specify its
(g) Is h[n] anticausal? That is, does A[n] = 0 for n >

Extension Problems

Figure P3.46-1

z-plane

Figure P3.46-2

forn < 0?

ROC.
0?

137

3.47. Letx[n]denote a causal sequence;i.e., x[n] = 0,n < 0. Furthermore, assume that x[0] # 0.
(a) Show that there are no poles or zeros of X (z) at z = o0, i.e., that lim X{(z) is nonzero
=X

3.48.

and finite.

{b) Show that the number of poles in the finite z-plane equals the number of zeros in the

finite z-plane. (The finite z-plane excludes z = o0.)
Consider a sequence with z-transform X (z) = P(z)/ Q(z), where P(z) and Q(z) are poly-
nomials in z. If the sequence is absolutely summable and if all the roots of Q(z) are inside
the unit circle, is the sequence necessarily causal? If your answer is yes, clearly explain. If

your answer is no, give a counterexample.
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3.49.

3.50.

3.51.

3.52.

3.53.
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Let x[n] be a causal stable sequence with z-transform X (z). The complex cepstrum %[n] is
defined as the inverse transform of the logarithm of X(z); i.e.,

X(2) = log X(2) <% [n],

where the ROC of X (z) includes the unit circle. (Strictly speaking, taking the logarithm of
a complex number requires some careful considerations. Furthermore, the logarithm of a
valid z-transform may not be a valid z-transform. For now, we assume that this operation
1s valid.) _
Determine the complex cepstrum for the sequence e

x[n] = 8{n] +adln - N], where la| < 1.

Assume that x[#] is real and even; i.e., x[n] = x[—n]. Further, assume that z is a zero of
X(z)1e., X(zo) =0.

(a) Show that 1/z is also a zero of X (2).

(b) Are there other zeros of X(z) implied by the information given?

Using the definition of the z-transform in Eq. (3.2), show that if X (z) is the z-transform of
x[n] = xg[n] + jx[n], then

@) x*[n] <> X*(2")
(b) x[-n] <> X(1/2)
(© xiin] < 1X(2)+ X*(2*)]

(@ xiln] <> %[X(z) _ X ()]

Consider a real sequence x[n] that has all the poles and zeros of its z-transform inside the
unit circle. Determine, in terms of x[n], a real sequence x; [n] not equal to x[n], but for which
x1[0] = x[0], {x;[n]| = |x[#]], and the z-transform of x;[n] has all its poles and zeros inside
the unit circle.

A real finite-duration sequence whose z-transform has no zeros at conjugate reciprocal pair
locations and no zeros on the unit circle is uniquely specified to within a positive scale factor
by its Fourier transform phase (Hayes et al., 1980).

An example of zeros at conjugate reciprocal pair locations is z = a and (¢*)~'. Even
though we can generate sequences that do not satisfy the preceding set of conditions, almost
any sequence of practical interest satisfies the conditions and therefore is uniquely specified
to within a positive scale factor by the phase of its Fourier transform.

Consider a sequence x[n] that is real, that is zero outside 0 < n < N — 1, and whose
z-transform has no zeros at conjugate reciprocal pair locations and no zeros on the unit
circle. We wish to develop an algorithm that reconstructs cx[n] from << X{(e’®), the Fourier
transform phase of x[n], where c is a positive scale factor.

(a) Specify a set of (N — 1) linear equations, the solution to which will provide the recovery
of x[#] to within a positive or negative scale factor from tan{<t X (¢/*)}. You do not have
to prove that the set of (N — 1) linear equations has a unique solution. Further, show
that if we know <t X(e/®) rather than just tan{<t X (e/®)}, the sign of the scale factor
can also be determined.

(b) Suppose

0, n<0,
1, n=0,
x[nl =< 2, n=1,
3, n=2,
0, n>3
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Using the approach developed in Part (a), demonstrate that cx[n] can be determined
from << X (e’/*), where c is a positive scale factor.

3.54. For a sequence x[n] that is zero for n < 0, use Eq.(3.2) to show that

3.55.

3.56.

3.57.

l_1{£10 X(2) = x[0].

What is the corresponding theorem if the sequence is zero for n > (?
The aperiodic autocorrelation function for a real-valued stable sequence x[n] is defined as
o0
cxx[n] = Z x[k]x[n + K].
k=—o00

(a) Show that the z-transform of c,,[n] is
Cxx(z) = X(Z)X(Z_l)'

Determine the region of convergence for Cy,(z).

(b) Suppose that x[n] = a™u[n]. Sketch the pole-zero plot for C,,(z), including the region
of convergence. Also, find ¢,, [n] by evaluating the inverse z-transform of C,,(z).

(¢) Specify another sequence, x|[n], that is not equal to x[#] in Part (b), but that has the
same autocorrelation function, ¢y, [n], as x[#] in Part (b).

(d) Specify a third sequence, x[#], that is not equal to x[#n] or x|[n], but that has the same
autocorrelation function as x[#] in Part (b).

Determine whether or not the function X(z) = z* can correspond to the z-transform of a
sequence. Clearly explain your reasoning.

Let X(z) denote a ratio of polynomials in z; i.e.,
_ B(3)
- A@Q)

Show that if X(z) has a first-order pole at z = zg, then the residue of X(z) at z = z¢ is
equal to

X(2)

B(z0)
A(z0)’

where A'(zy) denotes the derivative of A(z) evaluated at z = z¢.




4

SAMPLING OF
CONTINUOUS-TIME SIGNALS

4.0 INTRODUCTION

Discrete-time signals can arise in many ways, but they most commonly occur as repre-
sentations of sampled continuous-time signals. It is remarkable that under reasonable
constraints, a continuous-time signal can be quite accurately represented by samples
taken at discrete points in time. In this chapter we discuss the process of periodic sam-
pling in some detail, including the phenomenon of aliasing, which occurs when the
signal is not bandlimited or when the sampling rate is too low. Of particular impor-
tance is the fact that continuous-time signal processing can be implemented through a
process of sampling, discrete-time processing, and the subsequent reconstruction of a
continuous-time signal.

4.1 PERIODIC SAMPLING
Although other possibilities exist (see Steiglitz, 1965; Oppenheim and Johnson, 1972),
the typical method of obtaining a discrete-time representation of a continuous-time
signal is through periodic sampling, wherein a sequence of samples, x[n], is obtained
from a continuous-time signal x.(¢) according to the relation

x[n] = x.(nT), —00 < N < 00, (4.1)

In Eq. (4.1). T is the sampling period, and its reciprocal, f, = 1/T, is the sampling

140
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x,(1) ’ D x[n) = x(nT) Figure 4.1 Block diagram

representation of an ideal
continuous-to-discrete-time (C/D)
converter.

~ —

frequency, in samples per second. We also express the sampling frequencyas Q, =2x/T
when we want to use frequencies in radians per second.

We refer to a system that implements the operation of Eq. (4.1) as an ideal
continuous-to-discrete-time (C/D) converter, and we depict it in block diagram form
as indicated in Figure 4.1. As an example of the relationship between x.(¢) and x[#],
in Figure 2.2 we illustrated a continuous-time speech waveform and the corresponding
sequence of samples.

In a practical setting, the operation of sampling is implemented by an analog-to-
digital (A/D) converter. Such systems can be viewed as approximations to the ideal
C/D converter. Important considerations in the implementation or choice of an A/D
converter include quantization of the output samples, linearity of quantization steps,
the need for sample-and-hold circuits, and limitations on the sampling rate. The effects
of quantization are discussed in Sections 4.8.2 and 4.8.3. Other practical issues of A/D
conversion are electronic circuit concerns that are outside the scope of this text.

The sampling operation is generally not invertible; i.¢., given the output x[n],
it is not possible in general to reconstruct x.(¢), the input to the sampler, since many
continuous-time signals can produce the same output sequence of samples. The inherent
ambiguity in sampling is a fundamental issue in signal processing. Fortunately, it is
possible to remove the ambiguity by restricting the input signals that go into the sampler.

Itis convenient to represent the sampling process mathematically in the two stages
depicted in Figure 4.2(a). The stages consist of an impulse train modulator followed
by conversion of the impulse train to a sequence. Figure 4.2(b) shows a continuous-
time signal x.(¢) and the results of impulse train sampling for two different sampling
rates. Figure 4.2(c) depicts the corresponding output sequences. The essential difference
between x;(¢) and x[n] is that x;(¢) is, in a sense, a continuous-time signal (specifically,
an impulse train) that is zero except at integer multiples of 7. The sequence x[n], on
the other hand, is indexed on the integer variable n, which in effect introduces a time
normalization; i.e., the sequence of numbers x[7] contains no explicit information about
the sampling rate. Furthermore, the samples of x.(¢) are represented by finite numbers
in x[n] rather than as the areas of impulses, as with x;(¢).

It is important to emphasize that Figure 4.2(a) is strictly a mathematical represen-
tation that is convenient for gaining insight into sampling in both the time domain and
frequency domain. It is not a close representation of any physical circuits or systems
designed to implement the sampling operation. Whether a piece of hardware can be
construed to be an approximation to the block diagram of Figure 4.2(a) is a secondary
issue at this point. We have introduced this representation of the sampling operation
because it leads to a simple derivation of a key result and because the approach leads to
anumber of important insights that are difficult to obtain from a more formal derivation
based on manipulation of Fourier transform formulas.
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C/D converter

[
I
|
Conversion from :
impulse train | _
—\’f(’): x| o discrete-time | | x[n] = x.(nT)
i sequence [
| J
Lo e I
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(c)

Figure 4.2 Sampling with a periodic impulse train followed by conversion to
a discrete-time sequence. (a) Overall system. (b) xs{t)} for two sampling rates.
(c) The output sequence for the two different sampling rates.

4.2 FREQUENCY-DOMAIN REPRESENTATION OF SAMPLING

To derive the frequency-domain relation between the input and output of an ideal C/D
converter, let us first consider the conversion of x.(¢) to x,(r) through modulation of

the periodic impulse train
oc

s()y=Y_ 8(t—nT), (4.2)

n=—5oc

where §(¢) is the unit impulse function, or Dirac delta function. We modulate s(r) with
x:(t), obtaining

xs (1) = x.()s(r)
= x.(1) zoc: 8(t —nT).

n=—0C

(4.3)
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Through the “sifting property” of the impulse function, x;(f) can be expressed as
oc
x(1) = Y x(nT)3(t —nT). (4.4)
n=—oC
Let us now consider the Fourier transform of x;(¢). Since, from Eq. (4.3), x,(¢) is
the product of x.(r) and s(r). the Fourier transform of x,(r) is the convolution of the
Fourier transforms X.(j2) and S(jQ). The Fourier transform of a periodic impulse
train is a periodic impulse train (Oppenheim and Willsky. 1997). Specifically,

S(jQ) = 2% i 8 — k). (4.5)

k=—nc

where Q; = 27/ T is the sampling frequency in radians/s. Since

X,(j9) = 5 X(j2) * S/9).

by
where * denotes the operation of continuous-variable convolution. it follows that

1 o &}
X(jQ) = = D X(i(Q - kQ0)). (4.6)
k=—o¢

Equation (4.6) provides the relationship between the Fourier transforms of the in-
put and the output of the impulse train modulator in Figure 4.2(a). We see from Eq. (4.6)
that the Fourier transform of x, (¢) consists of periodically repeated copies of the Fourier
transform of x.(t). The copies of X (j2) are shifted by integer multiples of the sam-
pling frequency and then superimposed to produce the periodic Fourier transform of
the impulse train of samples. Figure 4.3 depicts the frequency-domain representation of
impulse train sampling. Figure 4.3(a) represents a bandlimited Fourier transform whose
highest nonzero frequency component in X () is at Qy. Figure 4.3(b) shows the pe-
riodic impulse train S(j2), and Figure 4.3(c) shows X (j2), the result of convolving

X.(j) with S(j2). From Figure 4.3(c¢), it is evident that when

Qy — QN > QN‘ or QS > ZQN, (47)

the replicas of X .(j€2) do not overlap, and therefore, when they are added together in
Eq. (4.6), there remains (to within a scale factor of 1/T) a replica of X.(/Q) at each
integer multiple of ;. Consequently, x.(t) can be recovered from x,(¢r) with an ideal
lowpass filter. This is depicted in Figure 4.4(a), which shows the impulse train modu-
lator followed by a linear time-invariant system with frequency response H,{j2). For
X (j) as in Figure 4.4(b), X;(j2) would be as shown in Figure 4.4(c), where it is
assumed that Q; > 2Qy. Since

X (jQ) = H(jQ)X;(j), (4.8)

it follows that if 71, (jS2) is an ideal lowpass filter with gain 7 and cutoff frequency 2.
such that

Qn < Qe < (Q — QN)s (49)
then
Xr(j2) = X(j), (4.10)
as depicted in Figure 4.4(e).
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Figure 4.3 Effect in the frequency
domain of sampling in the time domain.
(a) Spectrum of the original signal.
(b) Spectrum of the sampling function.

(¢) Spectrum of the sampled signal with
Qs > 2Qy. (d) Spectrum of the
sampled signal with Qg < 2Qy.

If the inequality of Eq. (4.7) does not hold, i.e., if Q; < 2Qy, the copies of X .(j2)
overlap, so that when they are added together, X .(j2) is no longer recoverable by
lowpass filtering. This is illustrated in Figure 4.3(d). In this case, the reconstructed
output x,(¢) in Figure 4.4(a) is related to the original continuous-time input through
a distortion referred to as aliasing distortion, or simply, aliasing. Figure 4.5 illustrates
aliasing in the frequency domain for the simple case of a cosine signal. Figure 4.5(a)
shows the Fourier transform of the signal

x.(t) = cos Qot. (4.11)

Figure 4.5(b) shows the Fourier transform of x,(¢) with Qq < €,/2, and Figure 4.5(c)
shows the Fourier transform of x;(¢) with £y > €2,/2. Figures 4.5(d) and (e) correspond
to the Fourier transform of the lowpass filter output for Q¢ < /2 = n/7 and ¢ >
7/ T, respectively, with Q. = /2. Figures 4.5(c) and (e) correspond to the case of
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Figure 4.4 Exact recovery of a
continuous-time signal from its samples
using an ideal lowpass filter.

aliasing. With no aliasing (Figures 4.5(b) and (d)). the reconstructed output is

X, (1) = cos Qi (4.12)
With aliasing, the reconstructed output is
X, (1) = cos(2y — Qo)1 (4.13)

i.e., the higher frequency signal cos 2ot has taken on the identity (alias) of the lower
frequency signal cos(€2; — €2¢)¢t as a consequence of the sampling and reconstruction.
This discussion is the basis for the Nyquist sampling theorem (Nyquist 1928; Shannon,

1949), stated as follows.
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sampling of a cosine signal.

Nyquist Sampling Theorem: Let x.(7) be a bandlimited signal with

X (jR)=0 for |Q] > Qn. (4.14a)
Then x.(f) is uniquely determined by its samples x[n] = x.(nT ), n =0, 1. £2. ..., if
2
Q, = 7” > 20N, (4.14b)

The frequency 2y is commonly referred to as the Nyquist frequency, and the frequency
2Q2y that must be exceeded by the sampling frequency is called the Nygquist rate.

Thus far, we have considered only the impulse train modulator in Figure 4.2(a).
Our eventual objective is to express X{e/®), the discrete-time Fourier transform of the
sequence x[n],in terms of X(j2)and X.(j2). To thisend, let us consider an alternative
expression for X (jQ). Applying the continuous-time Fourier transform to Eq. (4.4),



Sec. 4.2 Frequency-Domain Representation of Sampling 147

we obtain
X,(jQ)= Y xc(nT)e /%, (4.15)
H=—0C
Since
x[n] = x.(nT) (4.16)
and
X(e]w) — Z x[n]e"‘“”. (417)
n=-—oc
it follows that
X, (jQ) = X(e/Nu—ar = X(e/%7). (4.18)

Consequently, from Egs. (4.6) and (4.18),

o -
QT . .
X(e ):?k;X"(’(Q‘m“))' (4.19)
or equivalently,
. 1 & w 2nk
X(e/®) = — X il=—-22204). 4.20
@)= > ((J(T T)) (4.20)

From Egs. (4.18)-(4.20), we see that X (e/“) is simply a frequency-scaled version of
X, (jS2) with the frequency scaling specified by w = QT. This scaling can alternatively
be thought of as a normalization of the frequency axis so that the frequency Q = €; in
X;(j82) is normalized to w = 27 for X (e/®). The fact that there is a frequency scaling
or normalization in the transformation from X,(j2) to X (e/®) is directly associated
with the fact that there is a time normalization in the transformation from x,(¢) to x[n].
Specifically, as we see in Figure 4.2, x;(¢) retains a spacing between samples equal to the
sampling period T. In contrast, the “spacing” of sequence values x[n] is always unity;
i.e., the time axis is normalized by a factor of 7. Correspondingly, in the frequency
domain the frequency axis is normalized by a factor of f; = 1/T.

Example 4.1 Sampling and Reconstruction
of a Sinusoidal Signal

If we sample the continuous-time signal x.(t) = cos(4000x¢) with sampling period
T = 1/6000, we obtain x[n] = x.(nT) = cos(40007 Tn) = cos(wyn). where wy =
40007 T = 27 /3. In this case, 2; = 27/ T = 120007, and the highest frequency of the
signal is £y = 40007, so the conditions of the Nyquist sampling theorem are satisfied
and there is no aliasing. The Fourier transform of x.(t) is

X (JR) =a8(2 —40007) + 78(2 + 40007 ).
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Figure4.6 Continuous-time (a) and discrete-time (b) Fourier transforms for sam-
pled cosine signal with frequency 2o = 4000 and sampling period T = 1/6000.

and Figure 4.6(a) shows
1 >
X9 = < AZ Xe(j(R - k) (4.21)
(=—

for 2, = 12.000x. Note that X.(j2} is a pair of impulses at 2 = +4000x, and
we sce shifted copies of this Fourier transform centered on £Q,. £2%,. ctc. Plot-
ting X(¢’”y = X,(jw/T) as a function of the normalized frequency w = QT gives
Figure 4.6(b). where we have used the fact that scaling the independent variable of
an impulse also scales its area, i.e.. 8(w/ T} = T§(w). Note that the original frequency
Qy = 40007 corresponds to the normalized frequency wy = 4000x T = 27/3, which
satisfies the inequality wy < =, corresponding to the fact that @y, = 4000r < 7/T =
6000, Figure 4.6(a) also shows the frequency response of the ideal reconstruction
filter H,(j<2) for the given sampling rate of Q; = 12.000x. It is clear from this figure
that the signal that would be reconstructed would have frequency $2p = 40007, which
is the frequency of the original signal x.(r).

Example 4.2 Aliasing in the Reconstruction
of an Undersampled Sinusoidal Signal

Now suppose that the continuous-time signal is x.(t) = cos(16.0007¢), but the sam-
plingperiodis T = 1/6000, asit was in Example 4.1. This sampling period fails to satisfy
the Nyquist criterion, since Q; = 27/ T = 12.000r < 28y = 32.0007. Consequently,
we expect (o see aliasing. Now we see an interesting result. The Fourier transform
X,(j2) for this case is identical to that of Figure 4.6(a). However, now the impulse
located at & = —40007 is from X.(j(£2—y))in Eq. (4.21) rather than from X.(;j$2.)
and the impulse at = 40007 is from X ({2 + §,)). Plotting X (¢/*) = X,(jw/T)
as a function of w yields the same graph as shown in Figure 4.6(b). since we are
normalizing by the same sampling period. The fundamental reason for this is that
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the sequence of samples is the same in both cases; i.e.,
c0s(16,0007n/6000) = cos(Zmrn + 40001 n/6000) = cos(27n/3).

(Note that we can add any integer multiple of 27 to the argument of the cosine
without changing its value.) Thus, we have obtained the same sequence of samples,
x[n] = cos(2mn/3), by sampling two different continuous-time signals with the same
sampling frequency. In one case the sampling frequency satisfied the Nyquist criterion,
and in the other case it did not. As before, Figure 4.6(a) shows the frequency response
of the ideal reconstruction filter H, (j2) for the given sampling rate of 2, = 12,000x.
It is clear from this figure that the signal that would be reconstructed would have
frequency Q¢ = 40007, which is not the frequency of the original signal x,. ().

Example 4.3 A Second Example of Aliasing

As a final example, suppose that the signal is again x.(f) = cos(400071), as it was in
Example 4.1; i.e., the frequency is again ¢ = 4000x. However, now the sampling
period is increased to 7 = 1/1500. Once more, this sampling period fails to satisfy
the Nyquist criterion, since , = 257/ T = 30007 < 2, = 8000x. Consequently, we
expect to see aliasing again. Figure 4.7(a) shows the plot of X(j§2) in this case. This
time the impulse located at 2 = —1000x is from X,.(j(2 — £,)), and the impulse at
Q = 10007 is from X.(j(Q+ ). Plotting X(e/®) = X (jw/T) as a function of
w yields the graph shown in Figure 4.7(b), which we see is identical to Figure 4.6(b).
Again, this Fourier transform corresponds to the sequence x[n] = cos(2wn/3). Ac-
cordingly, we see that the same discrete-time signal may result from sampling the same
continuous-time signal at two different sampling rates if one of those sampling rates
fails to satisfy the sampling theorem. The frequency response of the ideal reconstruc-
tion filter H,(j$2) for the given sampling rate of €; = 3000x is shown Figure 4.7(a).
It is clear from this figure that the signal that would be reconstructed using sampling
period T = 1/1500 would have frequency Q¢ = 10007 and not 40007.

() H, (i)
T /
p———— Ay
s T | s T it s
[ T ] T : ’ T I T l‘ IT ’T
| |
| I
] | ] ]
40007  -30007 20007 ~-15007 -10007 0 10007 15007 20007 3000w 4000

(a)

X(e/) = X, (j/T)

(b)

Figure4.7 Continuous-time (a) and discrete-time (b) Fourier transforms for sam-
pled cosine signal with frequency Qg = 40005;r and sampling period T = 1/1500.
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4.3 RECONSTRUCTION OF A BANDLIMITED SIGNAL
FROM ITS SAMPLES

According to the sampling theorem, samples of a continuous-time bandlimited signal
taken frequently enough are sufficient to represent the signal exactly, in the sense that
the signal can be recovered from the samples and with knowledge of the sampling
period. Impulse train modulation provides a convenient means for understanding the
process of reconstructing the continuous-time bandlimited signal from its samples.

In Section 4.2 we saw that if the conditions of the sampling theorem are met and if
the modulated impulse train is filtered by an appropriate lowpass filter, then the Fourier
transform of the filter output will be identical to the Fourier transform of the original
continuous-time signal x.(¢), and thus, the output of the filter will be x.(r). If we are
given a sequence of samples, x[#n], we can form an impulse train x,(¢) in which successive
impulses are assigned an area equal to successive sequence values, i.e.,

o0
x(1) = Y x[n]s(t —nT). (4.22)
n=-—0oo
The nth sample is associated with the impulse at + = n7, where T is the sampling
period associated with the sequence x[n]. If this impulse train is the input to an ideal
lowpass continuous-time filter with frequency response H,(j$2) and impulse response
h, (1), then the output of the filter will be
oc
% (1) =Y x[n]h(t —nT). (4.23)
n=—-00
A block diagram representation of this signal reconstruction process is shown in Fig-
ure 4.8(a). Recall that the ideal reconstruction filter has a gain of T (to compensate
for the factor of 1/ T in Eq. (4.19) or (4.20)) and a cutoff frequency 2, between Qy
and €2, — Q2y. A convenient and commonly used choice of the cutoff frequency is
Q. = ©,/2 = x/T. This choice i1s appropriate for any relationship between 2, and
Qpn that avoids aliasing (i.e., so long as €; > 2Qy). Figure 4.8(b) shows the frequency
response of the ideal reconstruction filter. The corresponding impulse response, A, ().
is the inverse Fourier transform of H,(j$2), and for cutoff frequency =/ T it is given by

sin(wt/T)
xt/T

This impulse response is shown in Figure 4.8(c). From substituting Eq. (4.24) into
Eq. (4.23), it follows that

> sin[r(t —nT)/T]
x (1) = n:Zoox[n] AT (4.25)
From the frequency-domain argument of Section 4.2, we saw that if x[n] = x.(nT),
where X (j2) = 0 for |2| > =/ T, then x,(¢) is equal to x.(¢). It is not immediately
obvious that this is true by considering Eq. (4.25) alone. However, useful insight is
gained by looking at that equation more closely. First let us consider the function 4, (¢)
given by Eq. (4.24). We note that

he(1) = (4.24)

B (0) = 1. (4.262)
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~AT23T - 0 T\/ 3T"4T ¢+ gystem. (b) Frequency response of an
ideal reconstruction filter. (¢) Impulse
(c) response of an ideal reconstruction filter.
This follows from I"Hépital’s rule. In addition.
h(nT)=0 forn=41,£2,.... (4.26b)
It follows from Egs. (4.26a) and (4.26b) and Eq. (4.23) that if x[n] = x.(nT), then
x,(mT) = x.(mT) (4.27)

for all integer values of m. That is, the signal that is reconstructed by Eq. (4.25) has the
same values at the sampling times as the original continuous-time signal, independently
of the sampling period 7.

In Figure 4.9, we show a continuous-time signal x.(¢) and the corresponding mod-
ulated impulse train. Figure 4.9(c) shows several of the terms

sinfr(t —nT)/ T
xnl m(t —nT)/T

and the resulting reconstructed signal x, (1). As suggested by this figure, the ideal lowpass
filter interpolates between the impulses of x,(¢) to construct a continuous-time signal
x.(1). From Eq. (4.27), the resulting signal is an exact reconstruction of x.(r) at the
sampling times. The fact that, if there is no aliasing, the lowpass filter interpolates the
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Figure 4.10 (a) Ideal bandlimited signal reconstruction. (b) Equivalent represen-

tation as an ideal D/C converter.

Chap. 4

correct reconstruction between the samples follows from our frequency-domain analysis

of the sampling and reconstruction process.

It is useful to formalize the preceding discussion by defining an ideal system for
reconstructing a bandlimited signal from a sequence of samples. We will call this system
the ideal discrete-to-continuous-time (D/C) converter. The desired system is depicted in
Figure 4.10. As we have seen, the ideal reconstruction process can be represented as the
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conversion of the sequence to an impulse train, asin Eq. (4.22). followed by filtering with
an ideal lowpass filter, resulting in the output given by Eq. (4.25). The intermediate step
of conversion to an impulse train is a mathematical convenience in deriving Eq. (4.25)
and in understanding the signal reconstruction process. However, once we are familiar
with this process, it is useful to define a more compact representation, as depicted in
Figure 4.10(b), where the input is the sequence x[#n] and the output is the continuous-
time signal x,(¢) given by Eq. (4.25).

The properties of the ideal D/C converter are most easily seen in the frequency
domain. To derive an input/output relation in this domain, consider the Fourier trans-
form of Eq. (4.23) or Eq. (4.25), which is

o &)
X (jQ) =Y x[nlH (j@)e ",

By factoring H,(j2) out of the sum. we can write
X, (jQ) = H.(j)X (7). (4.28)

Equation (4.28) provides a frequency-domain description of the ideal D/C converter.
According to Eq. (4.28), X (e/¢) is frequency scaled (i.e., w is replaced by 2 T). The ideal
lowpass filter H,(j2) selects the base period of the resulting periodic Fourier transform
X (¢/%*Tyand compensates for the 1/ T scaling inherent in sampling. Thus, if the sequence
x[n] has been obtained by sampling a bandlimited signal at the Nyquist rate or higher,
then the reconstructed signal x, () will be equal to the original bandlimited signal. In
any case, it is also clear from Eq. (4.28) that the output of the ideal D/C converter
is always bandlimited to at most the cutoff frequency of the lowpass filter, which is
typically taken to be one-half the sampling frequency.

4.4 DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

A major application of discrete-time systems is in the processing of continuous-time sig-
nals. This is accomplished by a system of the general form depicted in Figure 4.11. The
system is a cascade of a C/D converter, followed by a discrete-time system, followed by
a D/C converter. The block diagram of Figure 4.11 represents a large class of systems,
since the sampling rate and the discrete-time system can be chosen as we wish. Note
that the overall system is equivalent to a continuous-time system, since it transforms
the continuous-time input signal x.(¢) into the continuous-time output signal y,(¢). The
properties of the overall system are dependent on the choice of the discrete-time system
and the sampling rate. We assume in Figure 4.11 that the C/D and D/C converters have
the same sampling rate. This is not essential, and later sections of this chapter and some
of the problems at the end of the chapter consider systems in which the input and output
sampling rates are not the same.

Discrete-time [
system

Figure 4.11 Discrete-time processing

______________________________ ] of continuous-time signals.
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The previous sections of the chapter have been devoted to understanding the
C/D and D/C conversion operations in Figure 4.11. For convenience, and as a first step
in understanding the overall system of Figure 4.11, we summarize the mathematical
representations of these operations.

The C/D converter produces a discrete-time signal

x[n] = x.(nT), (4.29)
i.e., a sequence of samples of the continuous-time input signal x.(¢). The discrete-time

Fourier transform of this sequence is related to the continuous-time Fourier transform
of the continuous-time input signal by

: 1 & w 2k
X&) = = Xtjt=-—11- 4.30
=72 (1 (7-7F)) (430
The D/C converter creates a continuous-time output signal of the form
| > sin[z(t —nT)/T]
(1) = , 4.31
¥ (0) n:z_my["] G AT T (431)

where the sequence y[#] is the output of the discrete-time system when the input to the
system is x[n]. From Eq. (4.28), Y,(j ), the continuous-time Fourier transform of v, (¢),
and Y(e’®), the discrete-time Fourier transform of y[n], are related by

V(i) = H (j)Y (')

[ TY(e®T), Q| <n/T,
— 10, otherwise.

Next, let us relate the output sequence y[n] to the input sequence x[n], or equiva-
lently, Y(e/®) to X (e/*). A simple example is the identity system., i.e., y[n] = x[n]. This
is the case that we have studied in detail already. We know that if x.(¢) has a bandlimited
Fourier transform such that X.(jQ) = 0for |2| > =/ T and if the discrete-time system
in Figure 4.11 is the identity system such that y[n] = x[n] = x.(nT), then the output will
be y,(t) = x.(t). Recall that, in proving this result, we utilized the frequency-domain
representations of the continuous-time and discrete-time signals, since the key concept
of aliasing is most easily understood in the frequency domain. Likewise, when we deal
with systems more complicated than the identity system, we generally carry out the
analysis in the frequency domain. If the discrete-time system is nonlinear or time vary-
ing, it is usually difficult to obtain a general relationship between the Fourier transforms
of the input and the output of the system. (In Problem 4.33, we consider an example of
the system of Figure 4.11 in which the discrete-time system is nonlinear.) However, the
linear time-invariant case leads to a rather simple and very useful result.

(4.32)

4.4.1 Linear Time-Invariant Discrete-Time Systems

If the discrete-time system in Figure 4.11 is linear and time invariant, we then have
Y{(e/®) = H(e!*) X (e'®), (4.33)
where H(e/®) is the frequency response of the system or, equivalently, the Fourier

transform of the unit sample response, and X (e/“) and Y(e/®) are the Fourier transforms
of the input and output, respectively. Combining Eqs. (4.32) and (4.33), we obtain

Y,(j) = H () H( ) X (/7). (4:34)
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Next, using Eq. (4.30) with = QT we have

1l & 2rk

vGe) = HGomes Y x(i(e-25)). @
k=—oc

If X.(j2) = 0 for |2| = =/ T, then the ideal lowpass reconstruction filter H,(j<2)

cancels the factor 1/ T and selects only the term in Eq. (4.35) for k= 0; i.e.,

. _ H(ejQT)X(.(jQ), Q2 < /T,
Y,(j) = {0‘ oemr (4.36)

Thus, if X.(j2) is bandlimited and the sampling rate is above the Nyquist rate, the
output is related to the input through an equation of the form

Y,(jQ) = HLH(fQ)X((fQ) (437)
where

. H(el%Ty, T,

That s, the overall continuous-time system is equivalent to a linear time-invariant system
whose effective frequency response is given by Eq. (4.38).

It 1s important to emphasize that the linear and time-invariant behavior of the
system of Figure 4.11 depends on two factors. First, the discrete-time system must be
linear and time invariant. Second, the input signal must be bandlimited, and the sampling
rate must be high enough so that any aliased components are removed by the discrete-
time system. As a simple illustration of this second condition being violated, consider the
case when x.(¢) is a single unit-amplitude pulse whose duration is less than the sampling
period. If the pulse is unity at ¢+ = 0, then x[n] = §[n]. However, it is clearly possible
to shift the pulse so that it is not aligned with any of the sampling times, i.e., x[n] = 0
for all n. Obviously, such a pulse, being limited in time, is not bandlimited. Even if the
discrete-time system is the identity system, such that y[n] = x[n], the overall system will
not be time invariant. In general, if the discrete-time system in Figure 4.11 is linear and
time invariant, and if the sampling frequency is above the Nyquist rate associated with
the bandwidth of the input x.(¢), then the overall system will be equivalent to a linear
time-invariant continuous-time system with an effective frequency response given by
Eq. (4.38). Furthermore, Eq. (4.38) is valid even if some aliasing occurs in the C/D
converter, as long as H(e’*) does not pass the aliased components. Example 4.4 is a
simple illustration of this.

Example 4.4 Ideal Continuous-Time Lowpass Filtering
Using a Discrete-Time Lowpass Filter

Consider Figure 4.11, with the linear time-invariant discrete-time system having fre-
quency response

1. |wl < w.,

Joy _
H(e™) = {U. we < |w| <. (4.39)
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H{e/™)
1
| |
-2 ~-w, w, 21 o
(a)
H 0 (J8)
1
w, , ]
T T
(b)

Figure 4.12 (a) Frequency response of discrete-time system in Figure 4.11.
(b) Corresponding effective continuous-time frequency response for bandlimited
inputs.

This frequency response is, of course, periodic with period 27z, as shown in Fig-
ure 4.12(a). For bandlimited inputs sampled above the Nyquist rate. it follows from
Eq. (4.38) that the overall system of Figure 4.11 will behave as a linear time-invariant
continuous-time system with frequency response

1. 1QTI <w or|Q| < w/T.

He(jQ) = (4.40)
0. |1QT| > w.or || > w:/T.

Asshown in Figure 4.12(b), this effective frequency response is that of an ideal lowpass
filter with cutoff frequency Q. = w,./ T

As an interpretation of this result, consider the graphical illustration given in
Figure 4.13. Figure 4.13(a) indicates the Fourier transform of a bandlimited signal.
Figure 4.13(b) shows the Fourier transform of the intermediate modulated impulse
train, whichisidentical to X (e/*T), the discrete-time Fourier transform of the sequence
of samples evaluated for w = Q7. InFigure 4.13(c), the discrete-time Fourier transform
of the sequence of samples and the frequency response of the discrete-time system
are both plotted as a function of the normalized discrete-time frequency variable w.
Figure 4.13(d) shows Y(e/®) = H(e/*)X(e/®), the Fourier transform of the output
of the discrete-time system. Figure 4.13(e) illustrates the Fourier transform of the
output of the discrete-time system as a function of the continuous-time frequency 2,
together with the frequency response of the ideal reconstruction filter H,(j<2) of the
D/C converter. Finally, Figure 4.13(f) shows the resulting Fourier transform of the
output of the D/C converter. By comparing Figures 4.13(a) and 4.13(f), we see that
the system behaves as a linear time-invariant system with frequency response given
by Eq. (4.40) and plotted in Figure 4.12(b).
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Figure 4.13 (a) Fourier transform of a bandlimited input signaf. (b) Fourier
transtorm ot sampled input plotted as a function of continuous-time frequency
Q. (c) Fourier transform X (e/«) of sequence of samples and frequency response
H (e/*) of discrete-time system plotted vs. w. (d) Fourier transform of output of
discrete-time system. (e) Fourier transform of output of discrete-time system and
frequency response of ideal reconstruction filter plotted vs. €2. (f) Fourier transtorm
of output.
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Several important points are illustrated in Example 4.4. First, note that the ideal
lowpass discrete-time filter with discrete-time cutoff frequency w, has the effect of an
ideal lowpass filter with cutoff frequency 2, = ./ T when used in the configuration
of Figure 4.11. This cutoff frequency depends on both @, and T. In particular, by using
a fixed discrete-time lowpass filter, but varying the sampling period 7', an equivalent
continuous-time lowpass filter with a variable cutoff frequency can be implemented.
For example, if T were chosen so that QT < o, then the output of the system of
Figure 4.11 would be y,(¢) = x.(¢). Also, as illustrated in Problem 4.25. Eq. (4.40) will
be valid even if some aliasing is present in Figures 4.13(b) and (c), as long as these
distorted (aliased) components are eliminated by the filter H(e/®). In particular, from
Figure 4.13(c), we see that for no aliasing to be present in the output, we require that

QCr —QnT) > w,, (4.41)
compared with the Nyquist requirement that
2r —QNT) > QnT. (4.42)

As another example of continuous-time processing using a discrete-time system, let us
consider the implementation of an ideal differentiator for bandlimited signals.

Example 4.5 Discrete-Time Implementation of an Ideal
Continuous-Time Bandlimited Differentiator

The ideal continuous-time differentiator system is defined by

[(

vy = S 0] (443)

with corresponding frequency response
H.(jQ)=jQ. (4.44)

Since we are considering a realization in the form of Figure 4.11, the inputs are re-
stricted to be bandlimited. For processing bandlimited signals, it is sufficient that

v i 19l </ T
Henl7) = {o, 2 = /T, (3:4)
as depicted in Figure 4.14(a). The corresponding discrete-time system has frequency
response
H(el®) = fT‘” o] < 7. (4.46)

and is periodic with period 27. This frequency response is plotted in Figure 4.14(b).
The corresponding impulse response can be shown to be
TRCOS TN — Sin TN

h[n] = - . —00 < 1 < 00,

or equivalently,

0, n=20,

h = 4.47

[7] cos o 40, (4.47)
nT
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Figure 4.14 (a) Frequency response of a continuous-time ideal bandlimited dif-
ferentiator Ho(j2) = j2, |2| < «/ T. (b) Frequency response of a discrete-time
filter to implement a continuous-time bandlimited differentiator.

Thus, if a discrete-time system with this impulse response was used in the config-
uration of Figure 4.11, the output for every bandlimited input would be the derivative
of the input.

Example 4.6 Illustration of Example 4.5
with a Sinusoidal input

Suppose that the bandlimited differentiator of Example 4.5 has mput x.(f) =
cos(Qt) with €y < x/T. The sampled input will be x[n] = cos(wgn), where wy =
QoT < m, and the discrete-time Fourier transform, expressed as a function of €2, is

X7y = % D (s — 20 — k) + 8L+ 2 — kQ)].

k=-o00
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If we focus on the base band of frequencies —n/7T < Q < 7/ T, we obtain
X(e/2T) = %5(9 — Q) + %5(9 +Q) for|Ql <n/T. (4.48)

To express the discrete-time Fourier transform in terms of w, we substitute Q = w/7T
into Eq. (4.48) and use the fact that 8(w/ T ) = Té(w). The result is

X (') = n8(w — wy) + 18(w + wp). lw| < 7.

The discrete-time Fourier transform X (e/“) repeats periodically, of course, with pe-
riod 27 in the variable w, and X (e/$*7) repeats periodically with period 27/ 7. Now,
from Eq. (4.46), the discrete-time Fourier transform of the output is

Y(ej(u) — H(ejw)X(ejw)
= ij[mS(w —wy)+ 78{w + w())]

= Ja;.m 8w — wo) — ]w;n
From Eq. (4.32), the continuous-time Fourier transform of the output of the D/C

converter is, for (2| < /T,

8w + wp), lw| < m.

Y,(j@) = H(j)Y (™) = TY (/%)

=T [’“’;”a(m—nor)— ]w;HS(QT+QOT)J
Jworm 1 jewom 1

- T ~5(R - Q) — — Q
{ T (2 — Q) T T5(§2+ 0)}

= jQ()ﬂ'(S(Q - Q()) — ].Q()JT(S(Q + Q()).

Thus, the reconstruction filter selects the two impulses at ££2, so it follows that

1 . |
()= 1905619"' - ]'Qoie"g”’ = —Qq sin(Rot),

and we obtain the expected result that

YF(I) = % [x((t)] .

4.4.2 Impulse Invariance

We have shown that the cascade system of Figure 4.11 can be equivalent to a linear time-
invariant system for bandlimited input signals. Let us now assume that, as depicted in
Figure 4.15, we are given a desired continuous-time system that we wish to implement
in the form of Figure 4.11. With H () bandlimited, Eq. (4.38) specifies how to choose
H(e/®) so that He{j2) = H.(j Q). Specifically,

H{e’*) = H(jw/ T), lw| < 7, (4.49)
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Hee(GO) = H,(j )
(b)

Figure 4.15 (a) Continuous-time LTI system. (b) Equivatent system for bandlim-
ited inputs.

with the further requirement that 7 be chosen such that
H.(jQ)=0. |2 =/ T. (4.50)

Under the constraints of Eqs. (4.49) and (4.50), there is also a straightforward and useful
relationship between the continuous-time impulse response 4.(t) and the discrete-time
impulse response h[n]. In particular, as we shall verify shortly,

h[n] = The(nT):; (4.51)

i.e., the impulse response of the discrete-time system is a scaled, sampled version of
h.(1). When h[n] and h.(1) are related through Eq. (4.51), the discrete-time system is
said to be an impulse-invariant version of the continuous-time system.

Equation (4.51) isa direct consequence of the discussion in Section 4.2. Specifically,
with x[r] and x.(t) respectively replaced by h[n] and ~.(¢) in Eq. (4.16), i.e.,

h{n] = h.(nT), (4.52)
Eq. (4.20) becomes
: 1 & w 27k
H(e™) = . Ho(j(Z2-2200), 4.
(/) Tk;x (J(T T )) (4.53)
or, if Eq. (4.50) is satisfied.,
: 1 )
Joy — f—
H(e') = = H, (s T), o] < 7. (4.54)

Modifying Eqgs. (4.52) and (4.54) to account for the scale factor of T in Eq. (4.51), we
have

hin] = Th(nT), (4.55)
H(el®) = H, ( ,;) L el =7 (4.56)
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Example 4.7 A Discrete-Time Lowpass Filter Obtained By
Impulse Invariance

Suppose that we wish to obtain an ideal lowpass discrete-time filter with cutoff fre-
quency w, < 7. We can do this by sampling a continuous-time ideal lowpass filter with
cutoff frequency Q. = w./ T < 7/ T defined by

19 < ..

The impulse response of this continuous-time system is

sin( 2.t
h(-(f) = 7"—).

so we define the impulse response of the discrete-time system to be

sin($2:nT)  sin(w.n)

hlnl|=Th(nT)=T
L] (nT) anT TN

where o, = .7T. We have already shown that this sequence corresponds to the
discrete-time Fourier transform

1 || < we.

Joy .
H(e™) = {(). w, < |w| < 7.

which is identical to H.(jw/ T ), as predicted by Eq. (4.56).

Example 4.8 Impulise Invariance Applied
to Continuous-Time Systems with Rational
System Functions

Many continuous-time systems have impulse responses composed of a sum of expo-
nential sequences of the form

h (1) = Ae™u(r).

Such time functions have Laplace transforms

H.(s) = R

If we apply the impulse invariance concept to such a continuous-time system, we obtain
the impulse response

h[n] = Tho(nT) = Ae®"u[n],

which has z-transform system function

AT
Hzy= 7, ey
and frequency response
- AT
H(e'?) =

1— enge—j(u '

In this case, Eq. (4.56) does not hold exactly, because the original continuous-time
system did not have a strictly bandlimited frequency response, and therefore, the re-
sulting discrete-time frequency response is an aliased version of H.(j$2). Even though
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aliasing occurs in such a case as this, the effect may be small. Higher order systems
whose impulse responses are sums of complex exponentials may in fact have fre-
quency responses that fall off rapidly at high frequencies, so that aliasing is minimal if
the sampling rate is high enough. Thus, one approach to the discrete-time simulation
of continuous-time systems and also to the design of digital filters is through sampling
of the impulse response of a corresponding analog filter.

4.5 CONTINUOUS-TIME PROCESSING OF DISCRETE-TIME SIGNALS

In Section 4.4, we discussed and analyzed the use of discrete-time systems for processing
continuous-time signals in the configuration of Figure 4.11. In this section we consider
the complementary situation depicted in Figure 4.16, which is appropriately referred to
as continuous-time processing of discrete-time signals. While the system of Figure 4.16 is
not typically used to implement discrete-time systems, it provides a useful interpretation
of certain discrete-time systems.

From the definition of the ideal D/C converter, X .(j€2) and therefore also Y.(j),
will necessarily be zero for |2| > 7/ T. Thus, the C/D converter samples y.(¢) without
aliasing, and we can express x.(¢) and y.(¢) respectively as

_ = sin[r7(t —nT)/T]
x.(1) = n:Z_mx[n] G T T (4.57)
and
B = sin[r(t —nT)/T]
ve(t) = n;m y[#n] 2TV T (4.58)

where x[n] = x.(nT) and y[n] = y.(nT). The frequency-domain relationships for
Figure 4.16 are

X (jQ) = TX (%), 1 < /T, (4.59a)
Ye(jR) = H(JR)X (), 12| <=/ T, (4.59b)
Y(e/®) = lTYC (]%) , lw| < 7. (4.59¢)

Therefore, by substituting Eqs. (4.59a) and (4.59b) into Eq. (4.59c¢), it follows that the
overall system behaves as a discrete-time system whose frequency response is

H(e™) = H, (;;) L el <7, (4.60)

h[n), H{ew)

——_——————— e —— -

> Acl) ”
— DI sl ~ D T

Figure 4.16 Continuous-time
____________________________ processing of discrete-time signals.
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or equivalently, the overall frequency response of the system in Figure 4.16 will be equal
to a given H(e/”) if the frequency response of the continuous-time system is

H.(jQ) = H(e'%T), Q) <n/T (4.61)

Since X .(jQ) = 0 for || = =/T. H.(j2) may be chosen arbitrarily above 7/ T. A
convenient, but arbitrary, choice is H.(jQ2) =0for |Q] > x/T.

With this representation of a discrete-time system, we can focus on the equivalent
effect of the continuous-time system on the bandlimited continuous-time signal x.(¢).
This is illustrated in Examples 4.9 and 4.10.

Exampie 4.9 Noninteger Delay

Let us consider a discrete-time system with frequency response
H(e!™y = ¢7i78, lw| < 7. (4.62)

When A is an integer, this system has a straightforward interpretation as a dcelay
of A ie..
vl#] = x[n — A (4.63)

When A is not an intcger, Eq. (4.63) has no formal meaning, because we cannot shift
the sequence x|#]| by anything but an integer. However, with the use of the system of
Figure 4.16, a useful time-domain interpretation can be applied to the system specified
by Eq. (4.62). Let H (j2) in Figure 4.16 be chosen to be

H(jRQ) = H(e'Ty = ¢ /90T, (4.64)

Then, from Eq. (4.61). the overall discrete-time system in Figure 4.16 will have the
frequency response given by Eq. (4.62), whether or not A is an integer. To interpret
the system of Eq. (4.62). we note that Eq. (4.64) represents a time delay of AT seconds.
Therctore,

vo(t) = x.(t — AT). (4.65)

Furthermore, x.(t) 1s the bandlimiled interpolation of x[n]. and y[n] is obtained by
sampling y.(z). For example, if A = L, y[n] would be the values of the bandlimited

~ ~ x A0
1” J by
0 T t

(a) .
- " ()= 2)
I// N I P vin]
0
(b)

Figure 4.17 Continuous-time processing of the discrete-time sequence in part
(a) can produce a new sequence with a “half-sampie” delay, as in part (b).
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interpolation halfway between the input sequence values. This is illustrated in Fig-
ure 4.17. We can also obtain a direct convolution representation for the system defined
by Eq. (4.62). From Egs. (4.65) and (4.57), we obtain

yin] = ye(nT) =x.(nT - AT)

= sinfr(t — AT —-kT)/T]

_k;xx[k] w(t = AT—kTYT |_. (4.66)
= sint(n —k— A)

:k;xx[k] oy

which is, by definition, the convolution of x[n] with

sinm(n — A
h[n]:——g, —00 < H < 00.
a(n—A)
When A is not an integer, k[n] has infinite extent. However, when A = ny is an integer,
itis easily shown that #[n] = §[n—ng], which is the impulse response of the ideal integer
delay system.

The noninteger delay represented by Eq. (4.66) has considerable practical sig-
nificance, since such a factor often arises in the frequency-domain representation of
systems. When this kind of term is found in the frequency response of a causal discrete-
time system, it can be interpreted in the light of this example. This interpretation is
illustrated in Example 4.10.

Example 4.10 Moving-Average System
with Noninteger Delay

In Example 2.20, we considered the general moving-average system and obtained its
frequency response. For the case of the causal (M + 1)-point moving-average system,
M, = 0and M; = M, and the frequency response is

1 sinfw(M+ 1)/2]67,'1.1M/2

He™) = (M1 1) sin(w/2)

lo| < 7. (4.67)

1 sin(w(M+1)/2)
M+1 sin{w/2)

Figure 4.18 The moving-average system represented as a cascade of two
systems.

This representation of the frequency response suggests the interpretation of the
(M + 1)-point moving-average system as the cascade of two systems, as indicated
in Figure 4.18. The first system imposes a frequency-domain amplitude weighting. The
second system represents the linear-phase term in Eq. (4.67). If M is an even integer
(meaning the moving average of an odd number of samples), then the linear-phase
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term corresponds to an integer delay, i.e.,
yln] = wln — M/2]. (4.68)

However, if M is odd, the linear-phase term corresponds to a noninteger delay, specifi-
cally, aninteger-plus-one-half sample interval. This noninteger delay can be interpreted
in terms of the discussion in Example 4.9:1.e., y[n] is equivalent to bandlimited interpo-
lation of w(n], followed by a continuous-time delay of MT/2 (where T is the assumed,
but arbitrary, sampling period associated with the D/C interpolation of w[n]), followed
by C/D conversion again with sampling period 7. This fractional delay is illustrated in
Figure 4.19. Figure 4.19(a) shows a discrete-time sequence x[n] = cos(0.25mn). This
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Figure 4.19 Illustration of moving-average filtering. (a) Input signal x[n] =
cos(0.25 n). (b) Corresponding output of six-point moving-average filter.

sequence is the input to a six-point (M = 5) moving-average filter. In this example, the
inputis “turned on” far enough in the past so that the output consists only of the steady-
state response for the time interval shown. Figure 4.19(b) shows the corresponding
output sequence, which is given by

y[n] — H(ej().ZSn)lejO_ZSnn + H(e—j0.25n)le—j0.25ﬂn
2 2
_ 1sin[3(0.257)] o 1(0.257)372,,j0257n 1sin[3(-0.257)] j(0.257)3/2 ,— j0.25
2 65sin(0.125:7) 2 6sin(—0.1257)
= 0.308 cos[0.257(n — 2.5)].

Thus. the six-point moving-average filter reduces the amplitude of the cosine signal
and introduces a phase shift that corresponds to 2.5 samples of delay. This is readily
apparent in Figure 4.19, where we have plotted the continuous-time cosines that would
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be interpolated by the ideal D/C converter for both the input and the output sequence.
Note in Figure 4.19(b) that the six-point moving-average filtering gives a sampled
cosine signal such that the sample points have been shifted by 2.5 samples with respect
to the sample points of the input. This can be seen from Figure 4.19(b) by comparing
the positive peak at 10 in the interpolated cosine for the input to the positive peak
at 12.5 in the interpolated cosine for the output. Thus. the six-point moving-average
filter is seen to have a delay of 5/2 = 2.5 samples.

4.6 CHANGING THE SAMPLING RATE USING
DISCRETE-TIME PROCESSING

We have seen that a continuous-time signal x.(¢) can be represented by a discrete-time
signal consisting of a sequence of samples

x[n] = x.(nT). (4.69)

Alternatively. our previous discussion has shown that, even if x[n] was not obtained
originally by sampling, we can always use the bandlimited interpolation formula of
Eq. (4.25) to find a continuous-time bandlimited signal x, (¢) whose samples are x[n] =
x(nT).

It is often necessary to change the sampling rate of a discrete-time signal, i.e.. to
obtain a new discrete-time representation of the underlying continuous-time signal of
the form

X'[n] = x(nT"), (4.70)

where T" # T. One approach to obtaining the sequences x'[#] from x[n] is to recon-
struct x.(r) from x[n] using Eq. (4.25) and then resample x.(r) with period 7' to obtain
x’[n]. Often, however, this is not a desirable approach, because of the nonideal analog
reconstruction filter, D/A converter, and A/D converter that would be used in a practi-
cal implementation. Thus, it is of interest to consider methods of changing the sampling
rate that involve only discrete-time operations.

4.6.1 Sampling Rate Reduction by an Integer Factor

The sampling rate of a sequence can be reduced by “sampling™ it i.e., by defining a new
sequence

x4[n] = x[nM] = x.(nMT). (4.71)

Equation (4.71) defines the system depicted in Figure 4.20, which is called a sampling rate
compressor (see Crochiere and Rabiner, 1983) or simply a compressor. From Eq. (4.71),
it is clear that x,[n] is identical to the sequence that would be obtained from x.(r) by

Ml
x[n] xyln] = x[nM]

Sampling Sampling Figure 4.20 Representation of a
period T period 7= MT  compressor or discrete-time sampler.
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sampling with period T = MT. Furthermore, if X.(jQ) = 0 for || > Qu, then x4[n]
is an exact representation of x.(¢) if v/ T’ = n/(MT) = Qu. That is, the sampling rate
can be reduced by a factor of M without aliasing if the original sampling rate was at least
M times the Nyquist rate or if the bandwidth of the sequence is first reduced by a factor
of M by discrete-time filtering. In general, the operation of reducing the sampling rate
(including any prefiltering) will be called downsampling.

As in the case of sampling a continuous-time signal, it is useful to obtain a
frequency-domain relation between the input and output of the compressor. This time,
however, it will be a relationship between discrete-time Fourier transforms. Although
several methods can be used to derive the desired result, we will base our derivation on
the results already obtained for sampling continuous-time signals. First recall that the
discrete-time Fourier transform of x[n] = x.(nT) is

X (/) = % f: X, (j (% — #)) . (4.72)
k=—o0

Similarly, the discrete-time Fourier transform of x4[n] = x[nM] = x.(nT") with T' =
MTis

Xule?) = . S x, (;‘ (% - 2;,’)) . (473)

r=—oc
Now, since T' = MT, we can write Eq. (4.73) as

. 1 i w 2mr
X (el = X (i Y 474
ale’) = 37 | (’ (MT MT)) (4.74)

F=-—2c

To see the relationship between Egs. (4.74) and (4.72), note that the summation index »
in Eq. (4.74) can be expressed as

r=i+kM, (4.75)

where k and i are integers such that —oo < k < oo and 0 <i < M — 1. Clearly, r is still
an integer ranging from —oo to oo, but now Eq. (4.74) can be expressed as

M—1 oC .
X = 23 H > X (i (G- - i;}m S @e)

i=0 k=—

The term inside the square brackets in Eq. (4.76) is recognized from Eq. (4.72) as

. . 1 & —2mi 2wk
Xy~ LSy, (j (‘“ T n )) (4.77)

MT T

k=—0ocC
Thus, we can express Eq. (4.76) as

' 1 M—1 . A
Xd(e.l(u) — A_/[ Z X(el((u/M—Zm/M))_ (478)
i=0
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There is a strong analogy between Egs. (4.72) and (4.78): Equation (4.72) expresses
the Fourier transform of the sequence of samples, x[n] (with period T'), in terms of the
Fourier transform of the continuous-time signal x.(¢): Equation (4.78) expresses the
Fourier transform of the discrete-time sampled sequence x4{n] (with sampling period M)
in terms of the Fourier transform of the sequence x[n]. If we compare Eqs. (4.73) and
(4.78), we see that X,(e/*) can be thought of as being composed of either an infinite set
of copies of X.(j€2),frequency scaled through w = Q7" and shifted by integer multiples
of 27/ T’ (Eq. (4.73))., or M copies of the periodic Fourier transform X (e/®), frequency
scaled by M and shifted by integer multiples of 27 (Eq. (4.78)). Either interpretation
makes it clear that X,(e/®) is periodic with period 27 (as are all discrete-time Fourier
transforms) and that aliasing can be avoided by ensuring that X (e/*) is bandlimited,
ie.,

X(e'”) =0, wy < |w| <. (4.79)

and 27/ M > 2wy,

Downsampling is illustrated in Figure 4.21. Figure 4.21(a) shows the Fourier trans-
form of a bandlimited continuous-time signal. and Figure 4.21(b) shows the Fourier
transform of the impulse train of samples when the sampling period is T. Figure 4.21(c)
shows X (e/*) and is related to Figure 4.21(b) through Eq. (4.18). As we have already
seen, Figures 4.21(b) and (c) differ only in a scaling of the frequency variable. Fig-
ure 4.21(d) shows the discrete-time Fourier transform of the downsampled sequence
when M = 2. We have plotted this Fourier transform as a function of the normalized
frequency w = QT'. Finally, Figure 4.21(e) shows the discrete-time Fourier transform
of the downsampled sequence plotted as a function of the continuous-time frequency
variable €2. Figure 4.21(e) is identical to Figure 4.21(d), except for the scaling of the
frequency axis through the relation @ = w/ T".

In this example, 27/ T = 42y 1.e., the original sampling rate 1s exactly twice the
minimum rate to avoid aliasing. Thus, when the original sampled sequence is down-
sampled by a factor of M = 2. no aliasing results. If the downsampling factor is more
than 2 in this case, aliasing will result, as illustrated in Figure 4.22.

Figure 4.22(a) shows the continuous-time Fourier transform of x.(¢), and Fig-
ure 4.22(b) shows the discrete-time Fourier transform of the sequence x[#n] = x.(nT).
when 27/ T = 4Qy. Thus, oy = Q8T = 7/2. Now, if we downsample by a factor of
M = 3, we obtain the sequence x4[n] = x[3n] = x.(n3T ) whose discrete-time Fourier
transform is plotted in Figure 4.22(c) with normalized frequency w = QT'. Note that
because Mwy = 37/2, which is greater than z, aliasing occurs. In general, to avoid
aliasing in downsampling by a factor of M requires that

wonM < 7 or wy <T/M. (4.80)

If this condition does not hold, aliasing occurs, but it may be tolerable for some appli-
cations. In other cases, downsampling can be done without aliasing if we are willing to
reduce the bandwidth of the signal x[n] before downsampling. Thus, if x[n] is filtered
by an ideal lowpass filter with cutoff frequency 7/ M, then the output ¥[#] can be down-
sampled without aliasing, as illustrated in Figures 4.22(d). (e), and (f). Note that the
sequence ¥4{n] = X[nM] no longer represents the original underlying continuous-time
signal x.(t). Rather, ¥4[n] = x.(nT"), where T' = MT, and X.(¢) is obtained from x,(t)
by lowpass filtering with cutoff frequency Q, = n/T" = = /(MT).
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X (i)

(a)

2w 0
T
(b)
X(el®)
1
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/l\ | | A\

2 - ~wy wy=0NT 7 2 w=0T
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(e)

Figure 4.21 Frequency-domain illustration of downsampling.
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X ()

T 2m w=0T

2 -7 —wy

27 3w -7 T Rk 2 w=0T"
2

™ 27 w=QT

(d)

27 -7 ™ 2T w=0T"

(0

Figure 4.22 (a)—(c) Downsampling with aliasing. (d)—(f) Downsampling with
prefiltering to avoid aliasing.



172 Sampling of Continuous-Time Signals Chap. 4

Lowpass filter
——— Gain=1 — &M —
x[n] Cutoff = /M | X[n] %,ln] = ¥[nM)
Sampling Sampling Sampling Figure 4.23 General system for
period T period T period T'=MT  sampling rate reduction by M.

From the preceding discussion, we see that a general system for downsampling by
a factor of M is the one shown in Figure 4.23. Such a system is called a decimator, and
downsampling by lowpass filtering followed by compression has been termed decimation
(Crochiere and Rabiner, 1983).

4.6.2 Increasing the Sampling Rate by an Integer Factor

We have seen that the reduction of the sampling rate of a discrete-time signal by an
integer factor involves sampling the sequence in a manner analogous to sampling a
continuous-time signal. Not surprisingly, increasing the sampling rate involves opera-
tions analogous to D/C conversion. To see this, consider a signal x[#] whose sampling
rate we wish to increase by a factor of L. If we consider the underlying continuous-time
signal x.(¢), the objective is to obtain samples

xi[n] = x.(nT"), (4.81)
where T' = T/ L, from the sequence of samples
x[n] = x.(nT). (4.82)

We will refer to the operation of increasing the sampling rate as upsampling.
From Eqs. (4.81) and (4.82) it follows that
xi[n] = x[n/L] = x.(nT/L), n=0,+L, £2L,.... (4.83)

Figure 4.24 shows a system for obtaining x;{n] from x[n] using only discrete-time pro-
cessing. The system on the left is called a sampling rate expander (see Crochiere and
Rabiner, 1983) or simply an expander. Its output is

_fx[n/L), n=0,£L, £2L, ...,
*eln] = {0, otherwise, (4.84)
or equivalently,
xe[n] = Y x[k]s[n — kL). (4.85)
k=—oc

The system on the right is a lowpass discrete-time filter with cutoff frequency 7/ L and
gain L. This system plays a role similar to the ideal D/C converter in Figure 4.10(b).
First we create a discrete-time impulse train x.[#], and then we use a lowpass filter to
reconstruct the sequence.

The operation of the system in Figure 4.24 is most easily understood in the fre-
quency domain. The Fourier transform of x.[n] can be expressed as

X, (e/) = i ( i x[k]8[n — kL]) el

n=-—o0 k=—00

(4.86)

e}

= Z x[k]e 1¢tk = X (e/*D).

k=—00
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Lowpass filter
— b L » Gain=L ——
x[n] x.[n} Cutoff = /L xi[n]
Sampling Sampling Sampling Figure 4.24 General system for
period T period T = T/L. period 7= T/L sampling rate increase by L.

Thus, the Fourier transform of the output of the expander is a frequency-scaled
version of the Fourier transform of the input; i.e., w is replaced by w L so that w is now
normalized by

w=QT" (4.87)

This effect is illustrated in Figure 4.25. Figure 4.25(a) shows a bandlimited continuous-
time Fourier transform, and Figure 4.25(b) shows the discrete-time Fourier transform of
the sequence x[n] = x.(nT), where 7/ T = Qu. Figure 4.25(¢) shows X, (¢/*) according
to Eq. (4.86), with L. = 2, and Figure 4.25(¢) shows the Fourier transform of the desired
signal x;[n]. We see that X;(e/) can be obtained from X,(e¢/*) by correcting the ampli-
tude scale from 1/ Tto 1/ 7" and by removing all the frequency-scaled images of X.(j2)
except at integer multiples of 2. For the case depicted in Figure 4.25, this requires a
lowpass filter with a gain of 2 and cutoff frequency 7/2, as shown in Figure 4.25(d).
In general, the required gain would be L, since L(1/T) = [1/(T/L)] = 1/T’, and the
cutoff frequency would be /L.

This example shows that the system of Figure 4.24 does indeed give an output
satisfying Eq. (4.81) if the input sequence x[n] = x.(nT) was obtained by sampling
without aliasing. That system is therefore called an interpolator, since it fills in the missing
samples, and the operation of upsampling is therefore considered to be synonymous
with interpolation.

Asin the case of the D/C converter, it is possible to obtain an interpolation formula
for x;[n] in terms of x[n]. First note that the impulse response of the lowpass filter in
Figure 4.24 is

hiln) = w (4.88)
Using Eq. (4.85), we obtain
RS sin[m(n —kL)/L]
xilnf = > x[K] rn KDL (4.89)

k=—nc
The impulse response #;[#] has the properties

h;[0] = 1.

(4.90)
hi[n] =0, n==xL £2L,....
Thus, for the ideal lowpass interpolation filter, we have
xi[n] = x[n/ L] = x.(nT/ L) = x.(nT"), n=0xL £21,..., (4.91)

as desired. The fact that x;[n] = x.(nT") for all n follows from our frequency-domain
argument.

In practice, ideal lowpass filters cannot be implemented exactly, but we will see
in Chapter 7 that very good approximations can be designed. (Also, see Schafer and
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Figure 4.25 Frequency-domain illustration of interpolation.
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Rabiner, 1973, and Oetken et al., 1975.) In some cases, very simple interpolation proce-
dures are adequate. Since linear interpolation is often used (even though it is generally
not very accurate), it is worthwhile to examine linear interpolation within the general
framework that we have just developed.

Linear interpolation can be accomplished by the system of Figure 4.24 if the filter
has impulse response

oy [1=1nl/L. |nl < L.
hin[n] = {0, otherwise, (4.92)
as shown in Figure 4.26 for L = 5. With this filter, the interpolated output will be
xlin[n] = Z xt’[k]hlin[n - k] = Z x[k]hlin[n - kL] (493)
k=—oc k=—0o¢

Figure 4.27(a) depicts x.[n] and xji[#1] for the case L = 5. From this figure, we see that

1 h]in["]

L=5

Figure 4.26 Impulse response for

0 n linear interpolation.
x[n]
I ’ I L=5
H
S S Xjin[1]
rT’TT”HTTT”HHHHHT‘T\:
n
(a)
- Hi{er)
L=5 _
%
1 |
-7 4w 27 T 2w dr 7 o  Figure 4.27 (a) lllustration of linear
3 5 5 5 5 5 interpolation by filtering. (b) Frequency

response of linear interpolator compared
(b) with ideal lowpass interpolation filter.
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xiin[1] is identical to the sequence obtained by linear interpolation between the samples.
Note that

hin[0] = 1.
(4.94)
h]m[n] 20, n::i:L, :tzL,...,
so that
xin[n) = x[n/L] at n=0,+L,+2L,.... (4.95)

The amount of distortion in the intervening samples can be gauged by compar-
ing the frequency response of the linear interpolator with that of the ideal lowpass
interpolator for a factor-of- L interpolation. It can be shown (see Problem 4.50) that

. 2
Sm(wL/2)} | (496)

fwy l
Hin(e'”) = I [ sin{w/2)

This function is plotted in Figure 4.27(b) for L = 5, together with the ideal lowpass
interpolation filter. From the figure we see that if the original signal is sampled at the
Nyquist rate, linear interpolation will not be very good, since the output of the filter
will contain considerable energy in the band 7/ L < |w| < m. However, if the original
sampling rate is much higher than the Nyquist rate. then the linear interpolator will
be more successful in removing the frequency-scaled images of X,.(j€2) at multiples of
27/ L. This is because Hjj,(e/®) is small at these normalized frequencies and at higher
sampling rates the shifted copies of X.(j€2) are more localized at these frequencies. This
is intuitively reasonable, since, if the original sampling rate greatly exceeds the Nyquist
rate, the signal will not vary significantly between samples, and thus, linear interpolation
should be more accurate for oversampled signals.

4.6.3 Changing the Sampling Rate by a Noninteger Factor

We have shown how to increase or decrease the sampling rate of a sequence by an
integer factor. By combining decimation and interpolation, it is possible to change
the sampling rate by a noninteger factor. Specifically, consider Figure 4.28(a), which
shows an interpolator that decreases the sampling period from 7T to 7/ L, followed by
a decimator that increases the sampling period by M, producing an output sequence
%4[n] that has an effective sampling period of 7" = TM/L. By choosing L and M
appropriately, we can approach arbitrarily close to any desired ratio of sampling periods.
For example, if L = 100 and M = 101, then 7' = 1.017.

If M > L, thereisanetincrease in the sampling period (a decrease in the sampling
rate),and if M < L, the opposite is true. Since the interpolation and decimation filters in
Figure 4.28(a) are in cascade, they can be combined as shown in Figure 4.28(b) into one
lowpass filter with gain L and cutoff equal to the minimumof r/Land 7/M. If M > L,
then = /M is the dominant cutoff frequency, and there is a net reduction in sampling
rate. As pointed out in Section 4.6.1, if x[n] was obtained by sampling at the Nyquist
rate, the sequence %4[n] will be a lowpass-filtered version of the original underlying
bandlimited signal if we are to avoid aliasing. On the other hand, if M < L, thenw/Lis
the dominant cutoff frequency, and there will be no need to further limit the bandwidth
of the signal below the original Nyquist frequency.
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Figure 4.28 (a) System for changing the sampling rate by a noninteger factor. (b)

Simplified system in which the decimation and interpolation filters are combined.

Example 4.11 Sampling Rate Conversion by
a Noninteger Rational Factor

Figure 4.29 illustrates sampling rate conversion by a rational factor. Suppose that a
bandlimited signal with X.(;€2) as given in Figure 4.29(a) is sampled at the Nyquist
rate; i.e.. 2/ T = 2Qu. The resulting discrete-time Fourier transform

~ = w 2nk
et 50 (7))

k=—0oc

is plotted in Figure 4.29(b). If we wish to change the sampling period to 7° = (3/2)T,
we must first interpolate by a factor L. = 2 and then decimate by a factor of M = 3.
Since this implies a net decrease in sampling rate, and the original signal was sampled
at the Nyquist rate, we must incorporate additional lowpass filtering in order to avoid
aliasing.

Figure 4.29(c) shows the discrete-time Fourier transform of the output of the
L = 2 upsampler. If we were interested only in interpolating by a factor of 2. we
could choose the lowpass filter to have a cutoff frequency of w. = /2 and a gain
of L. = 2. However, since the output of the filter will be decimated by M = 3, we
must use a cutoff frequency of w. = n/3, but the gain of the filter should still be
2 as in Figure 4.29(d). The Fourier transform X;(e/®) of the output of the lowpass
filter is shown in Figure 4.29(e). The shaded regions indicate the part of the signal
spectrum that is removed due to the lower cutoff frequency for the interpolation filter.
Finally, Figure 4.29(f) shows the discrete-time Fourier transform of the output of the
downsampler by M = 3. Note that the shaded regions show the aliasing that would
have occurred if the cutoff frequency of the interpolation lowpass filter had been /2
instead of x /3.
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Figure 4.29 [llustration of changing the sampling rate by a noninteger factor.
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4.7 MULTIRATE SIGNAL PROCESSING

As we have seen, it is possible to change the sampling rate of a discrete-time signal by a
combination of interpolation and decimation. For example, if we want a new sampling
period of 77 = 1.01T, we can first interpolate by L. = 100 using a lowpass filter that cuts
off at w, = 7 /101 and then decimate by M = 101. These large intermediate changes in
sampling rate would require large amounts of computation for each output sample if we
implement the filtering in a straightforward manner at the high intermediate sampling
rate that is required. Fortunately, it is possible to greatly reduce the amount of compu-
tation required by taking advantage of some basic techniques in the area of multirate
signal processing. Multirate techniques refer in general to utilizing upsampling, down-
sampling, compressors, and expanders in a variety of ways to increase the efficiency
of signal-processing systems. Besides their use in sampling rate conversion, they are
exceedingly useful in A/D and D/A systems that exploit oversampling and noise shap-
ing. Another important class of signal-processing algorithms that relies increasingly on
multirate techniques is filter banks for the analysis and/or processing of signals.

Because of their widespread applicability, there is a large body of results on multi-
rate signal processing. In this section, we will focus on two basic results and show how a
combination of these results can greatly improve the efficiency of sampling rate conver-
sion. The first result is concerned with the interchange of filtering and downsampling
or upsampling operations. The second is the polyphase decomposition.

4.7.1 Interchange of Filtering and Downsampling/Upsampling

We will first derive two identities that aid in manipulating and understanding the opera-
tion of multirate systems. It is straightforward to show that the two systems in Figure 4.30
are equivalent. To see the equivalence, note that in Figure 4.30(b),

Xp(e!®) = H(e!“M) X (e/®), (4.97)
and from Eq. (4.78),

| M-l
jwy f(w/M—2mi/ M)
Y(el) = - ; Xy(e! ). (4.98)

Substituting Eq. (4.97) into Eq. (4.98) gives

M—1

Y(e') = A% ; X (/I M=2mi M)y pi(edto = 2Ty, (4.99)
— M » H(z) b—
x[n] x,[n] yn]
(a)
—| H(zM) > M —
x[n] xpn] yn}

Figure 4.30 Two equivalent systems
(b) based on downsampling identities.
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Since H(e/(@ =271y = H(e/®), Eq. (4.99) reduces to

. I . _
Y(ej(u) — H(e]m)j\_l Z X(ej(w/Mf?_m/M))

=0

= H(e") X, (e").

(4.100)

which corresponds to Figure 4.30(a).

A similar identity applies to upsampling. Specifically, using Eq. (4.86) in Sec-
tion 4.6.2, it is also straightforward to show the equivalence of the two systems in
Figure 4.31. We have, from Eq. (4.86) and Figure 4.31(a),

Y ej(u — X” ejw[,
(™) ( ' ) _ (4.101)
— X(L’}“}[‘)H((”"’[‘).
Since, from Eq. (4.86),

Xp(e) = X(e/h),
it follows that Eq. (4.101) is, equivalently,
Y(ejcu) — H((’j[UL)Xh(ﬁ’jw),

which corresponds to Figure 4.31(b).
In summary, then, we have shown that the operations of linear filtering and down-
sampling or upsampling can be interchanged if we modify the linear filter.

—» H(2) - A
x[n] x,[n] vin]
(a)
— ‘L > H(t) >
¢[n] vy L] v(n . ,
Figure 4.31 Two equivalent systems
(b) based on upsampling identities.

4.7.2 Polyphase Decompositions

The polyphase decomposition of a sequence is obtained by representing it as a super-
position of M subsequences, each consisting of every Mth value of successively delayed
versions of the sequence. When this decomposition is applied to a filter impulse re-
sponse, it can lead to efficient implementation structures for linear filters in several
contexts. Specifically, consider an impulse response A[n] that we decompose into M
subsequences A1) as follows:

| hln+ K], n = integer multiple of M,
hiln] = {O, otherwise. (4.102)
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By successively delaying these subsequences, we can reconstruct the original impulse
response h[n];1.e..

hlnl =Y hln— K| (4.103)

This decomposition can be represented with the block diagram in Figure 4.32. 1f we
create a chain of advance elements at the input and a chain of delay elements at the
output, the block diagram in Figure 4.33 is equivalent to that of Figure 4.32. In the
decomposition in Figures 4.32 and 4.33. the sequences ¢,[#n] are

ex[n] = h[nM + k] = hy[n M) (4.104)

and are referred to in general as the polyphase components of A[n]. There are several

> > M » M
hi[n} egli] Tigli]
— =z > > M > M > !
hn+ 1] ¢ eiln] i Iny[n] Y
S +
it{n) T hin]
e - M >~ M -
hin+2] es[n} is[n]
[ | v | - M > tm o] -1
hin+M-1] ey ] Iy [}

Figure 4.32 Polyphase decompasition of filter A[n] using components &[]

> M » M
hn] hn] eoln] hgln] hn]
-1
— M > M
hln+1] e[n] f hy[n]
--1
= | M > M
hln+2] e;[n] hy[n]

L w Sy

hln+ M- 1] eailn) hag_ln]

Figure 4.33 Polyphase decomposition
of filter h[n] using components &[N}
with chained delays.

L
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other ways to derive the polyphase components, and there are other ways to index
them for notational convenience ( Vaidyanathan, 1993), but the definition in Eq. (4.104)
is adequate for our purpose in this section.

Figures 4.32 and 4.33 are not realizations of the filter, but they show how the filter
can be decomposed into M parallel filters. We see this by noting that Figures 4.32 and
4.33 show that, in the frequency or z-transform domain, the polyphase representation
corresponds to expressing F(z) as

M—1
H(z) =Y El(z")z* (4.105)
k=0
Equation (4.105) expresses the system function H(z) as a sum of delayed polyphase
component filters. For example, from Eq. (4.105), we obtain the filter structure shown
in Figure 4.34.

> Ey(zM)
x|n]

Y ;_l
= E\(zM)

A zfl }k

+
: E:(ZM) ‘\: _V[H]
a v Figure 4.34 Realization structure
Ep_ (™) based on polyphase decomposition of
fi[n].

4.7.3 Polyphase Impiementation of Decimation Filters

One of the important applications of the polyphase decomposition is in the implemen-
tation of filters whose output is then downsampled as indicated in Figure 4.35.

In the most straightforward implementation of Figure 4.35, the filter computes
an output sample at each value of n, but then only one of every M output points
is retained. Intuitively, we might expect that it should be possible to obtain a more
efficient implementation which does not compute the samples that are thrown away.

To obtain a more efficient implementation, we can exploit a polyphase decomposi-
tion of the filter. Specifically, suppose we express A[n] in polyphase form with polyphase
components

ex|n] = H[nM + &]. (4.106)
From Eq. (4.105),
M-1
H(z) =Y E(z")z™* (4.107)
k=0
— H() S RV S,
x[n] ¥[n] wlnl=v[#M]  Figure 4.35 Decimation system.
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With this decomposition and the fact that downsampling commutes with addition,
Figure 4.35 can be redrawn as shown in Figure 4.36. Applying the identity in Figure 4.30
to the system in Figure 4.36, we see that the latter then becomes the system shown in
Figure 4.37.

To illustrate the advantage of Figure 4.37 compared with Figure 4.35, suppose
that the input x{#] is clocked at a rate of 1 sample per unit time and that H(z) is an
N-point FIR filter. In the straightforward implementation of Figure 4.35, we require
N multiplications and (N — 1) additions per unit time. In the system of Figure 4.37,
each of the filters Ey(z) is of length N/M, and their inputs are clocked at a rate of

1 per M units of time. Consequently. each filter requires Ail (ﬁ) multiplications per unit

M
time and A%,(% — 1) additions per unit time, and the entire system then requires ( N/ M)
multiplications and (£ — 1) + (M — 1) additions per unit time. Thus, we can achieve a

significant savings for some values of M and N.

 EyzM) > M
x[n] 4.
—] E,(z™) - M
\ z—l Y
+
> (M) - M 3 Q w(n]
! 3 Figure 4.36 Implementation of
Eoo (™) = M decimation filter using polyphase
decomposition.
> #M > Ey(z)
x[#] |
Yz
- | M —  E{2)
yo! : Y
+
> $M > Ey(z) A: wln]
T B Figure 4.37 Implementation of
2 decimation filter after applying the
M — Ey(2) downsampling identity to the polyphase
decomposition.

4.7.4 Polyphase Implementation of Interpolation Filters

A savings similar to that just discussed for decimation can be achieved by applying
the polyphase decomposition to systems in which a filter is preceded by an upsampler
as shown in Figure 4.38. Since only every Lth sample of w[n] is nonzero, the most
straightforward implementation of Figure 4.38 would involve applying filter coefficients
to sequence values that are known to be zero. Intuitively, here again we would expect
that a more efficient implementation was possible.
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—_— TL > H(z) >
x{n] w(r] »{n]  Figure 4.38 Interpolation system.
- AL > Eyz")
~ L > E(zh)
x[n] > 4L > E(zh)
}Z‘l Figure 4.39 Implementation of
- 4L > E_y(zh) interpolation filter using polyphase
decomposition.
> Eq(2) —
- E(2) »-
x[n] > £y(2) >
Figure 4.40 Implementation of
interpolation filter after applying the
> E o 1y(2) > upsampling identity to the polyphase
decomposition.

To implement the system in Figure 4.38 more efficiently, we again utilize the
polyphase decomposition of H(z). For example, we can express f(z) as in the form of
Eq. (4.107) and represent Figure 4.38 as shown in Figure 4.39. Applying the identity in
Figure 4.31, we can rearrange Figure 4.39 as shown in Figure 4.40.

To illustrate the advantage of Figure 4.40 compared with Figure 4.38, we note
that in Figure 4.38 if x[n] is clocked at a rate of 1 sample per unit time, then w[n] is
clocked at a rate of L samples per unit time. If H(z) is an FIR filter of length N, we then
require NL multiplications and (NL — 1) additions per unit time. Figure 4.40, on the
other hand, requires L (N/L) multiplications and L (% — 1) additions per unit time for
the set of polyphase filters, plus (L — 1) additions, to obtain y[n]. Thus, we again have
the possibility of significant savings in computation for some values of L and N.

For both decimation and interpolation, gains in computational efficiency result
from rearranging the operations so that the filtering is done at the low sampling rate.
Combinations of interpolation and decimation systems for noninteger rate changes lead
to significant savings when high intermediate rates are required.
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4.8 DIGITAL PROCESSING OF ANALOG SIGNALS

So far, our discussions of the representation of continuous-time signals by discrete-time
signals have focused on idealized models of periodic sampling and bandlimited interpo-
lation. We have formalized those discussions in terms of an idealized sampling system
that we have called the ideal continuous-to-discrete (C/D) converter and an idealized
bandlimited interpolator system called the ideal discrete-to-continuous (D/C) converter.
These idealized conversion systems allow us to concentrate on the essential mathemati-
cal details of the relationship between a bandlimited signal and its samples. For example,
in Section 4.4 we used the idealized C/D and D/C conversion systems to show that linear
time-invariant discrete-time systems can be used in the configuration of Figure 4.41(a)
to implement linear time-invariant continuous-time systems if the input is bandlimited
and the sampling rate exceeds the Nyquist rate. In a practical setting, continuous-time
signals are not precisely bandlimited, ideal filters cannot be realized, and the ideal C/D
and D/C converters can only be approximated by devices that are called analog-to-
digital (A/D) and digital-to-analog (D/A) converters, respectively. The block diagram
of Figure 4.41(b) shows a more realistic model for digital processing of continuous-time
(analog) signals. In this section we will examine some of the considerations introduced
by each of the components of the system in Figure 4.41(b).

4.8.1 Prefiltering to Avoid Aliasing

In processing analog signals using discrete-time systems, it is generally desirable to
minimize the samplingrate. Thisis because the amount of arithmetic processing required
to implement the system is proportional to the number of samples to be processed.
If the input is not bandlimited or if the Nyquist frequency of the input is too high,
prefiltering may be necessary. An example of such asituation occurs in processing speech
signals, where often only the low-frequency band up to about 3-4 kHz is required for
intelligibility, even though the speech signal may have significant frequency content in
the 4 kHz to 20 kHz range. Also, even if the signal is naturally bandlimited, wideband

/D _ Discrette-time . D/C
x.{1) x[A] system vln] v,(0)
T T
(a)
Anti- Sample . : Compensated
aliasing > and > cor/lq/é)t > Dls:;:r(:ttee;rtllme > rgl/e/:ter »| reconstruction f——
filter | x,(r) | hold | x,(n verter] 2(n) Y Pln] |<° ypalt) filter y,.(8)
H,,(/) i t 1 A0
T T T
(b)
Figure 4.41 (a) Discrete-time filtering of continuous-time signals. (b) Digital processing of

analog signals.
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Anti- Discrete-
ali_asing > c/D —>»| time > D/C p—
filter | x,(1) x[n] | system | y[n] yi(t)
H,(j) i i Figure 4.42 Use of prefiltering to

avoid aliasing.

additive noise may fill in the higher frequency range, and as a result of sampling, these
noise components would be aliased into the low-frequency band. If we wish to avoid
aliasing, the input signal must be forced to be bandlimited to frequencies below one-half
the desired sampling rate. This can be accomplished by lowpass filtering the continuous-
time signal prior to C/D conversion, as shown in Figure 4.42. In this context, the lowpass
filter that precedes the C/D converter is called an antialiasing filter. 1deally, the frequency
response of the antialiasing filter would be

. 1, 1R < Q. <a/T,
[&Um={0:d>gp / (4.108)

From the discussion of Section 4.4.1, it follows that the overall system, from the output
of the antialiasing filter x,(t) to the output y,(t), will always behave as a linear time-
invariant system, since the input to the C/D converter, x,(t), is forced by the antialiasing
filter to be bandlimited to frequencies below &/ T radians/s. Thus the overall effective
frequency response of Figure 4.42 will be the product of H,,(j2) and the effective
frequency response from x,(¢) to y,(t). Combining Eqs. (4.108) and (4.38) gives

: H(e/'%T), 19] < Q..
Heff(]Q) - {0 ( ) {Q: -~ QC- (4109)

Thus, for an ideal lowpass antialiasing filter, the system of Figure 4.42 behaves as a
linear time-invariant system with frequency response given by Eq. (4.109), even when
X (j€2) is not bandlimited. In practice, the frequency response H,,(j$2) cannot be
ideally bandlimited, but H,,(j€2) can be made small for |2| > =/ T so that aliasing
is minimized. In this case, the overall frequency response of the system in Figure 4.42
should be approximately

He(jQ) ~ Haa(jQ)H(e'T). (4.110)

To achieve a negligibly small frequency response above 7/ 7T, it would be necessary
for H,,(jS2) to begin to “roll off,” i.e., begin to introduce attenuation, at frequencies
below 7/ T, Equation (4.110) suggests that the roll-off of the antialiasing filter (and
other linear time-invariant distortions to be discussed later) could be at least partially
compensated for by taking them into account in the design of the discrete-time system.
This is illustrated in Problem 4.56.

The preceding discussion requires sharp-cutoff antialiasing filters. Such sharp-
cutoff analog filters can be realized using active networks and integrated circuits. How-
ever, in applications involving powerful, but inexpensive, digital processors, these
continuous-time filters may account for a major part of the cost of a system for discrete-
time processing of analog signals. Sharp-cutoff filters are difficult and expensive to im-
plement, and if the system is to operate with a variable sampling rate, adjustable filters
would be required. Furthermore, sharp-cutoff analog filters generally have a highly non-
linear phase response, particularly at the passband edge. Thus, it is desirable for several
reasons to eliminate the continuous-time filters or simplify the requirements on them.
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Sampling rate reduction by M

-_———— e —_ =
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. | Sharp
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Figure 4.43 Using oversampled A/D conversion to simplify a continuous-time
antialiasing filter.

One approach is depicted in Figure 4.43. With 2y denoting the highest frequency
component to eventually be retained after the antialiasing filtering is completed, we
first apply a very simple antialiasing filter that has a gradual cutoff with significant
attenuation at M y. Next, implement the C/ID conversion at a sampling rate much
higher than 2Q2y. e.g., at 2MQy. After that, sampling rate reduction by a factor of M
that includes sharp antialiasing filtering is implemented in the discrete-time domain.
Subsequent discrete-time processing can then be done at the low sampling rate to
minimize computation.

This use of oversampling followed by sampling rate conversion is illustrated in
Figure 4.44. Figure 4.44(a) shows the Fourier transform of a signal that occupies the
band 12| < @, plus the Fourier transform of what might correspond to high-frequency
“noise” or unwanted components that we eventually want to eliminate with the antialias-
ing filter. Also shown (dotted line) is the frequency response of an antialiasing filter that
does not cut off sharply, but gradually falls to zero at frequencies above a frequency
Q.. Figure 4.44(b) shows the Fourier transform of the output of this filter. If the signal
x,(t) is sampled with period T such that 2x/T — Q) > Qu, then the discrete-time
Fourier transform of the sequence i[#] will be as shown in Figure 4.44(c). Note that the
“noise” will be aliased, but aliasing will not affect the signal band |w| < wy = Q2N T.
Now, if 7 and 7" are chosensothat 7" = MT and n/ T’ = Qn, then [n] can be filtered
by a sharp-cutoff discrete-time filter (shown idealized in Figure 4.44(c)) with unity gain
and cutoff frequency 7/ M. The output of the discrete-time filter can be downsampled
by M to obtain the sampled sequence x,{r] whose Fourier transform is shown in Fig-
ure 4.44(d). Thus, all the sharp-cutoff filtering has been done by a discrete-time system,
and only nominal continuous-time filtering is required. Since discrete-time FIR filters
can have an exactly linear phase, it is possible using this oversampling approach to im-
plement antialiasing filtering with virtually no phase distortion. This can be a significant
advantage in situations where it is critical to preserve not only the frequency spectrum,
but the waveshape as well.

4.8.2 Analog-to-Digital {A/D) Conversion

An ideal C/D converter converts a continuous-time signal into a discrete-time signal,
where each sample is known with infinite precision. As an approximation to this for
digital signal processing, the system of Figure 4.45 converts a continuous-time (analog)
signal into a digital signal, i.e., a sequence of finite-precision or quantized samples.
The two systems in Figure 4.45 are available as physical devices. The A/D converter
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Figure 4.44 Use of oversampling followed by decimation in C/D conversion.
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—] and > erl
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f " Figure 4.45 Physical configuration for
r T analog-to-digital conversion.

is a physical device that converts a voltage or current amplitude at its input into a
binary code representing a quantized amplitude value closest to the amplitude of the
input. Under the control of an external clock, the A/D converter can be caused to
start and complete an A/D conversion every T seconds. However, the conversion is not
instantaneous, and for this reason, a high-performance A/D system typically includes
a sample-and-hold, as in Figure 4.45. The ideal sample-and-hold system is the system
whose output is
0
xo(t) = > x[n]ho(t —nT), (4.111)

H=—0C
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Sample and hold

s(=3S 8(t—nT)
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|
|
| |
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: Zero-order| |
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hy(1)

Xa (f) /_"

EY Y 0 N i,  Figure 4.46 (a) Representation of an
m ideal sample-and-hold.
(b) Representative input and output
(b) signals for the sample-and-hold.

where x[n] = x,(nT) are the ideal samples of x,(¢) and Ay(t) is the impulse response
of the zero-order-hold system., i.e.,

1, 0<t < T,
holt) = {0. otherwise. (4.112)
If we note that Eq. (4.111) has the equivalent form
xp(t) = ho(r) * Z x,(nTYs(t —nT), (4.113)
n=—-oc

we see that the ideal sample-and-hold is equivalent to impulse train modulation followed
by linear filtering with the zero-order-hold system, as depicted in Figure 4.46(a). The
relationship between the Fourier transform of xy(¢) and the Fourier transform of x,(¢)
can be worked out following the style of analysis of Section 4.2, and we will do a similar
analysis when we discuss the D/A converter. However, the analysis is unnecessary at
this point, since everything we need to know about the behavior of the system can be
seen from the time-domain expression. Specifically, the output of the zero-order hold
is a staircase waveform where the sample values are held constant during the sampling
period of T seconds. This is illustrated in Figure 4.46(b). Physical sample-and-hold
circuits are designed to sample x,(¢) as nearly instantaneously as possible and to hold the
sample value as nearly constant as possible until the next sample is taken. The purpose of
this is to provide the constant input voltage (or current) required by the A/D converter.
The details of the wide variety of A/D conversion processes and the details of sample-
and-hold and A/D circuit implementations are outside the scope of this book. Many
practical issues arise in obtaining a sample-and-hold that samples quickly and holds the
sample value constant with no decay or “glitches.” Likewise, many practical concerns



190 Sampling of Continuous-Time Signals Chap. 4

dictate the speed and accuracy of conversion of A/D converter circuits. Such questions
are considered in Hnatek (1988) and Schmid (1976), and details of the performance
of specific products are available in manufacturers’ specification and data sheets. Our
concern in this section is the analysis of the quantization effects in A/D conversion.

Since the purpose of the sample-and-hold in Figure 4.45 is to implement ideal sam-
pling and to hold the sample value for quantization by the A/D converter, we can repre-
sent the system of Figure 4.45 by the system of Figure 4.47, where the ideal C/D converter
represents the sampling performed by the sample-and-hold and, as we will describe later,
the quantizer and coder together represent the operation of the A/D converter.

The quantizer is a nonlinear system whose purpose is to transform the input sample
x[n] into one of a finite set of prescribed values. We represent this operation as

x[n] = Q(x[n)]) (4.114)
and refer to X[n] as the quantized sample. Quantizers can be defined with either uniform-
ly or nonuniformly spaced quantization levels; however, when numerical calculations
are to be done on the samples, the quantization steps usually are uniform. Figure 4.48

—» (/D »| Quantizer —> Coder —
x4 (1) xn] x[n] xg[n]
t Figure 4.47 Conceptual representation
T of the system in Figure 4.45.
x=Q(x)
Two’s-complement Offset binary
code code
3A - 011 111
2A — 010 110
A 001 101
_A
| | | L 2 | | | | 000 100
94 _7A _SA  _3A A 3 SA 7A 9A x
2 2 2 2 2 2 2 2 2
— —A 111 011
2A 110 010
-3A 101 001
—4A 100 000
» 2X, |

Figure 4.48 Typical quantizer for A/D conversion.
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shows a typical uniform quantizer characteristic! in which the sample values are rounded
to the nearest quantization level.

Several features of Figure 4.48 should be emphasized. First, note that this quan-
tizer would be appropriate for a signal whose samples are both positive and negative
(bipolar). If it is known that the input samples are always positive (or negative), then
a different distribution of the quantization levels would be appropriate. Next, observe
that the quantizer of Figure 4.48 has an even number of quantization levels. With an
even number of levels, it is not possible to have a quantization level at zero amplitude
and also have an equal number of positive and negative quantization levels. Generally,
the number of quantization levels will be a power of 2, but the number will be much
greater than eight, so this difference is usually inconsequential.

Figure 4.48 also depicts coding of the quantization levels. Since there are eight
quantization levels, we can label them by a binary code of 3 bits. (In general, 28+! levels
can be coded with a (B + 1)-bit binary code.) In principle, any assignment of symbols
can be used, and many binary coding schemes exist, each with its own advantages and
disadvantages, depending on the application. For example, the right-hand column of
binary numbers in Figure 4.48 illustrates the offset binary coding scheme, in which the
binary symbols are assigned in numeric order, starting with the most negative quantiza-
tion level. However, in digital signal processing, we generally wish to use a binary code
that permits us to do arithmetic directly with the code words as scaled representations
of the quantized samples.

The left-hand column in Figure 4.48 shows an assignment according to the two’s
complement binary number system. This system for representing signed numbers is
used in most computers and microprocessors; thus, it is perhaps the most convenient
labeling of the quantization levels. Note, incidentally, that the offset binary code can be
converted to two’s complement code simply by complementing the most significant bit.

In the two’s-complement system, the leftmost, or most significant, bit is considered
as the sign bit, and we take the remaining bits as representing either binary integers
or fractions. We will assume the latter; i.e., we assume a binary fraction point between
the two most significant bits. Then, for the two’s-complement interpretation, the binary
symbols have the following meaning for B = 2:

Binary symbol  Numeric value, Xg

0,11 3/4
0,1 0 172
0.0 1 1/4
0,00 0

1011 —1/4
1,10 ~12
1,01 —3/4
1,00 -1

In general, if we have a ( B -+ 1)-bit binary two’s-complement fraction of the form

. . ApeM1d2 ...4R8,
then its value is 0 ] 2 B
—a02’ + @127 + a2t + - +ag2 b

1Such quantizers are also called linear quantizers because of the linear progression of quantization
steps.
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Note that the symbol ¢ denotes the “binary point” of the number. The relationship

between the code words and the quantized signal levels depends on the parameter

X in Figure 4.48. In general, this parameter is called the full-scale level of the A/D

converter. Typical values are 10, 5, or 1 volt. From Figure 4.48, we see that the step size
of the quantizer would in general be

2Xﬂl an

~ 2Bt1 9B

(4.115)

The smallest quantization levels (+A) correspond to the least significant bit of the
binary code word. Furthermore, the numeric relationship between the code words and
the quantized samples is

[n] = Xmislnl, (4.116)

since we have assumed that X g[n] is a binary number such that —1 < %g[n] < 1 (fortwo’s
complement). In this scheme the binary coded samples & [n] are directly proportional
to the quantized samples (in two’s complement binary), and therefore, they can be used
as a numeric representation of the amplitude of the samples. Indeed, it is generally
appropriate to assume that the input signal is normalized, so that the numeric values of
%[n] and &pg[n] are identical and there is no need to distinguish between the quantized
samples and the binary coded samples.

Figure 4.49 shows a simple example of quantization and coding of the samples of
a sine wave using a 3-bit quantizer. The unquantized samples x[#] are illustrated with

o Quantized samples

* Unquantized samples
1 —— Output of ideal sample and hold
n ——— Qutput of D/A converter /N _
Original
A signal
A —
D
©
2
= 0
E
<
A
2A
-3A
—4A -
i I | | I
0 T 2T 3T 4T ST {
xgln]: 011 000 100 110 011 011

Figure 4.49 Sampling, quantization, coding, and D/A conversion with a 3-bit quantizer.



Sec. 4.8 Digital Processing of Analog Signals 193

solid dots, and the quantized samples x[n] are illustrated with open circles. Also shown
is the output of an ideal sample-and-hold. The dotted lines labeled “output of D/A
converter” will be discussed later. Figure 4.49 shows, in addition, the 3-bit code words
that represent each sample. Note that. since the analog input x,(¢) exceeds the full-scale
value of the quantizer, some of the positive samples are “clipped.”

Although much of the preceding discussion pertains to two’s-complement cod-
ing of the quantization levels, the basic principles of quantization and coding in A/D
conversion are the same regardless of the binary code used to represent the samples.
A more detailed discussion of the binary arithmetic systems used in digital computing
can be found in texts on computer arithmetic. (See, for example, Knuth, 1997.) We now
turn to an analysis of the effects of quantization. Since this analysis does not depend on
the assignment of binary code words, it will lead to rather general conclusions.

4.8.3 Analysis of Quantization Errors

From Figures 4.48 and 4.49, we see that the quantized sample x[n] will generally be dif-
ferent from the true sample value x[n]. The difference between them is the quantization
error, defined as

e[n] = x[n] — x[n]. (4.117)
For example, for the 3-bit quantizer of Figure 4.48,if A /2 < x[n] < 3A /2,thenx[n] = A,
and it follows that

—AJ2 <e[n] < A/2. (4.118)

In the case of Figure 4.48, Eq. (4.118) holds whenever
—9A /2 < x[n] < 7A/2. (4.119)

In the general case of a (B + 1)-bit quantizer with A given by Eq. (4.115). the quanti-
zation error satisfies Eq. (4.118) whenever

(=X — AJ2) < x[n] < (X — A/2). (4.120)

If x[n] is outside this range, as it is for the sample at + = 0 in Figure 4.49, then the
quantization error is larger in magnitude than A /2, and such samples are said to be
clipped.

A simplified, but useful, model of the quantizer is depicted in Figure 4.50. In this
model, the quantization error samples are thought of as an additive noise signal. The
model is exactly equivalent to the quantizer if we know e[#]. In most cases, however,

Quantizer
x[n] 0) |z = 0w
() >
x[n] \rﬂn] = x[n] + e[n]
Figure 4.50 Additive noise model for

e[n] quantizer.
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e[n] is not known, and a statistical model based on Figure 4.50 is then often useful in
representing the effects of quantization. We will also use such a model in Chapters 6 and
9 to describe the effects of quantization in signal-processing algorithms. The statistical
representation of quantization errors is based on the following assumptions:

1. The error sequence e[n] is a sample sequence of a stationary random process.
2. The error sequence is uncorrelated with the sequence x[n].

3. The random variables of the error process are uncorrelated; i.e., the error is a
white-noise process.

4. The probability distribution of the error process is uniform over the range of
quantization error.

As we will see, the preceding assumptions lead to a rather simple analysis of quan-
tization effects. It is easy to find situations where these assumptions are not valid. For
example, if x,(t) is a step function, the assumptions would not be justified. However,
when the signal is a complicated signal, such as speech or music, where the signal fluc-
tuates rapidly in a somewhat unpredictable manner, the assumptions are more realistic.
Experiments have shown that, as the signal becomes more complicated, the measured
correlation between the signal and the quantization error decreases, and the error also
becomes uncorrelated. (See Bennett, 1948; Widrow, 1956, 1961.) In a heuristic sense,
the assumptions of the statistical model appear to be valid if the signal is sufficiently
complex and the quantization steps are sufficiently small so that the amplitude of the
signal is likely to traverse many quantization steps from sample to sample.

Example 4.12 Quantization Error For a
Sinusoidal Signal

As an illustration, Figure 4.51(a) shows the sequence of unquantized samples of the
cosine signal x[n] = 0.99cos(n/10). Figure 4.51(b) shows the quantized sample se-
quence i[n] = Q[x[n]} for a 3-bit quantizer (B + 1 = 3), assuming that X,,, = 1. The
dashed lines in this figure show the eight possible quantization levels. Figures 4.51(c)
and 4.51(d) show the quantization error ¢[n] = x[n] — x|n] for 3-bit and 8-bit quanti-
zation, respectively. In each case, the scale of the quantization error is adjusted so that
the range £ A /2 is indicated by the dashed lines.

Notice that in the 3-bit case, the error signal is highly correlated with the un-
quantized signal. For example, around the positive and negative peaks of the cosine,
the quantized signal remains constant over many consecutive samples, so that the er-
ror has the shape of the input sequence during these intervals. Also, note that during
the intervals around the positive peaks, the error is greater than A/2 in magnitude
because the signal level is too large for this setting of the quantizer parameters.

On the other hand, the quantization error for 8-bit quantization has no apparent
patterns.? Visual inspection of these figures tends to confirm the preceding assertions
about the quantization-noise properties in the finely quantized (8-bit) case; i.e., the
error samples appear to vary randomly, with no correlation with the unquantized signal,

ZFor periodic cosine signals, the quantization error would, of course, be periodic, too. We used the
frequency wo = 1/10 to avoid this case in the example.



Sec. 4.8 Digital Processing of Analog Signals 195

[ ttubutghog 11111111 bt H oo — — — — — — — — — — —
[ [ S — e o ————— ——
0 50 100 150n
(b)
02+ W r
ok reletid ! {r_ﬂr,ﬁ,"""_"_ ""??ﬂﬂ _______
SRR T T 4T ”JLHHWURU}
-0.2 il
0 51() l()() 150 n

0 50 100 150 n
(d)

Figure 4.51 Example of quantization noise. (a) Unquantized samples of the signal
x[n] = 0.99cos(n/10). (b) Quantized samples of the cosine waveform in part
(a) with a 3-bit quantizer. (c) Quantization error sequence for 3-bit quantization of
the signal in (a). (d) Quantization error sequence for 8-bit quantization of the
signal in (a).

and they range between —A /2 and +A /2. In Chapter 10 this will be demonstrated more
quantitatively when we calculate the power density spectrum and autocorrelation of
a quantization-noise sequence.

For quantizers that round the sample value to the nearest quantization level, as
shown in Figure 4.48, the amplitude of the quantization noise is in the range

—A/2 <e[n] < AJ2. (4.121)

For small A, it is reasonable to assume that e[n] is a random variable uniformly dis-
tributed from —A /2 to A /2. Therefore, the first-order probability density for the quan-
tization noise is as shown in Figure 4.52. (If truncation rather than rounding is used
in implementing quantization, then the error would always be negative, and we would
assume a uniform probability density from —A to 0.) To complete the statistical model
for the quantization noise, we assume that successive noise samples are uncorrelated
with each other and that e[n] is uncorrelated with x[n]. Thus, e[n] is assumed to be
a uniformly distributed white-noise sequence. The mean value of e[n] is zero, and its
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Pe,(€)
b
A A= 273Xm
Figure 4.52 Probability density
function of quantization error for a
_A a ¢ rounding quantizer such as that of
2 2 Figure 4.48.
variance is
A2 1 AZ
2 = / e’ —de = —. (4.122)
—A/Z A 12

For a (B + 1)-bit quantizer with full-scale value X, the noise variance, or power, is

2—ZBX2
c=—0 (4.123)

A common measure of the amount of degradation of a signal by additive noise is the
signal-to-noise ratio, defined as the ratio of signal variance (power) to noise variance.
Expressed in decibels (dB), the signal-to-noise ratio of a (B + 1)-bit quantizer is

2 12_228 2
SNR = 10log,, (") = 10log,, (—")

ag

) X2
% (4.124)

Xl?i
= 6.02B8 + 10.8 — 20log,, ( ) .
a

X

From Eq. (4.124), we see that the signal-to-noise ratio increases approximately 6 dB for
each bit added to the word length of the quantized samples, i.e., for each doubling of
the number of quantization levels. It is particularly instructive to consider the term

—201log (X) (4.125)

Ox

in Eq. (4.124). First recall that X, is a parameter of the quantizer, and it would usually
be fixed in a practical system. The quantity o, is the rms value of the signal amplitude,
and it would necessarily be less than the peak amplitude of the signal. For example, if
X,(1) 1s a sine wave of peak amplitude X, theno, = Xp/ﬂ. If o, is too large, the peak
signal amplitude will exceed the full-scale amplitude X, of the A/D converter. In this
case Eq. (4.124) 1s no longer valid, and severe distortion results. If, on the other hand,
oy is too small, then the term in Eq. (4.125) will become large and negative, thereby
decreasing the signal-to-noise ratio in Eq. (4.124). In fact, it is easily seen that when o,
is halved, SNR decreases by 6 dB. Thus, it is very important that the signal amplitude
be carefully matched to the full-scale amplitude of the A/D converter.

For analog signals such as speech or music, the distribution of amplitudes tends
to be concentrated about zero and falls off rapidly with increasing amplitude. In such
cases, the probability that the magnitude of a sample will exceed three or four times the
rms value is very low. For example, if the signal amplitude has a Gaussian distribution,
only 0.064 percent of the samples would have an amplitude greater than 4¢,. Thus, to
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avoid clipping the peaks of the signal (as is assumed in our statistical model). we might
set the gain of filters and amplifiers preceding the A/D converter so that o, = X,,/4.
Using this value of o, in Eq. (4.124) gives

SNR ~ 6B - 1.25dB. (4.126)

For example, obtaining a signal-to-noise ratio of about 90-96 dB for use in high-quality
music recording and playback requires 16-bit quantization, but it should be remembered
that such performance is obtained only if the input signal is carefully matched to the
full-scale range of the A/D converter.

This trade-off between peak signal amplitude and absolute size of the quantization
noise is fundamental to any quantization process. We will see its importance again in
Chapter 6 when we discuss round-off noise in implementing discrete-time linear systems.

4.8.4 D/A Conversion

In Section 4.3, we discussed how a bandlimited signal can be reconstructed from a
sequence of samples using ideal lowpass filtering. In terms of Fourier transforms, the
reconstruction is represented as

X, (jQ) = X(e/*YH,(j). (4.127)

where X (e/®) is the discrete-time Fourier transform of the sequence of samples and
X, (jS2) is the Fourier transform of the recomstructed continuous-time signal. The ideal
reconstruction filter 1s

T I <n/T.
H,(j2) = {0’ Q> /T (4.128)

For this choice of H,(j<2), the corresponding relation between x,(t) and x[n] is

- sin[r(t —nT)/T]

(1) = . 4.129
x(1) ”:Z_OCX["] 2t —nT)/T (4.129)
The system that takes the sequence x[#] as input and produces x,(¢) as output is called
the ideal D/C converter. A physically realizable counterpart to the ideal D/C converter
is a digital-to-analog converter (D/A converter) followed by an approximate lowpass

filter. As depicted in Figure 4.53(a), a D/A converter takes a sequence of binary code

D/A ‘
- converter
x[n] xpalr)
(a)
Scale by .| Convert to . | Zero-order
- X 2,1 | impulses . hold i ;
xg[n] i x[n] xpa{t)y  Figure 4.53 (a) Block diagram of D/A

converter. (b) Representation in terms of
(b) a zero-order hold.
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words as its input and produces a continuous-time output of the form

xpa(t) = Y Xukplnlho(t —nT)
n= (4.130)

= Z X(nlho(t —nT),
NnN=—5oC
where Ay(¢) is the impuise response of the zero-order hold given by Eq. (4.112). The
dotted lines in Figure 4.49 show the output of a D/A converter for the quantized ex-
amples of the sine wave. Note that the D/A converter holds the quantized sample for
one sample period in the same way that the sample-and-hold holds the unquantized in-
put sample. If we use the additive-noise model to represent the effects of quantization,
Eq. (4.130) becomes
o 20
xpa(t) = Z x[nlho(t —nT) + Z e[nlho(t —nT). (4.131)
H=—DC H=—"xC

'To simplify our discussion, we define

xo(t) = Z x[nlho(t —nT), (4.132)
eo(t) = i e[nlho(t —nT). (4.133)

so that Eq. (4.131) can be written as
Xpalt) = xo(t) + ep(t). (4.134)

The signal component xg(¢) is related to the input signal x,(t), since x[n] = x,(nT).
The noise signal ep(r) depends on the quantization-noise samples e[n] in the same
way that xy(r) depends on the unquantized signal samples. The Fourier transform of
Eq. (4.132) is

Xo(jQ) = Z x[n]Ho(jS2)e /2T
= ( Ex: x[n]e"”") Ho(j ) (+139)
= X(e/fTYHy(j Q).
Now, since
X(e'¥) = lTka X, (f (Q —~ @‘)) : (4.136)

it follows that

Xo(jQ) = H f:\xa (j (sz - %‘))} Ho(j ). (4.137)

k=—2¢
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If X,(j) is bandlimited to frequencies below n/ T, the shifted copies of X, (j2) do
not overlap in Eq. (4.137), and if we define a compensated reconstruction filter as

_ H,(jQ)

H(j8) = Ho(j)

(4.138)

then the output of the filter will be x,(¢) if the input is x,(¢). The frequency response of
the zero-order-hold filter is easily shown to be

_ 2sin(27/2) o172

Hy(jQ2) (4.139)
Q
Therefore, the compensated reconstruction filter is
QT2 o1
. _—/vef‘“/—. Q) <7/ T.
H,(jQ) = { sin(R7/2) (4.140)
0. |2 > 7/ T.

Figure 4.54(a) shows | Hy(j2)| as given by Eq. (4.139), compared with the magnitude
of the ideal interpolation filter | H,(j$2)| as given by Eq. (4.128). Both filters have a
gain of T at Q@ = 0, but the zero-order-hold. although lowpass in nature, does not
cut off sharply at @ = n/T. Figure 4.54(b) shows the magnitude of the frequency
response of the ideal compensated reconstruction filter to be used following a zero-
order-hold reconstruction system such as a D/A converter. The phase response would
ideally correspond to an advance time shift of 7/2 seconds to compensate for the delay
of that amount introduced by the zero-order hold. Since such a time advance cannot be

r Ideal interpolating
filter H,(jQ2
Zero-order / \/ uter r(] )
hold
[Hy(j Q)
_2m _ 0 fu 2 Q
T T T T
(a)
H, Q)

\_/

Figure 4.54 (a) Frequency respaonse
of zero-order hold compared with ideal
Q interpolating filter. (b) Ideal

compensated reconstruction filter for
(b) use with a zero-order-hold output.

~la
~l3
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Compensated
D/A reconstruction
2] converter (5 filter 2 ()
x|(n X o X,
ba H,(Q)
T Figure 4.55 Physical configuration for
r digital-to-analog conversion.

realized in practical real-time approximations to the ideal compensated reconstruction
filter, only the magnitude response would normally be compensated, and often even
this compensation is neglected, since the gain of the zero-order hold drops only to 2/x
(or—4dB)atQ =x/T.

Figure 4.55 shows a D/A converter followed by an ideal compensated recon-
struction filter. As can be seen from the preceding discussion, with the ideal compen-
sated reconstruction filter following the D/A converter, the reconstructed output sig-
nal would be

. B = .sin[x(t —nT)/T]
% (1) = Z ] a(t—nT)/ T

n=—oc

(4.141)

_ o sl =nT)/T) S sinlr(e—aT)/T]
= > «ln] 7(t —=nT)/T + 2 el n(t=nT)/T =

n=—oC NH=—0C

In other words, the output would be
(1) = x,(t) + eq(1). (4.142)

where ¢,(r) would be a bandlimited white-noise signal.

Returning to a consideration of Figure 4.41(b), we are now in a position to un-
derstand the behavior of systems for digital processing of analog signals. If we assume
that the output of the antialiasing filter is bandlimited to frequencies below 7/ T, that
H,(j) is similarly bandlimited, and that the discrete-time system is linear and time
invariant, then the output of the overall system will be of the form

Pr(t) = ya(t) + ea(t). (4.143)
where

Ya(jQ) = H (jQ) Ho(jQ)H(e’*T) Hoa(j Q) X (), (4.144)

in which H,,(j2), Ho(j ), and H,(j<) are the frequency responses of the antialiasing
filter, the zero-order hold of the D/A converter, and the reconstruction lowpass filter,
respectively. H(e/7) is the frequency response of the discrete-time system. Similarly,
assuming that the quantization noise introduced by the A/D converter is white noise
with variance o? = A?/12,it can be shown that the power spectrum of the output noise is

P, (jQ) = |H, (jQ)Ho(jQ)H(e’%T)Pa, (4.145)

i.e., the input quantization noise is changed by the successive stages of discrete- and
continuous-time filtering. From Eq. (4.144), it follows that, under the assumption of
negligible aliasing, the overall effective frequency response from x.(¢) to y,(¢) is

Her(jR) = H,(jQ) Ho(j2) H(e!*TYHya (). (4.146)
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If the antialiasing filter is ideal, as in Eq. (4.108), and if the compensation of the re-
construction filter is ideal, as in Eq. (4.140), then the effective frequency response is
as given in Eq. (4.109). Otherwise Eq. (4.146) provides a reasonable model for the ef-
fective response. Note that Eq. (4.146) suggests that compensation for imperfections in
any of the four terms can, in principle, be included in any of the other terms: e.g.. the
discrete-time system can include appropriate compensation for the antiahasing filter or
the zero-order hold or the reconstruction filter or all of these.

In addition to the filtering supplied by Eq. (4.146), Eq. (4.143) reminds us that the
output will also be contaminated by the filtered quantization noise. In Chapter 6 we
will see that noise can be introduced as well in the implementation of the discrete-time
linear system. This internal noise will, in general, be filtered by parts of the discrete-
time system implementation, by the zero-order hold of the D/A converter. and by the
reconstruction filter.

4.9 OVERSAMPLING AND NOISE SHAPING IN A/D
AND D/A CONVERSION

In Section 4.8.1, we showed that oversampling can make it possible to implement sharp-
cutoff antialiasing filtering by incorporating digital filtering and decimation. As we
discuss in Section 4.9.1. oversampling and subsequent discrete-time filtering and down-
sampling also permit an increase in the step size A of the quantizer or, equivalently.
a reduction in the number of bits required in the analog-to-digital conversion. In Sec-
tion 4.9.2 we show how the step size can be reduced even further by using oversampling
together with quantization-noise feedback, and in Section 4.9.3 we show how the over-
sampling principle can be applied in D/A conversion.

4.9.1 Oversampled A/D Conversion with Direct Quantization

To explore the relation between oversampling and the quantization step size, we con-
sider the system in Figure 4.56. To analyze the effect of oversampling in this system, we
consider x,(t) to be a zero-mean, wide-sense-stationary, random process with power-
spectral density denoted by &, (j£2) and autocorrelation function denoted by ¢, (7).
To simplify our discussion, we assume initially that x,(¢) is already bandlimited to @,
Le.,

b, . (j2) =0. |S2] > Qn. (4.147)
A/D conversion Sampling rate conversion
Co T ' Co T T T T T
| : | |
| ¢/D »{ Quantizer —+— : ~ L:P7]r:/’M > M —f—»
”“)u([) | r[’7] : .r[n]' : ¢ | 'Yd[”]
|
: T | | {
- | L —

Figure 4.56 Oversampled A/D conversion with simple quantization and down-
sampling.
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Figure 4.57 System of Figure 4.56 with quantizer replaced by linear noise model.

and we assume that 27/ T = 2MQ . The constant M, which is assumed to be an integer,
is called the oversampling ratio. Using the additive noise model discussed in detail
in Section 4.8.3, we can replace Figure 4.56 by Figure 4.57. The decimation filter in
Figure 4.57 is an ideal lowpass filter with unity gain and cutoff frequency w, = /M.
Because the entire system of Figure 4.57 is linear, its output x,[#n] has two components,
one due to the signal input x,(¢) and one due to the quantization noise input e[n]. We
denote these components by x4, [#] and x4 [71], Tespectively.

Our goal is to determine the ratio of signal power £{x3_[n]} to quantization-noise
power £{x3,[n]} in the output x,[n] as a function of the quantizer step size A and the
oversampling ratio M. Since the system of Figure 4.57 is linear, and since the noise is
assumed to be independent of the signal, we can treat the two sources separately in
computing the respective powers of the signal and noise components at the output.

First we will consider the signal component of the output. We begin by relating
the power spectral density, autocorrelation function, and signal power of the sampled
signal x[n] to the corresponding functions for the continuous-time analog signal x,(t).
Let ¢y [m] and ®,,(e/?) respectively denote the autocorrelation and power spectral
density of x[n]. Then, by definition, ¢, [m] = £{x[n+ m]x[n]}, and since x[n] = x,(nT)
and x[n + m] = x,(nT + mT),

Elx[n+ mlx[n]} = E{x,(n + M) T )x,(nT)}. (4.148)
Therefore,
¢xx [m] = ¢x,,xa (mT ); (4149)

i.e., the autocorrelation function of the sequence of samples is a sampled version of
the autocorrelation function of the corresponding continuous-time signal. In particular,
Eqgs. (4.148) and (4.149), together with the wide-sense-stationarity assumption, imply
that £{x2(¢)} is a constant independent of ¢. It then follows that

Elx[n]) = E(x2(nT)) = E{x2(¢)}  forallnort. (4.150)

Since the power spectral densities are the Fourier transforms of the autocorrelation
functions, as a consequence of Eq. (4.149),

B o(e/%T) = % i b, (,- (Q _ 2_’;5)) . (4.151)

k=—00

Assuming that the input is bandlimited as in Eq. (4.147), and assuming oversampling
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Figure 4.58 lllustration of frequency and amplitude scaling between @, «, (j2)
and oy ('),

by a factor of M so that 2x/T = 2MSQy, we obtain, by substituting 2 = /T into
Eq. (4.151)

1 w
_ =P, | =), || < /M,
Glely=¢ T ™ (%) (4.152)
0, n/M<w<m.

For example, if &, ., (j$2)is as depicted in Figure 4.58(a), and if we choose the sampling
rate to be 2n/ T = 2MQy, then &, (e/®) will be as depicted in Figure 4.58(b).

It is instructive to demonstrate that Eq. (4.150) is true by utilizing the power
spectrum. The total power of the original analog signal is given by

e ,
0l = 5 [ eun (i,
T J-Qn
From Eq. (4.152), the total power of the sampled signal is
1 4 ,
ExX[n]) = — / ., (e/®)dw (4.153)
27 J_,
1 M w
- —b, . (=) dw. 4.154
27 ) oam T “(’T)“’ (4.154)

Using the fact that QyT = 7 /M and making the substitution 2 = /T in Eq. (4.154)
gives

1 [
E{xn]} = o /Q ®,,., (i R)dQ = E{x2(t)}.

Thus, the total power of the sampled signal and the total power of the original analog
signal are exactly the same. Since the decimation filter is an ideal lowpass filter with
cutoff w, = /M, the signal x[n] passes unaltered through the filter. Therefore, the
downsampled signal component at the output, x4, [n] = x[nM] = x,(nMT), also has
the same total power. This can be seen from the power spectrum by noting that, since
®,,(e/*) is bandlimited to |w| < 7/ M,

M-1
 r 1 (o
Dy, (€)= U E (p”(e;( 21rk)/M)
k=0

1 ,
= M(D.\'x(ejw/M) lw| < 7.

(4.155)
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Using Eq. (4.155), we obtain
1 /7 .
g{x(zia [n]} = Z /_]T CD.\Q[‘,.X'([,, (ejw)dw

I /1 .
~ 27 ), 2 Pu(e!M)de

1 M :
T 2n / @ (e!) dow = E{x[n]}.
2w —-n/M
which shows that the power of the signal component stays the same as it traverses the
entire system from the input x,(¢) to the corresponding output component x4, [#]. In
terms of the power spectrum, this occurs because, for each scaling of the frequency axis
that results from sampling, we have a counterbalancing inverse scaling of the amplitude,
so that the area under the power spectrum remains the same as we go from &, , (jQ2)
o @, (e/“) to By, »,, (€/) by sampling.
Now let us consider the noise component that is generated by quantization.
According to the model in Section 4.8.3, we assume that e[#n] is a wide-sense-stationary
white-noise process with zero mean and variance*

AZ
2_ =
U(’ 12

Consequently, the autocorrelation function and power density spectrum for e[n] are,
respectively,

bec|m] = o 28[m] (4.156)
and
®,.(e/?)=a? lw| < 7. (4.157)

c

In Figure 4.59, we show the power density spectrum of e[n] and of x[r]. The power
density spectrum of the quantized signal %[n] is the sum of these, since the signal and
quantization-noise samples are assumed to be independent in our model.

Although we have shown that the power in either x[#] or ¢[n] does not depend
on M, we note that as the oversampling ratio M increases, less of the quantization-
noise spectrum overlaps with the signal spectrum. It is this effect of the oversampling
that lets us improve the signal-to-quantization-noise ratio by sampling-rate reduction.
Specifically, the ideal lowpass filter removes the quantization noise in the band n/ M <
|w| < 7, while it leaves the signal component unaltered. The noise power at the output
of the ideal lowpass filter is

£ 2 1 M Zd Uﬁ’z
{e ["]}'2_71/,,/,”“" W=

Next, the lowpass filtered signal is downsampled, and, as we have seen, the signal power
in the downsampled output remains the same. In Figure 4.60, we show the resulting

*Since the random process has zero mean, the average power and the variance are the same.
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‘ | signal and quantization noise with an
-m —nlM mM T w oversampling factor of M.

Figure 4.60 Power spectral density of
signal and quantization noise after
downsampling.

power density spectrum of both x4, [n] and x4 [n]. Comparing Figures 4.58(b), 4.59, and
4.60, we can see that the area under the power density spectrum for the signal has not
changed, since the frequency axis and amplitude axis scaling have been inverses of each
other. On the other hand, the noise power in the decimated output is the same as at the
output of the lowpass filter: i.e.,
3 | Y 0(:2 a(,z A’

Elxg) = o ./,7 de_ o M (4.158)
Thus, the quantization-noise power &{x7,[n]} has been reduced by a factor of M through
the filtering and downsampling, while the signal power has remained the same.

From Eq. (4.158), we see that for a given quantization noise power, there 1s a
clear trade-off between the oversampling factor M and the quantizer step size A. Equa-
tion (4.115) states that for a quantizer with ( B+ 1) bits and maximum input signal level
between plus and minus X,,, the step size is

A= Xm/zBs
and therefore,

1L/ X\’
£{x§€[n]}=@<2—ﬂ> : (4.159)

Equation (4.159) shows that for a fixed quantizer, the noise power can be decreased
by increasing the oversampling ratio M. Since the signal power is independent of M,
increasing M will increase the signal-to-quantization-noise ratio. Alternatively, for a
fixed quantization noise power Py, = £{x3,[n]}, the required value for B is

1 1 1
B= —5 log, M — 5 log, 12 — 5 log, Pye + log, X, (4.160)

From Eq. (4.160), we see that for every doubling of the oversampling ratio M, we need
1/2 bit less to achieve a given signal-to-quantization-noise ratio, or, in other words, if
we oversample by a factor M = 4, we need one less bit to achieve a desired accuracy in
representing the signal.
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4.9.2 Oversampled A/D Conversion with Noise Shaping

In the previous section, we showed that oversampling and decimation can improve the
signal-to-quantization-noise ratio. This seems to be a somewhat remarkable result. It
implies that we can, in principle, use very crude quantization in our initial sampling of
the signal, and if the oversampling ratio is high enough, we can still obtain an accurate
representation of the original samples by doing digital computation on the noisy sam-
ples. The problem with what we have seen so far is that, to make a significant reduction
in the required number of bits, we need very large oversampling ratios. For example, to
reduce the number of bits from 16 to 12 would require M = 4% = 256. This seems to be
a rather high cost. However, the basic oversampling principle can lead to much higher
gains if we combine it with the concept of noise spectrum shaping by feedback.

As was indicated in Figure 4.59, with direct quantization the power density spec-
trum of the quantization noise is constant over the entire frequency band. The basic
concept in noise shaping is to modify the A/D conversion procedure so that the power
density spectrum of the quantization noise is no longer uniform, but rather, is shaped
such that most of the noise power is outside the band |w| < 7/ M. In that way, the subse-
quent filtering and downsampling removes more of the quantization-noise power.

The noise-shaping quantizer, generally referred to as a sampled-data Delta-Sigma
modulator, isshown in Figure 4.61. (See Candy and Temes, 1992 for a collection of papers
on this topic.) Figure 4.61(a) shows a block diagram of how the system is implemented
with integrated circuits. The integrator is a switched-capacitor discrete-time integrator.
The A/D converter can be implemented in many ways, but generally, it is a simple
1-bit quantizer or comparator. The D/A converter takes the digital output and converts
it back to an analog pulse that is subtracted from the input signal at the input to the
integrator. This system can be represented by the discrete-time equivalent system shown
in Figure 4.61(b). The switched-capacitor integrator is represented by an accumulator
system, and the delay in the feedback path represents the delay introduced by the D/A
converter.

Sampled R A/D
daa “| converter i
x, (1) integrator y[n]
pa |
converter
(a)
H(z)
y[n] xqln] =

— -+ Quantizer > I:P;M —| | M >
X"([) cT ‘rtfc'[n] + xde[n]

(b}

Figure 4.61 Oversampled quantizer with noise shaping.
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As before, we model the quantization error as an additive noise source so that the
system in Figure 4.61 can be replaced by the linear model in Figure 4.62. In this system,
the output y[n] is the sum of two components: y,[n] due to the input x[#] alone and é[n]
due to the noise e[n] alone.

We denote the transfer function from x[#] to y[n] as H,(z) and from e[r] to y[n]
as H,.(z). These transfer functions can both be calculated in a straightforward manner
and are

H(z)=1. (4.161a)
H(z)=(1-zh. (4.161b)
Consequently,
yeln] = x[n], (4.162a)
and
é[n] = e[n] — e[n —1]. (4.162b)

Therefore, the output y[n] can be represented equivalently as y[n] = x[n] + é[n], where
x[n] appears unmodified at the output and the quantization noise e[rn] is modified by the
first-difference operator H.(z). Thisis depicted in the block diagram in Figure 4.63. With
the power density spectrum for e[n] given by Eq. (4.157). the power density spectrum
of the quantization noise é[n] that is present in y[n] is

d)csc:(ef‘“) = U(:l| H,,(el’"")|2

4.163
= o2[2sin(w/2)]°. ( :

e[n|

— v e L e
x, (1) < xq[n]
Figure 4.62 System of Figure 4.60 from x,(f) to y[n] with quantizer replaced by

a linear noise model.
e[n]
1- -1
e[n]
— /D + > w]:P:/M > | M ——
x,(t) T x[n] y[n] = x[n] + eln) c x4[n]
_ w
r= ONM

Figure 4.63 Equivalent representation of Figure 4.62.
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In Figure 4.64, we show the power density spectrum of é[#n], the power spectrum of e[#],
and the same signal power spectrum that was shown in Figure 4.58(b) and Figure 4.59.
It is interesting to observe that the fofal noise power is increased from £{e*[n]) = o2
at the quantizer to £{é%[n]} = 207 at the output of the noise-shaping system. However,
note that in comparison with Figure 4.59, the quantization noise has been shaped in
such a way that more of the noise power is outside the signal band || < 7 /M than in
the direct oversampled case, where the noise spectrum is flat.

In the system of Figure 4.61, this out-of-band noise power is removed by the low-
pass filter. Specifically, in Figure 4.65 we show the power density spectrum of &, ., (€/¢)
superimposed on the power density spectrum of ®,, . (e/“). Since the downsampler
does not remove any of the signal power, the signal power in x4, [#] is

Py, = E(x3 [n]} = E(7[n]} = E1x2()).

The quantization-noise power in the final output is

1 [~ , 1 A% 7 w \\2
= -—- jw - — i e
Fee= 52 f_,r Pumle)do =300 | (ZS'H(QM)) do. (4.164)

To compare this approximately with the results in Section 4.9.1, assume that M is suffi-
ciently large so that

®;z(e/) = 4o lsin® (w/2)

Figure 4.64 The power spectral density of the guantization noise and the signal.

Qy

™

1
T

q)-'fdaTdu(e]w)

/

—7r 0 Tr @

Figure 4.65 Power spectral density of the signal and quantization noise after
downsampling.
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With this approximation, Eq. (4.164) is easily evaluated to obtain

1 A’m?
S 36 M3
From Eq. (4.165), we see again a trade-off between the oversampling ratio M and
the quantizer step size A. For a (B + 1)-bit quantizer and maximum input signal level
between plus and minus X,,, A = X,,/2%. Therefore, to achieve a given quantization-
noise power Py, we must have

Pde (41 65)

B= —% log, M + log,(7/6) — % log, Py + log, X, (4.166)
Comparing Eq. (4.166) with Eq. (4.160), we see that, whereas with direct quantization
a doubling of the oversampling ratio M gained 1/2 bit in quantization, the use of noise
shaping results in a gain of 1.5 bits.

Table 4.1 gives the equivalent savings in quantizer bits over direct quantization
with no oversampling (M = 1) for (a) direct quantization with oversampling, as dis-
cussed in Section 4.9.1, and (b) oversampling with noise shaping, as examined in this
section.

TABLE 4.1 EQUIVALENT SAVINGS IN
QUANTIZER BITS RELATIVETO M =1 FOR
DIRECT QUANTIZATION AND FIRST-ORDER
NOISE SHAPING

Direct Noise
M quantization shaping
4 | 2.2
8 1.5 37
16 2 5.1
32 25 6.6
64 3 8.1

The noise-shaping strategy in Figure 4.61 can be extended by incorporating a
second stage of accumulation as shown in Figure 4.66. In this case, with the quantizer
again modeled as an additive noise source e[n], it can be shown that

yln] = x[n] + é[n]

where, in the two-stage case, é[#n] is the result of processing the quantization noise e[#]

-— (/D 1 L, » Quantizer -
x,(0) x[n] 2 —Z - 2 ¥lnl

~ —

Figure 4.66 Oversampled quantizer with second-order noise shaping.
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TABLE 4.2 REDUCTION IN QUANTIZER
BITS AS ORDER p OF NOISE SHAPING

Oversampling factor M

Quantizer
order p 4 8 16 32 64
0 1.0 1.5 2.0 2.5 3.0
1 2.2 3.7 5.1 6.6 8.1
2 2.9 54 79 104 129
3 35 7.0 105 140 175
4 4.1 85 130 175 220
5 46 100 155 210 265

through the transfer function
H(z)=(1-z"" (4.167)
The corresponding power density spectrum of the quantization noise now present in
yln] is
Pso(e’?) = o2 [2sin(w/2)]*, (4.168)

with the result that, although the total noise power at the output of the two-stage noise-
shaping system is greater than for the one-stage case, even more of the noise lies outside
the signal band. More generally, p stages of accumulation and feedback can be used,
with corresponding noise shaping given by

dss(e’?) = 0 2[2sin(w/2)]?7. (4.169)

In Table 4.2, we show the equivalent reduction in quantizer bits as a function of the order
p of the noise shaping and the oversampling ratio M. Note that with p =2 and M = 64,
we obtain almost 13 bits of increase in accuracy, suggesting that a 1-bit quantizer could
achieve about 14-bit accuracy at the output of the decimator.

Although multiple feedback loops such as the one shown in Figure 4.66 promise
greatly increased noise reduction, they are not without problems. Specifically, for large
values of p, there is an increased potential for instability and oscillations to occur.
An alternative structure known as multistage noise shaping (MASH) is considered in
Problem 4.62.

4.9.3 Oversampling and Noise Shaping
in D/A Conversion

In Sections 4.9.1 and 4.9.2, we discussed the use of oversampling to simplify the process
of analog-to-digital conversion. As we mentioned, the signal is initially oversampled
to simplify antialias filtering and improve accuracy, but the final output x,[n] of the
A/D converter is sampled at the Nyquist rate for x,(¢). The minimum sampling rate is,
of course, highly desirable for digital processing or for simply representing the analog
signal in digital form, as in the CD audio recording system. It is natural to apply the
same principles in reverse to achieve improvements in the D/A conversion process.
The basic system, which is the counterpart to Figure 4.56, is shown in Figure 4.67.
The sequence yy[n], which is to be converted to a continuous-time signal. is first
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Sampling rate increase by M

| |
: LPF :
—| M > Gain=M [—+—| Quantizer > D/C F—>
yaln] ! cutoff = /M | | $[n] y[n] v, ()
e : f
T

Figure 4.67 Oversampled D/A conversion.

+
+ > Quantizer —
il S vln]
- +
——»{ + )4—
e[n] Figure 4.68 First-order noise-shaping
27l e system for oversampled D/A
quantization.

+

- W)

Figure 4.69 System of Figure 4.68
with quantizer replaced by linear noise
model.

upsampled to produce the sequence y[n], which is then requantized before sending
it to a D/A converter that accepts binary samples with the number of bits produced by
the requantization process. We can use a simple D/A converter with few bits if we can
be assured that the quantization noise does not occupy the signal band. Then the noise
can be removed by inexpensive analog filtering.

In Figure 4.68, we show a structure for the quantizer that shapes the quantization
noise in a similar manner to the first-order noise shaping provided by the system in
Figure 4.61. To analyze the system in Figures 4.67 and 4.68, we replace the quantizer
in Figure 4.68 by an additive white-noise source e[n], so that Figure 4.68 is replaced by
Figure 4.69. The transfer function from y[r] to y[#] is unity, i.e. the upsampled signal
y[n] appears at the output unaltered. The transfer function H,(z) from e[n] to y[n] is

H()=1- Fa
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Therefore, the quantization noise component é[n] that appears at the output of the
noise-shaping system in Figure 4.69 has the power density spectrum

Pso(e’) = a2 (2sinw/2)°, (4.170)

where, again, o2 = A?/12.

An illustration of this approach to D/A conversion is given in Figure 4.70. Fig-
ure 4.70(a) shows the power spectrum @, (e/*) of the input y,[#] in Figure 4.67. Note
that we assume that the signal y,[rn]is sampled at the Nyquist rate. Figure 4.70(b) shows
the corresponding power spectrum at the output of the upsampler (by M), and Fig-
ure 4.70(c) shows the quantization noise spectrum at the output of the quantizer/noise-
shapersystem. Finally, Figure 4.70(d) shows the power spectrum of the signal component

1 (b“tf,\'(l(() j"’)

E4E]

(d)

Figure 4.70 (a) Power spectral density of signal y,[n]. (b) Power spectral density
of signal y[n]. (c) Power spectral density of quantization noise. (d} Power spectral
density of the continuous-time signal and the quantization noise.
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superimposed on the power spectrum of the noise component at the analog output of
the D/C converter of Figure 4.67. In this case, we assume that the D/C converter has an
ideal lowpass reconstruction filter with cutoff frequency = /(MT ), which will remove as
much of the quantization noise as possible.

In a practical setting, we would like to avoid sharp-cutoff analog reconstruction
filters. From Figure 4.70(d). it is clear that if we can tolerate somewhat more quantization
noise, then the D/C reconstruction filter need not roll off so sharply. Furthermore, if we
use multistage techniques in the noise shaping, we can obtain an output noise spectrum
of the form

dso(e/?) = o2 (2sin w/2)°7.

which would push more of the noise to higher frequencies. In this case, the analog
reconstruction filter specifications could be relaxed even further.

4.10 SUMMARY

In this chapter, we developed and explored the relationship between continuous-time
signals and the discrete-time sequences obtained by periodic sampling. The fundamental
theorem that allows the continuous-time signal to be represented by a sequence of
samples is the Nyquist theorem, which states that, for a bandlimited signal. periodic
samples are a sufficient representation, as long as the sampling rate is sufficiently high
relative to the highest frequency in the continuous-time signal. Under this condition,
the continuous-time signal can be reconstructed from the samples by lowpass filtering,
corresponding to bandlimited interpolation. If the sampling rate is too low relative to
the bandwidth of the signal, then aliasing distortion occurs.

The ability to represent signals by sampling permits the discrete-time processing of
continuous-time signals. This is accomplished by first sampling, then applying discrete-
time processing, and, finally, reconstructing a continuous-time signal from the result.
Examples given were lowpass filtering and differentiation.

A particularly important class of processing is the class corresponding to sampling
rate changes. Downsampling a discrete-time signal corresponds in the frequency domain
to a replication of the discrete-time spectrum and rescaling of the frequency axis. which
may require additional bandlimiting to avoid aliasing. Upsampling corresponds to ef-
fectively increasing the sampling rate and is also represented in the frequency domain
by a rescaling of the frequency axis. By combining upsampling and downsampling by
integer amounts, noninteger sampling rate conversion can be achieved. We also showed
how this can be efficiently done using multirate techniques.

In the final sections of the chapter, we explored a number of practical considera-
tions associated with the discrete-time processing of continuous-time signals, including
the use of prefiltering to avoid aliasing, quantization error in analog-to-digital conver-
sion, and some issues associated with the filtering used in sampling and reconstruct-
ing the continuous-time signals. Finally, we showed how discrete-time decimation and
interpolation and noise shaping can be used to simplify the analog side of A/D and
D/A conversion.
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PROBLEMS

Basic Problems with Answers

4.1.

4.2,

4.3.

44.

4.5,

4.6.

The signal
xc(t) = sin 2z (100)¢)
was sampled with sampling period 7 = 1/400 second to obtain a discrete-time signal x[n}.
What is the resulting signal x[n]?
The sequence
T

x|n} = cos (Zn) . —00 < n < 00,
was obtained by sampling a continuous-time signal

x.(1) = cos (2p1). —00 <t < 00,
at a sampling rate of 1000 samples/s. What are two possible positive values of €2y that could
have resulted in the sequence x[n]?

The continuous-time signal
X (1) = cos (40007 1)

is sampled with a sampling period T to obtain a discrete-time signal

x[n] = cos (HT”) :

(a) Determine a choice for T consistent with this information.
(b) Is your choice for T in Part (a) unique? If so, explain why. If not, specify another choice
of T consistent with the information given.

The continuous-time signal

x-(t) = sin (20mt) + cos (40 ¢)

is sampled with a sampling period T to obtain the discrete-time signal

x[n] =sin (n?n) + cos (2%”) :

{a) Determine a choice for T consistent with this information.
(b) Is your choice for T in Part (a} unique? If so, explain why. If not, specify another choice
of T consistent with the information given.

Consider the system of Figure 4.11, with the discrete-time system an ideal lowpass filter

with cutoff frequency n/8 radians/s.

(a) If x.(r)is bandlimited to 5 kHz, what is the maximum value of T that will avoid aliasing
in the C/D converter?

(b) If 1/ T = 10 kHz, what will the cutoff frequency of the effective continuous-time filter
be?

(¢) Repeat Part (b) for 1/T =20 kHz.

Let k(1) denote the impulse response of a linear time-invariant continuous-time filter and
h,|n] the impulse response of a linear time-invariant discrete-time filter.



Chap. 4 Problems 215

4.7,

(a) If

e—m. r > 0’
o={5" 120
where a is a positive real constant, determine the continuous-time filter frequency
response and sketch its magnitude.
(b) Ifhy[n] = Th,(nT)withh.(¢)asin part (a),determine the discrete-time filter frequency
response and skeitch its magnitude.

(c) For a given value of a4, determine, as a function of 7, the minimum magnitude of the
discrete-time filter frequency response.
A simple model of a multipath communication channelisindicated in Figure P4.7-1. Assume
that s.(¢) is bandlimited such that 5,.(j2) = O for |2| > 7/ T and that x,.(!) is sampled with
a sampling period 7 to obtain the sequence
x[n] = x.(uT).

> + >
s5.(r) x (=5 +as(t-1,)
o _ | Delay
- - Td
Figure P4.7-1
(a) Determine the Fourier transform of x.(¢) and the Fourier transform of x[n] in terms of
Sc(J$2).

(b) We want to simulate the multipath system with a discrete-time system by choosing
H(e’*) in Figure P4.7-2 so that the output r[n] = x.(nT) when the input is s[n] =
sc(nT). Determine H(e/”)in terms of T and 7.

(c) Determine the impulse response k[n]in Figure P4.7-2 when (i) ty = Tand (ii) ty = 7/2.

— ! H(e/") f———

s[n] =s.(nT) rln] =x.(nT) Figure P4.7-2

4.8. Consider the system in Figure P4.8-1 with the following relations:

X.(j&) =0. Q> 27 x 10°%,
x[na] = x.(nT).

yln]=T Z x[k].

k=—oc
> C/D N L o S
(1) x[n) [ HE] v

T Figure P4.8-1
(a) For this system, what is the maximum allowable value of T if aliasing is to be avoided,

i.e., so that x.(+) can be recovered from x[n].
(b) Determine i[n].
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4.9,

4.10.

4.11.

4.12.

4.13.

4,14,
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(¢) In terms of X (e/®), what is the value of y[n] for n = oc?
(d) Determine whether there is any value of T for which

yn]| = / N x.(¢)dl. (P4.8-1)

oC

n=0oc

If there is such a value for T, determine the maximum value. If there 1s not, explain and
specify how T would be chosen so that the equality in Eq. (P4.8-1) is best approximated.

Consider a stable discrete-time signal x[r] whose discrete-time Fourier transform X (e/®)
satisfies the equation

X(e) = X (&™)

and has even symmetry. i.e., x[n] = x[—n].

(a) Show that X(e/®) is periodic with a period 7.

(b) Find the value of x[3]. (Hint: Find values for all odd-indexed points.)

(c) Let y[n] be the decimated version of x[n], 1.e., y[n] = x[2n]. Can you reconstruct x[n]
from y[n] for all n. If yes, how? If no, justify your answer.

Each of the following continuous-time signals is used as the input x.(¢) for an ideal C/D
converter as shown in Figure 4.1 with the sampling period T specified. In each case, find
the resulting discrete-time signal x[n].

(@) x.(t) =cos (27 (1000)¢), T = (1/3000) sec

(b) x.(t) =sin (27 (1000)¢), T = (1/1500) sec

(©) x.(t) =sin(2x(1000)t) / (mt), T = (1/5000) sec

The following continuous-time input signals x.(¢) and corresponding discrete-time output
signals x[n] are those of an ideal C/D as shown in Figure 4.1. Specify a choice for the
sampling period T that is consistent with each pair of x.(¢) and x[#]. In addition, indicate
whether your choice of T is unique. If not, specify a second possible choice of T consistent
with the information given.

(a) x.(t) =sin(10rt), x[n] = sin(mn/4)

(b) x.(¢t) =sin(107t)/(107t).  x[n] =sin(zn/2)/(7n/2)

In the system of Figure 4.11, assume that
HE'") = jo/T. -1 <w<m,

and T = 1/10 sec.

(a) For each of the following inputs x.(¢). find the corresponding output y.(¢).
(1) x.(t) =cos(bmt)
(i1) x.(t) = cos(l4mt)

(b) Are the outputs y.(¢) those you would expect from a differentiator?

In the system shown in Figure 4.16, s.(t) = 6(t — T/2).

(a) Suppose the input x[n] = sin(zn/2) and T = 10. Find y[#n].

(b) Suppose you use the same x[r] as in Part (a), but halve T to be 5. Find the resulting
ylnl.

(c) In general, how does the continuous-time LTI system #.(¢) limit the range of the sam-
pling period T that can be used without changing y[n]?

Which of the following signals can be downsampled by a factor of 2 using the system in
Figure 4.20 without any loss of information?

(a) x[n] = 8[n — ny), for ng some unknown integer

(b) x[n] = cos{mn/4)

(¢) x[n] =cos(mn/4) + cos(3mn/4)



Chap. 4 Problems 217

4.15.

4.16.

4.17.

4.18.

4.19.

(d) x[n] =sin(zn/3)/(rn/3)

(e) x[n] = (~1)"sin (xn/3) /(7rn/3)

Consider the system shown in Figure P4.15-1. For each of the following input signals x{#],
indicate whether the output x, [n] = x[n].

(a) x[n] = cos(mn/4)

(b) x[n] = cos(zin/2)

(c)

{sin(nn/S) -
x[n]= | ———
n _

Hint: Use the modulation property of the Fourier transform to find X (e/*).

H(e)] |
» 3 > 3 > f————

x[n] ‘V x4[n] T Xp(n] Ll xr[n]

3 m w Figure P4.15-1

Consider the system in Figure 4.28. The input x[n] and corresponding output ¥,[n] are given
for a specific choice of M/ L in each of the following parts. Determine a choice for M/L
based on the information given, and specify whether your choice is unique.

(a) x[n] =sin(xn/3) /(7n/3). X4[n] =sin(57n/6) /(57n/6)

(b) x[n] =cos(3nn/4)., ky[n] = cos(mn/2)

Each of the following parts lists an input signal x[n] and the upsampling and downsamphing
rates L. and M for the system in Figure 4.28. Determine the corresponding output %,[rn].
(a) x[n] =sin(2an/3)/an, L=4, M =3

(b) x[n] =sin(3nn/4), L =3, M=5

For the system shown in Figure 4.28, X (¢/®). the Fourier transform of the input signal
x[n], is shown in Figure P4.18-1. For each of the following choices of L and M. specify the
maximum possible value of wg such that Xy(e/”) = « X (e/M*/") for some constant a.

X(e@)

1 !
d il “o m Figure P4.18-1

(a) M=3, L=2
(b) M=5, L =3
(¢c) M=2. L=3

The continuous-time signal x.(¢) with the Fourier transform X.(jQ) shown in Fig-

ure P4.19-1 is passed through the system shown in Figure P4.19-2. Determine the range
of values for T for which x, () = x.(r).

X.(j<)
1 1
—QO — 2 QO 0 g (20 QO Q
3 3 Figure P4.19-1
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» C/D > D/C ——>
x(1) x[n) x,[n]

!

r Figure P4.19-2

4.20. Consider the system in Figure 4.11. The input signal x.(f) has the Fourier transform shown
in Figure P4.20-1 with ¢ = 27 (1000) radians/second. The discrete-time system is an ideal
lowpass filter with frequency response

; 1, o} < w,,
joy
H(e™®) = {0, otherwise.
X(jQ)
1
- { " Figure P4.20-1

(a) What is the minimum sampling rate F;, = 1/ T such that no aliasing occurs in sampling
the input?
(b) If w. = /2, what is the minimum sampling rate such that y.(¢f) = x.(¢)?

Basic Problems

4.21. A complex-valued continuous-time signal x.(¢) has the Fourier transform shown in Fig-
ure P4.21-1, where (£2; — ©2;) = AQ. This signal is sampled to produce the sequence
x|n] = x.(nT).

X (72)

AQ
Figure P4.21-1

(a) Sketch the Fourier transform X (e/#) of the sequence x[n] for T = 7/ ;.

(b) What is the lowest sampling frequency that can be used without incurring any aliasing
distortion, i.e., so that x.(¢) can be recovered from x[n}?

(c) Draw the block diagram of a system that can be used to recover x.(¢) from x[»] if the
sampling rate is greater than or equal to the rate determined in Part (b). Assume that
(complex) ideal filters are available.

4.22, A continuous-time signal x.(¢), with Fourier transform X (j$2) shown in Figure P4.22-1, is
sampled with sampling period T = 27/ Q¢ to form the sequence x[n] = x.(nT).
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X.G2)

-0y Q Q Q
2 2 Figure P4.22-1

(a) Sketch the Fourier transform X (¢/®) for |w| < 7.

(b) The signal x[#] is to be transmitted across a digital channel. At the receiver, the original
signal x.(¢) must be recovered. Draw a block diagram of the recovery system and specify
its characteristics. Assume that ideal filters are available.

(¢) Interms of €. for what range of values of T can x.(r) be recovered from x[n]?

4.23. In Figure P4.23-1, assume that X.(j2) = 0, |2] > &/ T;. For the general case in which
Ty # T, in the system, express y.(¢) in terms of x.(¢). Is the basic relationship different for
T] > Tg and T| < Tz?

» (/D » D/C >
x.(1) x[n] v.(1)
7 T Figure P4.23-1

4.24. In the system of Figure P4.24-1, X.(j2) and H(e/”) are as shown. Sketch and label the
Fourier transform of y.(r) for cach of the following cases:
@ 1T, =1/T,=10°
() 1/Ty=1/T,=2x10*
© /Ty =2x10% 1/T> =10*
d) 1/7, =10 1/ =2x10*

—{ /D - H{eiw) » D/C >
x(' ([) * Af <\"(' (f)
T T
X.(7Q)
1
D2ax5x100 2w x5x10° O
H(e'*)
1
| |
-7 _ 1 E m w
2 2

Figure P4.24-1
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4.25, Figure P4.25-1 shows the overall system for filtering a continuous-time signal using a
discrete-time filter. The frequency responses of the reconstruction filter H,(j$2) and the
discrete-time filter H(e/®) are shown in Figure P4.25-2,

—— e —— = —_—_—— e —_—_—_——,— . —_

N = —co

|
| |
| |
| |
1C11(1)3L‘1’irct lr;e?ll: : : Convert to recorllglerzllllction
E I - jw | H . R
to discrete-time [ | H(el) L impulse ' filter '
X\.(l) sequence | K["7 y[n]| train y,\‘(r) Hr(]‘()) : yr(’)
| | |
! ] !
Figure P4.25-1
| HG6) H(e™)
5% 107 1
27 % 107 Q m m w
4 4 Figure P4.25-2

(a) For X.(jQ)asshown in Figure P4.25-3 and 1/ T = 20 kHz, sketch X,(j2) and X (e/®).

X Q)
]
~2m x 10 2m x 10 @ Figure P4.25-3
Hcfl’(jﬂ)
1
-} 9]

C

c £ Figure P4.25-4

For a certain range of values of 7', the overall system, with input x.(¢) and output y.(f),
is equivalent to a continuous-time lowpass filter with frequency response H,y(j<2)
sketched in Figure P4.25-4.

(b) Determine the range of values of T for which the information presented in (a) is true
when X.(jQ) is bandlimited to || < 27 x 10* as shown in Fig. P4.25-3.

(c) For the range of values determined in (b), sketch 2, as a function of 1/ 7.

Note: This is one way of implementing a variable-cutoff continuous-time filter using fixed

continuous-time and discrete-time filters and a variable sampling rate.

4.26. Consider the sequence x[n] whose Fourier transform X (e/¢) is shown in Figure P4.26-1.
Define

] = x[n]. n=Mk. k=0,4£1,42, ...,
T 0, otherwise,
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and
x4[n] = x;[Mn] = x[ Mn].
(a) Sketch X;(e/?) and X (e/®) for each of the following cases:
(i) M=3, w0y =m/2
(i) M=3, wy =m/4
(b) What is the maximum value of wp that will avoid aliasing when M = 3?

d

—oy 0wy ™ 21 @ Figure P4.26-1

X(e'®)

4.27. Using Parseval’s theorem, briefly explain why the amplitude of the Fourier transform
changes during downsampling but not during upsampling.

4.28. (a) IsthesysteminFigure 4.11 linear fora given choice of 7 ? If so, provide a brief argument
demonstrating that it satisfies linearity. If not. provide a counterexample.
(b) Is the system in Figure 4.11 time invariant for a given choice of 77 If so, provide a brief
argument demonstrating that it satisfies time invariance. If not, provide a counterex-
ample.

Advanced Problems

4.29. Consider the systems shown in Figure P4.29-1. Suppose that H, (e/”) is fixed and known.
Find H,(e’®). the frequency response of an LTI system, such that y2[n] = y;[#] if the inputs
to the systems are the same.

— TZ > Hl(ef‘”) » {2 >
x[n] viln]

(a)

——pe | Hz(ejm) —
x[n] y2ln]
{(b) Figure P4.29-1
4.30. Inthesystemof Figure 4.11, assume that the discrete-time system s linear and time invariant

and that X (j2) = 0 for |2| > 4000x. Determine the largest possible value for 7 and the
corresponding frequency response H(e/®) for the discrete-time system such that

QX (jQ). 1000r < |Q} < 20007,
0. otherwise.

.

4.31. In the system of Figure 4.11, assume that X.(jQ) = 0 for || > n/T. Determine and plot
the magnitude and phase of the frequency response of the discrete-time LTI system such
that the output y,(¢) is the running integral of the input. i.e.,

(1) = f x(x)dr.

o
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4.32.

4.33.

4.34.

4.35.

4.36.
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A bandlimited continuous-time signal is known to contain a 60-Hz component, which we

want to remove by processing with the system of Figure 4.11, where T = 1074,

(a) What is the highest frequency that the continuous-time signal can contain if aliasing is
to be avoided?

(b) The discrete-time system to be used has frequency response

[1 — emi{omw][1 — ¢~ /lwtwo)]

pf®y —
HE™) = 097 w01 = 0.9 faran]

Sketch the magnitude and phase of H(e/®).
(c) What value should be chosen for wg to eliminate the 60-Hz component?

Consider the system in Figure 4.11 with X.(jQ) = 0 for |Q| > 27(1000) and the discrete-
time system a squarer, i.e.. y[#] = x?[n]. What is the largest value of T such that y.(¢) =
x;(1)?

For the LTI system in Figure P4.34-1,

H(el?) = e7i9/2, lw| <z (half-sample delay).

—_— H(gfw) -

x[n] ¥[n]l  Figure P4.34-1

(a) Determine a choice for T and h.(t) in the system of Figure 4.16 so that the system in
Figure P4.34-1 with H(e/®) as specified is equivalent to the system in Figure 4.16.
(b) Determine and sketch y{n] when the input sequence is

[7] = cos o7 z
x[n] = -7 )

as sketched in Figure P4.34-2.

2 Figure P4.34-2

Consider the system of Figure 4.16 with the continuous-time LTT system causal and char-
acterized by the linear constant-coefficient differential equation

dzyc(t) 4 4dyc(t)
di? dt
The overall system is equivalent to a causal discrete-time LTT system. Determine the fre-
quency response H(e/*) of the equivalent discrete-time system when T = 0.1s.
In Figure P4.36-1, x[n] = x.(nT) and y{n] = x[2n].
(a) Assume that x.(r) has a Fourier transform such that X.(jQ) = 0, || > 27 (100). What
value of T is required so that

+ 3y:(t) = x.(1).

X(el®) =0, % < |of < 7?
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(b) How should T be chosen so that y.(t) = x.(¢)?

> /D - |2 > D/C —>
x (1) x[n] y[n] y(t)

! !

Figure P4.36-1

4.37. Suppose thatyou obtainedasequence s[n] by filtering aspeech signal s () with a continuous-
time lowpass filter with a cutoff frequency of 5 kHz and then sampling the resulting output
at a 10-kHz rate, as shown in Figure P4.37-1. Unfortunately, the speech signal s.(¢) was
destroyed once the sequence s[n] was stored on magnetic tape. Later, you find that what
you should have done is followed the process shown in Figure P4.37-2. Develop a method to
obtain sy [#] from s[#] using discrete-time processing. Your method may require a very large
amount of computation, but should not require a C/D or D/C converter. If your method
uses a discrete-time filter, you should specify the frequency response of the filter.

Hao(j8Y)
1
» C/D >
Speech s[n]
5(1) 22(5000) 27 (5000) Q2 1
T=10" Figure P4.37-1
H,,(j§2)
1
> C/D >
Speech siin]
5.(1) —27(3000) 2m(3000) O f
7= 10 .
6 Figure P4.37-2

4.38. Consider the system shown in Figure P4.38-1, where

” 1, |o| < /L.
i) —
Hie )‘{0, w/L < |w| <.

Sketch Y.(j2) if X, (j2) is as shown in Figure P4.38-2.

— /D » L —>| H(eiw) D/C p——>
x.(1} x[n] v{n] w(n] yln] Yo

N"=e™ oy
Figure P4.38-1

X0

Q

~{3
~ 3

Figure P4.38-2
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4.39. The system shown in Figure P4.39-1 approximately interpolates the sequence x[n] by a
factor L. Suppose that the linear filter has impulse response k[n] such that h[n] = k[—n]
and h[n] = 0 for |n| > (RL — 1), where R and L are integers; i.e., the impulse response is
symmetric and of length (2RL — 1) samples.

—{ tL > H(ejw)f—>

x[n] vin] ¥[n]  Figure P4.39-1

(a) Inanswering the following, do not be concerned about the causality of the system; it can
be made causal by including some delay. Specifically, how much delay must be inserted
to make the system causal?

(b) What conditions must be satisfied by k[n] in order that y[n] = x[n/L] forn =0, £L,
+2L,4+3L,...7

{c) By exploiting the symmetry of the impulse response, show that each sample of y[n] can
be computed with no more than RL multiplications.

(d) By taking advantage of the fact that multiplications by zero need not be done, show
that only 2R multiplications per output sample are required.

4.40. In the system of Figure P4.40-1,

Xc(j)=0. 12| =7/ T,
and ,
; e v, ol <w/L,
jory —
He™) = {0. 7/l < || < 7.
How is y[n] related to the input signal x.(¢)?

—| /D —| 1L > H(eio) b— | L F—>
x A1) x[n] =x.(nT) v[n]

T Figure P4.40-1
4.41. Consider the system shown in Figure P4.41-1. The input to this system is the bandlimited

signal whose Fourier transformis shown in Figure P4.20-1 with Qo = 7/ T. The discrete-time
LTI system in Figure P4.41-1 has the frequency response shown in Figure P4.41-2.

ol T | e e ) e B
xf(t) X[ﬂ] XC[H] yc[n] yc([)
T T =T/4

Figure P4.41-1

H{e®)
4
_3m _7 m 3m o
4 4 4 4

Figure P4.41-2
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4.42.

4.43.

(a) Sketch the Fourier transforms X (e/“), X.(e/®), Y.(¢/¥). and Y.(jQ).

(b) For the general case when X .(j2) = 0 for |2 > 7/ T, express Y.(j2) in terms of
X (j2). Also, give a general expression for y.(7) in terms of x.(r) when x.(r) is band-
limited in this manner.

Let x.(¢) be a real-valued continuous-time signal with highest frequency 27 (250) radi-

ans/second. Furthermore, let y (1) = x (¢t — 1/1000).

(a) If x[n] = x.(n/500), is it theoretically possible to recover x.(¢) from x[n]? Justify your
answer.

(b) If y[n] = y.(n/500), is it theoretically possible to recover y.{(¢) from y[#]? Justify your
answer.

(¢) Isit possible to obtain y[{n] from x[n] using the system in Figure P4.42-17? If so, dctermine
Hi(e/™).

(d) It is also possible to obtain y{n] from x[n] without any upsampling or downsampling
using a single LTI system with frequency response [/>(¢/“). Determine Ha(e/®).

Y

xln] —> 12 —{ H (/) V2 yin)

Figure P4.42-1

Consider the system shown in Figure P4.43-1 for discrete-time processing of the continuous-
time input signal g.(¢). The input signal g.(¢) is of the form g.(¢) = f.(1) + e {r). wherc the
Fourier transforms of f.(¢) and ¢.(r) are shown in Figure P4.43-2. Since the input signal is
not bandlimited, a continuous-time antialiasing filter H,,(j ) is used. The magnitude of
the frequency response for H,,(j2) is shown in Figure P4.43-3, and the phase response of
the antialiasing filter is / H,,(j ) = - Q.

C-TLTI D-T LTI
——1{ system —>- c/D > system — D/C ——
8.(0) Haa (1) | x () x[n] H(ery | y[n] v(0)
T T

Figure P4.43-1

F.J) E.(j&)

4007 4007 Q —400m 4007 Q
Figure P4.43-2

| H,, ()|

1 |
8007 —400 4007 800w Q Figure P4.43-3
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(a) If the sampling rate is 2/ T = 16007, determine the magnitude and phase of H(e/®),
the frequency response of the discrete-time system, so that the output is y.(¢t) = f.(¢).

(b) Isit possible that y.(¢) = f.(1)if 2n/ T < 16007 ? If so, what is the minimum value of
27/ T? Determine H(e’®) for this choice of 27/ T.

4.44. Consider the system given in Figure P4.44-1. You may assume that R.{j) is bandlimited;

e, R(jQ) =0, || = 2x(1000), as shown in the figure.
rlnl x[n] v(n] s[n]
x{n] — /D » T 3 > H(el®) > l ) —-{ D/C > s.{f)
T Ty
. 1.0= <
T, = L seconds H{e™) :{ ol = v,
2000 0, 0p< lol =7
R.(j§1)
6
=271006G 271000

Figure P4.44-1

(a) Sketch R(e’/®) and X (e/®).
(b) Choose nonzero values for wg and 75 such that

y[n] =ar.(nTz)

for some nonzero constant . { You do not have to determine the value of )
(¢) Using the value of wg you obtained in Part (b), determine a choice for 73 such that

5e(0) = Bre(t)

for some nonzero constant . (You do not have to determine the value of 8.)

4.45.
exactly time limit

and

Assume that the continuous-time signal x.(¢) in Figure P4.45-1 is exactly bandlimited and

ed so that
x:(t) =0fort < 0and¢ > 10 seconds

X.(jQ) = 0for || > 27 x 10%.

While no continuous-time signal can be exactly bandlimited and time limited, the assump-

tion that a signal

satisfies both constraints often an excellent approximation and one that

we typically rely on in discrete-time processing of continuous-time signals. The continuous-

time signal x.{t)

is sampled as indicated in Figure P4.45-1 to obtain the sequence x[n],

which we want to process to estimate the total area A under x.(t) as precisely possible.

~| c/D > Dls;r/:,tt;lt]lme - -
x.(t) ? x[n] A = estimate of A
r Figure P4.45-1
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10
A:[ x:(t) dt.
0

Specify a choice for the impulse response h[#] for the discrete-time system and the largest
possible value of T to obtain as accurate an estimate as possible of A. State specifically
whether your estimate will be exact or approximate.

4.46. Consider the system in Figure P4.46-1 with Hy(z), H1(2), and H,(z) as the system functions
of LTI systems. Assume that x[#n]is an arbitrary stable complex signal without any symmetry

Specifically, we define

properties.
»1 Hy(z) — # 3 b——
x[n] voln]
—] H(z) > { 3 >
viln]
—» H5(z) > $ 3
vl Figure P4.46-1

(a) Let Hy(2) = 1, Hi(z) = 7}, and H>(z) = z7°. Can you reconstruct x[n] from yy[#],
yi[n], and y>[n]? If so, how? If not, justify your answer.
(b) Assume that Hy(e!®), Hi(e’®), and H>(e’“) are as follows:

; 1, Jjwl<x/3.
Jay
Ho(e™) = {O. otherwise,
- 1, =n/3 <|wl <2x/3.
Joy _
Hi(e™) = 0. otherwise,

27/3 < |wl < 7,
otherwise.

Hy(e!*) = {

Can you reconstruct x[n] from yo[n], y1[n], and y[n]? If so, how? If not, justify your
answer.
Now consider the system in Figure P4.46-2. Let Hi(e/“) and Hi(e’®) be the frequency
responses of the LTI systems in this figure. Again, assume that x[»] is an arbitrary stable
complex signal with no symmetry properties.

o —

>| Hq(e!”) > |2 >
x[n] valn]
> H,(e/*) > 2 >

valrl Figure P4.46-2

(¢) Suppose that H;(e/“) = 1 and

1 0<w<m,

H4(ejw) = { —’1 -1 <w<0.

Can you reconstruct x[n] from y3{n] and y4[n]? If so, how? If not, justify your answer.
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Extension Probiems

4.47. In many applications, discrete-time random signals arise through periodic sampling of
continuous-time random signals. We are concerned in this problem with a derivation of
the sampling theorem for random signals. Consider a continuous-time, stationary, random
process defined by the random variables {x,(¢)}, where ¢ is a continuous variable. The
autocorrelation function is defined as

Prox (1) = Ex()x7(t + 7).

and the power density spectrum is
P () = / rx (T)e T dT.
e

A discrete-time random process obtained by periodic sampling is defined by the set of

random variables {x[#]}, where x[n]) = x,(nT ) and T is the sampling period.

(a) What is the relationship between ¢, [n] and ¢, (7)?

(b) Express the power density spectrum of the discrete-time process in terms of the power
density spectrum of the continuous-time process.

(¢) Under what condition is the discrete-time power density spectrum a faithful represcn-
tation of the continuous-time power density spectrum?

4.48. Consider a continuous-time random process x.(¢) with a bandlimited power density spec-
trum P, . (Q2) as depicted in Figure P4.48-1. Suppose that we sample x.(f) to obtain the
discrete-time random process x{n] = x.(nT).

Pi ()

—{ {2 ' Figure P4.48-1

(a) What is the autocorrelation sequence of the discrete-time random process?

(b) For the continuous-time power density spectrum in Figure P4.48-1, how should T be
chosen so that the discrete-time process is white, i.e., so that the power spectrum is
constant for all w?

(c) If the continuous-time power density spectrum is as shown in Figure P4.48-2, how
should 7" be chosen so that the discrete-time process is white?

Y o ' Figure P4.48-2

(d) What is the general requirement on the continuous-time process and the sampling
period such that the discrete-time process is white?



Chap. 4 Problems 229

4.49. This problem explores the effect of interchanging the order of two operations on a signal,
namely, sampling and performing a memoryless nonlinear operation.
(a) Consider the two signal-processing systems in Figure P4.49-1, where the C/D and D/C
converters are ideal. The mapping g[x] = x? represents a memoryless nonlinear device.
For the two systems in the figure, sketch the signal spectra at points 1, 2. and 3 when
the sampling rate is selected to be 1/ T = 2 f,, Hz and x.{r) has the Fourier transform
shown in Figure P4.49-2. Is yi(1) = y2(¢)? If not, why not? Is y,(¢) = x>(r)? Explain
your answer.

System 1:

> D/C ——>

oLdom

il
\

> C/D — ¢[x]

x,(1) @

~ =
~y =

System 2:

w. () w[n]
— g[x] =+ > C/D >

x (1) @

» D/C ——
@ @ v (1)

T Figure P4.49-1

~ —

X(j&)

~2mf, O 2mf, € Figure P4.49-2

(b) Consider System 1, and let x(¢#) = A cos (30mr). Let the sampling rate be 1/ T = 40 Hz.
Is yi(t) = x*(r)? Explain why or why not.

(¢) Consider the signal-processing system shown in Figure P4.49-3, where g[x] = x’ and
g~ '[v] is the (unique) inverse, i.e., g~ 1[g(x)] = x. Let x(t) = Acos (30mt)and 1/ T =
40 Hz. Express v[n] in terms of x{n]. Is there spectral aliasing? Express y[n] in terms of
x[r]. What conclusion can you reach from this example? You may find the following

identity helpful:
cos’ Qut = % cos 2t + % cos 3¢
—> g[x] = x » /D —- g‘l[v] ———
x.(t) vt v[n] y[n]

~ —]

Figure P4.49-3
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4.50.

4.51.

4.52.
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(d) One practical problem is that of digitizing a signal having a large dynamic range. Sup-
pose we compress the dynamic range by passing the signal through a memoryless non-
linear device prior to A/D conversion and then expand it back after A/D conversion.
What is the impact of the nonlinear operation prior to the A/D converter in our choice
of the sampling rate?

Figure 4.24 depicts a system for interpolating a signal by a factor of L, where

x|n] = x[p/L]. n=0, £L. £2L etc...,
o, otherwise,

and the lowpass filter interpolates between the nonzero values of x.[n] to generate the
upsampled or interpolated signal x;[n]. When the lowpass filter is ideal, the interpolation is
referred to as bandlimited interpolation. As indicated in Section 4.6.2, simple interpolation
procedures are adequate in many applications. Two simple procedures often used are zero-
order-hold and linear interpolation. For zero-order-hold interpolation, each value of x[n]
is simply repeated /. times: i.e..

x[0]. n=01..... L—1.
x.[L]. n=1L L+1..... 2L—1.
xilnl =4 xJ2L]. n=2L. 2L+1.....

Linear interpolation is described in Section 4.6.2.

(a) Determine an appropriate choice for the impulse response of the lowpass filter in
Figure 4.24 to implement zero-order-hold interpolation. Also, determine the corre-
sponding frequency response.

(b) Equation (4.92) specifies the impulse response for linear interpolation. Determine the
corresponding frequency response. (You may find it helpful to use the fact that Ay, [#]
is triangular and consequently corresponds to the convolution of two rectangular se-
quences.)

{c) Sketch the magnitude of the filter frequency response for zero-order-hold and linear
interpolation. Which is a better approximation to ideal bandlimited interpolation?

We wish to compute the autocorrelation function of an upsampled signal, as indicated in
Figure P4.51-1. It is suggested that this can equivalently be accomplished with the system of
Figure P4.51-2. Can H;(e¢’*) be chosen so that ¢3[n] = ¢1[n]? If not, why not? If so, specify
Ho(el®).

Ideal lowpass
Ny —| filter cutoft > Autocorrelate f——
x[n] x, [n] /L x[n] P Figure P4.51-1
———» ] Autocorrelate > }L > H (ew) f——
x[n] $a[n] b2 [n) b3(n] Figure P4.51-2

We are interested in upsampling a sequence by a factor of 2, using a system of the form of
Figure 4.24. However, the lowpass filter in that figure is to be approximated by a five-point
filter with impulse response A[n] indicated in Figure P4.52-1. In this system, the output y;[z]
is obtained by direct convolution of A[n] with w(n].
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—_—
x|[n]

win]

H

hn] b—

yiln]

Figure P4.52-1

(a) A proposed implementation of the system with the preceding choice of /i[#] is shown
in Figure P4.52-2. The three impulse responses /11[n]. fiz[n]. and /i3[n] are all restricted
to be zero outside the range 0 < n < 2. Determine and clearly justify a choice for
hy([n], ho[n], and A3[n] so that yi[n] = ya[#] for any x[n]. i.e.. so that the two systems

are 1dentic

x[n]

al.

»1 iy [n]

A J

+2

wiin]

valn]

> hy[n]

> 42

(.

——-

wo[n]

hs[n]

waln] Figure P4.52-2

(b) Determine the number of multiplications per output point required in the system of
Figure P4.52-1 and in the system of Figure P4.52-2. You should find that the system of
Figure P4.52-2 is more efficient.

4.53. Consider the analysis—synthesis system shown in Figure P4.53-1. The lowpass filter /iy[#]
is identical in the analyzer and synthesizer. and the highpass filter /1[#] is identical in the
analyzer and synthesizer. The Fourier transforms of /1y[n} and % [#n] are related by

Hl (€j(u) = H()(ej(lu+:r)).

|
|
> holn] —>{ v2 > 42 | holn] ,
roln] xo["]} golnl voln]
LPF | LPF +
— : + >
x[n] | vl =yoln] + vy [n]
|
1
— hy[n] —{ V2 > 42 »{ hy[n]
ln el g1 ln] ¥iln]
HPF t HPF
|
|
Analyzer | Synthesizer

Figure P4.53-1
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(a) If X(e/*) and Ho(e/®) are as shown in Figure P4.53-2, sketch (to within a scale factor)
Xo(e/®), Go(e/*), and Yo(e/).

(b) Write a general expression for Go(e/®) in terms of X (e/*) and Hg(e’®). Do not assume
that X (e/®) and Ho(e/*) are as shown in Figure 4.53-2.

X(e/)
A
- 0 iy w
Ho(e’)
e — 1 P ——
L | 4
27 -r _7x 0 T ™ w
2 2 Figure P4.53-2

(¢) Determine a set of conditions on Hy(e/®) that is as general as possible and that will
guarantee that y[n] is proportional to x[n — ng4] for any stable input x[n].

Note: Analyzer-synthesizer filter banks of the form developed in this problem are very

similar to quadrature mirror filter banks. For further reading, see Crochiere and Rabiner

(1983), pp. 378-392.

4.54. Consider a real-valued sequence x[n] for which
X(e') =0, % < lw| 7.

One value of x[n] may have been corrupted, and we would like to approximately or exactly
recover it. With %[n] denoting the corrupted signal,

£[n] = x[n] for n # ny,

and %[no] is real but not related to x[ng]. In each of the following three cases, specify a
practical algorithm for exactly or approximately recovering x[rn] from %[n]:

(a) The value of ng is known.

(b) The exact value of ng is not known, but we know that »ng is an even number.

(c) Nothing about g is known.

4.55. Communication systems often require conversion from time-division multiplexing (TDM)
to frequency-division multiplexing (FDM). In this problem, we examine a simple example
of such a system. The block diagram of the system to be studied is shown in Figure P4.55-1.
The TDM input is assumed to be the sequence of interleaved samples

x1[n/2] for n an even integer,
wln] =
x[(n—1)/2] for nan odd integer.

Assume that the sequences xi[n] = x,(nT) and xz[n] = x.2(nT) have been obtained
by sampling the continuous-time signals x.;(¢) and x.(¢), respectively, without aliasing.
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—» Modulator 1
x[n]

>~ TDM D/IC p—>
wn] demultiplex ye(t)
TDM }
signal —1 Modulator 2 T =T/L
x,[n] y2ln] Figure P4.55-1

Assume also that these two signals have the same highest frequency, Qn, and that the

sampling period is 7 = 7/ Qn.

(a) Draw a block diagram of a system that produces x;[n] and xz[n] as outputs; i.e., obtain
a system for demultiplexing a TDM signal using simple operations. State whether or
not your system is linear, time invariant, causal, and stable.

The kth modulator system (k = 1 or 2) is defined by the block diagram in Figure P4.55-2.
The lowpass filter H;(e/®), which is the same for both channels, has gain L and cutoff fre-
quency m /L, and the highpass filters Hy(e/*) have unity gain and cutoff frequency wy. The
modulator frequencies are such that

wy =wi + /L and wr+n/l<rm (assume w, > w/2).
— L > Hi(e/) Hy(elo)—>
x[n] y[n]
LPF HPF
COS Wy n Figure P4.55-2

(b) Assume that Qny = 27 x 5 x 10°. Find w; and L so that, after ideal D/C conversion
with sampling period 77/ L, the Fourier transform of y.(¢) is zero, except in the band of

frequencies
21 x 10° < |w| < 27 x 10° + 2Q.
Xa(/) X2(j )
A B
—Qy Oy & —y v @ Figure P4.55-3

(¢) Assume that the continuous-time Fourier transforms of the two original input signals
are as sketched in Figure P4.55-3. Sketch the Fourier transforms at each point in the
system.

(d) Based on your solution to Parts (a)—(c), discuss how the system could be generalized
to handle M equal-bandwidth channels.

4.56. In Section 4.8.1, we considered the use of prefiltering to avoid aliasing. In practice, the
antialiasing filter cannot be ideal. However, the nonideal characteristics can be at least
partially compensated for with a discrete-time system applied to the sequence x[n] that is
the output of the C/D converter.
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Consider the two systems in Figure P4.56-1. The antialiasing filters Higea1(j$2) and
H,.(jQ) are shown in Figure P4.56-2. H(e/®) in Figure P4.56-1 is to be specified to com-
pensate for the nonideal characteristics of H,,(j$2).

Sketch H(e/®) so that the two sequences x[n] and w[n] are identical.

System 1:
~— Higeal i) —>{ /D |
(1) X, (1) x[n]
T
System 2:

—H,,(i0) > /D - H{e) |—>
x(1) w,(t) wln]

!

Figure P4.56-1

Higea (7€)
1
_m 7
T T
Haa(jﬂ)
1
|
- Q Q

~1i3

Figure P4.56-2

4.57. Asdiscussed in Section 4.8.2, to process sequences on a digital computer, we must quantize
the amplitude of the sequence to a set of discrete levels. This quantization can be expressed
in terms of passing the input sequence x[n] through a quantizer Q(x) that has an input-
output relation as shown in Figure 4.48.

As discussed in Section 4.8.3, if the quantization interval A is small compared with
changes in the level of the input sequence, we can assume that the output of the quantizer
is of the form

y[nl = x[n} + eln].
where e[n] = Q (x[n]) — x[n] and e[n] is a stationary random process with a first-order prob-
ability density uniformly distributed between —A /2 and A /2, uncorrelated from sample to
sample and uncorrelated with x[n], so that £{e[n]x[m]} = O for all m and n.

Let x[n] be a stationary white-noise process with zero mean and variance o?.

(a) Find the mean, variance, and autocorrelation sequence of e[n].

(b) What is the signal-to-quantizing-noise ratio o2 /02?7

(¢) The quantized signal y[n] is to be filtered by a digital filter with impulse response
hln] = %[a” + (—a)"]u[n]. Determine the variance of the noise produced at the output
due to the input quantization noise, and determine the signal-to-noise ratio at the
output.
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4.58.

In some cases we may want to use nonlinear quantization steps, for example, logarithmically
spaced quantization steps. This can be accomplished by applying uniform quantization to
the logarithm of the input as depicted in Figure P4.57-1, where Q[-] is a uniform quantizer
as specified in Figure 4.48. In this case, if we assume that A is small compared with changes
in the sequence In(x[n]), then we can assume that the output of the quantizer is

In(y[n]) = In(x[n]) + ¢[n].
Thus,
yln] = x[n] - exp(e[n]).
For small e, we can approximate exp(e[r]) by (1 + ¢[n]), so that
¥[n) = x[n](1 + e[n]) = x[n] + f[n]. (P4.57)

This equation will be used to describe the effect of logarithmic quantization. We assume
e[n] to be a stationary random process, uncorrelated from sample to sample, independent
of the signal x[n], and with first-order probability density uniformly distributed between
+A/2.

—>{ In|[¢] >
x[n] In(x[n])

Ql-] > exp[s] f—>

In(y[n]) ¥I7l Figure P4.57-1

(d) Determine the mean, variance, and autocorrelation sequence of the additive noise f[n]
defined in Eq. (P4.57).

(e) What is the signal-to-quantizing-noise ratio o2 /or%? Note that in this case af/o% is inde-
pendent of o2. Within the limits of our assumption, therefore, the signal-to-quantizing-
noise ratio is independent of the input signal level, whereas, for linear quantization, the
ratio o2 /02 depends directly on 0.

(f) The quantized signal y[rn] is to be filtered by means of a digital filter with impulse
response h[n] = %[a" + (—a)"]u[n]. Determine the variance of the noise produced at
the output due to the input quantization noise, and determine the signal-to-noise ratio
at the output.

Figure P4.58-1 shows a system in which two continuous-time signals are multiplied and
a discrete-time signal is then obtained from the product by sampling the product at the
Nyquist rate; i.e., y1[n] is samples of y.(¢) taken at the Nyquist rate. The signal x;(¢) is
bandlimited to 25 kHz (X1(jR2) = 0 for || > 57 x 10%), and x2(¢) is limited to 2.5 kHz
(X2(j) = 0for |2 = (/2) x 10%).

x1(1)
yc([) yl[n]:yc(nT)‘

]
C/D
x(0) T

T = Nyquist rate Figure P4.58-1

In some situations (digital transmission, for example), the continuous-time signals have
already been sampled at their individual Nyquist rates, and the multiplication is to be
carried out in the discrete-time domain, perhaps with some additional processing before
and after multiplication, as indicated in Figure P4.58-2. Each of the systems A, B, and C
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either is an identity or can be implemented using one or more of the modules shown in
Figure P4.58-3.

x1(H) xl[n]‘ wi[n]

> C/D 7A—1
1

¥2[n]
T, =2x 10 sec o 2
(1) xy[n] w,[n]
»| C/D >! B
— —4 _
To= 2l see Figure P4.58-2
s[n] ~
Module] =~ ———>| L > gln]= {s[n/L] n=0%L +2L. .
0 otherwise
s[n)
Module I ~ —— W > g[n] = s[nM]
s[n] 1| H(e'™)
Module [IIT ~ ——> > g[n]
- - Figure P4.58-3

For each of the three systems A, B, and C, either specify that the system is an identity
system or specify an appropriate interconnection of one or more of the modules shown in
Figure P4.58-3. Also, specify all relevant parameters L, M, and w.. The systems A, B, and
C should be constructed such that y;[#] is proportional to yi[#], i.e.,

wan] = kyi[n) = ky(nT) = kx(nT) x x2(nT),

and these samples are at the Nyquist rate, i.e., y2[#] does not represent oversampling or
undersampling of y.(¢).

Suppose s.(¢) is a speech signal with the continuous-time Fourier transform S.(j<2) shown
in Figure P4.59-1. We obtain a discrete-time sequence s,[n] from the system shown in
Figure P4.59-2, where H(e/®) is an ideal discrete-time lowpass filter with cutoff frequency
w. and a gain of unity throughout the passband, as shown in Figure 2.17. The signal s,[n]
will be used as an input to a speech coder, which operates correctly only on discrete-time
samples representing speech sampled at an 8-kHz rate. Choose values of L, M, and o, that
produce the correct input signal s, [n] for the speech coder.

5./

|
=27 » 4000 0 277+ 4000 Yrad/s) Figure P4.59-1
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s[n]: T . 5[] sf[n]>

sc(y — /D — H(e/®) lM —— s/nl

T

T=(1/44.1) ms

Figure P4.59-2

4.60. In many audio applications, it is necessary to sample a continuous-time signal x.(r) at
a sampling rate 1/ 7 = 44 kHz. Figure P4.60-1 shows a straightforward system, includ-
ing a continuous-time antialias filter H,o(j2), to acquire the desired samples. In many
applications, the “4x oversampling” system shown in Figure P4.60-2 is used instead of the
conventional system shown in Figure P4.60-1. In the system in Figure P4.60-2,

joy _
H(e'™) = { 0, otherwise,

—| H_,(j()) » C/D >
x.(r) x[n]
(1/T) = 44 kHz Figure P4.60-1

an ideal lowpass filter, and

. 1, Q| < 2,,
Hal(]Q)z{O lQl>Qf

for some 0 < Q, < Q; < oo.

— > H, (O] oD > H(e™) b—> |4 »
x(0) x[n]
(1/T)=4x44kHz =176 kHz Figure P4.60-2

Assuming that H(e/®) is ideal, find the minimal set of specifications on the antialias
filter Hy1(j<2), i.e., the smallest 2, and the largest 2, such that the overall system of
Figure P4.60-2 is equivalent to the system in Figure P4.60-1.

4.61. In this problem, we will consider the “double integration” system for quantization with
noise shaping shown in Figure 4.61-1. In this system,

!
and H»(z) = 1,1

Hl(Z)_—' 1
Z

1
1-2z"1
and the frequency response of the decimation filter is

jw —_ 1’ |CUI < T[/M,
H(e’™) = {0, /M < || <7
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The noise source ¢[n], which represents a quantizer, is assumed to be a zero-mean white-
noise (constant power spectrum) signal that is uniformly distributed in amplitude and has
noise power o2 = A%/12.

H\(z) Hy(2) + Hy(z) > \M —

u[n] wn] v(n]=w[Mn]

-
-«

Figure P4.61-1

f

(a) Determine an equation for Y(z) in terms of X (z) and E(z). Assume for this part that
E(z) exists. From the z-transform relation, show that y[#] can be expressed in the form
y[n] = x[n — 1] + f[n]. where f[n]is the output due to the noise source ¢[n]. What is
the time-domain relation between f[n] and e[n]?

(b) Now assume that e[n] is a white-noise signal as described prior to Part (a). Use the
result from Part (a) to show that the power spectrum of the noise f[#n] is

Prr(e’®) = 160, sin (w/2).

What is the total noise power (a%) in the noise component of the signal y[#]? On the

same set of axes, sketch the power spectra P..(e/“) and Prs(e/®) for 0 < w < .

(¢) Now assume that X(e/®) = 0 for 7/M < @ < 7. Argue that the output of Ha(z) is
w(n] = x[n — 1] 4 g[n]. State in words what g[n] is.

(d) Determine an expression for the noise power agz at the output of the decimation filter.
Assume that 7/ M « m,i.e., Mis large, so that you can use a small-angle approximation
to simplify t