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FOREWORD TO THE REISSUED EDITION

The purpose of the IEEE Press Series on Electromagnetic Wave Theory is to publish
books of long-term archival significance in electromagnetics. Included are new titles as
well as reprints and revisions of recognized classics. The book Foundations for Micro-
wave Engineering, by Robert E. Callin, is by any measure such aclassic. The original
edition of the book appeared in 1966 and remained in print until the appearance of the
second edition in 1992, a span of 26 years.

In the second edition. Professor Collin completely updated and modernized his book
to include the many advances that had occurred in microwave engineering since the
appearance of the original edition. That the second edition has gone out of print has
caused concern among many of my colleagues in the IEEE Antennas and Propagation
Saciety (APS) and the |IEEE Microwave Theory and Techniques Society (MTT). We at
the |EEE Press are delighted to be able 1o overcome this difficulty by introducing a
reprint of the second edition into our Series on Electromagnetic Wave Theory. The book
is a thorough and in-depth exposition on microwave engineering. Furthermore, it will
make an excellent companion to Professor Collin's book, Field Theory- of Guided Waves,
also included in the series.

Professor Collin has been a valued colleague for many years. He is the author or
coauthor of five books and more than 150 technical papers. His contributions to
electromagnetics span a wide range of subjects and have brought him internationa re-
spect and many awards. Among these are election to the National Academy of Engineer-
ing, the |EEE Electromagnetics Field Award, the |EEE/APS Distinguished Career Award,
an |[EEE/APS Schekunoff Prize Paper Award, and the |IEEE Third Millennium Medal.

It is with pleasure that | welcome this book into the series.

Donald G. Dudley

University of Arizona

Series Editor

|EEE Press Series on Electromagnetic Wave Theory
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CHAPTER

INTRODUCTION

The purpose of this introductory chapter is to provide a short, and admit-
tedly incomplete, survey of what the microwave engineering field encom-
passes. Section 1.2 presents a brief discussion of many of the varied and
sometimes unique applications of microwaves. This is followed by a third
section in which an attempt is made to show in what ways microwave
engineering differs from the engineering of communication systems at lower
frequencies. In addition, a number of microwave devices are introduced to
provide examples of the types of devices and circuit elements that are
examined in greater detail later on in the text.

1 MICROWAVE FREQUENCIES

The descriptive term microwaves is used to describe electromagnetic waves
with wavelengths ranging from 1 cm to 1 m. The corresponding frequency
range is 300 MHz up to 30 GHz for 1-cm-wavelength waves. Electromag-
netic waves with wavelengths ranging from 1 to 10 mm are called millime-
ter waves. The infrared radiation spectrum comprises electromagnetic waves
with wavelengths in the range 1 am (10 ® m) up to 1 mm. Beyond the
infrared range is the visible optical spectrum, the ultraviolet spectrum, and
finally x-rays. Several different classification schemes arein use to designate
frequency bands in the electromagnetic spectrum. These classification
schemes are summarized in Tables 1.1 and 1.2. The radar band classifica-
tion came into use during World War Il and is still in common use today
even though the new military band classification is the recommended one.

In the UHF band up to around a frequency of 1 GHz, most communi-
cations circuits are constructed using lumped-parameter circuit compo-
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PREFACE

The first edition of Foundations for Microwave Engineering was published
in 1966. The text has remained continuously in use since that time, but it
has become clear that it no longer gives an adequate account of modern
microwave engineering practice. Since the publication of the first edition
there has been a dramatic advance in the microwave field brought about by
the development of solid state transistors that can provide amplification and
signal generation well into the millimeter wavelength region. Along with the
widespread use of solid state devices, compatible transmission line struc-
tures and passive components were developed that could be integrated with
the solid state devices into compact miniaturized microwave systems. These
developments made it mandatory that the text be thoroughly revised if it
were to continue serving the needs of the student and the practicing
microwave engineer.

In the revised addition | have adhered to the same general philosophy
that governed the preparation of the first edition. Fundamental principles
are stressed and complete derivations are provided for al significant formu-
las and relationships. All important fundamental concepts and principles
are covered to the extent possible within a text of reasonable size. The
applications of basic theory and principles are illustrated through detailed
analysis of a large number of important components that find widespread
use in practical microwave systems.

Chapter 1 is an updated introductory chapter. Chapter 2 is essentially
the same as in the original edition and provides a comprehensive summary
of basic electromagnetic theory that is needed as background for proper
understanding of the rest of the text. Many students will already have
knowledge of this material before they pursue a course in microwave
engineering. For these students, Chapter 2 will serve as a concise reference
or review of familiar material.

Chapter 3 is very different from that in the first edition. The first part
of this chapter provides a more basic introduction to waves on transmission

XV
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lines using distributed circuit models. The propagation of pulse signals is
also covered. The second part of this chapter is a long section covering the
characteristics of planar transmission lines, such as microstrip lines, cou-
pled microstrip lines, strip lines, and coplanar lines or waveguides. The
treatment is considerably broader than what is available in any other
current text. Most of the formulas for the quasi-TEM mode parameters are
derived using conformal mapping methods in a new Appendix Il and are
not just quoted from the literature. Several new formulas for attenuation
have been derived as well as suitable modifications of existing formulas to
account for anisotropic substrates. The last part of the chapter covers the
basic properties of rectangular and circular waveguides, as in the original
edition.

Chapter 4 develops the basic microwave circuit theory and includes
detailed discussions of the impedance, admittance and scattering matrix
descriptions of microwave junctions. New material has been added on signal
flow graphs and the generalized scattering matrix for power waves. The
material on small aperture coupling has been updated to include radiation
reaction that will account for power transmission through an aperture and
thereby lead to physically meaningful equivalent circuits for small aper-
tures.

Chapter 5 treats a number of topics related to impedance matching
and transformations. The old topic of impedance matching with lumped
reactive elements has been revived because this is now frequently used in
microwave integrated circuits. The design of complex load terminations has
also been included because this is required for microwave solid state ampli-
fier design. The available power at any point in a lossless reciprocal network
is an invariant quantity. This concept is explained in terms of the impedance
mismatch factor. The invariance of the impedance mismatch factor places
an important constraint on the design of interstage matching networks in a
microwave amplifier and is used in Chapter 10 in the design of microwave
amplifiers. The last part of Chapter 5 discusses multisection quarter-wave
transformers and tapered transmission lines. A new example of a microstrip
half-wave filter design based on the quarter-wave transformer as a proto-
type circuit has been included.

A variety of passive components are described along with detailed
analysis in Chapter 6. In addition to those components described in the
original edition, new material has been added on coupled-microstrip-line
directional couplers, the branch-line coupler, hybrid junctions, and the
Wilkinson power divider. New material on electronic controlled attenuators
and phase shifters has also been added.

Chapter 7 on resonators has been expanded to include new material on
microstrip resonators and dielectric resonators. The old material on
Fabry-Perot resonators has been deleted in order to make room for a short
section on cavity perturbation theory.

Chapter 8 on periodic structures and filters now includes a detailed
treatment of gap-coupled and edge-coupled microstrip filters. The treatment
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of admittance and impedance inverters was rewritten in order to more fully
explain the use of inverters in filter design.

Apart from a brief discussion of gyratron tubes, Chapter 9 on mi-
crowave tubes remains essentially the same as in the first edition.

The old Chapter 10 on masers has been replaced by a new chapter on
microwave solid state amplifier design. This chapter gives a complete discus-
sion of the scattering matrix approach to small signal narrow band amplifier
design. The treatment is self-contained and all important relations for gain,
stabihty, and low noise design are derived. A design strategy for low noise
single stage and double stage amplifiers is developed along with considera-
tions for the necessary tradeoffs that must be made between input and
output VSWR, gain, low noise figure, and stability.

The original Chapter 11 on parametric amplifiers has been retained
without any change.

A new Chapter 12 on oscillators and mixers has been added. This
chapter is of limited scope because of the need to keep the overall length of
the text within reasonable bounds. Solid state oscillators using Gunn de-
vices and IMPATT diodes are described in a qualitative way only. An
introduction to transistor oscillator design based on small signal scattering
matrix parameters is provided. Included in this discussion is the relation-
ship between the two-port and three-port scattering matrix description of a
transistor because this is needed in order to efficiently analyze the effect of
an impedance inserted in series with one of the transistor leads for feedback
purposes,

Many textbooks provide introductory treatments of diode mixers with-
out any consideration of the embedding network. Such treatments do not
provide a good understanding of diode mixers because it is the impedance
properties of the embedding network that determine the diode voltages at
the various harmonic frequencies. The introductory treatment of diode
mixers in Chapter 12 does include the embedding network and this should
provide the student with a more complete understanding of mixer analysis
and design. The last part of the chapter describes the harmonic balancing
method for the analysis of mixers.

| have tried to provide a broad, comprehensive, and self-contained
treatment of the fundamental theory and principles, and the methods of
analysis and design that are the foundations for microwave engineering.
There are, of course, limitations because all books must have a finite length.
Many references have been included for the benefit of the reader who
wishes to pursue a given topic in greater depth or refer to the original
papers that a lot of the material has been based on. This text, in many
respects, is a compilation of the work of a great many people. Unfortu-
nately, it has not been possible to always give proper credit to those who
were the originators of new concepts and the inventors of new devices.

It is my belief that the revised edition will prove to be useful for both
senior elective as well as beginning graduate level courses in microwave
engineering, and will also serve as a useful reference source on fundamental
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TABLE 11
Frequency band designation
Frequency
band Designation Typical service
3-30 kHz Very low frequency Navigation, sonar
(VLF)
30-300 kHz Low frequency Radio beacons, navigational
(LF) aids
300-3.000 kHz Medium frequency AM broadcasting, maritime
(MF) radio. Coast Guard commun-
ication. direction finding
3-30 MHz High frequency Telephone, telegraph, and
(HF) facsimile; shortwave
international broadcasting;
amateur radio; citizen's
band; ship-to-coast and ship-
to-aircraft communication
30-300 MHz Very" high frequency Television. FM broadcast.
(VHF) air-traffic control, police.
taxicab mobile radio,
navigational aids
300-3,000 MHz Ultrahigh frequency Television, satellite com-
(UHF> munication. radiosonde,
surveillance radar,
navigational aids
3-30 GHz Superhigh frequency Airborne radar, microwave
(SHF) links, common-carrier land

mobile communication, satellite
communication
30-300 GHz Extreme high fre- Radar, experimental
quency (EHF)

TABLE 12
Microwave frequency band designation

Microwave band designation

Frequency Old New

500-1.000 MHz VHF
1-2 GHz
2-3 GHz
3-4 GHz
4-6 GHz
6-8 GHz
8-10 GHz
10-12.4 GHz
12.4-18 GHz
18-20 GHz

20-26.5 GHz

26.5-40 GHz

c
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principles for the practicing microwave engineer. There is clearly much
more material in the revised edition than can be covered in a one semester
course. The last four chapters alone would provide sufficient material for a
one semester course on active microwave circuits.

As an instructor | have always believed thai it was very important to
fully understand where formulas came from and how they are derived in
order to present the material to students in a meaningful way. It is for this
reason that | have attempted to make the text self-contained. In presenting
many of the topics to undergraduate students 1 will only outline the basic
approach used and will omit the details. It is my hope that other instructors
will also view the detailed derivations that are provided in the text as a
useful source of information in preparing a microwave engineering course
and not as material that must always be presented in class. A number of
topics that can be omitted in an undergraduate course are identified by a
star. The problems based on these sections are also identified by a star.

In recent years the microwave engineering course that | have taught to
seniors at Case Western Reserve University has drawn heavily on the
material in Chapters 3 through 5, which is very basic core material. In
addition, topics have been selected from Chapters 6 and 7 on components
and resonators in order to illustrate the application of basic microwave
circuit theory. The last quarter of the semester has been generally devoted
to microwave solid state amplifier design along with a brief coverage of
oscillators and mixers.

A better selection of problems and a solutions manual has been
prepared for the revised edition. Over the past several years | have also
prepared a number of short stand alone computer programs that provide
useful tools to remove the drudgery of solving many of the homework
problems. These programs are included on a floppy disk along with user
instructions as part of the solutions manual. The programs cover the
calculation of the characteristics of various planar transmission lines, in-
cluding attenuation; the cutoff frequency, propagation constant, and attenu-
ation of the dominant mode in rectangular and circular waveguides;
impedance transformation along a transmission line; input and output
impedances, admittances, and reflection coefficients for a linear two-port,
which can be described in terms of impedance, admittance, or scattering
matrix parameters; double-stub and lumped element impedance matching
with frequency scans; two-port and three-port scattering matrix parameters
for a transistor; and a rather long program that implements a design
strategy for low noise one- and two-stage microwave amplifiers with various
imposed constraints. Students have generally found these programs to be of
significant help in problem solving. They have enjoyed working with the
microwave amplifier design program. Without a computer program, the
design of a microwave amplifier using potentially unstable devices and
subject to various constraints on gain, noise figure, and input and output
VSWR, is not feasible for students to carry out. The scope of each program
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has been purposefully limited in order to ensure that the student will be
fully aware of the solution strategy involved.

Many users of the first edition have provided me with helpful com-
ments on the original material. In addition, | have received many helpful
comments and suggestions from the following reviewers of the materia! for
the revised edition. They are Chin-Lin Chen, Purdue University; M. Yousif
El-lbiary, University of Oklahoma; Irving Kaufman, Arizona State Univer-
sity; Stuart Long, University of Houston; Glenn S. Smith, Georgia Institute
of Technology; and Robert J. Weber. lowa State University. For the most
part then™ suggestions and recommendations have been incorporated.

The new material for the revised edition was typed by Sue Sava. |
would like to acknowledge the professional skill with which she prepared
this material as well as her willingness to rearrange her schedule so as to
meet various deadlines.

The last acknowledgment is to my wife Kathleen, who was willing to
give up many other activities so that the revision could be carried out. Her
encouragement and support of the project never faltered, and without it the
revision could not have been undertaken.

Robert E. Collin
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nenta. In the frequency range from 1 up to 100 GHz. lumped circuit
elements are usually replaced by transmission-line and waveguide compo-
nents. Thus by the term microwaue engineering we shall mean generally
the engineering and design of information-handling systems in the fre-
guency range from 1 to 100 GHz corresponding to wavelengths as long as 30
cm and as short as 3 mm. At shorter wavelengths we have what can be
caled optical engineering since many of the techniques used are derived
from classical optical techniques. The characteristic feature of microwave
engineering is the short wavelengths involved, these being of the same order
of magnitude as the circuit elements and devices employed.

The short wavelengths involved in turn mean that the propagation
time for electrical effects from one point in a circuit to another point is
comparable with the period of the oscillating currents and charges in the
system. As a result, conventional low-frequency circuit analysis based on
Kirchhoffs laws and voltage-current concepts no longer suffices for an
adequate description of the electrical phenomena taking place. It is neces-
sary instead to cany out the analysis in terms of a description of the electric
and magnetic fields associated with the device. In essence, it might be said,
microwave engineering is applied electromagnetic fields engineering. For
this reason the successful engineer in this area must have a good working
knowledge of electromagnetic field theory.

There is no distinct frequency boundary at which lumped-parameter
circuit elements must be replaced by distributed circuit elements. With
modern technological processes it is possible to construct printed-circuit
inductors that are so small that they retain their lumped-parameter charac-
teristics at frequencies as high as 10 GHz or even higher. Likewise, optical
components, such as parabolic reflectors and lenses, are used to focus
microwaves with wavelengths as long as 1 m or more. Consequently, the
microwave engineer will frequently employ low-frequency lumped-parame-
ter circuit elements, such as miniaturized inductors and capacitors, as well
as optical devices in the design of a microwave system.

MICROWAVE APPLICATIONS

The great interest in microwave frequencies arises for a variety of reasons.
Basic among these is the ever-increasing need for more radio-frequency-
spectrum space and the rather unique uses to which microwave frequencies
can be applied. When it is noted that the frequency range 10° to 10 Hz
contains a thousand sections like the frequency spectrum from 0 to 10° Hz,
the value of developing the microwave band as a means of increasing the
available usable frequency spectrum may be readily appreciated.

At one time (during World War |l and shortly afterward), microwave
engineering was almost synonymous with radar (flAdio Detection And
Ranging) engineering because of the great stimulus given to the develop-
ment of microwave systems by the need for high-resolution radar capable of
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detecting and locating enemy planes and ships. Even today radar, in its
many varied forms, such as missile-tracking radar, fire-control radar,
weather-detecting radar, missile-guidance radar, airport traffic-control radar,
etc., represents a major use of microwave frequencies. This use arises
predominantly from the need to have antennas that will radiate essentially
all the transmitter power into a narrow pencil-like beam similar to that
produced by an optical searchlight. The ability of an antenna to concentrate
radiation into a narrow beam is limited by diffraction effects, which in turn
are governed by the relative size of the radiating aperture in terms of
wavelengths. For example, a parabolic reflector-type antenna produces a
pencil beam of radiated energy having an angular beam width of
140°/(2)/A,), where D is the diameter of the parabola and A, is the
wavelength. A 90-cm (about 3 ft) parabola can thus produce a 4.7° beam at
a frequency of 10" Hz, i.e, at awavelength of 3 cm. A beam of this type can
give reasonably accurate position data for a target being observed by the
radar. To achieve comparable performance at a frequency of 100 MHz would
require a 300-ft parabola, a size much too large to be carried aboard an
airplane.

In more recent years microwave frequencies have also come into
widespread use in communication links, generally referred to as microwave
links. Since the propagation of microwaves is effectively along line-of-sight
paths, these links employ high towers with reflector or lens-type antennas
as repeater stations spaced along the communication path. Such links are a
familiar sight to the motorist traveling across the country because of their
frequent use by highway authorities, utility companies, and television net-
works. A further interesting means of communication by microwaves is the
use of satellites as microwave relay stations. The first of these, the Telstar,
launched in July 1962, provided the first transmission of live television
programs from the United States to Europe.

Since that time a large number of satellites have been deployed for
communication purposes, as well as for surveillance and collecting data on
atmospheric and weather conditions. For direct television broadcasting the
most heavily used band is the C band. The up-link frequency used is in the
5.9- to 6.4-GHz band and the receive or down-link frequency band is
between 3.7 and 4.2 GHz. For home reception an 8-ft-diameter parabolic
reflector antennais commonly used. A second frequency band has also been
allocated for direct television broadcasting. For this second band the up-link
frequency is in the 14- to 14.5-GHz range and the down-link frequencies are
between 10.95 and 11.2 GHz and 11.45 and 11.7 GHz. In this band a
receiving parabolic antenna with a 3-ft diameter is adequate. At the present
time this frequency band is not being used to any great extent in the United
States. It is more widely used in Europe and Japan.

Terrestrial microwave links have been used for many years. The TD-2
system was put into service in 1948 as part of the Bell Network. It operated
in the 3.7- to 4.2-GHZ band and had 480 voice circuits, each occupying a
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3.1-kHz bandwidth. In 1974, the TN-1 system operating in the 10.7- to
11.7-GHz band was put into operation. This system had a capacity of 1,800
voice circuits or one video channel with a 4.5-MHz bandwidth. Since that
time the use of terrestrial microwave links has grown rapidly.

At the present time most communication systems are shifting to the
use of digital transmission, i.e., analog signals are digitized before transmis-
sion. Microwave digital communication system development is progressing
rapidly. In the early systems simple modulation schemes were used and
resulted in inefficient use of the available frequency spectrum. The develop-
ment of 64-state quadrature amplitude modulation (64-QAM) has made it
possible to transmit 2,016 voice channels within a single 30-MHz RF
channel. This is competitive with FM analog modulation schemes for voice.
The next step up is the 256-QAM system which is under development.

For the ready processing and handling of a modulated carrier, modula-
tion sidebands can be only a few percent of the carrier frequency. It is thus
seen that the carrier frequency must be in the microwave range for efficient
transmission of many television programs over one link. Without the devel-
opment of microwave systems, our communications facilities would have
been severely overloaded and totally inadequate for present operations.

Even though such uses of microwaves are of great importance, the
applications of microwaves and microwave technology extend much further,
into a variety of areas of basic and applied research, and including a number
of diverse practical devices, such as microwave ovens that can cook a small
roast in just a few minutes. Some of these specific applications are briefly
discussed below.

Waveguides periodically loaded with shunt susceptance elements sup-
port slow waves having velocities much less than the velocity of light, and
are used in linear accelerators. These produce high-energy beams of charged
particles for use in atomic and nuclear research. The slow-traveling electro-
magnetic waves interact very efficiently with charged-particle beams having
the same velocity, and thereby give up energy to the beam. Another
possibility is for the energy in an electron beam to be given up to the
electromagnetic wave, with resultant amplification. This latter device is the
traveling-wave tube, and is examined in detail in alater chapter.

Sensitive microwave receivers are used in radio astronomy to detect
and study theelectromagnetic radiation from the sun and a number of radio
stars that emit radiation in this band. Such receivers are also used to detect
the noise radiated from plasmas (an approximately neutral collection of
electrons and ions, e.g., a gas discharge). The information obtained enables
scientists to analyze and predict the various mechanisms responsible for
plasma radiation. Microwave radiometers are also used to map atmospheric
temperature profiles, moisture conditions in soils and crops, and for other
remote-sensing applications as well.

Molecular, atomic, and nuclear systems exhibit various resonance
phenomena under the action of periodic forces arising from an applied
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electromagnetic field. Many of these resonances occur in the microwave
range; hence microwaves have provided a very powerful experimental probe
for the study of basic properties of materials. Out of this research on
materials have come many useful devices, such as some of the nonreciprocal
devices employing ferrites, several solid-state microwave amplifiers and
oscillators, e.g., masers, and even the coherent-light generator and amplifier
(laser).

The development of the laser, a generator of essentially monochro-
matic (single-frequency) coherent-light waves, has stimulated a great inter-
est in the possibilities of developing communication systems at optical
wavelengths. This frequency band is sometimes referred to as the ultrami-
crowave band. With some modification, a good deal of the present mi-
crowave technology can be exploited in the development of optical systems.
For this reason, familiarity with conventional microwave theory and devices
provides a good background for work in the new frontiers of the electromag-
netic spectrum.

The domestic microwave oven operates at 2,450 MHz and uses a
magnetron tube with a power output of 500 to 1000 W. For industrial
heating applications, such as drying grain, manufacturing wood and paper
products, and material curing, the frequencies of 915 and 2,450 MHz have
been assigned. Microwave radiation has also found some application for
medical hyperthermia or localized heating of tumors.

It is not possible here to give a complete account of al the applications
of microwaves that are being made. The brief look at some of these, as given
above, should convince the reader that this portion of the radio spectrum
offers many unusual and unique features. Although the microwave engi-
neering field may now be considered a mature and well-developed one, the
opportunities for further development of devices, techniques, and applica-
tions to communications, industry, and basic research are still excellent.

1.3 MICROWAVE CIRCUIT ELEMENTS
AND ANALYSIS

At frequencies where the wavelength is several orders of magnitude larger
than the greatest dimensions of the circuit or system being examined,
conventional circuit elements such as capacitors, inductors, resistors, elec-
tron tubes, and transistors are the basic building blocks for the information
transmitting, receiving, and processing circuits used. The description or
analysis of such circuits may be adequately carried out in terms of loop
currents and node voltages without consideration of propagation effects.
The time delay between cause and effect at different points in these circuits
is so small compared with the period of the applied signal as to be negligible.
It might be noted here that an electromagnetic wave propagates a distance
of one wavelength in a time interval equal to one period of a sinusoidally



INTRODUCTION 7

time-varying applied signal. As a consequence, when the distances involved
are short compared with a wavelength Ay (A = velocity of light/frequency),
the time delay is not significant. As the frequency is raised to a point where
the wavelength is no longer large compared with the circuit dimensions,
propagation effects can no longer be ignored. A further effect is the great
relative increase in the impedance of connecting leads, terminals, etc., and
the effect of distributed (stray) capacitance and inductance. In addition,
currents circulating in unshielded circuits comparable in size with a wave-
length are very effective in radiating electromagnetic waves. The net effect
of all this is to make most conventional low-frequency circuit elements and
circuits hopelessly inadequate at microwave frequencies.

If a rather general viewpoint is adopted, one may classify resistors,
inductors, and capacitors as elements that dissipate electric energy, store
magnetic energy, and store electric energy, respectively. The fact that such
elements have the form encountered in practice, e.g., a coil of wire for an
inductor, is incidental to the function they perform. The construction used
in practical elements may be consideredjust a convenient way to build these
devices so that they will exhibit the desired electrical properties. As is well
known, many of these circuit elements do not behave in the desired manner
at high frequencies. For example, a coil of wire may be an excellent inductor
at 1 MHz, but at 50 MHz it may be an equally good capacitor because of the
predominating effect of interturn capacitance. Even though practical low-
frequency resistors, inductors, and capacitors do not function in the desired
manner at microwave frequencies, this does not mean that such energy-dis-
sipating and storage elements cannot be constructed at microwave frequen-
cies. On the contrary, there are many equivalent inductive and capacitive
devices for use at microwave frequencies. Their geometrical form is quite
different, but they can be and are used for much the same purposes, such as
impedance matching, resonant circuits, etc. Perhaps the most significant
electrical difference is the generally much more involved frequency depen-
dence of these equivalent inductors and capacitors at microwave frequen-
cies.

Low-frequency electron tubes are also limited to a maximum useful
frequency range bordering on the lower edge of the microwave band. The
limitation arises mainly from the finite transit time of the electron beam
from the cathode to the control grid. When this transit time becomes
comparable with the period of the signal being amplified, the tube ceases to
perform in the desired manner. Decreasing the electrode spacing permits
these tubes to be used up to frequencies of a few thousand megahertz, but
the power output is limited and the noise characteristics are poor. The
development of new types of tubes for generation of microwave frequencies
was essential to the exploitation of this frequency band. Fortunately, several
new principles of operation, such as velocity modulation of the electron
beam and beam interaction with slow electromagnetic waves, were discov-
ered that enabled the necessary generation of microwaves to be carried out.
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FIGURE 11
Some common transmission lines, (a) Two-conductor line; (b) coaxial line; (c) shielded strip

line.

These fundamental principles with applications are discussed in a later
chapter.

For low-power applications microwave tubes have been largely re-
placed by solid-state devices, such as transistors and negative resistance
diodes. However, for high-power applications microwave tubes are still
necessary.

One of the essential requirements in a microwave circuit is the ability
to transfer signal power from one point to another without radiation loss.
This requires the transport of electomagnetic energy in the form of a
propagating wave. A variety of such structures have been developed that can
guide electromagnetic waves from one point to another without radiation
loss. The simplest guiding structure, from an analysis point of view, is the
transmission line. Several of these, such as the open two-conductor line,
coaxial line, and shielded strip line, illustrated in Fig. 1.1, are in common
use at the lower microwave frequencies.

At the higher microwave frequencies, notably at wavelengths below
10 cm, hollow-pipe waveguides, as illustrated in Fig. 1.2, are often preferred
to transmission lines because of better electrical and mechanical properties.
The waveguide with rectangular cross section is by far the most common
type. The circular guide is not nearly as widely used.

ul *)

FIGURE 12
Some common hollow-pipe waveguides, (a) Rectangular guide; (6) circular guide; (c) ridge
guide.
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The ridge-loaded rectangular guide illustrated in Fig. 1.2c is some-
times used in place of the standard rectangular guide because of better
impedance properties and a greater bandwidth of operation. In addition to
these standard-type guides, a variety of other cross sections, e.g., elliptical,
may also be used.

Another class of waveguides, of more recent origin, is surface wave-
guides. An example of this type is a conducting wire coated with a thin layer
of dielectric. The wire diameter is small compared with the wavelength.
Along a structure of this type it is possible to guide an electromagnetic
wave. The wave is bound to the surface of the guide, exhibiting an ampli-
tude decay that is exponential in the radial direction away from the surface,
and hence is called a surface wave. Applications are mainly in the millime-
ter-wavelength range since the field does extend a distance of a wavelength
or so beyond the wire, and this makes the effective guide diameter some-
what large in the centimeter-wavelength range. A disadvantage of surface
waveguides and open-conductor transmission lines is that radiation loss
occurs whenever other obstacles are brought into the vicinity of the guide.

The development of solid-state active devices, such as bipolar transis-
tors and, more notably, field-effect transistors (FET), has had a dramatic
impact on the microwave engineering field. With the availability of mi-
crowave transistors, the focus on waveguides and waveguide components
changed to a focus on planar transmission-line structures, such as mi-
crostrip lines and coplanar transmission lines. These structures, shown in
Fig. 1.3, can be manufactured using printed-circuit techniques. They are
compatible with solid-state devices in that it is easy to connect a transistor
to a microstrip circuit but difficult to incorporate it as part of a waveguide
circuit. By using gallium-arsenide material it has been possible to design
field-effect transistors that provide low noise and useful amplification at
millimeter wavelengths. At the lower microwave frequencies hybrid inte-
grated microwave circuits are used. In hybrid circuit construction the
transmission lines and transmission-line components, such as matching
elements, are manufactured first and then the solid-state devices, such as
diodes and transistors, are soldered into place. The current trend is toward
the use of monolithic microwave integrated circuits (MMIC) in which both
the transmission-line circuits and active devices are fabricated on a single
chip. A variety of broadband MMIC amplifiers have been designed. The
development of MMIC circuits for operation at frequencies up to 100 GHz is
well under way.

A unique property of the transmission line is that a satisfactory
analysis of its properties may be carried out by treating it as a network with
distributed parameters and solving for the voltage and current waves that
may propagate along the line. Other waveguides, although they have several
properties similar to transmission lines, must be treated as electromagnetic
boundary-value problems, and a solution for the electromagnetic fields must
be determined. Fortunately, this is readily accomplished for the common
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FIGURE 13
(@) microstrip transmission line; (b) coplanar transmission line.

waveguides used in practice. For waveguides it is not possible to define
unique voltage and current that have the same significance as for a trans-
mission line. This is one of the reasons why the field point of view is
emphasized at microwave frequencies.

Associated with waveguides are a number of interesting problems
related to methods of exciting fields in guides and methods of coupling
energy out. Three basic coupling methods are used: (1) probe coupling, (2)
loop coupling, and (3) aperture coupling between adjacent guides. They are
illustrated in Fig. 1.4, and some of them are analyzed later. These coupling
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FIGURE 14
Basic methods of coupling energy into and out of waveguides, (a) Probe coupling; (6) loop
coupling; (c) aperture coupling.
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FIGURE 15

Waveguide-to-coaxial-line transitions that use probe coupling as shown in Fig. 1.4a. (Photo-
graph courtesy of Ray Moskaluk, Hewlett. Packard Company.)

devices are actually small antennas that radiate into the waveguide. A
photograph of a waveguide-to-coaxial -line transition is shown in Fig. 1.5.
Inductive and capacitive elements take a variety of forms at microwave
frequencies. Perhaps the simplest are short-circuited sections of transmis-
sion line and waveguide. These exhibit a range of susceptance values from
minus to plus infinity, depending on the length of the line, and hence may
act as either inductive or capactive elements. They may be connected as
either series or shunt elements, as illustrated in Fig. 1.6. They are com-
monly referred to as stubs and are widely used as impedance-matching
elements. In a rectangular guide thin conducting windows, or diaphragms,
as illustrated in Fig. 1.7, also act as shunt susceptive elements. Their

(@ (b) (©

FIGURE 16
Stub-type reactive elements, (a) Series element; (6) shunt element; (c) waveguide stub.
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Shunt susceptive elements in a waveguide. FIGURE 18

(a) Inductive window; (6) capacitive win- Cylindrical cavity aperture coupled to

dow. rectangular waveguide.

inductive or capacitive nature depends on whether there is more magnetic
energy or electric energy stored in local fringing fields.

Resonant circuits are used bath at low frequencies and at microwave
frequencies to control the frequency of an oscillator and for frequency
filtering. At low freguencies this function is performed by an inductor and
capacitor in a series or parallel combination. Resonance occurs when there
are equal average amounts of electric and magnetic energy stored. This
energy oscillates back and forth between the magnetic field around the
inductor and the electric field between the capacitor plates. At microwave
frequencies the LC circuit may be replaced by a closed conducting enclo-
sure, or cavity. The electric and magnetic energy is stored in the field within
the cavity. At an infinite number of specific frequencies, the resonant
frequencies, there are equal average amounts of electric and magnetic
energy stored in the cavity volume. In the vicinity of any one resonant
frequency, the input impedance to the cavity has the same properties as for
a conventional LC resonant circuit. One significant feature worth noting is
the very much larger Q values that may be obtained, these being often in
excess of 10*, as compared with those obtainable from low-frequency LC
circuits. Figure 1.8 illustrates a cylindrical cavity that is aperture coupled to
a rectangular waveguide. Figure 19 is a photograph of a family of wave-
guide low-pass filters. The theory and design of microwave filters is given in
Chap. 8. A photograph of a family of waveguide directional couplers is
shown in Fig. 1.10. The design of directional couplers is covered in Chap. 6.
The photograph in Fig. 111 shows a family of coaxia-line GaAs diode
detectors.

When a number of microwave devices are connected by means of
sections of transmission lines or waveguides, we obtain a microwave circuit.
The analysis of the behavior of such circuits is carried out either in terms of
equivalent transmission-line voltage and current waves or in terms of the
amplitudes of the propagating waves. The first approach leads to an equiva-
lent-impedance description, and the second emphasizes the wave nature of
the fields and results in a scattering-matrix formulation. Both approaches
are used in this book. Since transmission-line circuit analysis forms the
basis, either directly or by analogy, for the analysis of all microwave circuits,



FIGURE 19

A family of waveguide low-pass filters for various microwave frequency bands. (Photographs
courtesy of Ray Moskaluk, Hewlett Packard Company.)

FIGURE 110

A family of waveguide directional couplers for various microwave frequency bands. (Photo-
graphs courtesy of Ray Moskaluk, Hewlett Packard Company.)

13
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FIGURE 1.11

Coaxial-line GaAs diode detectors for various
microwave frequency bands. (Photographs
courtesy of Ray Moskaluk, Hewlett Packard

Company.)

a considerable amount of attention is devoted to a fairly complete treatment
of this subject early in the text. This material, together with the field
analysis of the waves that may propagate along waveguides and that may
exist in cavities, represents a major portion of the theory with which the
microwave engineer must be familiar.

The microwave systems engineer must also have some understanding
of the principles of operation of various microwave tubes, such as klystrons,
magnetrons, and traveling-wave tubes, and of the newer solid-state devices,
such as masers, parametric amplifiers, and microwave transistors. This is
required in order to make intelligent selection and proper use of these
devices. In the text sufficient work is done to provide for this minimum level
of knowledge of the principles involved. A treatment that is fully adequate
for the device designer is very much outside the scope of this book.

Solid-state oscillators for use as local oscillators in receiver front ends
have largely replaced the klystron. Solid-state oscillators for low-power
transmitters are also finding widespread use. Thus the future for microwave
engineering is clearly in the direction of integrated solid-state circuits and
the development of the necessary passive components needed in these
circuits, which are also compatible with the fabrication methods that are
used.

In the light of the foregoing discussion, it should now be apparent that
the study of microwave engineering should include, among other things, at
least the following:

. Electromagnetic theory

Wave solutions for transmission lines and waveguides
Transmission-line and waveguide circuit analysis
Resonators and slow-wave structures

Microwave oscillators and amplifiers

Antennas

Microwave propagation

Systems considerations

© N ORr WD R
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FIGURE 1.12

A microwave network analyzer
used to measure scattering ma-
trix parameters. (Photographs
courtesy of Ray Moskaluk,
Hewlett Packard Company.)

Apart from the last three, these are the major topics covered in the text. It
is not possible to discuss in any great detail more than a few of the many
microwave devices available and in current use. Therefore only a selected
number of them are analyzed, to provide illustrative examples for the basic
theory being developed. The available technical literature may be, and
should be, consulted for information on devices not included here. Appropri-
ate references are given throughout the text.

The number of topics treated in this text represents a good deal more
than can be covered in a one-semester course. However, rather than limit
the depth of treatment, it was decided to separate some of the more
specialized analytical treatments of particular topics from the less analytical
discussion. These specialized sections are marked with a star, and can be
eliminated in a first reading without significantly interrupting the continu-
ity of the text.t The student or engineer interested in the design of
microwave devices, or in a fuller understanding of various aspects of mi-
crowave theory, is advised to read these special sections.

As in any engineering field, measurements are of great importance in
providing the link between theory and practice at microwave frequencies.

| Problems based on material in these sections are also marked by a star.
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CHAPTER

ELECTROMAGNETIC
THEORY

MAXWELL'S EQUATIONS

Electric and magnetic fields that vary with time are governed by physical
laws described by a set of equations known collectively as Maxwell's equa-
tions- For the most part these equations were arrived at from experiments
carried out by several investigators. It is not our purpose here tojustify the
basis for these equations, but rather to gain some understanding of their
physical significance and to learn how to obtain solutions of these equations
in practical situations of interest in the microwave engineering field. The
electric field f and magnetic field SB are vector fields and in general have
amplitudes and directions that vary with the three spatial coordinates x, vy,
z and the time coordinate th In mks units, which are used throughout, the
electric field is measured in volts per meter and the magnetic field in webers
per square meter. Since these fields are vector fields, the equations govern-
ing their behavior are most conveniently written in vector form.t

The electric field g and magnetic field & are regarded as fundamental
in that they give the force on a charge q moving with velocity v; that is,

F=9(f +vX™") (2.1)

tBoldface script type is used to represent vector fields having arbitrary time dependence.
Boldface roman type is used later for the phasor representation of fields having sinusoidal time
dependence.

tit is assumed that the reader is familiar with vector analysis. However, for convenient
reference, a number of vector formulas and relations are summarized in App. |.

17
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FIGURE 2.1
Dlustration of Faraday's law.

where F is the force in newtons, g is the charge measured in coulombs, and
v is the velocity in meters per second. This force law is called the Lorentz
force equation. In addition to the % and 3S fields, it is convenient to
introduce two auxiliary field vectors, namely, the electric displacement 91
and the magnetic intensity %7?. These are related to % and £8 through the
electric and magnetic polarization of material media, a topic covered in the
next section. In this section we consider fields in vacuum, or free space,
only. In this case the following simple relationships hold:

1

%f =—SS (2.23)
Ma

3 = eor (2.26)

where /xo = 4TT X 10~" H/m and is called the permeability of vacuum, and
e = 10°9/36ir = 8.854 X 10"'? F/m and is known as the permittivity of
vacuum.

One of the basic laws of electromagnetic phenomena is Faraday's law,
which states that a time-varying magnetic field generates an electric field.
With reference to Fig. 2.1, let C denote an arbitrary closed curve that forms
the boundary of a nonmoving surface S. The time rate of change of total
magnetic flux through the surface S is d(j<& ¢ dS/dt. According to Fara-
day's law, this time rate of change of total magnetic flux is equal to the
negative value of the total voltage measured around C. The later quantity is
given by -#cJT ¢ d\. Hence the mathematical statement of Faraday's law is

<fr-dl= - — [&-dS (2.3)
c S Js
The line integral of £ around C is a measure of the circulation, or "curling
up," of the electric field in space. The time-varying magnetic field may be
properly regarded as a vortex source that produces an electric field having
nonzero curl, or circulation. Although (2.3) is in a form that is readily
interpreted physically, it is not in a form suitable for the analysis of a
physical problem. What is required is a differential equation that is equiva-
lent to (2.3). This equation may be obtained by using Stokes' theorem from
vector analysis, which states that the line integral of a vector around a
closed contour C is equal to the integral of the normal component of the
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curl of this vector over any surface having C as its boundary. The curl of a
vector iswritten V X S' (App. 1), and hence (2.1) becomes

| ¥ = fVxgeds= -"—[ads
J* at Jfi
Since S is completely arbitrary, the latter two integrals are equal only if
oM
VX*= -— (2.4)

which is the desired differential equation describing Faraday's law. The curl
is a measure of the circulation of a vector field at a point.

Helmholtz's theorem from vector analysis states that a vector field is
completely denned only when the curl, or circulation, of the field, and also
its divergence, are given at every point in space. Now the divergence (or
convergence) of field lines arises only if a proper source (or sink) is available.
The electric field, in addition to having a curl produced by the vortex source
-BSSdt, has a divergence produced by electric charge. Gauss' law states
that the total flux of 9i = eqof from a volume V is equal to the net charge
contained within V. If p represents the charge density in coulombs per cubic
meter, Gauss' law may be written as

6ep& -dS= fpdV (2.5)
'S aY
This equation may be converted to a differential equation by using the
divergence theorem to give

g&g+ dS= {V « g dv= f pdv

Jy
Since V is arbitrary, it follows that
V e €L,£'=V -as =p (2.6)

where V -31 is the divergence of 9>, that is, a measure of the total outward
flux of 9) from a volume element, divided by the volume of the element, as
this volume shrinks to zero. Since both the curl and divergence of the
electric field are now specified, this field is completely determined in terms
of the two sources, HSf/dt and p.

To complete the formulation of electromagnetic phenomena, we must
now relate the curl and divergence of the magnetic field to their sources.
The vortex source that creates the circulation, or curl, of the magnetic field
** is the current. By current is meant the total current density, the
conduction current density f measured in amperes per square meter, the
displacement current density d"/Ht, and the convection current pv consist-
ing of charge in motion if present. Convection current is not included in this
chapter. However, in the chapter dealing with microwave tubes, convection
current plays a central role and is discussed in detail there. The displace-
ment current density flSdt was first introduced by Maxwell, and leads to



20 FOUNDATIONS FOR MICROWAVE ENGINEERING

the possibility of wave motion, as will be seen. Mathematically, the circula-
tion of 3f around a closed contour C bounding a surface S as in Fig. 2.1 is
given by

r c <>a> r
&>%e o d\ 5 / — » dS + I/-clS (2 7}
~C SM S

Application of Sokes law to the left-hand side yields

|V Xr-dSs [/, — « dSt \ir dS
Js s ot

from which it may be concluded that

(131
VX I=-+] (2.8)

Since magnetic charge, as the dual of electric charge, does not exist in
nature, it may be concluded that the divergence of 38 is always zero; i.e., the
flux lines of 38 are always closed since there are no charges for them to
terminate on. Thus the net flux of 38 through any closed surface S is
always zero; i.e, just as much flux enters through the surface as leaves it.
Corresponding to (2.5) and (2.6), we thus have

i*m ds = 0 (2.9)

V-& = 0 (2.10)

Conduction current, of density f, is the net flow of electric charge.
Since charge is conserved, the total rate of flow of charge out of a volume V
is equal to the time rate of decrease of total charge within V, as expressed fay
the equation

<(>S dS= - - /edV (2.11)

This is the continuity equation, and it may be converted to a differential
equation by using the divergence theorem in the same manner as was done
to derive (2.6) from (2.5). It is readily found that

Vf+2=0 (2.12)
ot
This equation may also be derived from (2.8) and (2.6). Since the divergence
Of the curl of any vector is identically zero, the divergence of (2.8) yields

0 — V'3_J+V/\

Using (2.6) converts this immediately into the continuity equation (2.12). If
the displacement current density d3/tit had not been included as part of
the total current density on the right-hand side of (2.8), that equation would g
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have led to the conclusion that V ¢/ = 0, a result inconsistent with the
continuity equation unless the charge density was independent of time.

In summary, the four equations, known as Maxwell's equations, that
describe electromagnetic phenomena in vacuum are

dss
Vxf=-— (2.13a)
at
~>0
V XN=-+] (2.136)
V-&=p (2.13c)
V-~=0 (2.13d)

where in (2.136) the convection current pv has not been included. The
continuity equation may be derived from (2.136) and (2.13c), and hence
contains no additional information. Although -d£J8/dt may be regarded as a
source for i>, and H3i/dt as a source of %", the ultimate sources of an
electromagnetic field are the current f and charge p. For time-varying
fields, that charge density p which varies with time is not independent of
f since it is related to the latter by the continuity equation. As a conse-
guence, it is possible to derive the time-varying electromagnetic field from a
knowledge of the current density / alone.

It is not difficult to show in a qualitative way that (2.13a) and (2.136)
lead to wave propagation, i.e., to the propagation of an electromagnetic
disturbance through space. Consider a loop of wire in which a current
varying with time flows as in Fig. 2.2. The conduction current causes a
circulation, or curling, of the magnetic field around the current loop as in
Fig. 2.2a (for clarity only a few flux lines are shown). The changing
magnetic field in turn creates a circulating, or curling, electric field, with
field lines that encircle the magnetic field lines as in Fig. 2.26. This
changing electric field creates further curling magnetic field lines as in Fig.
2.2¢, and so forth. The net result is the continual growth and spreading of
the electromagnetic field into all space surrounding the current loop. The

(a (b)

I>drfi(rrhn
<*e X Ny The growth or generation of an
17l g electromagnetic wave from a

3C current loop.
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disturbance moves outward with the velocity of light. A little thought will
show that the same characteristic mutual effect between two quantities
must always exist for wave motion. That is, quantity A must be generated
by quantity B, and vice versa. For example, in an acoustical wave the excess
pressure creates a motion of the adjacent air mass. The motion of the air
mass by virtue of its inertia in turn creates a condensation, or excess
pressure, farther along. The repetition of this process generates the acousti-
cal wave.

For the most part, as at lower frequencies, it is sufficient to consider
only the steady-state solution for the electromagnetic field as produced by
currents having sinusoidal time dependence. The time derivative may then
be eliminated by denoting the time dependence of all quantities as €® and
representing all field vectors as complex-phasor space vectors independent
of time. Boldface roman type is used to represent these complex-phasor
space vectors. For example, the mathematical representation for the electric
field Mxy, z, t) will be E{xy,<2e"". Each component of E is in general
complex, with a real and imaginary part; thus

E = a (£, +]E) + a/ (£, +jEy) + a,(E, +jEp) (2.14)

where the subscript r refers to the real part and the subscript / refers to
the imaginary part. Each component is allowed to be complex in order to
provide for an arbitrary time phase for each component. This may be seen
by recalling the usual method of obtaining g" from its phasor representa-
tion. That is, by definition,

Z(xy,zt) = Re[E(X,y,2)eM'] (2.15)
Thus Ex = Re[ (Ex+jEx)e->«1]

= VExr + Wi COS(iOt + <J>)

where <b = tan"HE,;/Ey;). Unless E, had both an imaginary part jEy
areal part E,, the arbitrary phase angle <t> would not be present. As
general rule, the time factor €™ will not be written down when the phase
representation is used. However, it is important to remember both the
that such a time dependence is implied and also the rule (2.15) for obtair
the physical field vector from its phasor representation. The real
imaginary parts of the space components of a vector should not be confus
with the space components; for example, E, and E, are not two
components of E, since the component a, E, is always directed along the
axis in space, with the real and imaginary parts simply accounting for
arbitrary time phase or origin.

A further point of interest in connection with the phasor represent
tion is the method used for obtaining the time-average value of afie
quantity.
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For example, if
r= ag.E;cos(«j« + 6-) + a,Etcos(o}t + <£) + aEzcos(w< + 03)
the time-average value of \<gl is

1 fT
— 1 % -gadt

1
— f [Efcos’(cot + <t>,) + Ef cos?(«* + <f>))
+ES$cos(wt 4- <f>3)] dt

+(E? + B + E2 (2.16)

where T isthe period, equal to 2ir/w. The same result is obtained by simply
taking one-half of the scalar, or dot, product of E with the complex
conjugate E*; thus

I*£= |E« E* = |[(JE, + E* ) + (4,. + 28) + (C + *S)] (2-17)

since E,E* = (E,, +./E_,XE|, -./«*) = E*, + g£, etc. This is equal to
(2.16), since £? = E%. + E*, etc.

By using the phasor representation, the time derivative d/dt may be
replaced by the factor jm since de™'/dt =jwe™". Hence Maxwell's equa-
tions, with steady-state sinusoidal time dependence, become

V X E - -jcoB (2.18a)
VxH=Ja,D +J (2.186)
V-D=p (2.18c)
V-B=0 e (2.8aT)

CONSTITUTIVE RELATIONS

In material media the auxiliary field vectors & and 91 are defined in terms
of the polarization of the material and the fundamental field quantities 38
and g. The relationships of & to 38 and of & to f are known as
constitutive relations, and must be known before solutions for Maxwell's
equations can be found.

Consider first the electric case. If an electric field & is applied to a
material body, this force results in a distortion of the atoms or molecules in
such a manner as to create effective electric dipoles with a dipole moment
3* per unit volume. The total displacement current is the sum of the
vacuum displacement current deyg/dt and the polarization current d3"/dt.
To avoid accounting for the polarization current d9'/U explicitly, the
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+</

—_9 _) |<;qx
—2» - 1 FIGURE 2.3

e Model for determining the po-
lei ii>) larization of an atom.

displacement vector 3> is denned as
91 = g +&> (2.19)

whence the total displacement current density can be written as 33i/dt.

For a great many materials the polarization & is in the direction of
the electric field <, although rarely will £P have the same time phase as &.
A simple classical model will serve to illustrate this point. Figure 2.3a
shows a model of an atom consisting of a nucleus with charge g surrounded
by a spherically symmetrical electron cloud of total charge -q. The applica-
tion of a field I? displaces the electron cloud an effective distance A: as in
Fig. 2.36. This displacement is resisted by a restoring force kx proportional
to the displacement (Prob. 2.1). In addition, dissipation, or damping, effects
are present and result in an additional force, which we shall assume to be
proportional to the velocity. If m is the effective mass of the electron cloud,
the dynamical equation of motion is obtained by equating the sum of the
inertial force md®/dt?>, viscous force tni> dx/dt, and restoring force kx to
the applied force -q%\ thus

d’x dx
m—a@z+mv1't+kx: -C

When 1? = E, cos <ot, the solution for x is of the form x = -A cosicot + <
If Ex cos wi is represented by the phasor E,, and x by the phasor X,
the solution for X is readily found to be

(2.20)

T —9 m +jloum + k
and hence
x = Re(Xd") =Acos(o>t + 4>)
(@/m)E,
[(y-")2+<ov>]®
nu

d> — tan 2 2
0) — cuQ

where

and we have replaced k/m by wy.
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The dipole moment is p,, where

a*Ex
Px = -OXx = TTTj cog(@>* + *) (2.21)
>,[{OJ2-0>-1)oiI) + 0

For N such atoms per unit volume the polarization per unit volume is
<Py = Npx and the displacement & is given by

NO°Ey,
3x = ek costot H rp”cos((ot + 4>)

mUaj® - (olf + wV|

This equation may also be put into the followmg form:

2 >'?
@* = By 8V - W¥) + N0|2/m\2 + (a>vey cos(tot - B) (2.22)
(w? G>2) Ls15)2
ol _ou
where 6=tan —5—5-tan —5 Z
wl - o> m% - or + Nq/eom

Two points are of interest in connection with (2.22). One is the linear
relationship between & and &, and hence between S> and £\ The second is
the phase lag in 3 relative to W whenever damping forces are present.

The phase difference between £?, W, and 3 makes it awkward to
handle the relations between these quantities unless phasor representation
is used. In phasor representation (2.21) and (2.22) become

— Q:E’. . (2.23)
(@0 ™ w° + j<>ivim
eo("o - a? +jwh) + Ng¥/m
ox = _H 2 [—A—F, (2.24)
iop —to +ja)v
In general, for linear media, we may write

P =*0* E (2.25)
where x. **® complex constant of proportionality called the electric suscep-
tibility. The equation for D becomes

D = «wE + P = eo(l +x)E
= eE = eggE = (€-j")E (2.26)

where e = eo(l + %) is caled the permittivity, and e = eleq, the dielectric
constant of the medium. Note that e is complex whenever damping effects
are present and that the imaginary part is always negative. A positive
imaginary part would imply energy creation instead of energy loss. [The
reader may verify from (2.22) that O is always positive.]

Loss in a dielectric material may also occur because of a finite conduc-
tivity a. The two mechanisms are indistinguishable as far as external effects
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related to power dissipation are concerned. The curl equation for H may be
written as

V X H = jwe-je)E + <TE

where J = crE is the conduction current density in the material. We may
also write

V X H =jio €-j[€" + - E =jweE + (we' + o)E (2.27)

where by €' + cr/io may be considered as the effective imaginary part of the
permittivity, or we" + a as the total effective conductivity.
The loss tangent of a dielectric medium is defined by

+a
tan<§ = "° (2.28)

Any measurement of tan 5, always includes the effects of finite conductivity
cr. At microwave frequencies, however, we" is usually much larger than a
because of the large value of w.

Materials for which P is linearly related to E and in the same direction
as E are called linear isotropic materials. Nonlinear effects generally occur
only for very large applied fields, and as a consequence are rarely encoun-
tered in microwave work. However, nonisotropic material is of some impor-
tance. If the crystal structure lacks spherical symmetry such as that in a
cubic crystal, it may be anticipated that the polarization per unit volume
will depend on the direction of the applied field. In Fig. 2.4 a two-dimen-
sional sketch of a crystal lacking cubic symmetry is given. The polarization
produced when the field is applied along the x axis may be greater than that
when the field is applied along the y or z axis because of the greater ease of
polarization along the x axis. In this case we must write

Dr= esEx Dy = g,E D,=e E (2.29)

where e, €y and e, are, in general, all different. The dielectric constants
rx = *xA0> °rv = SwyAo> *r* = *«A o0 a™ known as the principal dielectric
constants, and the material is said to be anisotropic. If the coordinate
system used had a different orientation with respect to the crystal structure,

CBT-- —&"-
6"'4>' - &' FIGURE 2.4

A noncubic crystal exhibiting anisotropic effects.
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the relation between D and E would become
Dy = 6uEx + &F + 6k
Dy = exbx + eyF + 2.5,
D = exEx + eE, + e,
or in matrix form,
DA s 8y C«|\Ex
O> = [fvr G x| % (2.30)
D, S« *m & | E;

Only for a particular orientation of the coordinate system does (2.30) reduce
to (2.29). This particular orientation defines the principal axis of the medium.
For anisotropic media the permittivity is referred to as a tensor permittivity
(a tensor of rank 2 may be represented by a matrix). For the most part the
materials dealt with in thistext are isotropic. Nevertheless, an awareness of
the existence of anisotropic media and of the nature of the constitutive
relations for such media is important.
For the magnetic case, H is defined by the constitutive relation

moH = B - /XM (2.31)

where M is the magnetic dipole polarization per unit volume. For most
materials (ferromagnetic materials excluded), M is linearly related to B and
hence to H. By convention this is expressed by the equation

M =* . H (2.32)

where x,, is called the magnetic susceptibility. Substituting (2.32) into
(2.31) gives

B =mo(M + H) =mo(l+A-n)H = AH (2.33)

where fj. = fig(l + Xy) is called the permeability.

As in the electric case, damping forces cause p. to be a complex
parameter with a negative imaginary part; thatis, M = M ~Jf’-"- Also, there
are magnetic materials that are anisotropic; in particular, ferrites are
anisotropic magnetic materials of great usefulness at microwave frequen-
cies. These exhibit a tensor permeability of the following form:

Mi  jf32 01
[M] = VM2 Mi O (2.34)
0 0  wa

when a static magnetic field is applied along the axis for which the perme-
ability is fj.;. A discussion of ferrites and their uses is presented later; so
further comments on their anisotropic properties is deferred until then.

In Sec. 2.1 care was taken to write Maxwell's equations in a form valid
not only in vacuum but also in material media. Thus (2.13) and (2.18) are
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valid in general, but with the constitutive relations of this section replacing
the free-space relations (2.2). Note, however, that it is not possible to write,
in general, constitutive relations of the form & = eg", £& = p.&, when 2
and &, and likewise S8 and &, are not in time phase. For arbitrary time
dependence we must write instead 3 = ¢,I?+9", <% = nyM' +J?) and
relate & and Jt to S and & through the dynamical equation of motion
governing the polarization mechanism. This difficulty may be circumvented
by using the phasor representation for which relations such as D = eE are
perfectly valid because the complex nature of e accounts for the difference
in time phase.! It should be pointed out, however, that for many materials
used at frequencies up to and including microwaves, the losses are so small
that 3 and %, and also St and .5?, are very nearly in time phase. In such
cases constitutive relations such as 3 = e>, 9S = p.& apply with negligible
error. Significant departure in time phase between 3 and W or £8 and
St occurs only in the vicinity of a natural resonance frequency of the
equation of motion for the polarization.

2.3 STATIC FIELDS

For electric and magnetic fields that are independent of time, the electric
and magnetic fields are not coupled, and likewise the current and charge are
not coupled. Putting all time derivatives equal to zero in (2.13) yields®

VXE=0 (2.35a)
VeeE=p (2.356)
VXH=J (2.36a)
VeB=0 (2.366)
Vel=0 (2.36¢)

The last equation is the continuity equation for the special case dp/dt = O.

The static electric field has zero curl, or circulation, and this means
that the line integral of E around any arbitrary closed contour is zero. This
property isjust the condition that permits E to be derived from the gradient
of a scalar potential function Q> that is, since V X \<¥ is identically zero, we
may put

E=-VO (2.37)

tThe situation here is like that encountered in ac circuit analysis, where in phasor notation the
voltage V equals the current / multiplied by the impedance Z; that is, V = 1Z. An Ohm's law
of this sort cannot be written for the physical voltage and current, for if V= Re(ve™')~
Vcos uti, then J* = rM/e-""") = [VI(R® + X¥coa(.ojt - rf.), where i> = tan \X/Rl-
Clearly, V cannot be equated to J multiplied by a constant because of the difference in phase.
+For static fields we are using boldface roman type to represent the physically real vector fields-
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o »/

FIGURE 2.5
$=0 /=0 A simple potential problem.

Substituting (2.37) into (2.356) and assuming that e is a constant indepen-
dent of the coordinates give

-V-E=V?3%4> = -- (2.38)

This equation is known as Poisson's equation. When p = 0, Laplace's
equation

Ve = 0 (2.39)

is obtained. The basic field problem in electrostatics is to solve Poisson's or
Laplace's equation for a potential function $ that satisfies specified bound-
ary conditions.

As asimple example consider two infinite conducting planesat x = 0, a,
asin Fig. 2.5. Let charge be distributed with a density p = pox between the
two plates.t It is required to find a <& which is a solution of Poisson's
equation and which equals zero on the plane x = 0 and V on the plane
X = a. The potential will depend on x only; so (2.38) becomes

d?*
'dx’ Pal
Integrating this equation twice gives <t> = -pox3/6eq + C,* + C,. Impos-

ing the boundary conditions at x = 0, a yields 0 = C,,

Po*

tThe example is somewhat artificial since the assumed charge distribution is not a stable one;
i.e.,, the electric field it produces would cause the charge distribution to change.
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and hence C, = 0, C, = V/a + poa2/6e0. The solution for < is thus

P poa’x %
_—— t —— %

6eo 66y a

4> =

The electric field between the two plates is

Dk 2
E:_V4>:_a’_:a PO__POA__V\
i 260 690 ald

The solution for the electrostatic field is greatly facilitated by introduc-
tion of the scalar potential 4> For the same reason it is advantageous to
introduce a potential function for the solution of magnetostatic problems.
Since B always has zero divergence, it may be derived from the curl of a
vector potential A; that is,

B=VxA (2.40)

This makes the divergence of B vanish identically because the divergence
the curl of a vector is identically zero. Using (2.40) in (2.36a) and assuming
that p. is constant yields the equation

A vector identity of use here isV XV xA = VV-A-V?A. The divergence
of A may be placed equal to zero without affecting the value of B derived
from the curl of A, and hence the equation for A is

VZA= -MJ (2.41)

This equation is a vector Poisson's equation. In rectangular coordinates,
(2.41) represents three scalar Poisson's equations, the first being

*K = -fide (2.42)

In a curvilinear coordinate system, such as a cylindrical coordinate system,
(2.41) cannot be written in such a simple component form. The reason '
that, for example, V?a, A, does not equal a,V2A, because, even though the
unit vector a is of constant length, its orientation varies from point to
point since it is always directed along the radius vector from the origin to
the point under consideration. The evaluation of VA in curvilinear coordi-
nates is made by using the vector identity quoted above to give V?A = W
A -V X V X A. These latter operations are readily carried out.

The interest in static field solutions at microwave frequencies arises
because the field distribution over a cross-sectional plane of a transmission
line is a static field distribution and because static field solutions are good
approximate solutions to the actual fields in the vicinity of obstacles that ar-
small compared with the wavelength. The potential theory introduced above
may be extended to the time-varying case also, and this is done in a
following section.



ELECTROMAGNETIC TH EORY 31

WAVE EQUATION

For convenience, the two curl equations are repeated here:

VXr=

- (2.43a)

at
33!
V X/ =— (2.436)
at
where it is assumed for the present that the current density J is zero in the
region of interest. These equations, together with the assumed constitutive
relations S = eg, £8 = \x&, may be combined to obtain a separate equation
for each field. The curl of (2.43a) is

VXV Xf= = -p.
dt at
Using (2.436) and expanding V X V x ? now yields
d’g

VV-T- vir= -f«e-,

Since p is assumed zero and e is taken as a constant, V <~ == 0, and we
obtain

V2f - lie—£ = 0 (2.44)

which is athree-dimensional wave equation. The velocity of propagation v is
equal to (p.e)-*'2. In free space v is equal to the velocity of light c. To
illustrate the nature of the solutions of (2.44), consider a case where g has
only an x component and depends only on the z coordinate. In this instance

oz oz
Any function of the form f(z - wt) is a solution of this equation since

dZ dt? d(vtf
and hence

df i of

This solution is illustrated in Fig. 2.6 and clearly represents a disturbance
propagating in the positive z direction with velocity v. An equally vahd
solution is f(z + vt) and represents a disturbance propagating in the
negative z direction.
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I(/
nzvt ||
Az -
2 [ FIGURE 26
e - Propagation of a disturbance f(z - vt).

By eliminating the electric field, it is readily found that the magnetic
field %" also satisfies the wave equation (2.44). In practice, however, we
solve the wave equation for either «? or  and then derive the other field by
using the appropriate curl equation. When constitutive relations such as
9> =e& and £8 =» (i*? cannot be written, the polarization vectors & and
JI must be exhibited explicitly in Maxwell's equations. Wave equations for
f and 2? may still be derived, but 9> and Jt will now enter as equivalent
sources for the field (which they actually are). The derivation is left as a
problem at the end of this chapter.

For harmonic time dependence, the equation obtained in place of
(2.44) is

VZE+A%E=0 (2.45)

where fe? «» co’fie. This equation is referred to as the Helmholtz equation, or
reduced wave equation. The constant k is called the wave number and may
be expressed in the form

. to f 2v
k = toy fie = — = 2ir— *e

(2-46)

\ \ A
where the wavelength A is equal to v/f. In free space the wave number will
be written as ky, and is equal to wy~o™o = 2ir/Ay. The magnetic field H, as
may be surmised, satisfies the same reduced wave equation.

In a medium with finite conductivity <, a conduction current / =
af will exist, and this results in energy loss because of Joule heating. The
wave equation in media of this type has a damping term proportional to cr
and the first time derivative of the field. In metals, excluding ferromagnetic
materials, the permittivity and permeability are essentially equal to their
free-space values, at least for frequencies up to and including the microwave
range. Thus Maxwell's curl equations become

AT
V Xr= -mo VX = 7 **
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Elimination of X" in the same manner as before leads to the following wave
equation for &:

VA2 - nger— - nog™ = 0 (2.47)

The magnetic field # also satisfies this equation. For the time-harmonic
case damping effects enter in through the complex nature of e and /x, and
hence the wave number k. It should be recalled here that, as shown by
(2.27), a finite conductivity cr is equivalent to an imaginary term in the
permittivity e. In the present case the equivalent permittivity is e = eg —
jer/u> and the Helmholtz equation is

VZE + Wiieg 1 j— IE = 0 (2.48)
| wfo;

In metals the conduction current o-E is generally very much larger than the
displacement current wegE, so that the latter may be neglected. For exam-
ple, a is equal to 5.8 X 10’ S/m for copper, and at a frequency of 10'° Hz,
aleg = 0.55, which is much smaller than tr. Only for frequencies in the
optical range will the two become comparable. Thus (2.47) may be simpli-
fied to

V2g- - mo<r— = 0 (2.49)

and (2.48) reduces to
VZE->M,°-E=0 (2.50)

Equation (2.49) is a diffusion equation similar to that which governs the
flow of heat in a thermal conductor.

ENERGY AND POWER

When currents exist in conductors as a result of the application of a suitable
potential source, energy is expended by the source in maintaining the
currents. The energy supplied by the source is stored in the electric and
magnetic fields set up by the currents or propagated (radiated) away in the
form of an electromagnetic wave. Under steady-state sinusoidal time-vary-
ing conditions, the time-average energy stored in the electric field is

1 r 1 r
W =Re-/E-D*dV = -/c'E-E*rfV (2.51a)
4 e'v 4-v
If e is a constant and real, (2.51a) becomes
W="-(E-E*dV (2.516)

4%
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The time-average energy stored in the magnetic field is given by

1 t | r
W,, = Re-/H* «BdV=-/ii'HeH*dV (2.52a)
4% 4 0\
which, for ii real and constant, becomes
W= jfH-H*dV (2.526)

These expressions for W, and W, are valid only for nondispersive media,
i.e.,, media for which e and ti can be considered independent of w in the
vicinity of the angular frequency w with which the fields vary. In general,
when the losses are small, so that €' «« € and X' <€ it, we have

1, dwe'

W= -/E-E* - -dV (2.53a)
4 -V <=
1 - 0JU!

Wy=-/H-H* —dV (2.536)

for the time-average stored electric and magnetic energy.

The above equations for the time-average energy in a dispersive
medium may be established by considering a classical model of the polariza-
tion mechanism similar to that discussed in Sec, 2.2. In a unit volume let
the effective oscillating charge of the dipole distribution be —a with an
effective mass m. Let the damping force be equal to mu times the velocity
of the charge. This damping force takes account of collision effects and loss
of energy by radiation from the oscillating charge. The equation of motion
for the polarization charge displacement u is

d?u du
dt® dt
where u is parallel to the direction of the field ?\ In this equation Kk is
elastic constant giving rise to the restoring force. This constant arises from
the Coulomb forces acting on the displaced charge, and hence is of electrical
origin. The dipole polarization 3" is -qu, and the polarization current
f = d.9>/dt. Introducing the polarization current into the equation of
motion gives
m dfg  mu k. t
gt dt o/P g’
This equation is formally the same as that which describes the current in a

series LCR circuit with an applied voltage 7? equal to W and with

m, nmv qa?
o Q k
An equivalent circuit describing the polarization is illustrated in Fig. 2.7.
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L
Jp—— VW —— WV

C FIGURE 27

Equivalent circuit For polarization current.

a time dependence e"" is assumed and phasor notation is used,

R-JX
Ip_EY_ B \TXA

where Y is the input admittance and X = c>L - 1/wC Since P = exE
and J, =j(oP, we see that

-X-R
ft>epA-e = <»gy{X'e -IX'e) = ~JY = R+ X

and hence

-X
"We = o BRTR (2.54a)

The time-average power loss associated with the polarization is the
same as the power loss in R in the equivalent circuit. This is given by

1 R
Pi = Mppr—, = -EE*o>eqX'. (2-55)
2 R + X

per unit volume. This equation shows that (Dfy® = we" is an equivalent
conductance. The time-average energy stored in the system is of two forms.
First there is the kinetic energy of motion, that is, \m(du/dt)®> averaged
over a cycle, and thisis equal to the magnetic energy stored in the inductor
in the equivalent circuit. This time-average kinetic energy per unit volume
is given by

|
2.56a
& 2 R-X< (2.562)
The second form of stored energy is the potential energy associated with the
charge displacement. The time-average value of this energy is equal to the
time-average electric energy stored in the capacitor C in the equivalent
circuit, and is given by

Un - Wi = EE—

The total time-average energy stored per unit volume is U = Uy, + U.. Note
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that U is not given by \EE*eX'e The latter expression gives

- l/Iw?C - L
T4 2+ xx = UU

or the difference between the potential and kinetic energy stored.
To obtain an expression for the total stored energy, note that

d L + l/<o’C 2X-
do) R +X?2 Rex2 v TR 4 X
For a low-loss system, R* <s X% and we then have 1 - 2X¥(R + X9
—1;s0
d I -X d L + I/w?C

PWTE om0 = gy x

Multiplying this expression by \EE* now gives the total time-average
energy stored, as comparison with (2.56a) and (2.56b) shows. Thus the final
expression for the time-average electric energy stored in avolumeV is given
by the volume integral of U = U + U, plus the free-space energy density
e(E -E*)/4andis

EX\dv
W. 4

° fl '
_L E E «>toX'e av
u>
1 - d(oe
=-/E-E*
4 fy do)
since e = €yl + X*)- This equation is the result given earlier by (2.53a).

A similar type of model may be used to establish (2.536) for
average stored magnetic energy. It should be pointed out that under ti
varying conditions the average stored energy associated with either electric
or magnetic polarization includes a kinetic-energy term. This term is negh"
gible at low frequencies and also when €' and /j." are essentially independent
of ft>for the range of a> of interest. When this energy is not negligible, the
modified expressions for stored energy must be used.

Although (2.53) is more general than (2.51) and (2.52), we shall, in |
majority of instances, use the latter equations for the stored energy.
thereby tacitly assume that we are dealing with material that is nondisf
sive or very nearly so.

The time-average power transmitted across a closed surface S is g"
by the integral of the real part of one-half of the normal component of tt

dv




ELECTROMAGNETIC THEORY 37

complex Poynting vector E X H*; that is,
1 ’
P=Re-"EXH?* « dS (2.57)

The above results are obtained from the interpretation of the complex
Poynting vector theorem, which may be derived from Maxwell's equations
as follows: If the divergence of E X H*, that is, v" « E X H*. is expanded, we
obtain

VeEXH*=(VXE)sH*-(VxH*) «E

From Maxwell's equations V X E = -jwB and V X H* = -jwD* + J*,
and hence

VeEXH*=-jwB e+ H* +jwD* « E - E « J*

The integration of this equation throughout a volume V bounded by a
closed surface S gives the complex Poynting vector theorem; i.e.,

| f [
- V-EXH*dV:Z-pg\EXH*-rfS
2M 20/&

= -j-

(B -H* -E¥)dV- -_ E -J*dV
K‘J\V”( )*)

2V
(2.58a)

where the divergence theorem has been used on the left-hand side integral.
The above result may be rewritten as
1, ,] B e H* Ee«D*\

i 1
+-/E-J*rfV (2.586)
2-v
where -dS is a vector element of area directed into the volume V. If the
medium in V is characterized by parameters e=* € —je', y. = M' ~ /M", @/
conductivity o, the real and imaginary parts of (2.58) may be equated to
give

1
Re-0EXH* -(-d9 = -f(y"H-H* +/EE*dV
2% a9 AL <EE)

1
+ - aF-E*dv (2.59a)
2 ]
1, ./ HeH* Ee«E*\
Im-fhExH* -(-dS) = X U 7— -* \ dV (2.596)
2.'s I 4 4

Equation (2.59a) is interpreted to state that the real electromagnetic power
transmitted through the closed surface S into V is equal to the power loss
produced by conduction current o-E, resulting in Joule heating plus the
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power loss resulting from polarization damping forces. Note that we" could
be interpreted as an equivalent conductance, as pointed out in Sec. 2.2.
equation also shows that /i" and €' must be positive in order to represe-
energy loss, and hence the imaginary parts of e and /J. must be negativ-
Equation (2.596) states that the imaginary part of the complex rate
energy flow into V is equal to 2w times the net reactive energy W, —
stored in the magnetic and electric fields in V. The complex Poynting ve~
theorem is essentially an energy-balance equation.

A result analogous to the above may be derived for a conventio
network, and serves to demonstrate the validity of the interpretation of
(2.58). Consider a simple series RLC circuit as in Fig. 2.7. If the current in
the circuit is / and the applied voltage is V, the complex input power
given by

1 1 1 _
VI* = ZIF = Sff* R +jal-  —
2 2 2

The time-average power loss in R, magnetic energy stored in the field
around L, and electric energy stored in the field associated with C are
given, respectively, by

1 11*

P, = -RII* W, = -uUl* = .
" ) W, = £ wic

since the voltage across C is l/coC. Hence
NI*=2Z11*~P, + 2jcO(Win-We)

which has the same interpretation as (2.58). This equation may also
solved for the impedance Z to give

Z= Uk (2.60)
and provides a general definition of the impedance of a network in terms of
the associated power loss and stored reactive energy. The factor \II* in the
denominator serves as a normalization factor, and is required in order to
make Z independent of the magnitude of the current at the input to the
network.

In the case of a general time-varying field, an expansion of V « W X #
and substitution from Maxwell's equations (2.13) lead to the following
Poynting vector theorem for general time-varying fields:

, / ax M

N___ to _
+ & &t & G +&-SdVv
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Since M ¢« dJC/M =\ fl( J? « MN/dt, etc., and the electric and magnetic polar-
ization currents are f, = d&>/dt, f,, = ix(d"/dt), we have

+ \y-{f+Irp)+ % -f\dV  (2.61)

where -rfS is an element of surface area directed into V. This equation
states that the rate of energy flow into V is equal to the time rate of change
of the free-space field energy stored in V plus the rate of energy dissipation
in Joule heating arising from the conduction current f and, in addition, the
instantaneous rate of energy supplied in maintaining the polarization cur-
rents. If J! and 21?, and also & and #\ are in phase, there is no energy loss
associated with the polarization currents. If these quantities are not in
phase, some energy dissipation takes place, leading to increased heating of
the material.

If the susceptibilities \¢ ® X, 2" P® considered as constants, so
that d&>/dt = e (dVdt) and djt/dt = xJ-d&Zat), then (2.61) becomes

AexML-rfS) = -1 (M- s M)AV (2.62)

which is the usual form of the Poynting vector theorem. The first term on
the right is now interpreted as the instantaneous rate of change of the total
electric and magnetic energy stored in the volume V.

The susceptibilities can usually be considered as true constants when-
ever the inertia] and damping forces are small compared with the elastic
restoring force in the dynamical equation describing the polarization. For
example, with reference to (2.54a), this is the case when k is much greater
than tom' or 0)’m, that is, when 1/ioC is large compared with wL and R,
so that

<rt = C = a_

BOUNDARY CONDITIONS

In order to find the proper and unique solutions to Maxwell's equations for
situations of practical interest (these always involve material bodies with
boundaries), a knowledge of the behavior of the electromagnetic field at the
boundary separating material bodies with different electrical properties is
required. From a mathematical point of view, the solution of a partial
differential equation, such as a wave equation, in aregion V is not unique
unless boundary conditions are specified, i.e., thfe behavior of the field on the
boundary of V. Boundary conditions play the same role in the solution of
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/ FIGURE 238
g A cylindrical cavity partially filled with a dielectric medium.

partial differential equations that initial conditions play in the solution of
the differential equations that govern the behavior of electric circuits.

As an example, consider the problem of finding a solution to Maxwell's
equations inside a cylindrical cavity partially filled with a dielectric medium
of permittivity e, as in Fig. 2.8. In practice, the solution is obtained by
finding general solutions valid in the two regions labeled /?, and R,. These
general solutions must satisfy prescribed conditions on the metallic bound-
aries and in addition contain arbitrary amplitude constants that can be
determined only from a knowledge of the boundary conditions to be applied
at the air-dielectric boundary separating regions ff, and R

The integral form of Maxwell's equations provides the most convenient
formulation in order to deduce the required boundary conditions. Consider
two media with parameters etitj ™ e,n> ~ " Fig. 2.9a. If there is no
surface charge on the boundary, which is the usual case for nonconducting
media, the integral of the displacement flux over the surface of the small
"coin-shaped" volume centered on the boundary asin Fig. 2.96 gives, in the
l[imit as h tends to zero,

lim @t D+dS=DxAS D,AS=0

fe-»0'S
o D,, =Dn=n D,=n D, (2.63)

¥,

.

LY
& A
4
£u
Nn_ 3 N

&l FIGURE 2.9

(a) Boundary between two different

le) media.
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where n denotes the normal component. The limit h —» 0 istaken so that
the flux through the sides of the coin-shaped region vanishes. Equation
(2.63) simply states that the displacement flux lines are continuous in the
direction normal to the boundary. A similar result clearly must hold also for
the magnetic flux lines since V « B = 0, and hence, by analogy,

n-B,=n-B; (2.64)

To obtain boundary conditions on the tangential components of the
electric field E and magnetic field H, the circulation integrals for E and H
are used. If for the contour C in Fig. 2.9c, the width h is made to approach
zero, the magnetic flux flowing through this contour vanishes and

lim@{ Ee+dl=1lim -ja>(BerfS=0
0

k-0~C h — s
= E.2| M - En M
or E, = Ey (2.65)

For the same contour C the total displacement current directed through the
contour vanishes as h -* 0, so that

lim<£Hed = limJ[ju[ D e rfs]1:0
h-n~c h--o\ = Js

= (Ha~Hy)M
or Hy = H, (266)

where t denotes the components tangential to the boundary surface. These
latter relations state that the components of E and H tangent to the
boundary are continuous across the boundary; i.e., the tangential compo-
nents on adjacent sides of the boundary are equal at the boundary surface.

For the boundary conditions at the surface separating a good conduc-
tor (any metal) and free space or air, some simplification is possible. As
shown in a later section, the electromagnetic field can penetrate into a
conductor only a minute distance at microwave frequencies. The field
amplitude decays exponentially from its surface value according to e"",
where u is the normal distance into the conductor measured from the

surface, and <§ is called the skin depth. The skin depth is given by

12
= (2.67)
W/l
For copper (a = 5.8 X 10’ S/m) at a frequency of 10'° Hz, the skin depth is
6.6 X 10~° cm, truly avery small distance. Likewise, the current J = trE is
concentrated near the surface. As the conductivity is made to approach
infinity, 8s approaches zero and the current is squeezed into a narrower and
narrower region and in the limit a—* *> becomes a true surface current.
Since the skin depth is so small at microwave frequencies for metals, the
approximation of infinite conductivity may be made with negligible error (an
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FIGURE 2.10
Boundary- of a perfect conductor.

exception is when attenuation is to be calculated, since then infinite conduc-
tivity implies no loss). For infinite conductivity the field in the conductor
must be zero. Since the flux lines of B are continuous and likewise since the
tangential component of E is continuous across the boundary, it is neces-
sary that

neB=0 (2.68a)
EE=nXE=0 (2.686)

at the surface of a perfect conductor. This same argument cannot be applied
to the normal component of D and the tangential component of H because,
as noted above, a surface current Js will exist on the surface in the limit
a -* ». Applying Maxwell's equation

j> H ¢ d\ =jojjV « dS + fj « dS
to the contour C illustrated in Fig. 2.10 gives

[im<#H «d\ =H. M = |lim (wD «dS+ Ilim [j «dS
h-0Jr h-0’ h-0’
= lim haMm JM
A-0
or in vector form,

nXH=1J, (2.68c)

Note that thefield in the conductor goes to zero, that the total displacement
current through C vanishes as h. -» 0, but that hj tends to the limiting
value Js as the conductivity is made infinite and h is made to approach
zero. Associated with the surface current is a charge of density ps on which
the normal displacement flux lines terminate. Hence, at the surface of a
perfect conductor,

neD =D, =ps (2.68rf)

When it is desired to take into account the large but finite conductivity
(as would be the case in attenuation calculations), an impedance boundary
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condition may be used with little error. The metallic surface exhibits a
surface impedance Z,, with equal resistive and inductive parts, given by
1 +4j
Zn = —— .
nc g (2.69)
At the surface a surface current exists, and the relation between this and
the eectric field tangent to the surface is

E! = Zm ‘JS (270)

Note that the tangential electric field cannot be zero for finite conductivity,
although it may be very small. Now n X H = Jg, so that

E, = Zy, = Zmn X H (2.71)

From (2.69) it is seen that the resistive part of the surface impedance is
equal to the dc resistance per square of a unit square of metal of thickness
5s. In alater section the above results are verified; so further comments are
reserved until then.

In practice, it suffices to make the tangential components of the fields
satisfy the proper boundary conditions since, when they do, the normal
components of the fields automatically satisfy their appropriate boundary
conditions. The reason is that when the fields are a solution of Maxwell's
equations, not all the components of the field are independent. For example,
when the tangential part of the electric field is continuous across a bound-
ary, the derivatives of the tangential component of electric field with respect
to coordinates on the boundary surface are also continuous. Thus the curl of
the electric field normal to the surface is continuous, and this implies
continuity of the normal component of B. More specificaly, if the xy plane
is the boundary surface and E,, E, are continuous, then i>EJ/dx, 9E/dy,
9E,/dx, and dE,/rfy are also continuous. Hence -jtoB, = SE /Hx - dEJ/dy
is continuous. For the same reasons continuity of the tangential compo-
nents of H ensures the continuity of the normal component of D across a
boundary.

In addition to the boundary conditions given above, a boundary condi-
tion must be imposed on the field solutions at the edge of a conducting body
such as a wedge. The edge condition requires that the energy stored in the
field in the vicinity of an edge of a conducting body be finite. This limits the
maximum rate at which the field intensities can increase as the edge is
approached.t A detailed analysis shows that at the edge of a two-dimen-
sional perfectly conducting wedge with an internal angle <5 the field compo-
nents normal to the edge must not increase any faster than r", where r is

tJ. Meixner, The Behavior of Electromagnetic Fields at Edges, N.Y. Univ. Inst. Math. Set.
Res. Rept., vol EM-72. December, 1954. The theory is also discussed in R. E. Collin, "Field
Theory of Guided Waves." chap. 1, IEEE Press. Piscataway, N.J.. 1991. revised edition.
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the perpendicular radial distance away from the edge and

nTr

21T - <>

where the integer n must be chosen so that a is greater than or equal to — A
at least.

When solving for fields in an infinite region of space, the behavior of
the field at infinity must also be specified. This boundary condition is called
a radiation condition, and requires that the field at infinity be a wave
propagating a finite amount of energy outward, or else that the field vanish
so fast that the energy stored in the field and the energy flow at infinity are
zero.

2.7 PLANE WAVES

In this section and the two following ones we shall introduce wave solutions
by considering plane waves propagating in free space and reflection of a
plane wave from a boundary separating free space and a dielectric, or
conducting, medium. The latter problem will serve to derive the boundary
conditions given by (2.68) to (2.71) in the preceding section.

Plane Waves in Free Spaee

The electric field is a solution of the Helmholtz equation
~E  dE dE

This vector equgtion holzds for eglch component of E, so that
d°E dE d°E
L, i N toy XX o= i = xvz (2.
x Tor e Y

The standard procedure for solving a partial differential equation is the
method of separation of variables. However, this method does not work for
all types of partial differential equations in all various coordinate systems,
and when it does not work, a solution is very difficult, if not impossible, to
obtain. For the Helmholtz equation the method of separation of variables
does work in such common coordinate systems as rectangular, cylindrical,
and spherical. Hence this method suffices for the class of problems discussed
in this text. The basic procedure is to assume for the solution a product ot
functions each of which is a function of one coordinate variable only-
Substitution of this solution into the partial differential equation then
separates the partial differential equation into three ordinary differentia’
equations which may be solved by standard means.
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In the present case let E; = f(X)g(y)h(z). Substituting this expression
into (2.72) gives

ght" + fhg" + fgh" + kifgh = Q

where the double prime denotes the second derivative. Dividing this equa-
tion by fgh gives
i g " 27
+ oo+ tan =
7Tt =5

Each of the first three terms in (2.73), such as f'/f, is a function of a single
independent variable only, and hence the sum of these terms can equal a
constant -kl only if each term is constant. Thus (2.73) separates into three
equations:

f g h"
f g h

af d’g \ d*h
Xi+**V=0 — + ~=0 — ), =<)  (274)

where k,, ft", k\ are called separation constants. The only restriction so far
on K\, ky, Kl isthat their sum must equal &jj, that is,

Ko+ K+ K= K (2.75)

so that (2.73) will be satisfied.
Equations (2.74) are simple-harmonic differential equations with expo-
W e 'l=*_ As one suitable solution

Hkix

nential solutions of the form e, e
for Ex we may therefore choose

Ey = Aerdovii! (2.76)

where A is an amplitude factor. This solution is interpreted as the x
component of a wave propagating in the direction specified by the propaga-
tion vector

k=aA +aA " A (")
because the scalar product of k with the position vector
r=ax + ay + az

equals kx + ky + kz and is ko times the perpendicular distance from
the origin to a plane normal to the vector k, asillustrated in Fig. 2.11. The
k vector may also be written as k — nk;, where n is a unit vector in the
direction of k and kg, is the magnitude of k by virtue of (2.75).

Although (2.76) gives a possible solution for E,, this is not the
complete solution for the electric field. Similar solutions for E, and E, may
be found. The three components of E are not independent since the diver-
gence relation V « E = 0 must hold in free space. This constraint means



46 FOUNDATIONS FOB MICROWAVE F.NOINF.ERING

FIGUREZ2.il
Woustration of plane normal to vector k.

that only two components of E can have arbitrary amplitudes. However, for
V « E to vanish everywhere, all components of E must have the same spatial
dependence, and hence appropriate solutions for E, and E, are

E, = Be™ E, = Cel¥

with B and C amplitude coefficients. Let E, be the vector aA + a,B +
a,C; then the total solution for E may be written in vector form as

E = E,e--*' (2.78)
The divergence condition gives
V-E =V +Eger*-"=E, . Ve**" = ./k« Ee-"" = 0
o k- Eg= O (2.79)

since v'e~-* = —jke"-'*", as may be verified by expansion in rectangular

coordinates. The divergence condition is seen to constrain the amplitudes
A, B, C so that the vector E, is perpendicular to the direction of propaga-
tion as specified by k. The solution (2.78) is called a uniform plane wave
since the constant-phase surfaces given by k ¢ r = const are planes and the
field E does not vary on a constant-phase plane.

The solution for H is obtained from Maxwell's equation

V X E = -V'toAtH

which gives
1 , 1
H V X Ee™ = Eo x Ve
Jw”o
1
-kx E,erk-" = nXE
<"MO (Vﬂo
"nXE vyonXE (2.80)

where Y, = v/len’/Mo has the dimensions of an admittance and is called the
intrinsic admittance of free space. The reciprocal Z, = 1/Y, is called the
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i S : FIGURE 2.12
Space relationship between E, H, and n in a TEM

intrinsic impedance of free space. Note that H is perpendicular to E and to
n, and hence both E and H lie in the constant-phase planes. For this reason
this type of wave is called a transverse electromagnetic wave (TEM wave).
The spatial relationship between E, H, and n is illustrated in Fig. 2.12.

The physical electric field corresponding to the phasor representation
(2.78) is

E = Re(Eee/'+%") = Eq cos(k * - «*) (2.81)

where, for simplicity, E; has been assumed to be real. The wavelength is the
distance the wave must propagate to undergo a phase change of 2TT. If we
let A, denote the wavelength in free space, it follows that

|kJAo = koo = 2TT
so that

|
ky = o>VMoo = ~ =

(2.82)

This result is the familiar relationship between wavelength A, frequency
f= co/2rr, and velocity ¢ in free space. A wavelength in a direction other
than that along the direction of propagation n may also be denned. For
example, along the direction of the x axis the wavelength is

2TT
A = *7

and since ky is less than k;, A" is greater than A,. The phase velocity isthe
velocity with which an observer would have to move in order to see a
constant phase. From (2.81) it is seen that the phase of E is constant as long
as k ¢ r - wt is constant. If the angle between k and r is 8, then k « r - cot
~ kor cos 6 — cot. Differentiating the relation

(2.83)

korcos 0 - cot = const

dr co

i 2.84
gives ~ct " fc,cos0 ( )

for the phase velocity u, in the direction r. Along the direction of propaga-
tion, cos6 = 1 and v, = colky, = c. In other directions, the phase velocity is
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FIGURE 2.13
A wave propagating obliquely to the u axis.

greater than c. These results may be understood by reference to Fig. 2.13.
When the wave has moved a distance A, along the direction n, the
constant-phase-plane intersection with the u axis has moved a distance
\u = AysecO along the direction u. For this reason the wavelength and
phase velocity along u are greater by a factor sec 0 than the corresponding
guantities measured along the direction of propagation n.

The time-average rate of energy flow per unit area in the direction nis
given by

P=|ReEX H* e n = |Rey~E X (n X E*) » n= \YoE * Eg (2.85)

The time-average energy densities in the electric and magnetic fields of a
TEM wave are, respectively,

U = ~E«E* = "Ege E

u, = ’AH e H* = "%(?(nx E) -(nx E*) = "4|on° E* = U,

and are seen to be equal. Since power is a flow of energy, the velocity vy
energy propagation is such that

(UetUm)vg=P

I'o™o ' Eg YQ
e C &
m oo K T K T " I ’(’)’EE.BE.E* bo_ -

Thus, for a TEM wave in free space, the energy in the field is transport*
with avelocity ¢ = 3 X 10° m/s, which is also the phase velocity. Since
phase velocity is independent of frequency, a modulated carrier or sign®
will have all its frequency components propagated with the same velocity ©
Hence the signal velocity is also the velocity of light c. Later on, in the study
of waveguides, situations arise where the phase velocity is dependent_on

frequency and consequently is not equal to the velocity of energy propai-
tion or the signal velocity.
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REFLECTION FROM A DIELECTRIC INTERFACE

In Fig. 2.14 the half-space z > 0 is filled with a dielectric medium with
permittivity e (dielectric constant e, = €ley; index of refraction 77 = y*X A
TEM wave is assumed incident from the region 2 < 0. Without loss in
generality, the xy axis may be oriented so that the unit vector n. specifying
the direction of incidence lies in the xz plane. It is convenient to solve this
problem as two special cases, namely (1) parallel polarization, where the
electric field of the incident wave is coplanar with n, and the interface
normal, i.e., lies in the xz plane, and (2) perpendicular polarization, where
the electric field of the incident wave is perpendicular to the plane of
incidence as defined by n, and the interface normal, i.e.,, along the y axis.
An incident TEM wave with arbitrary polarization can always be decom-
posed into a linear sum of perpendicular and parallel polarized waves. The
reason for treating the two polarizations separately is that the reflection
and transmission coefficients, to be defined, are different for the two cases.

Parallel Polarization
Let the incident TEM wave be

E- = Eie-Y*°™"  H, =y.n, X E, (2.87)

where E, lies in the xz plane. Part of the incident power will be reflected,
and the remainder will be transmitted into the dielectric medium. Let the
reflected TEM wave be

E, = Eelkon' H, = yonoXE, (2.88)

where n, and E, are to be determined. In the dielectric medium the
solution for a TEM wave is the same as that in free space, but with e,
replaced by e Thus, in place of Ay = coMigeg and Yy = "eyfng, the
parameters k = oijnge = -gky and Y = yje/n, = 170 are used, where 77 =
yje isthe index of refraction. The transmitted wave in the dielectric may be

Ef Ec '3

i

FIGURE 2.14
Plane wave incident on a dielectric interface.
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expressed by
E, = Ezenr" /' H; = Yng X E, (2.89)

with E3z and nz as yet unknown.

The boundary conditions to be applied are the continuity of the
tangential components of the electric and magnetic fields at the interface
p)ane z = 0. These components must be continuous for all values of x and y
on the 2 = 0 plane, and thisis possible only if the fields on adjacent sides of
the boundary have the same variation with x and y. Hence we must have

konix = Koy = kna = Tlkong, (2.90)

i.e., the propagation phase constant along x must be the same for all waves.
Since ny, was chosen as zero, it follows that ny = n; = 0 also. The unit
vectors n,, np, 3 may be expressed as

n, =a,sin0, + a, cosO,

n,=a, sin0, + a. cos 6,

ns = a, Sin0; + a, cos &3
Equation (2.90) gives
or e =B, (2.93
which is the well-known SnelPs law of reflection; in addition, (2.90) gives

sin6l, = 7) sin0., (2.92)

which is also a well-known result specifying the angle of refraction 8; in
terms of the angle of incidence B, and the index of refraction 77.
The incident electric field Es has components E, = E cos &,

E, = -E, sin0!

since n; * E; must equal zero. Note that E, is used to denote the mi
tude of the vector E. Since the incident electric field has no y component,
the reflected and transmitted electric fields also have zero y components.!
Expressing all fields in component form, i.e.,

E,, = E, cos 0,
E; = E;sin0, Ez = Ezcos6;, Ez = -Essin 03, and imposing the

boundary condition of continuity of the x component at 2 = 0 yields the
relation

E, cos 6, + E, cos 0, = E; cos 83

f If the reflected and transmitted electric fields were assumed to have a v component,
boundary conditions which must apply would show that these are, indeed, zero.
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|/er _ Sin2 e\

or (E + Eycose, = Erfl - 'sin%0; = Es (2.93)
Vv

by using (2.91) and (2.92). Apart from the propagation factor, the magnetic
field is given by

H, = *>1 XE, = Ya( -nyEyw + nE) = yoayE,
H, = 'Yoa.yEz
H3:7ay£3

and has only a y component. Continuity of this magnetic field at the
boundary requires that

Yo(E|'E2) = YE, = VY0E3 (294)

If a reflection coefficient I\ and a transmission coefficient 7, are
introduced according to the following relations:

amplitude of reflected electric  field E;

amplitude of incident electric field E,
amplitude of transmitted electric field E-,
7 = = — (2 956)
! amplitude of incident electric field E,

then the boundary conditions (2.93) and (2.94) may be expressed as

(Cr'Sinzo,)l/a
1+T, =7, — 'y (2.96a)
77 cos 0, v '

1-V= 777, (2.966)

These equations may be solved to give the Fresnel reflection and transmis-
sion coefficients for the case of parallel polarization, namely,

fe. - sin?0.) " - e cos 0,

T, =~ Krn— (2.97a)
(e;-sin?0,) +e,cos0,

; 277 cos 0j

I , 2-976
(e - sin’0,)" + e,cos0y ( )

An interesting feature of r\ is that it vanishes for an angle of incidence
0; = Oy, called the Brewster angle, where, from (2.97a),

e - sin? 0 = e? cos? 0y

) | *p )HZ
or sin0g= (2.98)
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."'f
FIGURE 2.15
= Modulus of reflection coefficient at a dielectric in
e ST .~g terfacefor e = 2.56, 11", | parallel polarization, |r |

perpendicular polarization.

At this particular angle of incidence al the incident power is transmitted
into the dielectric medium. In Fig. 2.15 the reflection coefficient [* is
plotted as a function of 0, for polystyrene, for which e = 2.56.

2 Perpendicular Polarization

For perpendicular polarization the roles of electric and magnetic fields are
interchanged so that the electric field has only a y component. The fields
may, however, still be expressed in the form given by (2.87) to (2.89), but
with E[, E,, and Ez having y components only. As in the previous case, the
boundary conditions must hold for all values of x and y on the z = 0 plane.
Therefore Snell's laws of reflection and refraction again result; i.e., (2.91)
and (2.92) must be satisfied. In place of the boundary conditions (2.93) and
(2.94), we have

£ +E =Eg; (2.99a)
Yo(£, - ErcosOt = Y E;cos0s (2.996)

Introducing the following reflection and transmission coefficients:

o=
into (2.99) yields
1+T,=T, (2.100a)
o 112
e.-sin
i1, ) (2.1006)
COS0,

The Fresnel reflection and transmission coefficients for the case of perpen-
dicular polarization thus are

. 1/2
cost?l - (e - sin**A7)

= (2.101a)
27 (e, - sin?0i)"? + cos0!

2cos0, (2.1016)

T, =
27, - sin%0!)Y? + cos0,
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A notable difference for this case is the nonexistence of a Brewster angle for
which T, vanishes. For comparison with the case of parallel polarization, F;
is plotted in Fig. 2.15 for e = 2.56.

REFLECTION FROM A CONDUCTING PLANE

The essential features of the behavior of the electromagnetic field at the
surface of a good conductor may be deduced from an analysis of the simple
problem of a TEM wave incident normally onto a conducting plane. The
problem isillustrated in Fig. 2.16, which shows a medium with parameters
e, ix, a filling the half-space z > 0. Let the electric field be polarized along
the x axis so that the incident and reflected fields may be expressed as

E, = Eae™
H, = YoEae™?
— i %
E = rhaer (2.1026)
H,= -YorE;a,e™* »*

where T is the reflection coefficient.

In the conducting medium the conduction current trE is much greater
than the displacement current jcoeE, so that Helmholtz's equation reduces
to (2.50); i.e.,

V?E -jwnaE = 0
The transmitted field is a solution of
85
jjf -JO>H<T\E, = 0
since no x or y variation is assumed. The solution for a wave with an x

component only and propagating in the z direction is

E, = £,a.,e (2.103a)

FIGURE 2.16
A TEM wave incident normally on a conducting plane.
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with a corresponding magnetic field

y

1
H.---3— VXE,= — BEe" (2.1036)

* +
where y = (asiicn¥? = 223 (2.104)

and the skin depth S¢ = (w/xir/2) 2. The propagation constant y = a + /«
has equal phase and attenuation constants. In the conductor thefields decay
by an amount e~' in adistance of one skin depth 8s which is a very small
distance for metals at microwave frequencies (about 10~° cm). The intrinsic
impedance of the metal is ZImn where

2.105
(jwn*)|/2 T8$ ( )
and is very small compared with the intrinsic impedance Z, = (fig/ep)¥ of
free space. For example, for copper at 10" MHz, Z,, = 0.026(1 +j) ft as
compared with 377 ft for Zo. Note that (2.1036) may be written as

H,=:—aEe>* = Y8 Ese-v*

which shows that the ratio of the magnitudes of the electric field to
the magnetic field for a TEM wave in a conductor is the intrinsic imped-
ance Z.

Returning to the boundary-value problem and imposing the boundary
conditions of continuity of tangential fields at the boundary plane 2 = 0 give

(I +1nNE =E=T& (2.1064)
(1 - F)FodJ, = H, = YnEs = YnlEx (2.1066)

where Eg/E; = T, the transmission coefficient. Solving (2.106) for the
reflection coefficient V and T yields

f=Mm~Zo (2.107c)
Zn + Zo
T=1+r= 2" (2.1076)
Zt 2

Since \Z;\ is small compared with Z,, the reflection coefficient 1" is almost
equal to - 1 and the transmission coefficient T is very small. Almost all the
incident power is reflected from the metallic boundary. As the conductivity
a- is made to approach infinity, the impedance Z, approaches zero and in
the limit T = -1 and T = 0. Hence, for a perfect conductor, the tangential
electric field at the surface is zero and the tangential magnetic field has a
value equal to twice that of the incident wave.
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The current density in the conductor is J = o-E, = aTE"a"e * The
total current per unit width of conductor along y is

» = aTE,a
J= [/ Jlz=o0-T"a,/ e*dz=— A/m
o Yo y
This result may also be expressed in the following form:
2a7%,E,
. 2.108
< (Zni+ Zo)j<on** ( )

by substituting for T from (2.1076) and replacing y by jiofi/Z, from
(2.105). As <T -* », the hmiting value of J; becomes

2E.
J,=-s-a,=2y,£Ei,, (2.109)

since Z, -* 0 and <rZ*, -»yw/x. This current exists only on the surface of
the conductor since, as a -» oe the skin depth 5, -» 0; that is, the field
decays infinitely fast with distance into the conductor. When a is infinite,
T = -1 and the total tangential magnetic field at the surface is 2Y ,E,a,
and equal in magnitude to Js. In vector form the boundary conditions at the
surface of a perfect conductor are thus seen to be

nNXE=0 (2.110a)
nxH=J, (2.1106)

where n is a unit outward normal at the conductor surface.

For finite conductivity the current density at the surface is crT£, and
the magnetic field at the surface is Y, TE;. In terms of these quantities the
total current per unit width may be expressed as

<TTE, aZny

y y

In other words, the total current per unit width is equal to the tangential
magnetic field at the surface.

The time-average power transmitted into the conductor per unit area
is given by the real part of one-half of the complex Poynting vector at the
surface, and is

P, = |ReE X H* « & = #TT*E,Ef Re Y, = \TT*EEfads (2.111)

The reader may readily verify that this is equal to the result obtained from
a volume integral of J « J*; that is,

£0 %
Equation (2.111) may be simplified with little error by making the following
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approximation:
4<rZ.,7*
(Zm+Zo)(ZratZo)*
4az,,z7* 8
Zo® agrz*

arr*

whence (2.111) becomes

1 (2YoED)(2Y.E)
p< ~2 A ( 2112 >

Note that 2YgE, is the value of the magnetic field, tangent to the surface
that would exist if a were infinite. Hence an excellent approximate tech-
nique for evaluating power loss in a conductor is to find the tangential
magnetic field, say H, that would exist for a perfect conductor, and then
compute the power loss according to the relation

P, = \ Re(HH?Zy) = *Re(JJ:Zy) (2.113)

This procedure is equivalent to assuming that the metal exhibits a surface
impedance Z,, and the current is essentially the same as that which would
exist for infinite conductivity.

The procedure outlined above for power-loss calculations is widely
used in microwave work. Although the derivation was based on a considera-
tion of a very special boundary-value problem, the same conclusions result
for more complex structures such as conducting spheres and cylinders. In
general, the technique of characterizing the metal by a surface impedance
Z,, and assuming that the current J, is the same as that for infinite
conductivity is valid as long as the conductor surface has a radius of
curvature at least a few skin depths in magnitude.

2.10 POTENTIAL THEORY

The wave solutions presented in the previous sections have all been source-
free solutions; i.e, the nature of the sources giving rise to the field was not
considered. When it is necessary to consider the specific field generated by a
given source, as in antenna problems, waveguide and cavity coupling, etc.,
this is greatly facilitated by introducing an auxiliary vector potential func-
tion A. As will be seen, the vector potential A is determined by the current
source, and the total electromagnetic field may be derived from A.

Since V « B = 0 always, this condition will hold identically if B is
expressed as the curl of a vector potential A since the divergence of the cur
of avector is identically zero. Thus let

B=VXA (2.114)

The assumed time dependence €" is not written out explicitly in (2.114'
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since this is a phasor representation. The curl equation for E gives

V X E= -v'wB = -jcoV X A
or VX(E+>A)=0
Now the curl of the gradient of a scalar function <> is identically zero; so the
general integral of the above equation is

E +jtoA = -V4>

or E = -juA - \& (2.115)
Substituting this expression into the V X H equation gives

VXH=-VXVXxA =jaieE + J = wocA -ju>eV<$ + J (2.116)

Up to this point the divergences of A and V<& have not been specified [note
that (2.114) specifies the curl of A only]. Therefore arelation between V « A
and $ may be chosen so as to simplify (2.116). Expanding V X V X A to
give VV « A - V?A enables us to write (2.116) as

VV ¢ A - V?A = IPA -j'weliV* + [xJ
where k?* = w’p.e. If now the following condition is specified:
VV ¢ A = -jo>eliv<i>
or V-A= -jcop.e<P (2.117)
this equation simplifies to
VA + A = -IMJ (2.118)

Thus A is a solution of the inhomogeneous Helmholtz equation, the current
J being the source term. The condition imposed on V ¢« A and < in (2.117) is
called the Lorentz condition in honor of the man first to propose its use.

In the preceding derivation three of Maxwell's equations have been
used and are therefore satisfied. The fourth equation, V « D = p, must also
hold, and this will be shown to be the case provided the Lorentz condition is
obeyed. Hence the three equations (2.114), (2.115), and (2.118), together
with the Lorentz condition (2.117), are fully equivalent to Maxwell's equa-
tions. To verify the equation V « D = p, take the divergence of (2.115) to
obtain

V-eE= -yWV « A - eV (2.119)
where e is a constant. Using the Lorentz condition yields
V -A 1 1
V eD = -jcoeV s A - Vi—. = Ve (VPA + APA) = - — V ¢
-JtO/J. Joan JiO

by using (2.118) and noting that V/ « A = V « V?A; that is, these differen-
tial operators commute. Now V ¢ J = -jcop from the continuity equation;
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SO we obtain
VD = - — (jcop)=p

If, instead of eliminating <$> in (2.119), V « A iseliminated by use of the
Lorentz condition, we get

V +D =p = -jcue -joffie<I>) - e V& .
or V> + £<T> = — (2.120)

Hence the scalar potential <P is a solution of the inhomogeneous scalar
Helmholtz equation, with the charge density p as a source term.

For the time-varying field, J and p are not independent, and hence the
field can be determined in terms of A and J alone. The scalar potential can
always be found from the Lorentz relation, and p from the continuity
equation, but explicit knowledge of these is not required in order to solve
radiation problems. For convenience, the pertinent equations are summa-
rized here:

B=V XA (2.121a)
B o W eA KA+ VW A

E = -jioA - V& = -j'alA + (2.1216)

VA + KBA = -y J (2.121c)

where the Lorentz condition was used to eliminate V<P in (2.1216). Note
that, in rectangular coordinates, (2.121c) is three scalar equations of the
form

VAx + KA = ik
but that, in other coordinate systems, V?A must be expanded according to
the relation V2A = VV -A-V xV xA.
The simplest solution to (2.121c) is that for an infinitesimal current
element J(X,y, Z) = J(r') located at the point Xy, Z, as specified by the
position vector ' = ax + ay + azZ, asin Fig. 2.17. This solution is

A(X,y,,)=A(r) = —J(r')-—adVv (2.1&
4ir ti
| T
- T by
N - FIGURE 2.17

Coordinates used to describe vector potential
- a current sheet.
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where R = |r — r'| is the magnitude of the distance from the source point
to the field point at which A is evaluated; i.e,
1/2
R=[ (x-X)? . (y-yf + (zz)A

and J(r')rfV' is the total source strength. In terms of this fundamental
solution, the vector potential from a general current distribution may be
obtained by superposition. Thus, adding up all the contributions from each
infinitesimal current element gives

kR _J*lr_
A(r) = — [ IRy, Z2)—dx-dy'dz= — [/ J(r")- dv
dir v R 4TT Jy \r—rl

(2.123)

where the integration is over the total volume occupied by the current. Note
that the solution for A as given by (2.122) is a spherical wave propagating
radially outward from J and with an amplitude falling off as 1/R. The
solution (2.123) is a superposition of such elementary spherical waves.

*2.11 DERIVATION OF SOLUTION
FOR VECTOR POTENTIAL

In this section a detailed derivation of the solution to the inhomogeneous
Helmholtz equation for a unit current source is given. A unit source is a
source of unit strength, localized at a point in space (a familiar example is a
point charge). Such a unit source in a three-dimensional space is a general-
ization of a unit current impulse localized at a time /' along the time
coordinate. A current pulse is represented by the Dirac delta function
8(t - t') in circuit theory, where 8(t - t') has the property

8t-t) =0 t*f (2.1244a)

and at t = t' it becomes infinite but is integrable to give
( B¢t -td =1 (2.1246)
A further property is that, for any function f(t) which is continuous at t\

I'  *'nt)8(t-?)dt=nn (2.124c)
Ja _ -

This result follows since r can be chosen so small that, in the interval
t-T<t<t + T, the function fit) differs by a vanishing amount from
fit') since f(t) is continuous at t'. Hence (2.124c) may be written as

f(f)[ Tg(t-t')dt=f(t")

by virtue of (2.1246).
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As the preceding discussion has shown, the delta function is a conve
nient mathematical way to represent a source of unit strength localized at
point along a coordinate axis, in the above example along the time axis. I,
an AT-dimensional space a product of N delta functions, one for each
coordinate, may be used to represent a unit source. Thus, in three dimen
sions, a unit source is represented by

8(x-x)8(y-y)8(zz) = Sr - r') (2.125)
where Sr — r') is an abbreviated notation for the product of the three

one-dimensional delta functions. The source function Sr — r') has the
following properties:

5(r-r")=0 r#r' (2.1264a)

(J

/F(ND8(r-riv-P<-") * oV (2.126¢)
-V \O r' notinV
where F is an arbitrary vector (or scalar) function that is continuous at r',
that is. at Xx,y,Z. These properties follow from the properties of the
one-dimensional delta functions that make up Sr — r'X
A unit current source directed along the unit vector a at r' may be
expressed asJ = a6Xr — r')- The vector potential is a solution of

VA + I2A = -/xa<5(r - r') (2.127)

Since the current is in the direction a, the vector potential must also be in
this direction, and hence A = Aa. Equation (2.127) may therefore be writ-
ten as a scalar equation:

VA + KA = -ti8(r - 1) (2.128)
At all pointsr # r', A is a solution of
VA + IBA = 0 (2.129)

If the source point r' is considered as the origin in a spherical coordinate
system, then, since no angle variables occur in the source term in (2.128),
the solution for A must have spherical symmetry about the source point r ¢
Thus, in terms of the spherical radial coordinate R = |r - r'l, which is the
radial distance from the origin at r', (2.129) is a function of R only and may
be written as

R dR\ dRr)
2 -
or ;:IRZQ = d—II—AI\(z/r: §) /(Z_JJ«

after expressing the independent part of V2 in spherical coordinates.
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anticipation of a spherical-wave solution, let A = f(R)e ™ Substitution
in (2.130) leads to the following equation for f(R):

af /2 \df 2ik

which is readily verified to have the solution f«= C/R, where C is an
arbitrary constant. Consequently, the solution to (2.129) is A = CeJ*}R
This solution is singular at R = 0, and the singularity must correspond to
that of the source term at this point.

To determine the constant C, integrate (2.128) throughout a small
sphere of radius rq centered on r' and use the delta-function property
(2.1266) to obtain

[T WA + KAR sine dedchdR
0 ‘0

- JV| (VA + IKA) dV = Jv—n[8(r- rdv= -u

Now the integral of the term K°RPA, which is proportional to R’ will
vanish as ro tends to zero. Hence, for sufficiently small ro,

f VAdV = -a
-V
Since V?A = V « VA, the divergence theorem may be used to give
j VAADV = <p VA « dS =j) VA « arq’rfft

since dS = ar£ dfl, where dil is an element of solid angle. Since A is a
function of R only, VA = a(dA/dR), and hence

r . L 9A A
th VA « a dfl = rotze —Hffl = Arzd— = -n
'S o'S«e« Mo
Evaluating dA/dR for R = ry shows that
<?A 1E e~-"*"\

dir/n 02, = 4irCry

5fl - rH
in the limit as ro tends to zero. Hence 4irC = jx, or C = u/4TT, in order for
the singularity in the solution for A to correspond to that for a unit source.
The above solution for the vector potential from a unit source, namely,

M e_jkIr_r.<

A(r) = - X -a (2.131)
47 qr -1 |
is clearly a function of both the source point and field point. Since (2.131) is
the solution for a unit source, it is often called a Green's function and
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denoted by the symbol G as
G(rir) = G(rlra = G(xy, gt z9a = H €
(r r) - (rlr )a - (Xiy! X!y\ Z)a' - AT \T 7T* (2132'
because, by definition, a Green's function is the solution of a different
equation for a unit source.
The vector potential from a general current distribution may now
expressed in the form
- 1*fr-rti
Ar) = —/1J3(r")———dV = fI(r)G(r|r") dV (2.133)
J,
ATTV r—r -V
since any current distribution J may be considered as a sum of weight
unit sources.

2.12 LORENTZ RECIPROCITY THEOREM

The Lorentz reciprocity theorem is one of the most useful theorems in £
solution of electromagnetic problems, since it may be used to deduce
number of fundamental properties of practical devices. It provides the bad
for demonstrating the reciprocal properties of microwave circuits and
showing that the receiving and transmitting characteristics of antennas are
the same. It also may be used to establish the orthogonality properties of
the modes that may exist in waveguides and cavities.t Another impo:
use is in deriving suitable field expansions (analogous to a Fourier seri
expansion) for the fields radiated or coupled into waveguides and cavities
probes, loops, or coupling apertures.

To derive the theorem, consider a volume V bounded by a do
surface S as in Fig. 2.18. Let a current source J, in V produce a fie:
E,, H,, while a second source J, produces afield E,, H,. Thesefields saisfy
Maxwell's equations; so

VXE,= -j'w/iH, V X H, =jcoeg + J,

V x E; = -jojfiH, V X Hy, =jWE, + J,
Expanding the relation V « (E, X H, - E; X H,) and using Maxwell's equs
tion show that
V -(E, XH, - E,XH),)

= (FXE,) -H, -(VXH,) -E, - (VXE) * H, +(VXH,) »

3, Ej + e Ey (2.134)

tin any waveguide or cavity an infinite number of field solutions are possible. Any one sow
is called a mode for the same reason that the various solutions for vibrating strings
membranes are called modes. Orthogonality of modes is discussed in Sec. 3.14.



ELECTROMAGNETIC THEORY 63

FIGURE 2.18
Illustration of the Lorentz reciprocity theorem.

Integrating both sides over the volume V and using the divergence theorem
give

{ V-(E. xH-EoXH.)dV =,d>(E XH:- E,xH,| -ndS

= /"(E2- Jj -E,- B)dv  (2.135)
\

where n is the unit outward normal to S.

Equation (2.135) is the basic form of the Lorentz reciprocity theorem.!
For a number of typical situations that occur, the surface integral vanishes.
If S is a perfectly conducting surface, then n X E, = n X E, =0 on S.
Since E; X H, » n=(n X E,) * H,, etc., the surface integral vanishes in
this case. If the surface S is characterized by a surface impedance Z,, then,
according to (2.71),

E,=-Z,,nxH or nXE= -Zn X (n X H)

[note that in (2.71) n points into the region occupied by the field, and hence
the minus sign is used here, since n is directed out of V]. Consequently,

(nxE,) -H2-(nxE,) «H,

-Zn[n X (n X BJ] *Hy+ Zy[n x (n X H)] * H,

Zon X H.,) *(nxH,) -Zy(n X H, «(nxH) =0

and the surface integral vanishes again.

tin anisotropic media with nonsymmetric permittivity or permeability tensors, a modified form
must be used. See, for example, R. F. Harrington and A. T. Villeneuve, Reciprocity Relations
for Gyrotropic Media, IRE Trans.,, vol. MTT-6, pp. 308-310. July, 1958.
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Another example where the surface integral vanishes is when <J o
chosen as a spherical surface at infinity for which n = a,. The radiated fi i®
at infinity is a spherical TEM wave for which

H=Ya XE=1-1 a,xE

Therefore
(nXE.) *H,- (nxEy) *H, =Y(a X E,) *(a X Ej)

-F(a;XE2) *(a;XE|)=o

and the surface integral vanishes.

Actually, for any surface S which encloses al the sources for the fidd
the surface integral will vanish. This result may be seen by applying (2.135)
to the volume V bounded by S and the surface of a sphere of infinite radius.
There are no sources in this volume, and since the surface integral over the
surface of the sphere with infinite radius is zero, we must have, from
(2.135),

6(Ef X Hy - E2 X HJ +(-n)dS = 0
S

= (M (E, X H, - E; X By *ndS
~s
Hence the surface integral taken over any closed surface S surrounding al

the sources vanishes.
When the surface integral vanishes, (2.135) reduces to

(E J.dV= (E» JdV (2.136)

If J, and J, are infinitesimal current elements, then
E1(r2)-J2(r2)=E2(r1)-J1(rq) (2-13?)

which states that the field E, produced by J, has a component along J2 '"®
is equal to the component along J, of the field radiated by J, when Ji a"
J> have unit magnitude. The form (2.137) is essentially the reciprocity
principle used in circuit analysis except that E and J are replaced by
voltage V and current /. The applications of the reciprocity theorem *
illustrated at various points throughout the text and hence are not dis-
cussed further at this time.
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An atom of atomic number Z has a nuclear charge Ze and Z electrons
revolving around it. As a model of this atom, consider the nucleus as a point
charge and treat the electron cloud as a total charge -Ze distributed uniformly
throughout a sphere of radius ro. When an external field E is applied, the
nucleus is displaced an amount x. Show that a restoring force x(Ze)’4wrye,
is produced and must be equal to ZeE. Thus show that the induced dipole
moment is p = 4—eyrftE and is linearly related to E.

In acertain material the equation of motion for the polarization is

d'.9> d.of
| F V— + u>%& = 2ep<ogr

where W is the total field in the dielectric. Find the relation between & and W
when r = Re(Ee-""") and E is real. If wo = 10" and v = 10"\ over what
frequency range can a relationship such as 2 = eg = e,,» +.9" be written if it
is assumed that the criterion to be used is that the phase difference between $
and % should not exceed 5°? Plot the magnitude and phase angle of the
dielectric constant e = eleg = (€' - je")/ey as a function of at.

A dielectric material is characterized by a matrix (tensor) permittivity

°xz 7 3 -2v”75
«0
w | — 3 7 -2\,/0"
i -2/6T5 -2v/0!5 10

when referred to the xyz coordinate frame. If the coordinate axis is rotated into
the principal axis u, v, w, the permittivity is exhibited in diagonal form:

S« 0 0
H= 0 e 0
0 0

Find the principal axis and the values of the principal dielectric constants

eu/e, etc.
Hint: By definition, along a principal axis a scalar equation such as
A, 7 °.E, holds. In general, if D is directed along a principal axis, then

Dy] 7 3 -2V/0JT]\Ei_ E,
Dy 2 3 7 -2/61* |g | =AE
D> '2Vfr5 '2\//\5 10 E1 Bl

or in words, when D is directed along a principal axis, it is related to E by a
scalar constant A. The above constitutes a set of three homogeneous equations,
of which the first is
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2.5.

2.6.

2.7.
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2.9.
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Verify that, for a solution, the following determinant must vanish:

7 - 4Ale 3 -2v'015
3 7 - 4Aleg -2v/olf | =0
-2\Z6~If -2vA5" 10 - 4Al«

This cubic equation gives three roots for A, which may be identified
«W*a»®ww For A one root say ey the components of a vector dir~
along the corresponding principal axis are proportional to the cofactors
above determinant. This type of problem is called a matrix eigenvalue prob
The A's are the eigenvalues.

Answer: 3e, = 2«
Unit vectors along the principal axis are

*« - 0.5a, 0.5a, - \fo.5a

a, 0.5a +0.5ay, + '0.5 a,

= /0.5a - /0.5a,

In the interior of a medium with conductivity a and permittivity e, freec
is distributed with a density po(x,\y,2) at time t = 0. Show that the
decays according to

Poe -*[y e

a

Evaluate the relaxation time T for copper for which a = 5.8 x 10" S/m, e
Find r for sea water also for which <r = 4 S/m and € = 80«. If the relaxati
time is short compared with the period of an applied time-harmonicfield, th
will be negligible accumulation of free charge and V +« D may be assumed to
zero. What is the upper frequency limit for which this is true in the case
copper and sea water, i.e., the frequency for which T is equal to the period?

Hint: Use the continuity equation, Ohm's law, and the divergence
tion for D.
Show that, when the relaxation time for a material is small compared with
period of the time-harmonic field, the displacement current may be neglected
comparison with the conduction current.
Consider two concentric spheres of radii a and b. The outer sphereis kept at
potential V, and the inner sphere at zero potential. Solve Laplace's equation
spherical coordinates to find the potential and electric field between the spn
Take b > a.
Solve Laplace's equation to find the potential and electric field between
coaxial cylinders of radii a and b if the center cylinder is kept at a potenti
and the outer cylinder at zero potential. Take b > a.
Derive (2.45) from (2.18).

Derive (2.47).

2.10. Express the scalar Helmholtz equation V?0 +fc'-ty= o in cylindrical coo

nates. If < =f(<t>)gir)h(z2), find the differential equations satisfied by /e
and h.
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When material polarization £P and Jt are explicitly taken into account, show
that the wave equations satisfied by % and 2? are

*

V2AT-yoeo—i-= AWW-* + gyt VX< 2-VXS
ay <> b d 1 W
dt at at at & &

Notethat V -35S=0; soV «JT = -VJTandV -3=p; soOV «€L+=p -V

.9". Examination of the source terms in the above equations shows that d<P/at

is a polarization current analogous to conduction current f.
Derive (2.62).

Between two perfectly conducting coaxial cylinders of radii a and b, b > a,
the electromagnetic field is given by

E = a,Eor~V*°? H = &g YoEor-te 2

where ko = 0i(jio€0)*"?, Yo = (eo//xo)Y'?. Find the potential difference be-
tween the cylinders and the total current on the inner and outer cylinders.
Express the power in terms of the voltage and current, and show that it is
equal to that computed from an integration of the complex Poynting vector
over the coaxial-line cross section. Show that the characteristic impedance of
the line is VIl = (Z,/2i7)In(6/a) = 601n(6/a), where V is the voltage and /
is the total current on one cylinder.

A round wire of radius ro, much greater than the skin depth <& has a uniform
electric field E applied in the axial direction at its surface. Use the surface-im-
pedance concept to find the total current on the wire. Show that the ratio of
the ac impedance of the wire to the dc resistance is

Evaluate this ratio for copper at f= 10° Hz for a = 58 X 10’ S/m, r, = 0.1
cm, iX = no.

The half-space z > 0 isfilled with a material with permittivity e, and perme-
ability ix * /x. A parallel polarized plane TEM wave is incident at an angle 0,
asin Fig. 2.14. Find the reflection and transmission coefficients for the electric
field. Does a Brewster angle exist for which the reflection coefficient vanishes?
Repeat Prob. 2.15 for the case of a perpendicular polarized incident wave.
Does a Brewster angle exist? If so, obtain an expression for it.

The half-space z > 0 isfilled with a material with permeability M and permit-
tivity e. When a plane wave is incident normally on this material, show that
the reflection and transmission coefficients are

Z - 7 2Z
=—=" =i =
r 7 T=1+Tr Z+2

where Z = (ixe)"™, Z, = (nfep)”®> Choose an electric field with an x
component only.
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2.18. The half-space z > 0 is filled with a material of permittivity e, and

fi = ixo. A second sheet with permittivity e, is placed in front. A plane wavnl
incident normally on the structure from the left, as illustrated. Verify that th*
reflection coefficient at the first interface vanishes if e = (€,«)''? and tl
thickness d = jAq(eo/ei)’®. The electric field may be assumed to have an
component only. The matching layer is known as a quarter-wave transform
(actually an impedance transformer). This matching technique is used
reduce reflections from optical lenses and is called lens blooming, or coated
lenses.

ffc - 4 -

Lo A FIGURE P2.18

2.19. In terms of the vector potential A from a short current element A?Joa,
located at the origin, show that the radiated electric and magnetic fields are

H — + — jatdnffe

1&2 jZo ijko
-F +
2n k,

-t acosfle

IQAZJIZQ/ 0 Jo et
—)a,sinfle
aT ke T r? )a
Hint: Use (2.122) and (2.121), and express A as components in a
spherical coordinate system r, 0, <#¢ Note that a, = &, cos ff - a, sin B.
2.20. A dielectric may be characterized by its dipole polarization P per unit volume
If p=J=0 and P is taken into account explicitly, show that, if a vectoi
potential A is introduced accordingto B = V X A, then A is a solution of

VA + k%A = -j<on,P
and that the fields are given by
VW ¢ A + KIA
B=V XA E =

-7<OMo°o

Note that a Lorentz condition is used. Thus an electric dipole P is equiv"
to a current element ;wP, or alternatively, a current element «J &&
considered as an electric dipole P = J//'«».
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o
L
FIGURE P2.21

2.21. A small current loop constitutes a magnetic dipole M = /Sa, where / is the

2.22.

current, S the area of the loop, and a a vector normal to the plane of the loop
and pointing in the direction that a right-hand screw, rotating in the direction
of the current, would advance. The field radiated by such a current loop, with
linear dimensions much smaller than a wavelength, may be obtained by a
potential theory analogous to that given in Prob. 2.20 by treating the loop as a
magnetic dipole M. Thus replace B by figH + #,M in Maxwell's equation and
treat M as a source term. Since p is zero, V « D = 0, and this permits D to be
expressed as D = -V X A, where A, is a magnetic-type vector potential.
By paralleling the development in the text for the potential A, show that the
following relations are obtained:

VAL + MAM = SjitixgeM
D- -VxA,.

KAL, + VV « A,

Hence, for a z-directed magnetic dipole at the origin,

_ jtofigegM

= <-j>i<i’
"

4-n-r

from which the fields are readily found. Note that in this problem M repre-
sents the magnetic dipoJe source density in Maxwell's equations, but in the
solution for the vector potential it represents the total magnetic dipole
strength. It would have been more consistent to use M S(r - r') to represent
the source density, where <& - r') is the three-dimensional Dirac delta
function which has the property

/S(r- r)dv= 1 rinVv
Jv

Consider an arbitrary current element J, in front of a perfectly conducting
plane. This current radiates a field E, having zero tangential components on
the conducting plane. Use the Lorentz reciprocity theorem to show that a
current J; parallel to the conducting plane and an infinitesimal distance in
front of it does not radiate.
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CHAPTER

TRANSMISSION LINES
AND WAVEGUIDES

This chapter is a long one and for this reason has been divided into three
parts, namely:

Part 1—Waves on transmission lines
Part 2—Field analysis of transmission lines
Part 3—Rectangular and circular waveguides

The three parts are closely related but independent with the exception of
Sec. 3.7, which is needed as an introduction to both Parts 2 and 3. With the
exception of this section, the three parts can be studied independently and
in any order.

In Part 1 we give an introduction to waves on transmission lines using
a distributed-circuit model of the transmission line. By using the dis-
tributed-circuit model, we are able to study the excitation and propagation
of current and voltage waves on a transmission line without the need to
invoke Maxwell's equations.

The electrical characteristics of a transmission line such as the propa-
gation constant, attenuation constant, characteristic impedance, and the
distributed-circuit parameters can only be determined from a knowledge of
the fields surrounding the transmission line. Thus in Part 2 we carry out a
detailed field analysis of transmission lines. This part also includes an
extensive discussion of planar transmission-line structures such as the
microstrip line.

71
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Part 3 presents the theory for waves in hollow rectangular and circular
waveguides (pipes). In the beginning section of Part 2, we show that
Maxwell's equations can be separated into equations that describe threa
types of waves. These are transverse electromagnetic waves (TEM) tran
verse electric (TE), and transverse magnetic (TM) waves. The TEM wave i
the principal wave that can exist on a transmission line. The TE and TM
waves are characterized by having no axial component of electric and
magnetic field respectively. The TE and TM waves are the fundamental
wave types that can exist in hollow-pipe waveguides. Hollow-pip, wave-
guides do not support TEM waves. The ability to reduce Maxwell's equa-
tions into three set of equations, one set for each wave type, facilitates the
analysis of transmission lines and waveguides. Thus this decomposition of
Maxwell's equations is carried out in the first section of Part 2.

PARTI
WAVES ON TRANSMISSION LINES

In this section we introduce the topic of voltage and current waves on a
two-conductor transmission line by using a distributed-circuit model of the
transmission line. This allows us to explore a number of fundamental
properties of one-dimensional waves without having to consider the electro-
magnetic fields in detail. The distributed-circuit-model approach has limita-
tions and in general must be replaced by a detailed solution for the
electromagnetic field associated with the guiding structure if we want to
determine the distributed-circuit parameters. The field analysis of transmis-
sion lines is presented in Part 2.

3.1 WAVES ON AN IDEAL TRANSMISSION LINE

In Fig. 3.1a we show a two-conductor transmission line consisting of
parallel round conductors (wires). The conductors will be assumed to
perfect, i.e., have infinite conductivity. The conductors extend from z = «
infinity, thus forming a semiinfinite transmission line. At 2 = 0 a volt
generator with internal resistance Ry is connected to the transmission
The generator produces a voltage 7'git) that is impressed across the tr
mission line. If the generator is switched on at time t = 0, a current
will begin to flow into the upper conductor. A return current St>
then flow on the lower conductor since current flow through the gener
must be continuous. The return current is produced by the action t&j
electric field established between the two conductors. Since the transffl™*
line is semiinfinite in length, there is no direct conducting path between
upper and lower conductors. However, there is a distributed capacitan
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—MI)
* *
—9)
(@
JHzD - IfoTP. 1 ~J'(zt)+—dz
Ib) FIGURE 3.1
_ (a) An ideal two-conductor
transmission line connected
R, to a voltage generator; (b)
equivalent circuit of a differ-
| ential section of the trans-

mission line with no loss; (c)
equivalent circuit seen by the
(d generator.

per meter between the two conductors; so we have a capacitive or displace-
ment current flowing from the upper conductor to the Jower conductor.

The electric current results in a magnetic field around the conductors
and consequently the transmission line will also have a distributed series
inductance L per meter. We can model a differentia] section dz of this
transmission line as a series inductance Ldz and a shunt capacitance Cdz
as shown in Fig. 3.16, If the conductors had finite conductivity, we would
also need to include a series resistance in the equivalent circuit of a
differential section. However, we are assuming that the conductors are
perfect; so the series distributed resistance R per meter is zero.

Since electrical effects propagate with a finite velocity v (the speed of
light in vacuum), it should be clear that the voltage 7'(zt) and current
Xz t) at some arbitrary point z on the transmission line will be zero until a
time ziv has elapsed after switching the generator on. We will show that
the generator launches voltage and current waves on the transmission line
that propagate with a finite velocity. The equations that describe these
waves are established by applying Kirchhoff s circuit laws to the equivalent
circuit of a differential section of the transmission line, along with a
specification of the terminal relationships (boundary conditions) that must
hold at the generator end.

At some arbitrary point z on the transmission line, let the voltage and
current be given by 7/{z t), (2, t). At a differential distance dz further
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along, the voltage and current have changed by small amounts (dV/dz) d,
and (d.f/d2dz, so the output voltage and current at z + dz will be

Jz + dzt) =T(zt) dz
dz
d.y(zt)
7{z + dzt) =1f(zt) + —dz
dz
The sum of al potential drops around the circuit must be zero; so we have
djr BV
%'+ Ldz— + T+ —dz = 0
dt dz
dv{zt) d.Yzt)
or dz - L= at (3.1a8)

The sum of currents flowing into the output node must also be zero; so we
can write

dT dJ
J - Cdz S- —dz=20
dt dz
dSzt) df'(zt)
3.16
or dz ot (3.16)

These two partial differential equations describe the relationship between
the voltage and current waves on the transmission line.

We can obtain an equation for the voltage 7/(zt) by differentiating
(3.1a) with respect to z and using (3.1b) to eliminate the current; thus

d<r(zt) d*s ( dH'
dzz - TawT B Cur
d=T(zt) dAV'(z,t)
) Aph. = (3.29)
or a7 LC—dtr 0
In a similar way we obtain
d?jr{z t
e (3.26)

dz* dt?

The product LC has the dimensions of one over velocity squared. These
equations are one-dimensional wave equations and describe waves propag®
ing with a velocityt

P-J{Lr

LC

tFor an ideal transmission line in air. v =c -* 3 x 10 m/s, the velocity of light.
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Consider the equation
dv 1 dv

We can readily show that any two arbitrary functions of the form f'(t -
zlv) and f~(t + z/v) are solutions of this equation. If we let w = t — z/v
then we have

dff (t-zv)» 9fw) _  df*(w) dw I'T(w)

dz dz dw dz v dwv
q a*r{u>) i *T(">)
an dZ2  Vdw?

For d’r/dt* we get d*f/dw”. Consequently,
af 1d¥ dri1
dzZ V2 dt? dw? | V22 0

so f*U ~ zlv) is clearly a solution of the one-dimensional wave equation,
as is f~(t + z/v).

The function f*(t - zlv) is the same as the function f*it) but
delayed in time by an amount z/v which equals the distance z divided by
the velocity of propagation v. We interpret this solution as a wave propagat-
ing in the positive z direction and identify this solution with a superscript
+ sign. The other solution represents a wave propagating in the -z
direction and is identified by the - sign as a superscript.

The general solution for the voltage waves on the transmission line is

MzZ1t) = V-r[t-“-~+Vri (+ 7j (3.4)

where V* and V' are amplitude constants. By using (3.16) we see that

ay  JirJf , X
@ - —af Ve
If we assume that S is of the form

s2)=rr(t~>)-rr(t.*

then " 1 (£330
dz v \ at at

af*  df* dt+ zv) | af

az a(t + zv) azv a
An examination of these equations shows that the assumed solution for

upon using
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Ji.z, t) is compatible with that for the voltage p'Czt) if we choose
r=vcv® [-=ucv-

The parameter vC has the dimensions of an admittance and is also equa] tn

C/\ILC = ~C/L . The characteristic admittance Y. of the transmission ling

is defined by this parameter. The reciprocal parameter is called the charan
teristic or surge impedance of the transmission line. It is given by

A=yr 3.

By using this parameter the solution for the current waves on the transmis-
sion line can be expressed in the form

V- i A V- I z

The negative sign preceding the wave with amplitude V~ indicates a
reversal in the direction of current flow for the wave propagating in the ~z
direction.

For the transmission-line circuit shown in Fig. 3.1, the generator
launch voltage and current waves propagatingin the +2 direction. Since the
transmission line extends to infinity, no waves propagating in the -2
direction will be present. Later on we will consider a transmission line that
is terminated at z => | with either a resistance, capacitance, or a combina-
tion of these elements. Waves propagating in both the +z and -z directions
will then exist. For the present case the voltage and current waves on the
transmission line are assumed to be

nZ) = v+[t-*)
S(zt) = rrft- -

withV*=7"Z. At the generator end z = 0 the terminal conditions require
that

S0 =S

where S is the current supplied by the generator. These terminal cor
tions can be expressed in the form

((le r(0 + V+I'<|>

V*



TRANSMISSION LINES AND WAVEGUIDES 7

from which we find that

V/\<> = Y+R~A (3.7)

The voltage wave launched on the transmission line is thus given by

AN _ZN P! _/\) B &)

with a corresponding current wave

o/\o<>_vnrl\_£ (3.86)

At any point on the transmission line, the voltage waveform is the same as
that produced by the generator but delayed in time and reduced in ampli-
tude by the factor Z,./(R; + Z;). The voltage reduction is the usual voltage

t= z/v\ 4
| fa)
=
XJ
x?sg
X7 ’;2 s FIGURE 32

Time-distance and distance-time plots of

voltage waveform '/Nz t) on a transmis-

sion line for a single-cycle sinusoidal gener-
W ator voltage pulse.
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division factor associated with the equivalent circuit shown in Fig. 3.2c p
the infinite line the generator sees only an equivalent impedance Z. equal t
the transmission-line characteristic impedance.

In Fig. 3.2a we show a time-distance plot of the voltage waveform on
transmission line for the case when the generator produces a single cycle r
a sinusoidal waveform, i.e.,

T4t) = Vosin/ 0<t< 2T

Figure 3.2a shows ~(z,/) as a function of t at various distances z, while
Fig. 3-26 shows 7"(zt) as a function of z for various values of t. In the
latter plot note that the leading edge of the waveform is the initial voltage
produced by the generator at time t = 0 and hence the waveform appears
reversed when plotted as a function of z

3.2 TERMINATED TRANSMISSION LINE: RESISTIVE

LOAD

In Fig. 3.3 we show a transmission line terminated at a distance / from
generator in a load resistance R_.. At the load end the terminal conditions
are

A(M)=nAE#] (3-9°
s{i,)=.v 3.s

ot

FIGURE 3.3
(© The terminated transmission
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If we choose R, equal to the characteristic impedance Z., then 27~
JRi=JiZ. For a wave propagating in the +z direction, ~(zt) =
ZJ(zt\ so that at z =/, Tt = zZMN1), which satisfies the load
terminal condition. Thus by choosing R. = Z. the forward propagating
wave will be completely absorbed by the load resistor and no reflected wave
will be generated at the load end. Thus, in order to avoid a reflected wave,
such as a reflected pulse in adigital circuit application, the transmission line
should be terminated in its characteristic impedance.

When R* Z. the terminal conditions at the load end cannot be
satisfied without introducing a reflected wave. The incident wave at z = Ms
given by

where V' is the amplitude of ?+j relative to 7/4. In order for a reflected
wave to combine with the incident wave so as to satisfy the terminal
conditions (3.9), the reflected wave must have the same time dependence as
that of the incident wave. Hence the form of the reflected wave will be

/ z 21
- (< s ==
The argument must contain the factor t + z/v plus additional delay factors,
so that at z = | the reflected wave has the form Tyt - I/v). The reflected
current wave is given by
1

At the load end the total current on the transmission line must equal the
current J. flowing through R thus

1 / |
-vr-Tyr Jt-- =5

The total voltage on the transmission line must equal the load voltage; so

(V"'+ V')Vglt“\: VL: f|_R| y
V.

When we divide this equation by the first one, we obtain
V* + V- R
V* -V~ T ~Z~
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which gives

(3.1
RL + Z

The parameter T_ is called the load voltage reflection coefficient.
amplitude V~ is that of the reflected voltage wave and V~ is the ampljt*
of the incident voltage wave. The ratio is determined by the conditions
the load end only.

Once a reflected wave has been launched from the load terminatio
the total voltage on the transmission line will consist of the incident volt
wave plus the reflected voltage wave until the time at which the refle
wave reaches the generator end. If the generator internal impedance R
equals the characteristic impedance Z. then the reflected wave is absor"
at the generator end. If Ry # Z; then the reflected wave is reflected at
generator end to produce another forward propagating wave. For the
fleeted wave at the generator end, the terminal conditions are obtained
short-circuiting the voltage generator. Thus the reflected wave sees a termi
nation R and will be reflected with a reflection coefficient T given by

Re-Z
! R, f - (3.11

As long as the generator continues to produce a voltage 27(0, it continu
to launch a first forward propagating wave with voltage *-(0,t)
ZT(M/(Ry + Z) and with current J*0, t) = S. Thus the superposi
of a reflected wave at the generator end requires the launching of a seco
forward propagating wave with a voltage amplitude that cancels that of
reflected wave at the generator terminals, i.e, the generator is treated
being short-circuited. The second forward propagating wave will also
dergo reflection at the load termination, so that as time proceeds we will e
up with a multitude of forward propagating and reflected waves on
transmission line. This collection of waves can be described as follows:

V\S,t) = V+Vt(t - N+ rJr/\It + /\_) *.I

2/ Ut 2/
+ rgheVes: t - v v
- 2-41 31
+IgilV Tt +— — Ut
z+ 4/ 41
+rriviy t - Ut (31

where V'= ZJ(Ry + Z) and U(t - a) is the unit step function wb»
equals zero for t < a and equals unity for t SL a. The unit step function &
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FIGURE 34

Distance-time plot of a pulse
undergoing multiple reflection
on a transmission line when
r.= -Te- 0.5. Reflection at
the generator end causes a re-
! ,‘/ versal in the polarity of the
e pulse.

convenient function to use to specify when a waveform begins. In the case of
multiple reflected waves on a transmission line, each reflected wave begins
after time delays of l/u, 2l/v, 3l/v, etc., corresponding to the time delay to
propagate a certain number of times back and forth between the generator
end and load end.t The current wave can be obtained by multiplying the
forward propagating waves by Y. and the backward propagating waves by
—Y, . When the generator voltage 2”(0 exists for only a finite time interval,
the total voltage wave on the line will decay toward zero since each
successive reflected wave is multiplied by a reflection coefficient, either T,
or r*, which is less than one in magnitude, and hence successive waves are
of diminishing amplitude.

The sequence of multiple reflected waves can be illustrated in a
distance-time plot. In Fig. 3.4 we show this type of plot for a generator
producing a rectangular pulse. We have chosen R. = 3Z¢ and Ry = Z./3
so that Y. = 0.5, Yy = -0.5. When the reflection coefficient is negative, the

tThe unit step functions were introduced for clarity in describing the physical process but are
actually not required in (3.12) since 2*(* - T) = 0 fort < T.
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sign of the reflected voltage wave is reversed and this is illustrated in p-
3.4. In high-speed digital circuits using interconnecting transmission U,
multiple reflected pulses are undesirable and can be avoided by terminal’
each transmission line in a resistance equal to its characteristic impedan

3.3 CAPACITTVE TERMINATION

When the transmission line is terminated in a reactive element such as

capacitor as shown in Fig. 3.36, the reflected wave will have a waveform
different from that of the incident wave. The solution for the reflected wave
is readily found from the condition that the sum of the incident plug
reflected voltage wave at z = / must satisfy the terminal conditions. The
incident wave is again chosen to be ¥,(,1,t) = V'7dU - IN). The reflected
wave is initiated at time 11 = I/v and will propagate from the point z =i
toward the generator. Therefore it is of the form

For a capacitor we require

d'ni,t) dwi{t-I/v)
St=ogr = © dt dt
where 7/'{t - I/V) is the reflected voltage wave at z = |. In addition, we
the condition
L = Y t-~

From these two equations we obtain

dnt-1/v) 1 / /
dt CZ °
—_y + dVJt'I/V) N Kt (3.13)
- dt CLZ

ofl
For a specific example we will consider the case when the gen®rat
produces a rectangular pulse given by

yo) = 1 O<t<T
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The right-hand side of (3.13) will now become the source function

vt At T t- - J4dte— T
CLZ
where 8(t - a) is the Dirac delta function or impulse function that arises
from the derivative of the rectangular pulse. We can integrate (3.13) by
introducing the integrating factor e'’" where T = C.Zc. We note that

d I dV, 1
a“c ¢ \ dt T
so consequently

jl _7/-re/Tdt = oTU - T)e'/f _ 7A(O)e-/L|
T/ AR Y

— _f t- -) - ult—T
T Hiv

-Vf St \-Sit T >t
‘IIv

| |

viEm™ - 2eM S <t < -

\Y \%

VE(2eMT 2T > -+ T

Snce we have included the impulse functions as derivatives of the applied
rectangular pulse, the lower limit of integration is regarded to bejust before
t = I/v and thus 270) is equal to zero since it corresponds to 2*(0 - ).
Hence we obtain

1 |

o (0P AL
\'% \'
H r vf'(_zel/\/T + ze..+vT,NT)e_-/r I
t>-+T
v (3.14)

At t = I/v the reflected wave has an amplitude equal to - V¥ which cancels
that of the incident pulse. This is consistent with the requirement that
initially the capacitor C,. is uncharged and must have a zero voltage across
it. The capacitor charges to a final voltage level

K(T)

= 2v'@1 -


file://-/-ult
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f -
V -
AV
'1_ 1 r L
v '(/T—r
RVERN i ! +r
FIGURE 3.5

Incident and reflected voltage waveforms at z = I.

att=I/N+ T and then discharges toward zero. The apparent discontinu-
ous change that occurs in the reflected voltage wave at t =I/v + T is
caused by the sudden drop to zero volts for the incident pulse, and in order
to match the voltage across the capacitor, the reflected voltage wave must
have a positive jump of value V*. The incident and reflected voltage wave-
forms at z = | are shown in Fig. 3.5. The reflected voltage waveform will
propagate toward the generator and will begin to initiate a new forward
propagating wave at time t = 2l/v. Clearly the capacitor has made a
significant change in the waveform of the reflected wave.

The analysis for the case of a capacitor-resistor termination as shown
in Fig. 3.3c is similar. The terminal conditions are

d?y,
N=NrG L t- _
t_.._
so in place of (3.13) we have
d(;f - ! 1 7= - d;/: r, (3.15)
CLZ CRL

The solution is similar to that for (3.13) except that the charging time
constant is now Ty = C.RZJ(R. + Z). Initialy, V, has a value equal
-V * as before. In this case the capacitor charges toward a final voltag
equal to

R-ZA 2R,
+
RL+ZC RL

determined by the steady-state voltage across R, if C_ was absent.

VAl F



TRANSMISSION LINES AND WAVEGUIDES 85

t= 1/lu + T the capacitor voltage will be

The reflected-wave voltage at this time will be V. ~ V*. When t becomes
greater than I/v + T the incident voltage wave pulse drops to zero volts so
the reflected-wave voitage jumps to a value equal to V. and will then decay
toward zero with atime constant T.

STEADY-STATE SINUSOIDAL WAVES

When the generator produces a sinusoidal voltage 7"g(t) =V coswi, the
steady-state voltage waves on the transmission line will be of the form
cos a)(t - zv) and cos <o(t + z/v). The steady state is achieved, for all
practical purposes, after a few multiple reflections have occurred, since the
amplitude of the successive reflected wave decreases quite rapidly because it
is multiplied by Vg4 or Y. upon each reflection. The solution for steady-state
sinusoidal waves is most conveniently obtained using phasor analysis. The
generator voltage is represented by Vge““"". The voltage and current waves
on the transmission line will then also have an €°" time dependence. The

differential equations (3.1a) and (3.16) now become (the common time

factor " is dropped)
3V(2
@ - -jwLI(2) (3.164a)
d(@ N
g = -jioCV(2 (3.166)
z

where Viz) and 1(Z) are complex phasor amplitudes. By eliminating the
current we find that Viz) satisfies the equation

dV(2) u>2
- A

-+ —w@2=0 (3.16¢)
The solution for Viz) is of the form

V(2 = Vien + v-e™* (3.17a)
with a corresponding solution

(2 =17e-**-r>* (3.176)

for the current waves. The constant /3 = io/v is the propagation phase
constant. As before the current amplitudes are related to the voitage
amplitudes through the characteristic impedance of the line, i.e.,

r:YCV+ r:YC =

When the time factor is restored, it isreadily seen that €'
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corresponds to a wave propagating in the +z direction, while e'#J* jg
wave propagating in the -z direction. In the next section we will show that
for a transmission line with finite conducting wires and possibly als
surrounded with lossy dielectric materials, the waves attenuate in arnpli
tude as they propagate. For this case the wave solutions are of the form

V= Ve dfCe 4 Ver (3.180)
/:r*B_i*__f>#»*- (3186)

where a is the attenuation constant.

3.5 WAVES ON A LOSSY TRANSMISSION LINE

Conductors used in a transmission line will always have a finite conductivity
and will therefore exhibit some series resistance. Furthermore, because of
the skin effect the current flows in a thin layer at the surface of the
conductor, the effective thickness of the layer being equal to the skin depth
8s given by (2w/iu)”? [see (2.104)]. Consequently, the series resistance
increases with an increase in the frequency of operation. In order to account
for this resistance, a distributed series resistance R per meter must be
included in the distributed circuit used to model the transmission line.

The two conductors in a transmission line are usually maintained
parallel to each other by supporting them in a dielectric structure. For
example, a coaxial transmission line is filled with a dielectric medium in
order to keep the center conductor coaxial with the outer shield. Dielectric
materials usually have a negligible conductance but do have a small amount
of dielectric loss due to polarization loss in the dielectric. Consequently, a
shunt conductance G per meter is added to the distributed circuit to
account for this loss. Thus, for a lossy transmission line, the equivalent
circuit of a differentia] length dz is chosen to be that shown in Fig. 3.6.

If the voltage and current at the input are T(z t), ,Hz t) and if the
voltage and current at the output are

+ —d J+ —d
y dzZ dz z

, "l Ldt Rd; 8 + $a*
e D) 3— 0—'0600>—WV —4—p—=

| Gy \WVegyd

FIGURE 3.6
Equivalent circuit of a differential length of transmission line.
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then KirchhofFs laws give

/ 3 as
yr-\<%r+ — dz . =JRdz + Ldz e

dz J
or -—=-J'R-L—- (3.19a)
dz dt
Similarly,
S-\S+ -dzz])— Gz+CzE
bj d7
or — ~rG-C— (3.196)
0z ol

The first equation states that the potential difference between the input and
output is equal to the potential drop across R and L. The second equation
states that the output current is less than the input current by an amount
equal to the shunt current flowing through C and G. Differentiating
(3.19a) with respect to z and (3.196) with respect to time t gives

o7 ds dn
e (3.20a)
dyy 37" dT

= -G—C-5 (3.206)
dtdz dt dt.2 : :

Using (3.196) and (3.206) in (3.20a) now gives the following equation for
the line voltage 7'

7 a7, 1 87 o7
RGW+C ,,  +L G— + C
@z R at dt 3t
T dT T
or —= - (RC + LG)— -LC—5 - RGT'= 0 (3.21)

The current .7 satisfies this one-dimensional wave equation also. If a
solution in the form of a propagating wave

/\:Re(ve_VZ+_|On)
is assumed, substitution into (3.21) shows that the propagation constant y
must be a solution of
y? -j(u( RC + LG) + WALC - RG = 0 (3.22)

If only the steady-state sinusoidally time-varying solution is desired,
phasor notation may be used. If we let V and / represent the voltage and
current without the time dependence €°", the basic equations (3.19) may be
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written as
dv .
= -(Rrjo.L)l (3.233)
a .
di .
= - -=( U #(GFjgog)V (3236)
The wave equation (3.21) becomes
A (RG-a>’LC)V-jo>(RC + LG)V=0 (3m)

The general solution to (3.24) is
V= VeVt + V-gy* (3.25)
where y = a +jfi is given by
y = [-«%C + RG +ja>(RC + LG)]*? (3.26)

from (3.22). The constants V* and V~ are arbitrary amplitude constants for
waves propagating in the +z and -2 directions, respectively. The solution
for the current | may be found from (3.23a), that is

7= -t Y L (V-g-'"" - V'eYd) (3.27)

The parameter

Rejcol {R+j(oL\"?

(3.28)

is the characteristic impedance of the line since it is equal to the ratio
V1" and V-/r. Note that y = [(R +ju>L)(G +ja>C)]*%

Loss-Free Transmission Line

For a line without loss, i.e., for which R = G = 0, the propagation con-
stant is

y=,)3=,WLC (3-29)
and the characteristic impedance is pure real and given by

Z,'/| <3_3W

1/2

According to the field analysis, /3 is also equal to w(/xe)™“, and hence

LC = Me (331

for a transmission line. This result may also be verified from the solutio
for L and C, as shown later in the section on transmission-line parameters
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Using (3.31) in (3.30) shows that the characteristic impedance is also given
by

.32

C"vci"cve C (3.32)
where Z is the intrinsic impedance of the medium. The characteristic
impedance differs from the intrinsic impedance Z by a factor e/C, which is
a function of the line configuration only.

Low-Loss Transmission Line

For most microwave transmission lines the losses are very small; that is,
R « coL and G « toC. When this is the case, the term RG in the expres-
sion (3.26) for y may be neglected. A binomial expansion then gives

, 1. |R G\
y~*IW + - {W\- + -\=atjp (3.33)

To first order the characteristic impedance is still given by (3.30) or (3.32).
Thus the phase constant for a low-loss line is

fi = wvXC (3.34a)
and the attenuation constant a is

1. R G 1
(3.346)

where Y, = Z. ' = \C/L is the characteristic admittance of the transmis-
sion line.

3.6 TERMINATED TRANSMISSION LINE:
SINUSOIDAL WAVES

In this section the properties of a transmission line terminated in an
arbitrary load impedance Z, are examined. This will serve to illustrate how
the forward and backward propagating waves can be combined to satisfy the
boundary conditions at a termination. Figure 3.7 illustrates schematically a
transmission line terminated in a load impedance Z.. The line is assumed
lossless and with a characteristic impedance Z. and a propagation constant

FIGURE 3.7
Terminated transmission line.

— e i —
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y =7/3. 1t should be noted that at microwave frequencies conventio
low-frequency resistors, inductors, or capacitors, when connected across th
two conductors of a transmission line, may behave as impedance eletne ?
with quite different characteristics from the low-frequency behavior.

If a voltage wave V'e~™ with an associated current I'eJ" -
incident on the termination, a reflected voltage wave V'e"> with a curre **
-1~eP* will, in general, be created. The ratio of the reflected and incident
wave amplitudes is determined by the load impedance only. At the load th
total line voltage must equal the impressed voltage across the load and thp
line current must be continuous through the load. Hence, if Z, is located at
z=0,

V=V++V-=V_ (3-35a)
i= r-r=h (3.356)

But r= FoV', /"= YoV, and V/I. = Z_ by definition of load impedance.
Therefore

V+ V==V, (3.364)
V=~V (3.366)

Theratio of V to V* s usually described by a voltage reflection coefficient
T defined as

[ - <3_37>
In place of (3.36) we may write
Dividing one equation by the other yields
] (3.38)

- T Z
The quantity Z/Zc is called the normalized load impedance (load imped®"
measured in units of Z), and (1 + T)/(I - V) is then the no""* A
input impedance seen looking toward_the load at 2 = 0. The norm. ,
load impedance will be expressed as 7, with the bar on top signiv’ ~_
normalized impedance in general. Solving for the voltage reflection c
cient T gives

2 -Z¢ 212 -1 7z -1 (3-39)
it 2L + Zc Z0Zc + \ Zo+ 1
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Analogous to a voltage reflection coefficient, a current reflection coef-
ficient r, could also be introduced. In the present case

-r Y, Vv~
r = -, =

M~ -

In this text, however, only the voltage reflection coefficient will be used; so
the adjective "voltage" can be dropped without confusion.

The incident voltage wave can be considered as transmitting a voltage
V,_ across the load, and a voltage transmission coefficient T can be defined
as giving V_ in terms of V*; thus

Vi = TV = (1+ r)w
So P-1+T, (3.40)

A corresponding current transmission coefficient is not used in this book.

Returning to (3.39), it is seen that if Z, = Z., the reflection coefficient
is zero. In this case al the power in the incident wave is transmitted to the
load and none of it is reflected back toward the generator. The power
delivered to the load in this case is

P=iRe(V7*) = i|V*|?F. = i|yj?y. (3.41)

The load is said to be matched to the transmission line when Y, = O.
If Z, does not equal Z, the load is mismatched to the line and a
reflected wave is produced. The power delivered to the load is now given by

P=|Re(V.7?)=|Re[(VA.V')(7 & -7-r]
= iRe[y (V' +V-)(V'-V-)*]
IRe[Y [V'T?(1+r,)(1-1,.)*]
= |ycivFI2(i-irj?) (342)

The final result states the physically obvious result that the power delivered
to the load is the incident power minus that reflected from the load.

In the absence of reflection, the magnitude of the voltage along the line
is a constant equal to |V*|. When a reflected wave also exists, the incident
and reflected waves interfere to produce a standing-wave pattern along the
line. The voltage at any point on the line (z < 0) is given by

v = veerff, +YVHET
and has a magnitude given by
Vi = IV U+ r @ %\ = jv* M| + 162N

where / = -z is the positive distance measured from the load toward the
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generator, as in Fig. 3.7. Let Y_ be equal to pe’, where p = |rj; thent
IVI = [V*] 1 + pe-"\

WH\[[1 + pcos{d - 2pl)]*> + p’sin¥e - 2pl)}*?

V' [{(1 + pf - 2p[l - cos(0 - 2/3/)]}V?

T2

V' (1 + p)? -4psin?|/3/- - (3.43)
This result shows that 1VI oscillates back and forth between maximum
values of |V*|(1 + p) when fil - 6/2 = mr and minimum values ty*\
(1 - p) when pi - 6/2 = mr + TT/2, where n is an integer. These results
also agree with physical intuition since they state that voltage maxima occur
when the incident and reflected waves add in phase and that voltage minima
occur when they add 180° out of phase. Successive maxima and minima are
spaced a distance d = ir/fi = xTT/2TT = A/2 apart, where A is the wave-
length for TEM waves in the medium surrounding the conductors. The
distance between a maximum and the nearest minimum is A/4.

Since the current reflection coefficient is equal to -r_ the current
waves subtract whenever the voltage waves add up in phase. Hence current
maxima and minima are displaced A/4 from the corresponding voltage
maxima and minima. Figure 3.8 illustrates the voltage and current stand-
ing-wave patterns that result when Z_ is a pure resistance equal to 3Zc.

The ratio of the maximum line voltage to the minimum line voltage is
called the voltage standing-wave ratio S; thus

IVTI(I+p)  1+p
IV-1(1-p) 1-p

This is a parameter of considerable importance in practice for the following
reasons: At microwave frequencies instruments for the direct absolute
measurement of voltage or current are difficult to construct and use. On the
other hand, devices to measure relative voltage or current (or electric or
magnetic field) amplitudes are easy to construct. A typical device is a smal
probe inserted into the region of the electric field around a line. The outp
of the probe is connected to a crystal rectifier, and produces an outpu*
current which is a measure of the relative electric field or voltage at ti
probe position. By moving the probe along the line, the standing-wave ra’i
can be measured directly in terms of the maximum and minimum pr°

(3.44)

tThe symbol p denotes both charge density and the modulus of the reflection coefficient
context makes it clear which quantity is under discussion; so confusion should not occur.
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FIGURE 3.8
Voltage and current standing-wave patterns on a
e rE mp— line terminated in a load impedance equal
pe hes A - to 3zZ,..

currents. The location of a voltage minimum can also be measured, and this
permits the phase angle 6 of V| to be calculated. Since p is known from the
measured value of S, \'| is specified, and the normalized load impedance
may be calculated from (3.38).

Although the reflection coefficient was introduced as a measure of the
ratio of reflected- to incident-wave amplitudes at the load, the definition
may be extended to give the corresponding voltage ratio at any point on the

line. Thus, at z = -I, the reflection coefficient is
et Vo "
1'()) = = p2e = 1 p (3.45)
)= o
where r. = V /V' denotes the reflection coefficient of the load. The nor-
malized impedance, seen looking toward the load, at z ~ -I, is
& = ~iz

i +i'(0 1+V . e3”
|-r(0 i_r"e_a_«"

By replacing Y. by (Z. - ZJ/(Z. + Z) and € by cos pi #j sin pi, this
result may be expressed as

(3.46)

. . .
7 = Zs Z +)Z, tan pi (3.47)
Z; Z, +jZ_ tan pi

A similar result holds for the normalized input admittance; so

7., YL +j Y, tan pi YL +j tan pi
y= 5 L J_c P_ L _J p- (3.48)
Y. +jY, tan pi 1 +jY_ tan pi

Of particular interest are two special cases, namely, pi = TT or | = A/2 and
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pi = -rr/2 or | = A/4, for which

I= 2> (349«)

ZJI =4 . Z, (3.496,
The first is equivalent to an ideal one-to-one impedance transform”
whereas in the second case the impedance has been inverted with reDef
to Z.

The terminal conditions at the generator end are readily established bv
using (3.47) to evaluate the input impedance Z;, seen looking toward the
load at the generator end. If the generator with open-circuit voltage V has

an internal impedance Z, then by the usual voltage division formula the
total transmission-line voltage V at z = —/ will be given by

ft.
Z;ﬂ + ZH
But V is the sum of the forward-propagating-wave and refiected-wave
voltages at z = -I, that is,
V=V V" + Ve
- vf-eun(l + TLe_ijn)

By using this expression we can solve for VA which is found to be

(Zn + Z)Ee* + Ye-M)

ZoZi .+ ZVy

(3.50)
2(Zin + Zg)(ZL cos pi +jZ sin pi)

Terminated Lossy Line

In the case of a lossy line with propagation constant y ~JP * 2

previous equations hold except that jp must be replaced by jp + %< “"®
a is usually so small that, for the short lengths of line used in ™
experimental setups, the neglect of a isjustified. Nevertheless, it is of so
interest to examine the behavior of alossy transmission line terminated in
load Z,. One simplifying assumption will be made, and this is that

characteristic impedance Z. can still be considered real. This assumption
certainly valid for low-loss lines of the type used at microwave frequent
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A detailed calculation justifying this assumption for a typical case is called
for in Prob. 3.18.

Clearly, the presence of an attenuation constant a does not affect the
definition of the voltage reflection coefficient T, for the load. However, at
any other point a distance / toward the generator, the reflection coefficient
is now given by

f(l) =Y ,e*W-2! (3.51)

As [ isincreased, T decreases exponentially until, for large /, it essentially
vanishes. Thus, whenever a load Z, is viewed through a long section of
lossy line, it appears to be matched to the line since Y is negligible at the
point considered. This effect may also be seen from the expression for the
input impedance, namely,

1+ re*&*" Z, + Z tanh(jpl + al)

, (3.52)
+ Z tzoh( jpl + al)
which approaches Z. for I. large since tanh x approaches 1 for x large and
not a pure imaginary quantity.

The losses also have the effect of reducing the standing-wave ratio S
toward unity as the point of observation is moved away from the load
toward the generator. As the generator is approached, the incident-wave
amplitude increases exponentially whereas the reflected-wave amplitude
decreases exponentially. The result is a standing-wave pattern of the type
illustrated in Fig. 3.9. For illustrative purposes a relatively large value of a
has been assumed here.

The power delivered to the load is given by

P, = i R(VJ) = W\*G. = -[IV*I2(l - ir,]%) (3.53)
Zc ”/|:34

e bl =T
e FIGURE 3.9

iy Voltage standing-wave pattern

\./ on a lossy transmission line.

(& - (1) Envelope of incident-wave
= RETRC - s il amplitude; (2) envelope of re-

j i flected-wave amplitude; (3)
| - standing-wave pattern.
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as before. At some point z = -1, the power directed toward the load ig

P(I) = *Re(V7*) = AW = ~Avie"' |2[1 -|r(/)]|?]

_ RYVI 2 PRy
= ~WAXE A\ a5

where irk"' has been replaced by ITJ. Of the power given by (3.54) onk,
that portion corresponding to P, as given by (3.53) is delivered to the load
The remainder is dissipated in the lossy line, this remainder being given bv

AQ-A-ylAIV ' -i) (355)

PART 2
FIELD ANALYSIS OF TRANSMISSION LINES

The first section of this part will show that Maxwell's equations can be
reformulated so as to describe three classes of waves, TEM, TE, and TM
waves. The TEM wave is the principal wave on transmission lines. From the
solution for the electric and magnetic fields for the TEM wave, we will be
able to establish that there are unique voltage and current waves associated
with the TEM wave. We will also be able to evaluate the distributed-circuit
parameters R, L, C, and G for a transmission line. The field analysis thus
provides a theoretical basis for treating the transmission line as a dis
tributed circuit.

After the basic equations for TEM, TE, and TM waves have been
derived, we present the field analysis for transmission lines that support
TEM waves. This is followed by several sections dealing with planar trans-
mission lines. Many of the planar lines that we examine support only
quasi-TEM waves but can be analyzed as transmission lines once their
equivalent distributed-circuit parameters have been determined.

CLASSIFICATION OF WAVE SOLUTIONS

The transmission lines and waveguides analyzed in this chapter are
characterized by having axial uniformity. Their cross-sectional shape &*
electrical properties do not vary along the axis, which is chosen as '"®
axis. Since sources are not considered, the electric and magnetic fields
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solutions of the homogeneous vector Helmholtz equation, i.e.,
V»E + kWE =0 V’H+KkH=0

The type of solution sought is that corresponding to a wave that propagates
along the z axis. Since the Helmholtz equation is separable, it is possible to
find solutions of the form f(2g(x,y), where f is a function of z only and g
is a function of x and y or other suitable transverse coordinates only. The
second derivative with respect to z enters into the wave equation in a
manner similar to the second derivative with respect to time. By analogy
with ™" as the time dependence, the z dependence can be assumed to be
€™ This assumption will lead to wave solutions of the form cosw< * pz)
and sin(w/ + /3z), which are appropriate for describing wave propagation
along the z axis. A wave propagating in the positive z direction is repre-
sented by e™, and €™ corresponds to a wave propagating in the negative
z direction. With an assumed z dependence e~™, the del operator becomes
V =V, +V, =V, ~fia, since V, = a,d/dz. Note that V, is the transverse
part and equals a, d/dx + a, d/dy in rectangular coordinates. The propaga-
tion phase constant fi will turn out to depend on the waveguide configura-
tion.

Considerable simplification of Maxwell's equations is obtained by de-
composing all fields into transverse and axial components and separating
out the z dependence. Thus let (the time dependence €™ is suppressed)

E(*,y,2) = EXy2 + E{xy2
= exy)e"* + efxy)e-" (3.56)
Hxy.d = H(Xyw2 +  UdAxy2

h(x,y)«#* + hfxye * (3.57)

where E,,H, are the transverse (x and y) components, and E>, H, are the
axial components. Note also that e(x\y), h{xy) are transverse vector func-
tions of the transverse coordinates only, and e[(x\y),hx(jcy) are axial
vector functions of the transverse coordinates.

Consider the V X E equation, which may be expanded to give

V x E = (V, -.//3a] X (e + e)e = -jtong{h + hje" "
or V, xe-pa X e+ V, X e ~/3a Xe, = -jwMgh ->MoM=

The term a X e, =0, and V, X e, =V, X ag = -a, X V,”. Note aso
that V, X e isdirected along the z axis only, since it involves factors such as
a X a, a X a, a, X a, and a, X a,, whereas a, X e and V, X e, have
transverse components only. Consequently, when the transverse and axial
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components of the above equation are equated, there results
V, X e = -jungh, (3.58¢)
V, X & -jpa X e = -a, X Vg -.//3a, X e = -ju>ngh (3.586)
In asimilar manner the V X H equation yields

\ X h =jcoee, (3.58¢)
a, X V,h, +jpa, X h = -jwege (3.58d)
The divergence equation V ¢« B = 0 becomes
VeB =V ewH=(V,-jpag * (h+ h)uoc--""
=(V,-h-"a,-hJyee=0
or %'h=MK (3.58€)
Similarly, V « D = 0 gives
V, * e =j0g, (3.58/-)

This reduced form of Maxwell's equations will prove to be very useful in
formulating the solutions for waveguiding systems.

For a large variety of waveguides of practical interest it turns out that
al the boundary conditions can be satisfied by fields that do not have dl
components present. Specifically, for transmission lines, the solution of
interest is a transverse electromagnetic wave with transverse components
only, that is, E, = H, = 0, whereas for waveguides, solutions with E, =0
or H, = 0 are possible. Because of the widespread occurrence of such field
solutions, the following classification of solutions is of particular interest.

1. Transverse electromagnetic (TEM) waves. For TEM waves, E, = H, = 0.
The electric field may be found from the transverse gradient of a scalar
function *(x,y), which is a function of the transverse coordinates only
and is a solution of the two-dimensional Laplace equation.

2. Transverse electric (TE), or H, modes. These solutions have E, = 0, but
H, ¥= 0. All the field components may be derived from the axial compo-
nent H, of magnetic field.

3. Transverse magnetic (TM), or E, modes. These solutions have H, = "»
but E, ¥= 0. The field components may be derived from E,.

In some cases it will be found that a TE or TM mode by itself will not
satisfy all the boundary conditions. However, in such cases linear combina-
tions of TE and TM modes may be used, since such linear combinations
always provide a complete and general solution. Although other possible
types of wave solutions may be constructed, the above three types are the
most useful in practice and by far the most commonly used ones.
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The appropriate equations to be solved to obtain TEM, TE, or TM
modes will be derived below by placing E, and H, E, and H,. respectively,
equal to zero in Maxwell's equations.

For TEM waves e, = h, = 0; SO (3.3) reduces to

V,xe=0 (3.59a)
(ia; X e = wMgh (3.596)
V,Xb=0 (3.59c)
/3a,Xh= -wege (3.59d)
V,-h=0 (3.5%)
V,-e=0 (3.59 )

The vanishing of the transverse curl of e means that the line integral of e
around any closed path in the xy plane is zero. This must clearly be so since
there is no axial magnetic flux passing through such a contour. Although
V, X h = 0 when there are no volume currents present, the line integral of
h will not vanish for a transmission line with conductors on which axial
currents may exist. This point will be considered again later when transmis-
sion lines are analyzed. Equation (3.59a) isjust the condition that permits e
to be expressed as the gradient of a scalar potential. Hence let

exy) = ~V,<S>(xy) (3.60)

Using (3.59/) shows that < is a solution of the two-dimensional Laplace
equation

V?4>(xy) = 0 (3.61)
The electric fidd is thus given by
E{xy,2) = -V <i>(xy)en
But this field must also satisfy the Helmholtz equation
V-E, + KE, = 0

Since V =V, -j/3a, V?= V?- (3% that is, the second derivative with
respect to z gives a factor -/J%, this reduces to

V?E, + (K- 0)E, = 0
or V,[V24>+ {IEfid<p\ = 0

This shows that /3 = +k, for TEM waves, a result to be anticipated from
the wave solutions discussed in Chap. 2. The magnetic field may be found
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from the V X E equation, i.e., from (3.596); thus

Moy = a,Xe=20h (3.62)
*0
In summary, for TEM waves, first find a scalar potential 4 which isa
solution of

V,2%4>(*y) =0 (3.63a)

and satisfies the proper boundary conditions. The fields are then given by
E = E, = ***** = _\y/De*'+"? (3.636)

H = H, = the*e"«* = xYsa, X e**-*ee (3.63c)

where ko = W(/zoe0)"?, Yo = (edlj.0)*?, and e~™* represents a wave prop-

agating in the + z direction and €’ °* corresponds to wave propagation in
the —z direction. For TEM waves, Z, is the wave impedance, and from
(3.63c) it is seen that, for wave propagation in the + z direction,

v F"
7T=-W="% (%%

whereas for propagation in the —z direction,

For transverse electric (TE) waves, h, plays the role of a potential function
from which the rest of the field components may be obtained. The magnetic
field H is a solution of

VH + fPH = 0

Separating the above equation into transverse and axia parts and replacing
VZ by V2 - B? yield

Vi (xy)+Kh(xy) = 0 (3.65a)
Vh +kKh=0 (3.656)

where k* = K\, - B? and a z dependence e~ is assumed. Unlike the case
of TEM waves, B? will not equal k% for TE waves. Instead, B is determined
by the parameter h? in (3.65a). When this equation is solved, subject to
appropriate boundary conditions, the eigenvalue k* will be found to be a
function of the waveguide configuration.
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The Maxwell equations (3.58) with e; = 0 become

V, X e= -7'w/igh, (3.664a)

/3a, X e = co™h (3.666)

V,Xh=0 (3.66¢)

a, X Vi, +jpa, x h = -jwege (3.66d)
V,-h=jlih, (3.66¢)

V,se=0 (3.66/")

The transverse curl of (3.66c) gives
V,x (V,xh) =V,V,*h-V’h=0

Replacing V, ¢ h by jph, from (3.58e) and V,*h by -Kf.h from (3.656) leads
to the solution for h in terms of h, namely,

t$
h—__rv>; (3.67)

To find e in terms of h, take the vector product of (3.666) with a;, to obtain
[3a, X (a, X e) =p[(a, * €)a, - (a, * aje] = -jSe = "ga.. X h

or e=————a, Xh=-—Za xh (3.68)

The factor koZo/p has the dimensions of an impedance, and is called the
wave impedance of TE, or H, modes. It will be designated by the symbol Z,,
so that

Z, - M2, (3.69)
Thus, in component form, (3.68) gives

TT--2--4 (3-70)

for a wave with z dependence e-'.

The remaining equations in the set (3.66) do not yield any new results;
so the solution for TE waves may be summarized as follows. First find a
solution for h, where

Vv?h, + KKh, = Q (3.71a)
Then h= -S{P»A« (3.716)

and e= -Zym X h (3.71c)
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where P = (- K)” and Zy, = A

Complete expressions for the fields are
H = the 'e»e + hjt*** (3.71d)
E =E, = ee*-** (3.71e)

Note that in (3.71c?) the sign in front of h is reversed for a wave propagating
in the —z direction since h will be defined by (3.716), with 3 positive
regardless of whether propagation isin the +2 or -z direction. The sign in
front of e does not change since it involves the factor /3 twice, once in the
expression for h and again in Z,. Only the sign of one of e or h can change
if areversal in the direction of energy flow is to occur. That is, the solution
for a wave propagating in the -z direction can be chosen as E = -ed™
H =(h- h)e™ or as E = e™ H = (-h + h)e’™ One solution is the
negative of the other. The latter solution is arbitrarily chosen as the
standard in this text.

The TM, or E, waves have h. = 0, but the axial electric field e, is not zero.
These modes may be considered the dual of the TE modes in that the roles
of electric and magnetic fields are interchanged. The derivation of the
equations to be solved parallels that for TE waves, and hence only the final
results will be given.

First obtain a solution for e, where

Ve + Ke, = 0 (3.72a)

subject to the boundary conditions imposed. This will serve to determine the
eigenvalue k. The transverse fields are then given by

iB
E, = ee*** = - Ta V. .8x*" (3.726)
H, = #he+ = 1Ya, X ee*™ (3.72c)

where 3 = (Kl - K)" and the wave admittance Y, for TM waves is
given by

k
Ye=Z> = JY, (3.72a)

The dual nature of TE and TM waves is exhibited by the relation

ZZn - Zo (3.73)
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which holds when both types of waves have the same value of p and is
derivable from (3.69) and (3.72d). The complete expression for the electric
field is

E=E +E -ee'"+e.ef*

(-"V,e,xe le'" (3.74)

It is convenient to keep the sign of e the same for propagation in either
the +z or -z direction. Since V « E = 0, that is, V, * E, + dEjclz = O, this
requires that the z component of electric field be -ed"* for a wave
propagating in the —z direction, because V, ¢ E, does not change sign,
whereas dEj/*z does, in view of the change in sign in front of ji. The
transverse magnetic field must also change sign upon reversal of the
direction of propagation in order to obtain a change in the direction of
energy flow. For reference, this sign convention is summarized below. The
transverse variations of the fields are represented by the functions e, h, e,
and h, independent of the direction of propagation. Waves propagating in
the +2 direction are then given by

E

E'= (e + «)*-o*' (3.75a)

H

r=(h+hje'" (3.756)
For propagation in the — z direction the fields are
E-BT=(e-+,)**» (3.76a)
H=H =(-h+ hje-** (3.766)

Additional superscripts (+) or (-) will be used when it is necessary to
indicate the direction of propagation. The previously derived equations for
TEM, TE, and TM modes are valid in a medium with electrical constants
e, ii, provided these are used to replace e, no. A finite conductivity can also
be taken into account by making e complex, i.e, replacing e by e -ja/co.

The wave impedance introduced in the solutions is an extremely useful
concept in practice. The wave impedance is always chosen to relate the
transverse components of the electric and magnetic fields. The sign is

always such that if ijk is a cyclic labeling of the coordinates
and propagation is along the positive direction of coordinate k, the ratio
Alrlj = (Zw)k is positive. Here (Z,,)x is the wave impedance referred to the

k axis as the direction of propagation. If i,]j, k form an odd permutation of
the coordinates, then EJH, is negative. The usefulness of the wave-imped-
ance concept stems from the fact that the power is given in terms of the
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transverse fields alone. For example, for TE waves,
1 t
P=-Re ExK*-adxdy

1

TRe/,eX h* « a, dxdy

1
Re fZJa, X h) X h* « a dxdy

o h* = vk
> JS/ heh dxdy2 s fe-e* dxdy
upon expanding the integrand. Thus the wave impedance enables the power
transmitted to be expressed in terms of one of the transverse fields alone. A
further property of the wave impedance, which will be dealt with later, is
that it provides a basis for an analogy between conventional multiconductor
transmission lines and waveguides.

3.8 TRANSMISSION LINES (FIELD ANALYSIS)
Lossless Transmission Line

A transmission line consists of two or more parallel conductors. Typica
examples are the two-conductor hne, shielded two-conductor line, and co-
axial line with cross sections, as illustrated in Fig. 3.10. Initially, it will be
assumed that the conductors are perfectly conducting and that the medium
surrounding the conductors is air, with e ~ ey, \i ~ fip. The effect of small
losses will be considered later.

When the conductors are completely surrounded by a uniform dielec-
tric medium, the principal wave that can exist on the transmission line is a
TEM wave. The electric fiddd for this wave can be found from the scalar
potential which is a solution of Laplace's equation in the transverse plane.
Microstrip lines and other planar transmission lines do not have the dielec-
tric medium completely surrounding the conductors and therefore do not
support a pure TEM wave. In this case it is found that only in the
low-frequency limit does the dominant mode of propagation approach that
of a TEM wave. We refer to the principal wave on these lines as a

@] (6] I O O 1 ( | FIGURE 3.10
’ : Cross sections of typical trans-
- “._ .~ mission lines, (a) Two-conduc-
- - tor ling; (6) shielded two-co"™"
(a) *) (c) ductor line: (c) coaxial line-



TRANSMISSION LINES AND WAVEGUIDES 105

N L v -

Py 5 Y "« FIGURE 3.11

Fooa p ol Cross section of a general two-
conductor line showing trans-
verse field patterns.

quasi-TEM wave. The solution for the electric and magnetic fields of
the quasi-TEM wave requires a separate solution for both the electric and
magnetic fields in order to determine the distributed-circuit line parameters
R, L, C, and G. This is because the electric and magnetic fields are no
longer related in the simple way that they are for the TEM wave. The
solution for the magnetic field can be found by solving for the vector
potential function as will be shown later. In this section and the following
one, we consider only transmission lines that support a TEM wave.

With reference to Fig. 3.11, let the one conductor be at a potential
V/2 and the other conductor at - Vo/2. To determine the field of a TEM
wave, a suitable potential <I>(A:y) must be found first. It is necessary that <t>
be a solution of

v =0
and satisfy the boundary conditions

VH
on S,

on S,

Since <P isunique only to within an additive constant, we could equally well
choose F =Voon S; and <¢ =0on S. If asolution for 4 is possible, a
TEM mode or field solution is also possible. When two or more conductors
are present, this is always the case. The solution for <> is an electrostatic
problem that can be solved when the line configuration is simple enough, as
exemplified in Fig. 3.10.

The fields are given by (3.63), and for propagation in the +z direction
are

E = E = eedl = v doeto* (3.77a)

H=H,=ygaXerr? (3.776)



106 FOUNDATIONS FOR MICROWAVE ENGINEERING

The line integral of e between the two conductorsis

% «d = . vd> « d
Is, .'s,

= ~fS|Ade| =T [$(82) - *(S'>J = -yo |

Associated with the electric field is a unique voltage wave
V=Voe" (3.78)

since the line integral of e between Sj and S; is independent of the path
chosen because e is the gradient of a scalar potential.
The line integral of h around one conductor, say S,, gives

<f) hed =<f) Jodl =1,

by application of Ampere's law, V X H =j<uT> + J, and noting that there is
no axial displacement flux D, for a TEM mode. On the conductors the
boundary conditions require n X e = 0 and n X h = Jg, where n is a unit
outward normal and Js is the surface current density. Since n and h he in a
transverse plane, the current J, is in the axial direction. In the region
remote from the conductors, V, X h = 0, but the line integral around a
conductor is not zero because of the current that exists. The current on the
two conductors is oppositely directed, as may be verified from the expression
n X h = Js. Associated with the magnetic field there is a unique current
wave

| = lgel>* (3.79)

Since the potential <P is independent of frequency, it follows that the
transverse fields e and h are also independent of frequency and are, in
actual fact, the static field distributions which exist between the conductors
if the potential difference is Vo, and currents /,, —7, exist on S;, S,
respectively. The magnetic lines of flux coincide with the equipotential lines,
since e and h are orthogonal, as seen from (3.776).

Example 3-1 Coaxial line. Figure 3.12 illustrates a coaxia transmission
Vire for which the solution for a TEM mode will be constructed. In cylindrical
coordinatesr, <t>, z, the two-dimensional Laplace equationis

I Al <\ 1 d2*
r o drJ 2 d<t>?

or for a potential function independent of the angular coordinate i}>,

rdr\ dr
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* =0 FIGURE 3.12
Coaxid transmission line.

Integrating this equation twice gives
$=C,Inr - C,
Imposing the boundary conditions 4> =V, a r =a, ¢ =0at r = ft, gives
Vo=0C,Ina+ GC, 0=C,in6 + C,
and hence C, = -C, Inft, C, = V/[In(o/ft)],

. n{r/b) 3.80
= Vin(aitt) (2.80)

The electric and magnetic fields of a TEM mode propagating in the +z
direction are given by (3.77) and are

E = -anzgf->*<* =) -fl;']_([)//\a-)T r_«"'""

_!lp .Mo* (3.81a)
In (ft/a) r

\% '
yoa. X ee IM- Ty e (3.81ft)
In(6/a) r

The potential difference between the two conductors is obviously Vo, so the
voltage wave associated with the electric field is

H

V=V, e ‘oo (3.82)
The current density on the inner conductor is
nX H=a XH Wo a’e-*z
In(ft/a) a
The total current, apart from the factor e"**"*, is
=1 adpb=—12o"" (3.89)
°  awn(b/a)Jd, In(ft/a)

The current on the inner surface of the outer conductor is readily shown to be
equal to Iy also, but directed in the -z direction. The current wave associated
with the magnetic field is therefore

| =V-1*n? (3.84)
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The power, or rate of energy flow, along the line is given by

1 rhr7.Tr 1 Yavrf rb -2~dd>dr
P=.,Re () EX H* «asdrdt = - A

27 dap ZTORBIAT B,

TrYyVi 385

In(o/a) (3.85)

The power transmitted is seen to be also given, as anticipated, by the expression
1 1 1, 2rr,
Re(V7*):= -Yolw= Yol \n(pya)

The characteristic impedance of the line is defined by the ratio

— =Z. (3.86)
'o
in terms of which the power may be expressed as P = jZ.% = %Y.vQ, where
Y. is the characteristic admittance of the line and equal to Z. ' The
characteristic impedance is a function of the cross-sectional shape of the
transmission line.

Pransmission Line with Small L osses

Practical transmission lines always have some loss caused by the finite
conductivity of the conductors and also loss that may be present in the
dielectric material surrounding the conductors. Consider first the case when
the conductors are surrounded by a dielectric with permittivity e = ¢ —je"
but the conductors are still considered to be perfect. The presence of a lossy
dielectric does not affect the solution for the scalar potential <P Conse-
quently, the field solution is formally the same as for the ideal line, except
that k, and Y, are replaced by k = kg€, -je')’ and Y = Yq(€e, -je')*?
where the dielectric constant ¢, = €, -je", = e/eyg. For small losses such
that €' « €, the propagation constant is

I em\!? e'k
jk=ati{3 =yK>2xg 1 -y-f */(4)H2%*x0 + -n-272
Thus a= o ° (3.870)
2(€lr)1/2
8 = {e1)"%ke (3.876)

where a isthe attenuation constant and B is the phase constant. The wave
consequently attenuates according to e~"? as it propagates in the +°
direction.

It will beinstructive to derive the above expression for a by means of a
perturbation method that is widely used in the evaluation of the attenua-
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tion, or damping, factor for a low-loss physical system. This method is based
on the assumption that the introduction of a small loss does not substan-
tially perturb the field from its loss-free value. The known field distribution
for the loss-free case is then used to evaluate the Joss in the system, and
from this the attenuation constant can be calculated. In the present case, if
e" = 0, the loss-free solution is

E= -V/ber™ H- YaxXE

where k = (€)%, and Y = (&)"Y,. When e" is small but not zero, the
imaginary part of e, that is, €', is equivalent to a conductivity

a= (0e" = wepe"

A conductivity a results in a shunt current J ~ ixE between the two
conductors. The power loss per unit length of line is

1 , w<E' .
P= —-/J J*dS= —- /| E -E*dS (3.88)
207 2 Js
where the integration is over the cross section of the line, and the loss-free
solution for E is used to carry out the evaluation of P,. Since loss is present,
the power propagated along the line must decrease according to a factor
e~". The rate of decrease of power propagated along the line equals the
power loss. If the power at z= 0 is Py, then at z it is P = Pge~™*.
Consequently,

dpP
-— - Pi = 2aPe?-' = 2aP (3.89)

which states that the power loss at any plane z is directly proportional to
the total power P present at this plane. The power propagated along the
line is given by

P

1 ’
-Re/JExH*-a,dS

*o s

Y Y
-Re/"Ex(azxE*) = adS =_-(E « E*dS
z S 2 s

Hence the attenuation a is given by

P, a we

= A,
P 2Y 2Yo(e)? * T 2(0'?

which is the same as the expression (3.87a). For this example the perturba-
tion method does not offer any advantage. However, often the field solution
for the lossy case is very difficult to find, in which case the perturbation
method is extremely useful and simple to carry out by comparison with
other methods. The case of transmission lines with conductors having finite
conductivity is an important example of this, and is discussed below.
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If the conductors of a transmission line have a finite conductivity, tgey
exhibit a surface impedance
z,= 111 (3.90)

where 85 = (2/w/icr)"? is the skin depth (Sec. 2.9). At the surface the
electric field must have a tangential component equal to Z,J;, where J ;,
the surface current density. Therefore it is apparent that an axial com'po.
nent of electric field must be present, and consequently the field is no longer
that of a TEM wave. The axial component of electric field gives rise to ,
component of the Poynting vector directed into the conductor, and this
accounts for the power loss in the conductor. Generally, it is very difficult to
find the exact solution for the fields when the conductors have finite
conductivity. However, since \Z, ,\ is very small compared with Z,, the axid
component of electric field is also very small relative to the transverse
components. Thus the field is very nearly that of the TEM mode in the
loss-free case. The perturbation method outlined earlier may be used to
evaluate the attenuation caused by finite conductivity.

The current density Js is taken equal to n X H, where n is the unit
outward normal to the conductor surface and H is the lossfree magnetic
field. The power loss in the surface impedance per unit length of lineis

p=-ReZpn6 J,-372*
S

"> XH) (nXFE )
-S,

P | H oH*dl (3.91)
1S
where R,, = /trS is the high-frequency surface resistance, and
(nx H) -(nxH*) =neHX (nX H¥)
:n.[(H.H*)n-(H.n)H*] =H e H*

since n « H = 0 for the infinite-conductivity case. The integration is taken
around the periphery § + S, of the two conductors. The attenuation
constant arising from conductor loss is thus

Ruvsss. HeH*dl
a=p 2Zj H « H* dS

where the power propagated along the line is given by

(3.92)

Re -JEX H* ¢« 3 dS= -ZJH « H* dS

and Z is the intrinsic impedance of the medium; that is, Z = (iJ./e)"*
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When both dielectric and conductor losses are present, the attenuation
constant is the sum of the attenuation constants arising from each cause,
provided both attenuation constants are small.

Example 3.2 Lossy coaxial line. Let the coaxial line in Fig. 3.12 be filled
with a lossy dielectric (e = € —j€"), and let the conductors have finite
conductivity a. For the loss-free case U" = 0, a = «) the fields are given by
(3.81), with ko and Y, replaced by k = {e/e) %,

Thus E = — e k. (3.93a)
In(6/a) r '
Moa J 3 936
i r7rrr— & 59
In(b/a) r '

The power propagated along the line is

1 2N rb TTYVZ

The power loss P, from the lossy dielectric is, from (3.88),

* _Wg,h,* Mk ok gL £(<fg; (3954)

The power loss from finite conductivity is given by (3.91), and is

RN /1
2 [In'('6/£\;||
RirY*V* b + a

(3.95b)
[In(6/a)]®> ob
Hence the attenuation constant a for the coaxial line is given by
Pn + Pn Wwe' R.Y b+ a
°= 2P e 2Y ' 21n(6/0) ab
b+a
= R (3.96)
2(e'y) 2ZIn(6/a) ab

For the lossy case the propagation constant is consequently taken as
a+j3 = a+jk
with a given by (3.96).
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TRANSMISSION-LINE PARAMETERS

In this section the field analysis to determine the circuit parameters £ o
C, and G for a transmission line is examined in greater detail. This will
serve further to correlate the field analysis and circuit analysis of transmis-
sion lines.

Consider first the case of a loss-free line such as that illustrated in Fig
3.11. When the scalar potential 4> has been determined, the charge density
on the conductors may be found from the normal component of electric field
at the surface; that is, ps = en * e = -en « VO = -ed$>/dn, where e is the
permittivity of the medium surrounding the conductors. The total charge Q
per unit length on conductor S; is

Q=& en +ed

The total charge on the conductor S5 is -Q per meter. The potential of
is Vo, and hence the capacitance C per unit length is

Q efo need

C= 1 d (3.97

The total current on S, is
b = <Hh-di=(f) Yn-ed '3

since Ih] = Y\el = Yn ¢ e at the surface of S, because the normal compo-
nent of h and the tangential component of e are zero at the perfectly
conducting surface S,. The characteristic impedance of the Une is given by

Vi Ve & (3.98)

A knowledge of the capacitance per unit length suffices to determine the
characteristic impedance.

To determine the inductance L per unit length, refer to Fig. 3.13,
which illustrates the magnetic flux lines around the conductors. Since h &

1 jj=0 line

FIGURE 3.13
Magnetic flux lines in a transmission line.
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orthogonal to e, these coincide with the equipotential lines. All the flux lines
from the $ =0 to the 4> = Vy/2 line link the current on S,. The flux
linkage is the total flux cutting any path joining the <= = 0 line to the
surface S,. If a path such as PiS; or P,S, is chosen, which is orthogonal to
the flux lines, this path coincides with a line of electric force. The flux
cutting such a path is

<P = fihd = fi[® -ed\ = tiy—
JP, JP’ 2
since I h| = Y\el for a TEM wave. The inductance of one conductor of the
lineis

T o yYe

The inductance of both conductors per unit length is twice this value; so

L = MY-" =iYZ (3.99)
*0
From this relation and (3.98) it is seen that Z = \iZJL = CZJ/e, and hence
e = M y.Z. CZc
e L e
which gives
Z.=Y- (3.100)

Equations (3.98) and (3.99) also show that
fie = LC (3.101)

for a transmission line. The above expressions for C and L can also be
obtained from the definitions based on stored energy. The derivation is left
as a problem.

If the dielectric has a complex permittivity e = € -j(", where ¢"
includes the conductivity of the dielectric if it is not zero, the total shunt
current consists of a displacement current |, and a conduction current I
The current leaving conductor S, per unit length is

| = 1Ip + Ig=jiog(p e » ndl =joje'(p e nd + a€'(p e nd
S Si 4
where the first integral on the right gives the displacement current and the

second integral gives the conduction current. The total shunt admittance is
given by Y =jcoC + G = (Is + I3)/Vo, and hence it is seen that

G & \7/s|u: T;\Tn = _C (3112
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since jwC = Ip/Vy and jcoCljcoe' = C/;. This relation shows that Q
differs from C by the factor toe" /e only.

The transmission-line loss from finite conductivity may be accounted
for by a series resistance R per unit length provided R is chosen so that

The right-hand side gives the total power loss per unit length arising from
the high-frequency resistance of the conductors. In terms of this quantity
the resistance R is thus defined as

R=Ry> . . J|X2 (3104)

(<pJh\dl)

where R, = 1/(r8 and 8s is the skin depth.

A further effect of the finite conductivity is to increase the series
inductance of the line by a small amount because of the penetration of the
magnetic field into the conductor. This skin-effect inductance L, is readily
evaluated on an energy basis. The surface impedance Z, has an inductive
part jX, = j/o-8 equal in magnitude to R, The magnetic energy stored
in X, is (note that X, is equivalent to a surface inductance X,/io = L)

W, = "6 ufdi
4w IS+S,

w J¥ + S 4w R, 4ci>
by using (3.103) to replace the integral. Defining Ls by the relation
\LF = W,
gives o>Ls - R (3.105)

The series inductive reactance of the line is increased by an amount equal to
the series resistance. However, for low-loss lines, R e« OJL, so that Lg -" *"
and the correction is not significant for most practical lines. The inductance
Ls is called the internal inductance since it arises from flux linkage

internal
to the conductor surfaces.

It should not come as a surprise to find that wLs = R since both the
inductive reactance and resistance arise from the penetration of the current
and fields into the conductor. The effect of this penetration into the
conductor by an effective distance equal to the skin depth 5s is correctly
accounted for in a simplified manner by introduction of the surfa**
impedance Z, = (1 +j)/a8.
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Example 3.3 Coaxial-line parameters. For the coaxia line of Fig. 3.12
the potential <> is given by
* v In(r/6)

The charge on the inner conductor is

Q=e/ "a *ead<b = e |—ad<j>
o n dr
m_:b* r\=J"NL
In(a/6)'o In(6/a)

Hence the capacitance per unit length is
e Q fer«*
C=-—= (3.106)
e Vo \n(b/a)
since the capacitance arises only from that part of the charge associated with
e whereas e" gives rise to the shunt conductance.
The magnetic field is given by (3.936) as

YV a
In(6/a) r

The current g is

rZ*u N 2iI'YVQ
I,= 1 heaadd> = :
° * In(6/a)
Thus the characteristic impedance is

V Zln(6/a)
zo= A= 5f] (3.107)

The flux linking the center conductor is

o] m(o/a) -n r

Consequently, the inductance per unit length is

<b ixYVo 6 y. b
L= —= —=7-1In- = —1|n - (3108)
/, 2TTYV, a 27T a

from which it is seen that LC = ye' and Z. = (L/C)2.
The shunt conductance G is given by we'C/e, and is

toe 2-rref 2-nwe"
G= » (3.109)

6' In(6/a) In(6/a)
To find the series resistance, the power loss in the inner and outer
conductors must be evaluated. This was done in Example 3.2, with the result
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[Eq. (3.956)]

RaTrYV? b + a
I>—- Y0——
[In(b/a)f ab

1
RIS=P
2

Solving for R gives

R PR bta
TNTT  ab 3150)

The internal inductance Ls is equal to R/io; so the total series line inductam
per unit length is

L*t==h"a* 2,0'abY (~1)

The distributed-circuit parameters R, L, C. and G for a transmission
line can also be determined from an evaluation of the stored electric and
magnetic field energy and the power loss per unit length. Energy storage in the
magnetic field is accounted for by the series inductance L per unit length,
whereas energy storage in the electric field is accounted for by the distributed
shunt capacitance C per unit length. Power loss in the conductors is taken
into account by a series resistance R per unit length. Finally, the power loss in
the dielectric may be included by introducing a shunt conductance G per unit
length. Suitable definitions for the parameters L, C, R, and G based on the
above concepts are

L= _pywH-HxdsS (31129
*0o'os

C= -"— [ E-E* dS (3.1126)
wW s

R = -~(f) HH'dl (3.112¢)

G=-"~[E-E*dS (3.112d)

where /, isthe total current on theline, and V, the potential difference. These
expressions are obtained, for example, by equating the magnetic energy
\lJloL = W, stored in the equivalent series inductance L to the expression
for Wy, in terms of the field. The above definitions are readily shown to be
equivalent to the other commonly used definitions such as

magnetic flux linkage N3fl]
total current
total charge per unit length 113ft)
voltage difference between conductors
total shunt current o.M

G (3.U3
Voltage diiference between conductors

Parameters of some common transmission lines are given in Table 3*-
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TABLE 31
Parameters of common transmission linest
R
v2 . D 2R, D/d
cosh ' — wd 112
[(D/df-1
1 Ho) ( 0
aTve ; a 2n\a b
. K vz oo 7 2 |+ 2p
( : " Pligr
= 1+ 4p? |« 4p-
1 +—V 1+ <7)- P
11 D
P= 9=
tFor al TEM transmission lines
(Mop"* ecC

C= = L=(we)' Z G=

GZ, RK. "M \l/U
<t = 1?, Z;L_llﬁ |
5,

310 INHOMOGENEOUSLY FILLED
PARALLEL-PLATE TRANSMISSION LINE

In Fig. 3.14a we show a parallel-plate transmission line (waveguide) par-
tially filled with dielectric material having a permittivity e = ee, where &
is the dielectric constant. The plates are infinitely wide and spaced a
distance b apart. The dielectric sheet has a thickness a and rests on the
bottom plate.

The purpose for studying this particular waveguide is that it exhibits a
number of characteristics that are similar to those of the microstrip trans-
mission lines examined in the following section. We will show that the
dominant mode of propagation in the waveguide under consideration is an
E mode and that as the frequency approaches zero this mode becomes a
TEM mode. Furthermore, in the low-frequency limit, the propagation con-
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r e
: 3 «S
-1V W

FIGURE 3.14

(a) Partially loaded parallel-plate waveguide; (6) parallel-plate waveguide with magnetic wak
at x = +W.

stant can be found in terms of the distributed capacitance; and inductance
per meter by the usual transmission-line formula /? = covLC. As the fre-
guency increases \i increases faster than to, in which case we say that the
transmission line exhibits dispersion.

Another feature that can be easily described for this waveguide is the
existence of a surface-wave mode of propagation that consists of a field
concentrated near the air-dielectric interface.

Since the analytic solution for the partially filled parallel-plate wave-
guide is readily constructed, this waveguide serves as a useful example to
provide some physical insight into the properties of microstrip transmission
lines.

An electric wall is a surface on which the tangential electric field must
be zero. A good conductor such as copper provides a surface with a very
small skin-effect surface impedance (see Sec. 2.9). When we let the conduc-
tivity a become infinite, we obtain an electric wall on which the boundary
condition n X E = 0 holds. The dual of an electric wall is a magnetic wall on
which the tangential magnetic field is zero, i.e, the boundary condition
n X H =0 holds. The magnetic wall does not have a physical realization
but is, nevertheless, a useful theoretical concept. In practice, a magnetic
wall can be inserted into a field region, without disturbing the field, along
any surface on which the tangential magnetic field is zero. Such surfaces
usually correspond to certain symmetry planes in a given problem. [|"
addition to the above boundary conditions, Maxwell's equations show that
on an electric wall the normal component of H is zero, that is, n « H =0. |
The dual boundary condition n « E = 0 holds on a magnetic wall.

For the E mode that we will consider in the partially filled parallel-pl*®
waveguide, we will assume that the fields do not depend on the x coordinsie
but are functions of y and z only. A consequence of this assumption is that
only the field components E,, E, and H, are present. Thus we can place 8
magnetic wall along any x = constant surface without disturbing the field-
We will now assume that magnetic walls are inserted at x = =ffas shown
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in Fig. 3.146. By means of this artifice, we are able to talk about a closed
waveguide structure, closed by electric walls at y = 0, b and by magnetic
walls at x = *W.

In order to find the solutions for E modes having the z dependence
e~-J” we must find solutions for the axial electric field component efy)
first. In an ideal transmission line the propagation constant equals that for
plane TEM waves in the surrounding medium. In the structure under
investigation we have a nonuniform medium, namely dielectric in the region
0 <y < a and air in the region a <y < b. Consequently, we can anticipate
that the propagation phase constant /3 for the dominant mode will take on
an intermediate value, i.e.,

ko = toj(igen < fi < yfeky = k
The equation satisfied by eSy) is (3.72a) which is repeated below
Ve, + Ke, = 0

Since we assume no variation with x, the transverse laplacian operator
becomes simply d%dy?. In this equation k* = k* - P? in the air region and
equals k* - [3? in the dielectric region. The propagation constant (3 must be
the same in both regions because the tangential electric and magnetic fields
must match at the air-dielectric interface for al values of z. For conve-

nience, we will let k; = | in the dielectric region and let it equal p in the air
region. We thus require that p> — k\ = 1 - K? or
1%-p?~(o-1)K2 (3.114)

In the two regions the axial electric field is thus a solution of

de,
cxx e =0 O£y <a (3.115a)
a sy <b (3.1156)
along with the boundary conditions
eAy) = 0 y=0,6 (3.116a)
efy) continuousaty =a (3.1166)
d 1d
e; N =52 < (3.116c¢)
1 dy [« “7° 9 h

The third boundary condition comes from the requirement that Hy be
continuous across the air-dielectric interface. The transverse fields are given
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by (3.726) and (3.72c). The generic form of the equations is

P inae** _J/5*
Ny *lk*dye
upon using a. X a, = -a,. In the equation for ff, the wave admittance y

is given by kY/fi in the dielectric and by (koYo)/p in the air region where
KY = o>yJ/x,€ ilelfxo = fr*o”o- Thus we have

i - —_5 — dielectric region
&ly) = | 4o (3.117a)
[ ._,7 Ey air region
iekYo de , , _
2 3y dielectric region
K(y) = ikoYo de, (3.1176)
P dy air region

An examination of the expression for h,(y) shows that continuity of hy at
y = a gives the boundary condition specified by (3.116c). We also find that
in an inhomogeneously filled waveguide, the wave impedance, defined by the
ratio -E/H,, is not constant since it has a different value in the air region
from that in the dielectric region.

The reader can readily verify that the solutions of (3.115a) and
(3.1156) that satisfy the boundary conditionsat y = 0 and b are

Ci(y) = G sinly O<y<a
2y) =C.sinp(b -y) a<y<6

where C; and C, are unknown amplitude constants. The boundary condi-
tion (3.1166) requires that

C, sinla = C, sinpc
where ¢ = b - a. The last boundary condition (3.116c) requires

*r

I ¢, cos la —p—Cg COS pc

When we divide the first equation by the second one, we obtain

/ tan la = -gp tan pc (3.118)
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This transcendental equation must be solved simultaneously with (3.114) to
determine the allowed values of / and p. There will be an infinite number of
solutions; consequently an infinite number of E modes are possible. Since /3
is given by

(i = ye~p* = yIe - I? (3.119)

most of the modes will be nonpropagating since increasing values of p and /
give p > ko which makes /3 imaginary. When /3 is imaginary the z depen-
dence is of the form e~"*** and the field decays exponentially from the point
at which it is excited. These nonpropagating modes are called evanescent
modes.

We note from (3.119) that a value of /3 between ko and k can occur
only if p is imaginary. Thus we must consider the possibility that an
imaginary p, say p =jpo, is a possible solution to (3.118). If we let /, be the
corresponding value of |, then our relevant equations become

Zy tan lga = epp tanh pec (3.120a)
1*+p? = (e~ K (3.1206)

We consider solutions of these equations and the corresponding fieldsin the
low- and high-frequency limits in the next two subsections.

Solution

When the frequency is very low, Kl is a very small number (at 1 MHz, ko
equals 0.02094 rad/m); hence /o and po are then also small. We will
assume that 6 is at most a few centimeters, then l,a and pec are also small
and we can replace the tangent function and the hyperbolic tangent func-
tion by their arguments. Thus (3.120a) becomes

Upon using (3.1206) we readily find that

(e ke-p?=

a t+ ec

The solution for /3 in the low-frequency limit is thus

P=1*o+Pi =\ — *o =\/e>o0 (3-12D
y a+ec
where e, given by this equation, is called the effective dielectric constant.
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We will now show that this equals co</LC, where L and C are the stat"
distributed inductance and capacitance per meter for the given structure

If we have a uniform current density J, on the inner surface of n.
upper plate and —J; on the inner surface of the lower plate, the magneti
field between the plates will be given by Hy = J,. The time-average stored
magnetic energy per unit length is given by

4 Jn'daw 2

We equate this to ~LIf where the total current 7. = 2WJ; and then find
that

L 3122
- W (8122,
The distributed capacitance C per meter is found by considering the
capacitance of the dielectric and air regions as represented by two equiva
lent parallel-plate capacitances C; and C, in series where

?;\eo 2W ~ e2W

r 1]

The capacitance Cq4 is that of a parallel-plate capacitor of width 2w, unit
length, plate spacing a, and filled with dielectric. C, is the capacitance of
the air-filled section which has a spacing c.

The series capacitance is given by
C.Cq 2We gy
C.+Cy ec+a (3.123)

The product LC = eejigh/(ec + a) which gives the solution for /3 =
ioVLC equal to that in (3.121).

The expressions for the fields can be written down in simplified form
using the small argument approximations and the relationship C; *
C\ sin lga/j sinh pc = -jCjp*c obtained from the boundary condi-
tion requiring continuity of e, at y = a. We readily find that in the region
0 <y & a,

e = Cvy (3.1244a)
v- NN N[N

FrkoYo U(ec + a)
*0 V. (%r-1)c
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and in the air region

& = . a™-(b-y) (3.124rf)
JPUa jfi FE- 2104
| (e,-c (31249
1107 le(ec + a
JloTo ( ) (3.124/)

K: 1Q Cyzayn C!y/ (6p—1)c

We note that in the low-frequency limit e, vanishes as k;, and hence /o,
approach zero, while e, and h, remain constant. If we define the voltage V
between the upper and lower plates by the line integral of g, then

The total 2-directed current on the upper plate is t, = 2WJ. = 2WHY, and
hence the characteristic impedance is given by

& V. Z, {(ecta)d (L 3125
“T 1 ewl e Ve (3.125)

¥

Thus we find that in the low-frequency limit the dominant mode of propaga-
tion in the partially filled parallel-plate waveguide becomes a TEM mode
and the waveguide may be analyzed as a transmission line. The propagation
constant and characteristic impedance are determined by the static dis-
tributed inductance and capacitance. In general, at low frequencies the
mode of propagation would be called a quasi-TEM mode since the axial
electric field &, even though it is small, is not zero. At high frequencies the
mode of propagation is an E mode and departs significantly from a TEM
mode in its field distribution.

Solution

At high frequencies ko, and hence |, and po, are large. In this case poC is
large so we can replace tanh pc by unity and (3.120a) gives

ZotanJoa = e;pg = £,V (°r-1)*0-'0 (3-126)

upon using (3.1206) to ehminate po. This equation is independent of the
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plate separation 6. The solution for e, can be approximated as follows:

a(y) = C, sin loy O<y<a (3.127.>
e,(y) =C,jsinhpo(6 -y)
. sinh po(b - y)
=Cosnlagn o - a)
Pli<b-y)
e
= Cisin(/p0)e-"><-1'-2 a<y<b (3.1276)

This is afield that decays exponentially away from the air-dielectric surface
and does not depend on 6 as long as p,c = po(b - @) is large. This fied is
guided by the dielectric sheet on the ground plane (lower conductor) even if
the upper plate is removed to infinity. This type of mode is caled a
surface-wave mode because its field is confined close to the guiding surface.
The axial electric field for this surface-wave mode is illustrated in Fig. 3.15.

The first root for /, in the eigenvalue equation (3.126) occurs for
lpa < 7r/2 or [, < 7rl2a. Thus, as k, approaches infinity, /, remains
bounded but p, will become large because pi = (g - DK’ - /%. Conse-
quently, for large enough ko we will have 1% e« k* and then /3 = k. As we
go from zero frequency to very high freguencies, the propagation constant
varies from a low value of ]/e™kq given by (3.121) to an asymptotic value of
ileky. We see that /3 is not a linear function of u> or ko and for this reason
is said to exhibit dispersion. The term dispersion arises from a considera-
tion of signal propagation. In our discussion of waveguides later on in this
chapter, we will show that a signal consisting of a band of frequencies will
have its frequency components dispersed whenever j3 is not a linear func-
tion of (o. This is caused by the phase velocity v, given by the relation
/3 = colv, and thus v, = <o/p = 1/ yjidiey, being a function of to. The
ratio /3°/&0 gives the effective dielectric constant at any frequency. In Fig-
3.16 we show a plot of e, versus frequency for the case when g = I
a= 04 cm, and 6=1 cm. This curve is derived by solving the pair ol
equations (3.120). Microstrip transmission lines exhibit similar dispersion
characteristics.

4 B FIGURE 3.15

-

4 ' Axial electric field for surface-wave mode.
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41 / FIGURE 3.16

> Effective dielectric constant as a
I' N j function of frequency for ¢, = 10,
T 10 20 a0 40GHz Q=0.4cm, and b= 1 cm.

A second surface-wave mode solution can be found from (3.120a ) with
lea in the range TT < lga < 3-/2 provided ye, - 1&, is larger than v so
that (3.1206) can also be satisfied. For large kga many surface-wave modes
can propagate. In addition to the surface-wave modes, there are also an
infinite number of solutions to (3.118) for real values of p. The higher-order
solutions have values of p on the order of ntr/b in value, where n is an
integer. Provided rr/b is greater than k, these values of p will give
imaginary values of fi and hence nonpropagating modes. The cutoff occurs
when p = kg giving /3 = 0. Thus at cutoff

/ tan la = —eky tan ke = Veky tan "ekya
since / = k for (i = 0. This equation reduces to

tan yj7~koa = - yMT, tan ke

which can be solved for the values of ko at which the various modes cease to
propagate.

We will not consider the partially filled parallel-plate waveguide any
further even though a good deal more could be said about its mode spec-
trum. The purpose of our discussion is to highlight those features that will
be displayed by microstrip transmission lines, which is the next topic
taken up.

PLANAR TRANSMISSION LINES

A planar transmission hne is a transmission line with conducting metal
strips that lie entirely in parallel planes. The most common structure is one
or more parallel metal strips placed on a dielectric substrate material
adjacent to a conducting ground plane. A planar transmission hne that is
widely used is the microstrip hne shown in Fig. 3.17. It consists of a single
conducting strip of width W placed on a dielectric substrate of thickness H
and located on a ground plane. By image theory this transmission line is
equivalent to a line consisting of two parallel conducting strips placed
opposite each other on a dielectric sheet of thickness 2H as also shown in
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Ground plane

&)

I _‘_ - ;‘ _.,
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B R o x

N . N FIGURE 317

NN AR T i (a) The microstrip transmission line;

(6) equivalent parallel strip line ob-

W tained by using image theory.

Fig. 3.17. Typical dimensions for a microstrip line are substrate thickness of
0.25 to 1 mm and strip widths of 0.1 to 5 mm.

The microstrip transmission line can be fabricated using conventional
printed-circuit-board techniques which result in good mechanical tolerances
and a low cost.

In addition to the microstrip line, there are many other planar-trans-
mission-line structures that are used for various purposes. A number of
these other transmission-line configurations are shown in Figs. 3.18 to 3.20.
The coupled microstrip line shown in Fig. 3.18a is used in directional
couplers. The coupled microstrip line supports two modes of propagation.
The even mode of propagation has the same voltage and current on the two
strips, while the odd mode of propagation has opposite voltages and currents
on the two strips.

The coplanar transmission line shown in Fig. 3.186 consists of asingle
strip mounted between two ground planes on the same side of the dielectric
substrate. The coplanar line has an advantage over the microstrip finein
that shunt connection of components to the ground plane can be made on
the same side of the substrate. In addition, it allows the series connection
components to be made with equal facility to that for microstrip lines. The
coplanar strip line shown in Fig. 3.18c is similar to the coplanar line in tha
all conducting strips are in the same plane (coplanar). It is less desirable
than the coplanar fine because it is not balanced relative to a ground pla‘*®
and thus wave propagation on this line is more strongly influenced °Y
nearby conductors such as a shielding enclosure. In practice, a shielding
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enclosure for a microwave circuit is needed to reduce spurious radiatin
from the circuit, eliminate electromagnetic coupling with nearby circuit.
and for environmental protection.

In Fig. 3.19 are illustrated the suspended and inverted suspends
microstrip lines which are quite similar to the conventional microstrip n,
but involve less dielectric substrate material. Figure 3.20a shows a slot lin
The open slot line is not as widely used as the microstrip and coplanar hpe
are. The shielded slot line, which is typically a slot line placed inside a
rectangular waveguide as shown in Fig. 3.206, is called a fin line and has
found to be useful for many circuit applications. Only shunt-connected
components can be used with a slot line.

The final transmission-line structure illustrated here is the strip line
shown in Fig. 3.20c. This line consists of a strip placed between two parallel
plates that function as ground planes. The strip may be rigid enough to be
suspended in air or it may be sandwiched between two dielectric sheets as
shown in the figure. The strip line was often used in microwave filters and
couplers before the other forms of planar transmission lines became popu-
lar. The strip line is somewhat more difficult to fabricate but has certain
advantages for special applications to filters and couplers. Many directional
coupler, power divider, and filter designs using strip lines were developed in
the period from 1955 to 1975. An excellent reference source for design data
for strip-line circuits is the book by Howe listed in the references at the end
of this chapter.

The methods used to fabricate planar-transmission-line structures and
related circuit elements are compatible with integrated circuit fabrication
and have alowed the development of microwave integrated circuits (MIC
circuits). In integrated microwave circuits the active devices and dll
interconnecting transmission lines, impedance-matching elements, needed
capacitors and resistors, etc., are fabricated on the same chip. In these
applications the microstrip and coplanar transmission lines are the ones
most easily adapted for on-chip fabrication. In MIC circuits the substrate
thickness and line widths are generally much smaller than in hybrid
circuits. The term hybrid is used to describe integrated microwave circuits
where the discrete components such as transistors, capacitors, and resistors
are soldered in place.

The dielectric substrate material used in a planar transmission line
must have low loss, i.e., a small loss tangent. A large dielectric constant
results in a shorter propagation wavelength and hence a more compa’
circuit. The substrate material should have good mechanical strength, be
easy to machine, and have good thermal conduction. When active device
are mounted into a planar-transmission-line circuit, the heat generated by
the active device is in part conducted away to the ground plane through the
substrate material. It is difficult to use metal heat sinks in a microwave
circuit because these large metal structures would interact with the electrO'
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magnetic field in an undesirable, and often unpredictable, manner. Conse-
quently, in power amplifier circuits substrate materials with good thermal
conductivity are required. Dielectric materials used in low-frequency circuit
boards are generally too lossy to be used for microwave transmission lines.
The dielectric constant and thickness must be maintained to a high level of
uniformity in the manufacturing of substrates because otherwise the fabri-
cated transmission lines will not perform according to the specified design
since the propagation phase constant and characteristic impedance both
depend on these parameters. Uniform thickness and dielectric constant is
particularly important in the design of filters and impedance-matching
elements whose dimensions are critical. Once a printed microwave structure
such as a filter has been constructed, it is not very easy to add external
tuning elements to bring the constructed filter performance into specifica-
tions.

A commonly used substrate material is polytetrafiuoroethylene
(PTFE)t which has a dielectric constant of 2.1 and a loss tangent of 0.0002
at 1 MHz and around 0.0005 at microwave frequencies. This material has
excellent resistance to chemicals used in the photoetching process. In order
to increase the mechanical strength, it can be loaded with woven fiberglass
mat or glass microparticles. This increases the dielectric constant to the
range 2.2 to 3. The use of glass fiber results in some anisotropy in the
dielectric constant. In the manufacturing process the glass fibers are gener-
ally aligned parallel with the substrate so the dielectric constant along the
substrate is typically 5 to 10 percent larger than that norma] to the
substrate. By using ceramic powders as fillers, notably titanium oxide, much
larger dielectric constants can be obtained. Typical values are in the range 5
to 15.

Ceramic materials such as aluminum oxide (alumina) and boron ni-
tride, as well as the glasslike material sapphire, are also used (or substrates.
These materials are very difficult to machine. Alumina is perhaps the most
commonly used material. It has excellent thermal conductivity. For inte-
grated microwave circuits the usual semiconductor materials germanium,
silicon, and gallium arsenide are used. These substrate materials have a
high dielectric constant and may exhibit some conductivity depending on
the doping level.

In Table 3.2 we have summarized the important properties of a
number of substrate materials. In this table e is the dielectric constant
along the substrate and e, is the dielectric constant normal to the substrate.$

tThis material is commonly known as Teflon, which is a registered trade name of Du Pont.
tin order to keep the notation as simple as possible, we use e, instead of t, for the relative
permittivity (dielectric constant) in the y direction.
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TABLE 3.2
Properties of substrate materials
Thermal

Material Loss tangent conductivity Ma-
PTFE/woven glass 2.84 2.45 0.001-0.002 Fair Good
PTFE/microfiberglass 2.26 2.2 0.0005-0.001  Fair Good
*CuFion 21 2.1 0.0004 Fair Good
*RT/Duroid 5880 2.26 2.2 0.001 Fair Good
*RT/Duroid 6006 6.36 6 Medium Good
*Epsilam 10 13 10.3 Medium Good
Boron nitride 5.12 3.4 Good Poor
Silicon 11.7-12.9 11.7-12.9 0.001-0.003 Medium Poor
Germanium 16 16 Medium Poor
Gallium arsenide 12.9 12.9 0.0005-0.001 Medium Poor
Alumina 9.6-10.1 9.6-10.1  0.0005-0.002  Good Poor
Sapphire 9.4 11.6 0.0002 Good Poor
Beryllium oxide 6.7 6.7 0.001-0.002 Good Poor

'CuFlon is a registered trademark of Polyflon Company. It is a Teflon material electroplated with cop»
RT/Duroid is a registered trademark of Rogers Corporation. Rogers Corporation also manufactum
substrates with dielectric constants around 10. Epsilam 10 is a registered trademark of the 3M Conpary
It is a ceramic-filled Teflon material.

The data in Table 3.2 have been compiled from a variety of sources.t Since
the dielectric constant and loss tangent are frequency dependent and also
influenced by the material processing, the listed data should be viewed as
representative values at microwave frequencies.

Substrate materials are usually plated with copper in 0.5-, 1-, or 2-0z
weights (amount of copper per square foot). The use of 1-0z copper weight
gives a plating thickness of 0.0014 in. Gold plating is sometimes used on top
of the copper to prevent oxidation of the metal. In integrated microwave
circuit construction a metalization thickness of a few microns is typical.
One-half oz copper-clad board has a metalization thickness of 18 /xm.

3.12 MICROSTRIP TRANSMISSION LINE

In a microstrip transmission line the dielectric material does not completely
surround the conducting strip and consequently the fundamental mode of
propagation is not a pure TEM mode. At low frequencies, typically below a

tH. Howe, "Stripline Circuit Design," Artech. House Books, Dedham, Mass., 1974.

T. Laverghetta, Microwave Materials: The Choice is Critical, Microwave J., vol. 28, p-
1985.

M. N. Afsar and K. J. Button, Precise Millimeter-Wave Measurements of Complex Refractive
Index, Complex Dielectric Permittivity and Loss Tangent of GaAs, Si. SiO,, Al,&s. BeO.
Macor, and Glass, |EEE Trans.,, vol. MTT-31, pp. 217-223, 1983.

Some data were also obtained from manufacturers' literature.

163.
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few gigahertz for practical microstrip lines, the mode is a quasi-TEM mode.
In the frequency range up to a gigahertz or somewhat higher, the microstrip
transmission line can be characterized in terms of its distributed capaci-
tance and inductance per meter in a manner similar to what was found for
the partially loaded parallel-plate transmission line in the previous section.
Unfortunately, there are no simple closed-form analytic expressions that
can be derived for describing the fidd distribution or the characteristics of
planar transmission lines. Formal solutions can be derived and evaluated on
a computer and have been used to compile data on the characteristics of
these transmission-line structures. Static field analysis has also been exten-
sively used to obtain the low-frequency characteristics. However, even the
static field analysis is quite complex.

The analysis of planar transmission lines can be based directly on a
solution for the electric and magnetic fields in the structure. An alternative
approach is to first solve for the scalar and vector potential functions and
from these find the corresponding electromagnetic field. In actual fact the
propagation constant and characteristic impedance can be found from the
potentials without a detailed consideration of the fields. The advantage of
using the scalar and vector potentials in the analysis is that this approach
provides a direct link to the quasistatic solutions in terms of more familiar
low-frequency concepts.

In this section we will develop the essential equations to be satisfied by
the scalar and vector potentials for a microstrip transmission line. From
these equations we then obtain simplified ones that will describe the
quasi-TEM mode of propagation at low frequencies. The term low frequency
is a relative one. It is the ratio of fine dimensions to wavelength that
determines whether a microstrip line can be adequately described in terms
of the quasi-TEM mode of propagation. In MIC circuits with line widths as
small as 100 fj.m, the low-frequency region can extend as high as 20 to 30
GHz. Even though space does not permit a full development of analytic
methods suitable for solving planar-transmission-line problems, some in-
sight into the properties of these structures is obtained from the basic
formulation of the relevant equations.

After we have presented the theoretical foundations, typical dispersion
curves and graphical results for characteristic impedances are given for a
number of important substrate materials and a range of microstrip conduc-
tor widths.

The vector and scalar potential functions are solutions of Helmholtz
equations as described in Sec. 2.10 when the sources are located in vacuum
(air). For the microstrip line shown in Fig. 3.17, two added complications
enter due to the presence of the dielectric in only part of the region of
interest and the anisotropic nature of some substrate materials. For this
reason we need to derive new equations to be satisfied by the potential
functions. The substrate material will be characterized by a dielectric
constant e, in the y direction which is normal to the interface and by a
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dielectric constant e, in the x and z directions. The unknown charge anj
current densities on the conducting microstrip will be denoted by p o ~
These source densities are concentrated along y since they exist only on tk
microstrip which is assumed to have negligible thickness. The source co *
centration can be described by introducing the delta function 8(y - #, '
localize the sources at y = H. Thus we can write

p(xy,2) = p(x2y - H) (3.128,)
J(xy.2) Jo(x,2)8(y-H) (3.1286)

where J; and ps now describe surface densities rather than volume densi-
ties.

We will assume that the dielectric constants e(y) and e(y) are
functions of y that are constant in the substrate and undergo a rapid
change in value to unity as the interface is crossed into the air region. The
reason for doing this is that the equations we then obtain for the potentials
will automatically give us the boundary conditions needed to properly join
the solutions for the potentials in the substrate region to those in the air
region.

We begin the derivation by letting

B=VxA

From Maxwell's equation
V x E= -jwB = -jtoV x A
we get V X (E +jo>A) = 0 which hasthe general solution
E = -jwA - V<t>

where <P is ascalar potential function. Up to this point we have followed the
same steps as in Sec. 2.10. Maxwell's curl equation for the magnetic field is

V X H =jcoD + J
For an anisotropic dielectric we have
D = ee(Bax + Ea) + egEa
We can replace H by P-Q 'V X A to obtain
VXV XA =VV-A-V?A =j<op,D + Mo J

and express D in terms of the potentials as follows:

D= -eo€; ju(Aax + Azal + ayx- + a,—

-eg\Aay  + &y ~dy~
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By adding and subtracting a term to the y component that includes the
factor e;, we can reexpress D in the form

D = -ereg(>A + VD) - e(ey - e)ja>Aa, + a —

We wish to eliminate the VV « A term in the equation for A by setting it
equal to the gradient of another function. For this purpose we now express
e V4> inthe form V(e<P) - 4>wV,, where Ve has only a 'y component since e
is a function of y only. We can set VV ¢ A equal to -jioegngV(e<P) which
gives the Lorentz condition

V oo A = -jwegne<t> (3.129)

The equation for the vector potential now becomes

-V'A =jlong -YWoeA + e*Ve

e -€NmAT  a HoJ

The current J does not have a y component so the x and z components of
this equation are

VEA, +  e(KAE  -»dx (3.130a)
VA + eykA= A (3.1306)

while the y component becomes

V% + €,(y)AgA, = -jone *—-W-e,)—
oy *y
d<P
= Ju/J-oe, (6~ er)l— +  <t>(H)(e-NSy-H)
tly

(3.131)

where — (e, - 1)5(y - H) expresses the derivative of the step change that
occurs in e asy crosses the interface at H, that is, e(y) changes from c,
to unity.

The equations for A, and A, are of the same form as derived in Sec.
2.10, but the equation for A, is new. The equation for A, is coupled to the
scalar potential <i>(//) at the boundary even if we have an isotropic sub-
strate. Thus boundary conditions require the presence of an A, component
even though there is no y component of current.



134 FOUNDATIONS FOR MICROWAVE ENGINEERING

A separate equation for the scalar potential is obtained by us
Gauss' law V « D = p and the Lorentz condition (3.129). Thus we find th »

V D=V -eg(oA + V&) - &le, - e)\j<oaAy + a, —
I 1l dy
fl

-«o ISOV-(8A) + V -(e/V*) + jcoj-(g - &) A

fl d<&

fl
-eo M*J « A + A e Vg) +V -(eV*) +J<o—(g - e)A

d d®

By replacing V * A with -joj€y/j.ce<i> from the Lorentz condition, we obtain
fl ()<P

= A d A C A P
-SAIF->SWA-~r)/ -
The last step is to simplify this equation using
fi dA fe- de,
glev-e)A, = (e-e)—- +AK
y dy -\ fly dy
flgd<t>
and Vo oeeV<t> = g VP + —
fly fly
f fi<t> dp aplfe e

By using these expressions a number of terms cancel and we obtain the final
form
fil<pfi<S> fl fl<i>.

+ C—  +Bch
1 Cy 0
dx fiz fly « fly

= - 20 - DAMSY - H) o - e (3192
where we have also used

tenT s (e DAHB(YH)
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This equation also displays a coupling between the scalar potential and
A/(H) at the interface as well as coupling within the substrate whenever e,
does not equal e, that is, for anisotropic substrates. In the air region
y > H, both e and e, are replaced by unity in (3.130) to (3.132).

After the above lengthy derivation we can now obtain simpler equa-
tions to be solved in each separate region along with boundary conditions to
use injoining the solutions at the interface y = H. The source terms p and
J when expressed in the form (3.128) contain the 8(y - H) factor. In order
for the left-hand sides of (3.130) to (3.132) to equal the corresponding
right-hand sides, we must obtain a delta function Sly - H) from the
derivative of the potentials with respect to y. In (3.130a) and (3.1306) this
requires that dAJ/dy and dAJ/dy have a step change at the interface so
that the second derivative with respect to y will produce a delta function.
The required step change can be found by integrating both sides of the
equation over a vanishingly small interval centered on y = H. The integral
of terms not involving a derivative with respect to y will vanish since these
terms must be continuous at y = H and the interval length vanishes. For
example, if A were not continuous at y = H, the second derivative with
respect to y would generate a singular term corresponding to the derivative
of the delta function and no such term exists on the right-hand side of the
equation. Thus from (3.130a) we obtain

v rf/f+rrtt, A dA i
im —=ay =
r-o-'Hr 'V Y dy n-
lim "M*T a8y - H)dy=  -IMods
w
or = -p&J* (3133a)
H-
In a similar way we obtain
= -Mo”s (3.1336)
dy N

The notation H* and H~ means evaluating the derivative on adjacent
sides of the interface at y = H. These two equations state that the tangen-
tial components of the magnetic field must be discontinuous across the
current sheet J; since from the equation B = V X A:

17 = yoHx = -Mo-ff,

In a similar way we obtain the following boundary conditions by integrating
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(3.131) and (3.132) about a small interval centered on y = H:

dA™
= y<o/Xgeo(er - I)<t>(H) (3.133¢)

«-

. -fotMey-1)Ay(H) (B-ma)

dy ir ~ty~ H~ ° Y
A term such as (e, - §)d<P/dy that occurs in (3.131), and a similar term
occurring in (3.132), does not contribute because

lim/ (e -e,)—dy= lim(e - &)/ —dy =0

since d<X>/dy is continuous in theinterval H - - <y < H and fory > /f .
have e, =«€,= 1. The boundary conditions on <t> reflect the fact that the
total y-directed electric field has a contribution from A, so that the
discontinuity in Dy across the charge layer is given by

. — + oA + €€ « JdiJ =
e< dy il vEo -0y ' ' P*
which is (3.133d).

By using the above boundary conditions, we can solve (3.130) to
(3.132) in each respective region away from the interface. Thus we need
only to solve the following homogeneous equations, subject to the specified

boundary conditions, in the substrate region:

V' .+ «k)A = 0 (3.134a)
(3.1346)
ds>
VEA, + efCA;, =j(oiucko(e - &) — (3.134c)
K> d<t> e, el?* A
A A +fxox — € N~ (3.134a")
Z)ZZ +CIIZ_J *r oy 27r*0* = -X«Vv-5r) 5

In the air region the equations to be solved are obtained by setting e, = fy
= 1. There is no volume coupling between <> and A, in the air region or m
an isotropic substrate region. Since we are interested in wave solutions
representing waves propagating in the z direction, we can assume that the
dependence is eJ”% The second derivative with respect to z can then be
replaced by -/32. The common factor e~™ can be deleted from the equa-
tionsjust as e"" was dropped for convenience.

L ow-Frequency Solutions

We can obtain the equations to be solved in the zero-frequency limit by
assuming that the potentials and the source terms can be expanded a°
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power series in to. Thus we let

A= A° + AL + A2 + eoe (3.135a)
B R AU 1 S (3.1356)
J=3 +wl + arJ?+ eee (3.135c¢)
b =p° + topt + WY + eee (3.135d)

The parameter ko, = i0°p.oey is of second order in to. The propagation
constant (5 can be expressed in the form fi = "k,, where e is a fre
quency-dependent effective dielectric constant. Consequently, p? is also of
second order in to.

We now substitute these power-series expansions into (3.130) to (3.132)
and equate all zero-order terms to obtain the following lowest-order equa-

tions:

(a? + "5 A% - -/*pJd,° (3.1364a)
N ANAI= 10
%8+ W= o (3.1366)
P &,
o a a\ p°
er/\r + —e,— $° = -— (3136d)
‘¢ ay "ayJ &

Further information is obtained from the Lorentz condition (3.129) which
gives

3A° M °
— + - =0 (3.137a)
dx dy

-MAl = ->*o*r*° (3.1376)

In the air region e and e, are set equal to unity. From the continuity
equation relating current and charge, namely,

Ve J= —jcop

we obtain
=0 (3.138a)

ipi?= wp’ (3.1386)
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In the above equations the e~" factor is not included but any derivative
with respect to z was replaced by -j/5.

Since J° must be zero at the edges x = + W/2 of the microstrip p
conclude that J® is zero because the integral of dj*/dx is at most
constant. Hence, to lowest order, there is no x-directed current on thp
microstrip and A" is zero. The Lorentz condition then requires that dA°/a,
= 0 and hence A° = 0 aiso since a constant A\ is a trivial solution and
would not produce any magnetic field contribution. Thus, to lowest order
we only have to solve for an A™ and a scalar potential <t>". If we assume the
microstrip to be at a potential V, then the boundary condition on 3>° is that
it equals V on the microstrip and equals zero on the ground plane.

We can integrate the continuity equation (3.1386) across the mi-
crostrip line to get

0//="Q° (3.139)

where 7° is the total 2-directed current on the microstrip and Q° is the
total charge. On the microstrip the axial electric field must be zero. To
lowest order this boundary condition is

El = ->A° - <_?<Ff: -jlu>A° +jp<b® = 0
az

or WA° = pV (3.140)

Hence A° is also constant on the microstrip.
We will show shortly that the inductance L per unit length of the
microstrip line is given by the equation

7L = A%, (3.141)
The capacitance per unit length is given by

C=— (3.142)

By using these expressions to eliminate Q° in (3.139) and A" in (3.140), we
obtain the pair of equations

pi? = coCV (3.143c)
»U,° = PV (3.1436)
from which we find that
p’ = u>’LC (3.1440)
A~ (3.1446)

hO
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FIGURE 3.21
Surface used to find the magnetic
flux linkage in a microstrip line.

We have thus been able to show in a rigorous way that in the
low-frequency limit the microstrip line can be analyzed as a static field
problem and that its propagation constant and characteristic impedance are
determined by the low-frequency distributed capacitance and inductance.
The analysis leading up to (3.144) is quite general and applies to other
planar transmission lines as well.

At this point we return to the promised derivation of (3.141) giving the
line inductance. With reference to Fig. 3.21 we note that the magnetic flux
ip Unking the microstrip per unit length is given by the integral of By over
the area extending from the microstrip to infinity. Thus

ip=f | B e adydz
By using B = v* x A and Stokes' law, we can write

ip= f1fV XA-«+a,dydz
JOJH

= 6-d\

where C, is the boundary of the area. Since A" is zero and A° is zero at
infinity and is constant on the microstrip, we obtain k = A°, for the flux
linkage. The inductance is given by i/»//¢° and this gives (3.141).

We can also derive equations for the next level of approximation.
However, the solution of these equations is not much easier than the
solution of the original equations; so it is not worthwhile to develop the
power-series solutions beyond the lowest order. Thus the equations to be
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solved are
;>2 d2
W e y <H (3.1456)
*2 1\ )
Oxc* ay2 y>H (3.145c)
with the boundary conditions
= ~Mo”"« (3.145d)
l
o O
M> a* P
—&» (3.145¢)
dy »y

< =V on microstrip
A° = constant on microstrip

Along the interface and away from the microstrip, the right-hand sides of
(3.145(f) and (3.145€) are zero. In addition, 4>° and A°, must be zero on the
ground plane in order to make the tangential electric field vanish on this
surface.

The equations for A" do not depend on the dielectric constants of the
substrate material. Hence the line inductance is the same as for an air-filled
line. But for an air-filled transmission line with distributed capacitance C,,
we have

\/ILC, = y>o0e" and hence L

so we can find L by finding the distributed capacitance of an air-filled
microstrip line. By introducing C, in place of L, the solutions for /3 and &c
can be expressed in the form

I"wich—Ko=jreko (S.4025)

=1/ e0 (3.1466)

C: ‘.9._:'.

where Zy is the characteristic impedance of the air-filled fine and the ratio
C/C, gives the low-frequency equivalent (effective) dielectric constant e,
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The effect of having an anisotropic dielectric substrate does not add
any additional complication. If we introduce a new variable u = (er/ey)llzy>
then upon using

S d du le, d

dudy | e, u
we find that (3.1456) reduces to
d2

3.147
dx* dut ( )

When y = H the corresponding value of u is Ur/ey)”ZH; so the solution of
(3.147) is that for a microstrip with an equivalent substrate thickness H,
given by (€/eY’H = H.. The boundary condition (3.145e) becomes

d<p>° e, ap” d<p® kS°

h = '1,-' €. fu y 9 g4 -y"S du H; (3.148)
which shows that the equivalent dielectric constant of the substrate should
be taken as the geometric mean e, = -Jge,. Thus, by modifying the
substrate thickness and introducing the equivalent dielectric constant, the
solution for the distributed capacitance C for the case of an anisotropic
substrate can be reduced to that for an isotropic substrate. The distributed
capacitance C, is that for the unsealed microstrip line.

The unit of length does not enter directly into the differential equa-
tions for the potentials. Thus x and y can be in units of meters, centime-
ters, inches, or any other convenient unit. What this means is that the
distributed capacitance and inductance per unit length is dependent only on
the ratio of strip width to substrate thickness, i.e, on W/H. If we have
found C and L for a given set of values for W and H on a per-meter basis,
then if we change W to sWand H to sH, where s is a scaling factor, both C
and L on a per-meter basis do not change. Hence the characteristic
impedance, effective dielectric constant, and propagation constant /3 for any
planar transmission line is invariant to a scaling of the cross-sectional
dimensions. However, the attenuation caused by conductor loss does not
scale since the series resistance is inversely proportional to the conductor
widths. The attenuation due to conductor losses will double if the conductor
size is reduced by a factor of 2. The scaling law is clearly illustrated for an
ideal parallel-plate capacitor with a plate dimension of W? and separation H
and having a capacitance eW/H. Clearly keeping the ratio W/H fixed
keeps the capacitance unchanged.

A variety of methods exist for solving the two-dimensional Laplace
equation (3.147). For planar transmission lines the conformal mapping
method is widely used, generally along with some approximations that are
necessary because of not having a dielectric medium filling all of the space
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y
W
. FIGURE 3.22
>,-,,U,ff| ')m A microstrip line with perfectly conductim,
-a side walls inserted at x = %, with ct »yy

around the conductors. A number of useful solutions obtained by conforms
mapping methods are described in App. IIl. We will refer to some of these
solutions as needed.

In order to illustrate the general method of solution, we will develop a
Fourier series solution to (3.145) which will turn out to provide an efficient
method to obtain the parameters of a microstrip transmission line. In order
to use the Fourier series method, we place perfectly conducting (electric)
walls at x = *a as shown in Fig. 3.22. Provided a is chosen equal to 10vW
or 10H, whichever is larger, the sidewalls have a negligible effect on the
field which is concentrated near the microstrip.

We can expand the unknown charge density p, into a Fourier series of
the form

n
P(X) = E  Pncos (3.1493)
n-1,3,... 2a

The charge coefficients p, axe given by

W2
| f

nvx
Pn , ps(x')cos dx (3.1496)
a 'an2 ~2a~

The charge density is an even function of x because of the symmetry
involved; so only a cosine series is needed. The functions are chosen so that
they vanish at x = *a, arequired boundary condition for the potential; so
only odd integers n are used.

The potential <i>(x)y) can also be expanded into Fourier series; so
we let

TITTX
*(*'y) = n—lES fn(y)cos 2a y>H

E &=, 0<y<hH (10
11=1,3,...

where f,(y) and g, (y) are to be found. We are using an effective substra
thickness H,, so that an anisotropic substrate can be accommodated. W
have dropped the superscript O since it is understood from the context th»
we are solving for a static potential field.
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Each Fourier term in the expansion of < must be a solution of
Laplace's equation. Hence we require that

i R o

which gives
a>f, (v)
-<fn(y)=0
SN s W) =0

where w? = (nv/2a)®. In the region y < H,, a suitable solution for g, (y)
that vanishes on the ground plane is

8*(y) = °n Sinn »>,y

where C, is an unknown constant. In the region y > //. we need a solution
that will vanish as > approachesinfinity; so we choose

fay) = Dpe»»>

where D, is another unknown constant. Aty = H.. H the two potential
functions must match; so we have

Crsmhw,He = Dpe-»»»

The Fourier series expansion of the charge density ps represents this charge
density as sheets of charge p, cosnirj;/2a that extend from x = -a to
X ~ a. By superimposing an infinite number of such charge sheets, we
obtain a charge density ps that is nonzero only on the microstrip - W2 < x
< W/2. The boundary condition (3.148) is applied to each Fourier term to
obtain

dn_ dg»
H *'*>
or — w,D,e "% - gw,C, coshw,He ~ —-

We now have two equations which we can solve to find C, and D, The
solutions are

CL- .
eoU;n(sinh wHe + 5 cosh wyHe)

€1 sinh wHe

D,, =
™ eu>,(sinh wyHe + & cosh w.Ho)

where ¢ = J*e&.
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We now substitute our solutions for f, and g, into (3.150) and
(3.1496) for p,. Thus we obtain Usse

/W/2 COS W,X COs U), X'
3o wne, a(siahulHe  + egcoshwiHe)

sinh /My

X Sii I’ni«HiZQe—"(}f-ir3 Ps(x)dx- (3.151)

where the upper term is for v < He and the lower one isfory > // -TJ
factor multiplying ps(x') under the integral sign represents the Green's
function for this problem. It is designated by the symbol G(xy;X, y)- soin
abbreviated form we express (3.151) as

wW/2 , N
*(*,?)-f G{x,y;X,He)p,(x')dx (3.152)
w2
The last boundary condition to be imposed is the requirement that ¢ =V
on the microstrip; thus

f G d g W 3.153
V= X,Hi; X;He)p,(X)dX' - — < X < — .15
1yp  COHIXHIPX) 5 , (3159
This is an integral equation whose solution would determine the unknown
charge density ps(x'). Once we know the charge density, we can calculate
the total charge on the microstrip using

Tawi2

and find C = Q/V.

Integral equations are most often not solvable by analytic means.
However, various numerical schemes exist for obtaining good approximate
solutions. The most popular method is the Method of Momentst In "ris
method the first step is to choose a finite number of basis functions and to
expand pgX) in terms of these in the form

N W W

where Q, are unknown coefficients. The basis functions could be the u
height pulse functions shown in Fig. 3.23, the cosine functions cos 2nirx/ >
or any other reasonable set that would give a good approximation to pM

tR. F. Harrington, "Field Computation by Moment Methods," Krieger Publishing ComP"™"
Inc., Malabar. Fla., 1968.
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tfi *N
FIGURE 3.23

w Unit height pulse functions for ex-
2

V2\/ panding the charge density.

When this substitution is made in (3.153), we obtain

N W W
V- L Q,Gi{X - - < *< 5 (3.154)
where G(¥) = f G(XH,: X HY* o(*")dX

bW

The next step is to convert (3.154) into a matrix equation for the unknowns
either by making both sides of the equation equal at N points in x along
the microstrip, or by using weighting functions to make N weighted
averages of both sides equal. We can choose the <I>,{x) as weighting func-
tions, in which case the method is called Galerkin's method. Other choices
for the weighting functions can also be made. If we use Galerkin's method,
we obtain

£ GnQa=Vm m = 1,2, ..N (3.155)

where the matrix elements are given by

G~ i""Gr{X)4,m(x)dlx
Lwi2
= w2 G(X,X-)UX)< > (* ") dxalx-
W2

and the components V,,, of the source vector are given by

Wi2
Ve (~VfX)dx m= 1,2,...,AT

w2

The system of linear equations given in (3.155) can be solved for the
unknown charge amplitude coefficients Q,;. If N is chosen sufficiently large,
we will obtain a good approximation for the charge density.

If we know a priori how p,(x") is distributed on the strip, or a close
approximation to it, we could get an excellent approximate solution using
very few basis functions. From conformal mapping solutions we know that
on an isolated infinitely long conducting strip of width W and with total
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FIGURE 3.24

Charge density on an idea) isolated strip of
width W.

charge Q per meter that the charge density is given by

2Q
= Trwy! -XCH{WI2) ( )

This charge distribution is illustrated in Fig. 3.24. At sharp corners and
edges the charge density always exhibits an infinite behavior. However, the
density is never so singular that it cannot be integrated. The reader can
readily verify that if the substitution x = (W/2)sin 6, dx = (W/2)cos 0d6
is made, then

iV2M)dx' ArPde = Q |
w2 ir-w/3

In a microstrip line the charge density is influenced by the dielectric
substrate and the ground plane but surprisingly (3.156) remains a good
approximation. By using a two- or three-term polynomial along with (3.156),
i.e., choosing

Qo + QX + Qx*

_ (3.157)
1 (WI2)

Ps(X)

an excellent approximate solution for ps(x) will be obtained.

We do not plan to solve the integral equation (3.153) numerically using
the Method of Moments. It does require considerable numerical compu”'
tion to evaluate the matrix elements because we only have the Green
function expressed as an infinite Fourier series. What we are going to do
to express the integral equation in a form that we can interpret as repr
senting the capacitances between a conducting strip in air above a groun
plane with spacings He, 2H,, 3H., etc We can then make use of *
conformal mapping solution for a pair of strips in air to evaluate t
distributed capacitance C for the microstrip line.
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Let uschoose e = 1 but still retain the strip spacing above the ground
plane as He. By using (3.151) in the integral equation (3.153) for this case,
Wit Hs

we obtain (note that sinh w,H, + cosh w,H, = ™)

rwi2 * Cog W, X QOS WX

Q L 7 n—(| - e—*"»H<)

AQ-dx = Vv (3.158)

where we have set y = H, and multiplied and divided by the total charge Q.
The part multiplied by -c™2"'""- represents the effect of the ground plane
which is equivalent to that of the image strip at y = -He and having a
charge density -p. A solution of (3.158) provides the solution for the
problem of a strip above a ground plane, as well as the solution to the
problem of two parallel strips in air and separated by a distance 2Hp. The
capacitance per meter for a strip above a ground plane is given by

Q

CaH) = ~

while that between two strips separated by a distance 2H. is

We see that the integral, involving the normalized charge density, repre-
sents 1/CJIHJ.
Consider now the factor
sinh w, Hy
sinh w, He + € cosh w, He

that occurs in the Green's function in (3.151) at y = H.. We can express
this term in the form

B"«ft _ &*nH, 1 2w, H,
(1 +e )e"'»W. - (1 -ejC-llllllll n I I 'C' _ .,
+ C

(1_e=2-, " (1 _77e-2-7",)-"
1+e
[¢]

where 77 = (1 - e, )/d + e,). The last factor is now expanded into a power
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series to obtain

(1-e-2uH)) £ o merimit

l1+e m=0
Y\ .nme_ZquH-_ _ Y 7i n -e_2<n- + I)"',H,,
m*-0 m=0
We now add -ij"" to both series which has no net effect because of thp
minus sign in front of the second series. This gives
I f mn 2 n 1
E \/I/\I_e_ IIIIIIIIIII) + £ rim(l —_~ e_*III*IIIIIIIIII)
L4, m=0 m=0

The m = Otermis zeroin the first series so we can change rn to m + 1 and
still sum this for m = 0,1,2,3,... without changing its value; thus we get

ior A
1 +e, - £ ijm"*l(l - e'2(">+!)«'n",) + Yy I’im(| - 9—2*1"+ »<'»e\
m-0 m=0
e(n - 1) L *7™( -e"2""*»«e<.»«)
m-0
2e, .
£ VTl ~ eurmevwerhy (3.159)
1+0 «o

Upon using this expansion in the Green's function, the integral equa
tion (3.153) can be expressed in the form

de, rWi2 COS W, X COS &, A
+=0(1+6,) Y «72»-i,3,... 4eow, a
(1-,*»+*»*)Mil & =V (3.160)

We note that the mth term considered by itself is an integral equation of
the same form as that in (3.158) apart from the multiplying factor
4en77M(1 + eg)z. This integral equation would provide a solution for the
capacitance of a strip in air spaced a distance (m + |)He above the ground
plane. If we assumed that the normalized charge density psX)/Q was the
same for any strip, independent of the spacing above the ground plane, eac
integral would produce a constant voltage V,, but different from V. Wit
increased strip spacing and constant total charge on each strip, the integr
has to give alarger voltage since Q = CJ(m + I)HAVy, and C[(m + 17~ ' j |
the capacitance between the strip and the ground plane, decreases wit
increasing m. The approximation that the charge density is the sain
independent of strip-ground-plane spacing is a necessary one to make sin®
there is only one charge density expression in the integral equation. Tn
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approximation is a good one and by using it we can express (3.160) in the
form

since by our assumption

W2 £ cosies cos «,,*' £-a)W+IItf
o-w/2, -1.3.... 4coH;,C
ax =V, =
Q " C(m + Dffy]

Prom (3.161) we now obtain the following solution for the distributed
capacitance C = Q/V:

C= ! . S (3.162)

+
L G BV cofm + it

where M is the number of terms that are kept. Since -q is negative the
series is an alternating one. Typically, from 10 to 40 terms are needed for
good accuracy. The evaluation can be done on a computer very quickly and
requires only a simple program to implement. However, we do require an
expression for the capacitance between a strip in air as a function of the
spacing above the ground plane, which is given below.

The exact solution for the capacitance between a strip of width 2w and
a distance H above aground plane is given in App. 111, along with tabulated
values as a function of 2W/H. For practical applications it is desirable to
have simple formulas that will enable the capacitance to be evaluated with
an accuracy of 1 percent or better. A number of investigators have proposed
such formulas which are based on approximate analytic solutions, along
with empirical adjustment of various numerical constants so as to achieve
the desired accuracy.! The following formulas give excellent results for the

tH. A. Wheeler, Transmission Line Properties of a Strip on a Dielectric Sheet on a Plane,
IEEE Trans., vol. MTT-25. pp. 631-647. August, 1977.

E. 0. Hammerstad, Accurate Models for Microstrip Computer-Aided Design, |IEEE MTT-S
Int. Microwave Symp. Dig., pp. 407-409. 1980.

E. 0. Hammerstad, Equations for Microstrip Circuit Design, Proc. European Micro. Conf..
Hamburg, W. Germany, pp. 268-272, September, 1975. Equations (3.163) and (3.166) come
from this publication.

S. Y. Poh, W. C. Chew, and J. A. Kong, Approximate Formulas for Line Capacitance and
Characteristic Impedance of Microstrip Line, |IEEE Trans, vol. MTT-29, pp. 135-142, Febru-
ary, 1981.
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capacitance per meter of a strip of width W at a height H above a

plane and with air dielectric: gfouiuj

2776, W
C = g W b+t (3163
N
w (W W
C=e, — + 1.393 + 0.667In — + 1.444 >1  (3.1636)
H \H H

These formulas give results that agree with those tabulated in App. m *.
within 1/4 percent.

The effect of finite thickness T for the microstrip on the distributed
capacitance is normally negligible. If necessary the effect of finite thickness
can be included by using an effective width W, where W, is given by the
following expressions due to Gunston and Weale:t

4ATTW\ W 1
We = WH+0.398T 1 + In <
H 21
2H W . 1
= W+ 0.398:r|l + In H oA

The above expressions can be used in (3.162) to evaluate the capacitance C
for a microstrip line with an isotropic or anisotropic dielectric substrate.
The effective dielectric constant e, for a microstrip line is given by

C (3.164)

el

where C, is the capacitance of the unsealed air-filled line. The charast@fistie
impedance is given by

|//\V Mo«o (3165)
e, C,

1/5-

Even though computations based on (3.162) are straightforward, there
is an easier way to find e. Schneider has presented a remarkably simp'
formula for the effective dielectric constant of a microstrip line with an
isotropic substrate.® This formula was modified by Hammerstad to improve

tM. A. R. Gunston and J. R. Weale, Variation of Microstrip Impedance with Strip Thickness.
Electron. Lett., vol. 5. p. 697, 1969.

tM. V. Schneider, Microstrip Lines for Microwave Integrated Circuits, Bell System Tech. e
vol. 48, pp. 1422-1444, 1969. Schneider's formula has a numerical coefficient of 10 instead °
12 multiplying the H/W term.
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the accuracy.t The modified formula, which we will refer to as the S-H
formula, is

+1 e-\( 12H -2 T

where F(e,H) = 0.02(e; - 1X1 - WH)*> for WH < 1 and equals zero
for WIH > 1. The last term accounts for the reduction in e, caused by the
finite thickness of the microstrip. We have checked the accuracy of this
formula against the results obtained by solving the integral equation and
found the agreement to be better than 1 percent for 0.25 < W/HH < 6 and
1 <e < 16. We can also adapt the SH formula to treat the case of an
anisotropic substrate as follows. For an anisotropic substrate we replace the
spacing parameter H by the effective spacing He given by

H“ 1

¥

and use the geometric mean e; = yeCy f°' *-™ dielectric constant e;. The
S-H formula gives the capacitance of a microstrip line with spacing He and
dielectric constant ey relative to an air-filled line with the same spacing He;
thus

C{enge) e + 1 e n - | / Hn \|I/2 [l tT v

The effective dielectric constant is, however, given by the ratio of C(gy, He)
to the capacitance of the air-filled unsealed line according to (3.164). Hence,
for the case of an anisotropic substrate, we have

e, = v | ©o-| 1+ 12-/\H'A_A +F(c,,ff.) m* * ))

The capacitances for the air-filled lines are readily computed using (3.163).

For comparison purposes, typical results obtained for e, using (3.162),
formulas (3.166) or (3.167), and those obtained by solving the integral
equation are given in Table 3.3. Also listed are the number of terms needed
in the formula (3.162) to give a numerical convergence of 0.3 percent.
Overall, al three methods give values for e, that are in close agreement.
Equation (3.162) gives values that are on the high side for wide strips and
substrates with large dielectric constants. This is caused by the variation in
charge density with strip spacing above the ground plane, which is more

tE. O. Hammerstad. loc. cit. (1975 paper).
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TABLE 3.3
Comparison of values for effective dielectric constant using

different formulas

Integral Integral
equation Eg. (3.162) Eg. (3.166) equation Eq. (3.162) Eq. (3.166)

W/H 6,=2 e =5.12, e, = 3.4t

0.25 1.588 1.589 an 1.583 2.671 2.675(15) 2.69
0.5 161 1.612(7) 1.605 2.694 2.698(15) 2.721
1 1.645 1.649 (7) 1.639 2.731 2.734(15) 2.731
2 1.696 1.699(7) 1.689 2.797 2.802 (16) 2.794
. 1.762 1.761 (8) 175 2.906 2.929 (16) 2.890
6 1.801 1.799 (8) 1.789 2.979 2.944 (16) 2.963

* =6 *1=10

0.25 3.896 3.896 (22) 3.913 6.195 6.192(36) 6.244
0.5 4.003 4.004 (22) 4.025 6.387 6.40 (37) 6.445
v 4,173 4.169(22) 4.193 6.69 6.70 (37) 6.748
2 4.428 4.447 (23) 4.444 7.15 7.16(38) 7.201
4 4,763 4.837 (23) 4.75 7.757 7.946 (39) 7.750
6 4.966 5.012(23) 4.943 8.127 8.303 (40) 8.098

tBoron nitride.
jThe numbers in parentheses are the number of terms used in the numerical solution.

pronounced for wide strips. From the tabulated results it can be inferred
that the modified Schneider's formula will be acceptable for most applica
tions since even the dielectric constant of the substrate is often not known
to an accuracy much better than 1 percent. The following two examples will
illustrate the application of the above formulas to microstrip lines.

Example 3.4. A microstrip line uses a substrate with dielectric constant
¢ = 9.7 (alumina) and thickness 0.5 mm. The strip width isaso 0.5 mm. We
wish to find the effective dielectric constant, the characteristic impedance, and
the microstrip wavelength at a frequency of 2 GHz.

Since the substrate is isotropic, we use (3.166) to find e.. Thus sSnce
WH = 1,

107 87
rAS(1 + 12) Y2 = 6556

In order to evaluate Z, using (3.165), we first find C, using (3.163). Thus
& m(8 + |) = 2978
From (3.165) we get

120TT

2078vA7  2.978%6.556 104N
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At 2 GHz the propagation constant is /3 = -~21Tn, = 1.0725 rad/cm. Hence
A = 2ir//3 = 5.858 cm. The wavelength can also be found using A = Ao/ j/eM.

Example 3.5. A microstrip line uses a sapphire substrate 1 mm thick and

having « = 9.4, g = 11.6. We want to find the effective dielectric constant

and characteristic impedance for the case when the strip is 0.5 mm wide.
Since this substrate is anisotropic, we first find e; = Je.g, = 10.44 and

He = yjg/xyH » e.9mm_Wenowuse (3 167) tq find e,. By using (3.163a) we

get the ratio

Ca(He) 2.347

= 1.0385

ca(B) 2.26

From (3.167)
\Y
1144 944 r
e, = 1.0385 5 1+ 128—)’% +0.02x9.44x 8
=7.02
From (3.163a) we get CJ.H) = 2.26«, and using (3.165) gives
120TT
2= 2.26/02 - 62%n

Microstrip Attenuation

Dielectric losses and conductor losses will introduce attenuation. The atten-
uation caused by the finite conductivity of the conductors is accounted for
by the series resistance R, while attenuation caused by dielectric loss is
modeled by the shunt conductance G in the distributed circuit model of the
microstrip line. The separate attenuation constants are given by

a, =— (3.168a)
2Zc
G
«d - (3.168b)
and the total attenuation is given by
a=a+ qq (3.168c)

The attenuation in decibels per unit length is obtained by multiplying a by
8.686.

We will first examine the attenuation caused by dielectric loss. The
dielectric loss arises when the permittivity e is complex, that is, e = €' -je".
The loss tangent

6"
tan8,= — =81
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is the usual given parameter for a dielectric material. Maxwell's equation

V X H=jweE + ooE =yWE + (<o€" + a)E

shows that cue' can be viewed as the effective conductivity of a In
dielectric when the ohmic conductivity a is zero. Normally we can assu
that cr = O except for a semiconductor substrate, in which case o- win

depend on the doping level.

The electric energy stored in the substrate region of the microstrip li,

is given by

W, = —( E » E*tfV
¢ 4-\9,

where V, is the volume of the substrate region per unit length of line. The

power loss due to dielectric loss is given by

toe" ,
/ E« E*dV
2 J,.

P, =

Thus we see that

If the dielectric filled all of the space around the microstrip, we could eguate

Wy to CV?%/4 and P, to GV'42 and thereby obtain

we
G= —C

€

However, for a partially filled line some of the electric energy is located in

the air region that occupies a volume we will call V,. Consequently, we have

e e , CV2

Wy + W = -~E « E*xdv+ -fE o E*dVv = —
If we had an air-filled line, we could write
Cc V?

e e
Wei + We, = -2/" 5 * EXdV+ 4f E « EXdV= Y-
4 -, 4 Jy,

with the understanding that the electricfieldin the two cases will not bet
same. There is no simple exact way to determine how the electric energy
split between the two regions. There is, however, an approximate method
find the division of the total energy between the two regions and ~'”°
based on the assumption that the volume integrals of E « E* in thet
cases are approximately the same. By making this assumption we can vW

eh + gl, = CV?
el, + el = Co\V?
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where Iy and |, represent the values of the integrals over V, and V,,
respectively. The above two equations can be solved for /, and /, to give

e - & e ~ &
where €, = €/g. The fraction of the total energy in the dielectric region is
<./, e't(C-C,) e',e,-| €,

where we have used C = e.C,. The parameter o: is called the filling factor. If
g was found independently, then we could solve for e, to get e, = €,q +
(1 ~ g). The parameter q is the ratio of the integral of E « E* over the
volume V, to the integral over the total volume V, + V,, that is, q =
IT/(/] + 1) and clearly represents a filling factor.

With the above assumption regarding no change in the volume inte-
grals for the two cases, we see that G, as given earlier, should be reduced by
the same fraction by which the total electric energy was split since there is
essentially no loss in the air region. Hence an estimate for G is

G=—7—r—C (3.170)
By using Z. = yeJy"tye,/C we obtain

GZ: J € e -1
a= — = —l=- -tanS, (3171)

for the attenuation constant due to dielectric loss. In the derivation we used
a>ijngy = ko = 27r/Ag. As an example if €, = 9.7, e, ~ 6.55, and tan 8, =
2 X 1CT* we get ag = 152 X 10" * Np/wavelength. In decibel units this
equals 0.013 dB/wavelength, which is arelatively small value. The attenua-
tion caused by conductor losses will be significantly larger. Equation (3.171)
is valid for isotropic substrates only.

We now turn our attention to evaluating the attenuation caused by
finite conductivity of the microstrip and the ground plane. The continuity
equation (3.138b) shows that the current density J. along the conductors
varies the same way as the charge density. Thus on a conducting strip of
width W the current density will be similar to the charge density given by
(3.156). At the edge of an infinitely thin strip, the current density will
increase inversely proportional to the square root of the distance from the
edge and becomes infinite at the edge. However, the density can be inte-
grated to give a finite value for the total current. But since power-loss
calculations require integrating the square of the current density, we would
find that for the current density on an infinitely thin strip we would obtain
infinite power loss. In practice, the conductors have a finite thickness and
the current density is less singular at the edge and the power loss is finite.
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Consequently, it is necessary to take into account the finite thickness of
conductors. In addition, it is necessary to determine how the total cu,
divides between the two faces of the microstrip since the presence /"
ground plane results in an unequal division of the current for strip win!
greater than one-half of the spacing above the ground plane.

The current distribution, current division, and power loss can
evaluated using conformal mapping techniques. In order to obtain usef
formulas, some approximations are necessary. The analysis for a microsfJ;
line is carried out in App. Il and the results obtained are repeated hp”
(note that in App. Ill the strip width is 2w and the thickness is 2r, where
here we use W for the width and T for the thickness). The normalized
series distributed resistance for the microstrip is R, where

RW 1 1 4irw
=LR - + -"m—— (3.172)

The loss ratio LR is given by

v
LR=1 — <05
3173
w /wy w (3173)
LR = 0.94 + 0.132— - 0.0062 — 05< — <10
H \ H} H

The loss ratio gives the increase in resistance that results from an unequal
division of the current. The normalized series resistance R, of the ground
plane is given by

R, W/H W
W— = 0l1<— <10 (3174
Rm WH + 5.8 + 0.03H/W ~ H ~ v

This formula states that the effective width of the ground planeis W + 5.8H
and having uniform current density. The skin-effect resistance R, is given
by Rm = (w/i/a)*'?. For copper with a conductivity of 5.8 X 10" S/m. w®
have R, = 8.22 x 10-3/7 ft where f is in gigahertz. The total series
resistance is R, + R* and thus upon using (3.346) we get

X1 + R (3.1751
27¢

for the attenuation caused by conductor losses. For the quasi-TEM ™
the magnetic field, and hence the conductor losses, do not depend on
substrate material. o
The equations presented above predict somewhat higher theoreti
attenuation than that obtained from a formula developed by Pucel, M»
and Hartwig using Wheeler's incremental inductance rule.t Our form™'*

a, =

tR. A. Pucel, D. J. Masse, and C. P. Hartwig, Losses in Microstrip, IEEE Trans., vol. *4T»"
pp. 342-350, June, 1966.
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appear to be in better agreement with experimental results. For practical
microstrip lines surface roughness can increase the attenuation by as much
as 50 percent or more depending on the scale of surface roughness relative
to the skin depth. The etching process does not produce a perfectly flat end
face at the sides of the strip- Some undercutting of the edge occurs along
with some roughness, which will also result in an increase of the attenua-
tion above the theoretical values.

Example 3.6. We wish to find the attenuation for a microstrip line using a
copper strip of width 0.5 mm, a spacing of 0.5 mm above the ground plane, an
alumina substrate with e = 9.7, and a loss tangent of 2 x 10 * The strip
thickness T is 0.02 mm. The frequency of operation is 4 GHz.

The effective dielectric constant and characteristic impedance were found
in Example 3.4 and are e, = 6.556, Z. = 49.44 il. The wavelength of operation
is 7.5 cm. The attenuation caused by dielectric loss was calculated after (3.171)
was presented and is 1.52 X 10~° Np/wavelength or 2.02 x 10~* Np/cm.

For this microstrip line WH = 1 and W/IT = 25. From (3.173) we find
that the loss ratio is 1.0658 and (3.172) gives

1.0658 X 8.22 x 10 3vf /1
R = -+ — In IOOTT

! 0.05 \ir ir?

= 3.157 x 10~° n/cm

By using (3.174) we obtain

8.22 X 10-°/4 ,
R =481 X 10'“fl/cm
o~ 0.05 5.8 + 0.03

For this case the loss in the microstrip is a factor of 6.5 greater than that in
the ground plane. The reason for this is the high current density near the
edges in the microstrip as compared with a more uniform current distribution
over a wider area on the ground plane. By using (3.175) we find that the
attenuation due to conductor loss is

3.157 x 10-' + 4.81 X 10~?
e o 2 X 49.44 = 3u68 % 10 Np/Cm

This attenuation is 18.4 times greater than that caused by dielectric loss. The
total attenuation is

a=a + a; = 3.88 X 10"% Np/cm

which equals 0.0337 dB/cm. Surface roughness could result in a real
attenuation 15 to 25 percent higher than this at 4 GHz. In this example we
neglected the correction to e, and Z. due to the finite thickness T since it is
small.
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Properties of Microstrip Lines

The equations describing the quasi-TEM mode can be used with accent v
accuracy for frequencies up to 2 to 4 GHz for a substrate thickness of |
For a substrate 0.5 mm thick, the upper frequency limit would be 4
GHz. When these limits are exceeded, it is necessary to take into acco *
the frequency dispersion of the effective dielectric constant and the cha
in characteristic impedance with frequency. At the higher frequencies ti
electric field becomes more confined to the region between the microst*
and ground plane. The greater concentration of the field in this rem '
results in an increase in the effective dielectric constant as well as increase

Dh
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"~Q 4 8 12 16 20 24 Win GHz mm
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FIGURE 3.25

19%6%

(a) Effective dielectric constant for a PTFE/microfiber glass substrate with e, = 2.26, ty
(6) characteristic impedance.
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(a) Effective dielectric constant for an RT/Duroid 6006 substrate having e = 6.36, e = 6;
(b) characteristic impedance.

attenuation because of a greater concentration of the electric field in the
substrate which has some loss. The conductor loss aso increases because
the skin-effect resistance R, increases and more of the current flows on the
inner face of the microstrip.

In order to determine the effective dielectric constant at high frequen-
cies, it is necessary to carry out a full wave analysis, i.e., the complete set of
equations given earlier for the potentials must be solved. In Figs. 3.25 to
3.28 we show the dispersive properties for four common substrate materi-
als, aPTFE/microfiber glass substrate with e, = 2.26, e, = 2.2, RT/Duroid
6006 with e = 6.36, e = 6, alumina with g = 9.7, and gallium arsenide
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0 4 8 12 16 20 24 FH in GHz mm

[ Characteristic impedance
100 r

s 8 12 16 20 24 FHin GHz mm

(b)
FIGURE 3.27 B ~ 2

(a) Effective dielectric constant for an alumina substrate with c, = 9.7; (6) characterise
impedance.

with e = 12.9. An examination of these figures shows that dispersion
effects are more pronounced for wider strips and large dielectric constants-

Along with each figure giving the effective dielectric constant as®
function of normalized frequency is a figure showing the characterise
impedance as a function of normalized frequency. The normalized frequency
isthe actual frequency in gigahertz multiplied by the substrate thickness®
millimeters. Thus, for substrates 0.5 mm thick, the frequency range covert
is0Oto48 GHz.

When the propagating mode is not a TEM or quasi-TEM mode, thf**
is no unique value for the characteristic impedance because it is not P°59'\J
to define a unique value for the voltage as given by the line integral o**
electric field between the ground plane and the microstrip. The characte™*®"

1
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(a) Effective dielectric constant for gallium-arsenide substrate with e, = 12.9; (6) characteris-
tic impedance.

tic impedances given in Figs. 3.25 to 3.28 are based on using the following
definition for the equivalent voltage:

_ _ A 10<P\
v=-IV*=[>">"1 o
_ ‘o . 0\ _dy
where the path of integration is along a straight line' from the ground plane
to the center of the microstrip. The current / is chosen as the total
2-directed current on the microstrip and Z. was calculated from the ratio
V/I. In general, the power flow along the microstrip transmission line will
not equal |V7. The characteristic impedance can be defined in terms of the
power flow P by choosing either the current / or voltage V according to the
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above definitions and using

2

Z
22

to find Z.. These two equations will give different values for the characterk.
tic impedance with neither one being equal to VI/I.

The lack of a unique value for the characteristic: impedance is not a
great disadvantage since microstrip junctions and discontinuities can be
described by equivalent circuits using any convenient definition for the
characteristic impedance. In Chap. 4 we will find that an equivalent trans-
mission-line circuit theory can be formulated for any waveguiding system
and does not require that there be a unique characteristic impedance
associated with the propagating modes.

For computer-aided design (CAD) of microstrip circuits, it is important
to have simple formulas that can be used to find the effective dieectric
constant. Many different formulas have been proposed. The most accurate
one that covers the full range of parameter values likel}* to be encountered
was developed empirically by Kobayshi and is given below:t

1 ] . 1] 3|II6
<">-'"-itowu (3u)
where
K- 075 + (0.75 ~ 0.332c;* ®y\WH
47.746 B e(0) ~ 1
" He -ef0 |0
m = mgm < 2.32
mo= 1+ ===== + 0.32(1 + JWH)
1+ n 235e  ad5flr n/
YTWTHO® 1 0228 52Te) H-°
m, = W
— > 07
H
inCA»

tM. Kobayashi. A Dispersion Formula Satisfying Recent Requirements in Microstnp
IEEE Trans,, vol. MTT-36, pp. 1246-1250, August, 1988.
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In these formulas H is in millimeters, the frequency f is in gigahertz, and
whenever the product mgm. is greater than 2.32 the parameter m is
chosen equal to 2.32. The effective dielectric constant at the frequency f is
e f) and e,(0) is the quasistatic value which can be found using (3.166). It
requires only a simple computer program to evaluate eff) using Kobayshi's
formula. The accuracy is estimated to be within 0.6 percent for 0.1 < W/H
< 10, 1 < e < 128 and for any value of H/Ax.t

In microstrip circuit design where junctions of microstrip lines with
different widths are involved, it is necessary to characterize the junction in
terms of an equivalent circuit. The parameters of this equivalent circuit will
depend on frequency. The equivalent characteristic impedances that are
assigned to the microstrip lines are arbitrary and often are simply chosen to
have normalized values of unity. Any impedance level change that occurs at
thejunction is incorporated as part of the equivalent circuit of the junction.
For these reasons we will not quote any of the formulas that have been
proposed for evaluating characteristic impedance as a function of frequency
because they are of limited use in practice.

Simple formulas giving the attenuation of microstrip lines at high frequen-
cies do not exist. Equation (3.171) can be expected to give a good estimate
for the attenuation due to dielectric loss provided e. is replaced by the
effective dielectric constant that applies at the frequency of interest.

A realistic evaluation of the attenuation caused by the finite conductiv-
ity of the conductors requires evaluation of the current density on the
microstrip and the ground plane at the frequency of interest. In general, the
current tends to be more uniform across the microstrip at high frequencies,
particularly for wide strips. In Fig. 3.29 we show several computed current
distributions at frequencies of 10 and 20 GHz for an alumina substrate 1
mm thick. The quasistatic current distribution is also shown. The current
density has been normalized so that the total current on the microstrip
equals W. In view of the tendency for the current density to become nearly
uniform at high frequencies for wide strips, the attenuation constant can be
estimated with fair accuracy by assuming uniform current density over a
width W on both the microstrip and the ground plane. In this limit the
attenuation caused by the conductor loss for wide strips that are not too
thin is given by

ac="E- (3.177)
C VVZC \

tThe author has verified the accuracy of Kobayshi's formula by comparison with calculated
numerical results for 0.25 <, WIH < 6 and 2 se < 12.
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FIGURE 3.29

Current distribution on the microstrip for an alumina substrate with H = 1 mm and two
different widths. The broken curves give the quasistatic distribution, (a) W= 2 mm, f=M
GHz; (6) W= 2 mm, f= 20 GH?, (;) W= 6 mm, f= 10 GHz; id) W =6 mm. f= 20 GHr

For narrow strips and high frequencies, no simple formulas for atten
ation appear to be available. For narrow strips, say W/H < 1, the qu»
sistatic formula (3.175) is probably a reasonably good estimate since M*
current density does not depart significantly from the quasistatic distn
tion for narrow strips.

3.13 COUPLED MICROSTRIP LINES

When two conducting strips of width W are placed side by side
dielectric substrate above a ground plane as shown in Fig. 3.30a, we 0

a coupled microstrip line. Since this is a three-conductor transmission
there are two fundamental quasi-TEM modes of propagation. The vy
mode is the mode corresponding to both strips being at the same potent*
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FIGURE 3.30

(a) Coupled microstrip line; (6) the electric field distribution for the even and odd odes; (c) the
current distribution for the even and odd modes.

and on which the same currents exist. The odd mode corresponds to the
strips being at opposite potentials, -V and V, relative to the ground plane.
For the odd mode the currents on the two strips are also equal in ampUtude
but of opposite sign. A sketch of the electric field lines for the two modes is
shown in Fig. 3.306. For isolated stripsin air, i.e., with no ground plane and
substrate present, the theoretical current distributions for the two modes
are:t

J'(X) (3.178a)

V(* 2_% ?)(* £ 2)
</*(*) = ,\(*2_*?)(*!_*2) (3.1786)

tR. E. Callin, "Field Theory of Guided Waves," 2nd ed., chap. 4, |IEEE Press, Piscataway, N.J.,
1991.
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For the even mode the factor x in the numerator reduces the arnpUturt
the singular behavior near the inner edges at x = *x, When x; equals * °*
the current singularity at +.r, vanishes and J'(X) becomes the exDe/°
current density on a single strip 2x, units wide. For the odd tnodp
current singularity at the inner edges =x; is more like a 1/x sinmil e
when *! is very small. This is caused by the strong electric field acrn
very narrow slit with the adjacent conductors at opposite potential TO
current distribution for the two modes is shown in Fig. 3.30c.

The coupled microstrip line is used in various directional counl
designs and these applications will be discussed in Chap. 6. The imports
parameters describing the quasi-TEM mode properties of the coupled mi
crostrip line are the even- and odd-mode effective dielectric constants €' ¢°
that determine the two propagation constants, and the even- and odd-mode
characteristic impedances Z%, Z'. An important parameter in directional
coupler design is the coupling coefficient, which is given in terms of the
characteristic impedances of the two modes by

ye___yo
c=j~ (3.179,

The coupling coefficient is commonly expressed in decibel units, that is,
201log C. In a coupled microstrip line it is not practical to achieve much
more than a 2.5: 1 impedance ratio; so strong coupling cannot be realized in
a simple coupled microstrip directional coupler. However, other designs are
available, so this is not a problem for the microwave circuit engineer.
There are no simple formulas giving the quasi-TEM properties of
coupled microstrip lines that have an accuracy comparable to that for
microstrip lines. Bahl and Bhartia list formulas characterizing coupled
microstrip lines that give results which are acceptable for noncritical appli-
cations.! The computer program CMST implements these formulas. We
have checked the accuracy against numerical results obtained from a full
wave solution for an alumina substrate. The effective dielectric constants
were found to be accurate to within 3 percent. The characteristic impedance
for the even mode was also found to be accurate to within 3 percent. For tW
odd-mode characteristic impedance, the error was as large as 8 percent w
WH = 1, SH = 0.25, but considerably less for larger values of W/H ana
SH. of
The dispersion properties for coupled microstrip lines on a variety
different substrates have been computed by Morich.? In Figs. 3.31 to o-

9 Son®
tj, Bahl and P. Bhartia. "Microwave Solid State Circuit Design,” p. 28, John Wiley * """
Inc., New York, 1988.

JM. Morich, Broadband Dispersion Analysis of Coupled Microstrip on Anisotropic
by Perturbation-lteration Theory, M.S. Thesis, Case Western Reserve University, dev/®'*
Ohio. May, 1987.
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FIGURE 3.31

Dispersion characteristics of a coupled microstrip line on an alumina substrate. SH = 0.25,

e = 9.7. (a) Even- and odd-mode effective dielectric constant; (b) even- and odd-mode charac-
teristic impedance and coupling coefficient C.
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Dispersion characteristics of coupled microstrip line on a gallium-arsenide substrate. "
0.25, « =* 12.9, (a) Even- and odd-mode effective dielectric constant; (6) even- and odd-m
characteristic impedance and coupling coefficient C.

rises to a value of 0.524 at FH = 20 GHz mm. A coupling coefficient of O-'
is needed for a 6-dB directional coupler. The effective dielectric constant
the odd mode is smaller than that for the even mode because a '\
percentage of the electric field energy is located in the air region-
capacitance between closely spaced parallel strips at opposite potential
large so the characteristic impedance of the odd mode is smaller than

for the even mode for the normal range of parameters involved. For "
strips \vith large spacing, there is very little coupling and the two n*
impedances will be almost the same.
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Dispersion characteristics of coupled microstrip line on an RT/Duroid 6006 substrate. SH =
0.25, e = 6.36. (a) Even- and odd-mode effective dielectric constant; (b) even- and odd-mode

characteristic impedance and coupling coefficient C.
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STRIP TRANSMISSION LINES

The basic strip transmission line consists of a conducting strip embedded
a dielectric medium between two ground planes as shown in Fig 30,'"
Figures 3.346 and c illustrate coupled strip lines. For broadside CQ, ,*
strips as shown in Fig. 3.34c, the coupling coefficient is significantly great*

than for coplanar strips. Thus the strip line with broadside coupled string
suitable for directional couplers where a coupling of 3 dB is required Si
the dielectric completely surrounds the strips, the strip line and the coubieH
strip line support pure TEM modes of propagation. There is no frequen

dispersion or change in effective dielectric constant with frequency. ConsZ
quently, for the coupled strip line the even and odd modes of propagation

have the same phase velocity, which is also a desirable feature for direc-
tional coupler design.

For the symmetrical strip line and coupled strip line, the TEM-mode
characteristic impedance is readily found from the distributed capacitance
with the latter determined by conformal mapping techniques. The dis
tributed capacitance for the symmetrical strip line is found in App. in.

w
k&
LW 1s1 W :
\ HNMM AL N i o T mi——
B ’y Yy 4 F T E Y F |
| S -~ Even mode
Even mode
o Ty 4//
[ . et
Pl AR W i "““1\-“‘».
¥ i 1 I
FIGURE 3.34 oupKs<!

(a) The basic strip-line configuration; (6> coupled strip line using coplanar strips: ic) - 7
strip line using broadside coupled strips. The electric field lines for the TEM modes are
shown.
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From the given expression (111.27) and using (I11. 13c), we have
Zo K(K) ZK

3.180
*& K(k) Aj7.K' ( 3)
where
k= k' = tanh iv
cosh-rt W/4H
K 1 /7 1+\[k o K
W= AN TWT Eresd
K 1 / 1
-1 n2- O0<k<O0.7
~K' 1-/*

and e is the dielectric constant of the dielectric material that completely
surrounds the center strip. For W > 2H the formula for Z. reduces to the
simple form

Z = — = W 2H (3.1806)
8yiz(In2 + TTWI4H)

For a very narrow strip

16H
= W< OAH 3.180c
2= onyic. Frw (3.180c)

Since the dielectric material completely fills the strip line, the attenuation
due to dielectric loss is given by (3.87a) and is

; iTi/e, tan o,
as= '8 r (3.181)
Aov”h

Formulas for the attenuation in a strip line due to conductor losses
and assuming an inner conductor of elliptical cross section have been
derived using conformal mapping techniques.t In App. Il it is shown that
the series resistance of an isolated conductor of elliptical cross section is
greater than that for a conductor with a rectangular cross section. By using
an equivalent center thickness T, for the conductor with elliptical cross
section, the two series resistances will be equal provided T, is chosen to be

AWT
T = e (3.182)

tR. E. Callin, loc. cit, chap. 4, egs. (73), (74). and (76).
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We will assume that this equivalence is also a good approximation f
conductor placed between two ground planes. On this basis the attenua/ ?
by the center conductor is rof

TTi?,, | 16HK
8 = 16ZHKZK | KirT. (®-183)
and that due to the ground planes is
“RuW
°<? BAZH* KK (3.1836)

For wide and narrow strips these formulas reduce to the following simpli-
fied forms:

8H TTW
R 7, At .t IH
<l Wir—— AW~ WM (31843)
° »* T 1S
rrR"W
«©2 = / i W>2H (3.1846)
8ZH?> In2 + —-
\ 417
4w
2Rje\n —
a = W< 0AH (3.1
(]
p, = 16 W < OAH
27Z,H\n ™

Suitable formulas for evaluating K and K' are given by (I11.13) in App
The total attenuation for a strip line is given by

€= Kg4 Kele€en (3-17

Example 3.7. A strip line has a ground-plane spacing 2H = 1 cm and use=
centered copper conducting strip of width W= 1 cm and thickness T -
cm. The dielectric filling material has a dielectric constant €, = 22 anda
tangent equal to 10~°. We want to find the characteristic impedance
attenuation at a frequency of 10 GHz. For thisline WIH = 2, so (3.1806"°

be used. Thus
120TT?
Z< T gvn2(In2 + 7r/2) T A0S
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The wavelength of operation is 3 cm; so by using (3.181) we find the attenuation
due to dielectric loss to be

irg2 X 10 °
«* e 3
= 155 X 10 ¥ Np/cm or 1.35 x 10'2 dB/cm

From (3.182) we obtain T, = 0.00742 cm for the equivalent thickness. We can
use (3.184a) to find

4 ,
8.22 x 10-%y'10vf2.2 M-_  0.00724 2

240,7X0.5 \2 + -
2

= 3.034 x 10"* Np/cm or 2.635 x 10 7 dB/cm
From (3.184b) we obtain

8.22 X 10 °\TO J22v
2 - 8 x 12077 x 0.5%(In2 + -/2)

= 7.096 x 10 ° Np/cm or 6.163 x 10~* dB/cm

The total attenuation is 0.0167 dB/cm. For this transmission line the dielectric
loss is greater than the conductor loss.

According to a formula for strip-line conductor attenuation developed by
Cohn, we would get a, = 3.236 x 10~° dB/cm, which agrees very closely with
3.25 x 10 ® dB/cm obtained with our formulas.t

COUPLED STRIP LINES

For copianar strips of width W and spacing S, the even- and odd-mode
characteristic impedances are given by$

¢ 4/ K(k)
JIKIiKI (3.1366)
' {TK(kn)

tSee H. Howe. "Strip Line Circuit Design,” eg. (1.5), Artech House Books, Dedham, Mass.
1974.
iS. B. Cohn, Shielded Coupled Strip Transmission Line. IRE Trans., vol. MTT-1J. pp. 29-37,
October, 1955.

S. B- Cohn, Characteristic Impedances of Broadside-Coupled Strip Transmission Lines, IRE
Trans., vol. MTT-8, pp. 633-637, November, 1960.

S. B. Cohn, Thickness Corrections for Capacitive Obstacles and Strip Conductors, IRE
Trans., vol. MTT-8, pp. 638-644, November, 1960.
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where

(W WA [TT W+ S

and
K=VIl-*2 Ao=1/l-* 2.

Note that KXA") = J?(A). For the evaluation of K and #' see (111.13).
For coplanar strips with a thickness T,

_ e |
T 47~ {W+(H/TT)CA) :

In[l + tanh(7rS/4H)]
= +

- €0 W > Qm (3.187)

In2
In[I + coth(irS/4/f)]
A =1+
- In2
(4H -T T(4H- 7)

otf (2H- T)?

For broadside coupled strips as shown in Fig. 3.34c, the even- ad
odd-mode characteristic impedances are given by [valid for W > 0.35S,
W> 0.7/7(1 - S2H)]

S+ 2T 2H
e Woon o 4 2H
A ST» - , Mon - s o1 oH-s2T ' 4+ o1
(3.188a)
f W W 2 1+ n T T
2n 2f/-S-2T*S*CeVr . S -5)-9"-s
(3.1886)
where
2//- 2T 2tf - 2T 8 2H-2T
"= s Inysor + oHs2or

1
All of the characteristic impedances given above refer to the impedance frcf

one strip to the ground planes.
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FIGURE 3.35
(a) Basic coplanar transmission line; (6) a shielded coplanar transmission line; (c) electric field
distribution.

COPLANAR TRANSMISSION LINES

An illustration of a coplanar transmission line is shown in Fig. 3.35a. A
shielded coplanar line is shown in Fig. 3.356. The strip width is S and the
strip to ground-plane spacing is W. The coplanar line is often called a
coplanar waveguide (CPW), The most significant advantage that a coplanar
line has over a microstrip line is the ability to connect active and passive
circuit components in shunt from the conducting strip to the ground plane
on the same side of the substrate. In a microstrip line a connection to the
ground plane requires drilling a hole through the substrate which is some-
what difficult for ceramic materials such as alumina. Figure 3.35c shows
the electric field distribution in a coplanar line.

The characteristics of a coplanar line at low frequencies can be deter-
mined by conformal mapping techniques. A solution for the coplanar line is
given in App. Ill. For the ideal case when the ground planes are very wide
relative to the slot width W and the dielectric substrate is very thick, the
electric field has the same distribution as for a coplanar fine in air. The
reason for this is that the mapping of the air-dielectric boundary, shown as
the intervals BC and EF in Fig. 111.4, is the two parallel sides in the ideal
parallel-plate capacitor shown in Fig. 111.3. Thus the solution for the
potential is not affected by the presence of the dielectric. The distributed
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capacitance of the coplanar line is thus the capacitance of one-half of
air-filled line plus one-half of that for a line completely surrounded”
dielectric. This capacitance isgiven by Ill.14 and for the line with digle *
on one side only we have

K K (e,+ 1) K
C~2e0_+2e1'a)_-470_- - (3 A

where K(k) and K' = K(k) are again the complete elliptical integrals
the first kind. The modulus k is given by the ratio

1 S2 S
KT YKk T W+ 27 S+ 2W <%90)
since in Fig. Ill.4 the center conductor extends from -1 to 1 and the

ground planes begin at u = =%(I/k). From (3.189) it is clear that the
effective dielectric constant for the coplanar line is given by

e+ 1
2 (3.191)
Consequently, the characteristic impedance is given by
ZK'
Z< = TT/\ <3192)

When the substrate material is anisotropic with a dielectric constant e, in
the direction perpendicular to the air-dielectric interface and e in the
direction parallel to the conductors, then e should be replaced by e;=
yjze, in (3.189) and (3.191).

In most applications it is hecessary to provide shielding of a microwave
circuit. If the shield dimensions are large, the shield will not produce a
significant effect on the line characteristics. In monolithic microwave inte-
grated circuits, the substrate is very thin and fragile; so it is desirable to use
another ground plane below the substrate to mechanically strengthen tj
overall circuit and to also provide a better heat sink to help dissipate tne
power generated by active devices. Ghione and Naldi have considered
number of different shield arrangements as well as coupled coplanar line*
We will present results only for the shielded coplanar line shown in £
3.356. For this structure the effect of the widewalls, spaced by amount
is negligible provided 2A > 10(S + 2W). We will assume that this is ™
case. Ghione and Naldi make the assumption that the air-dielectric inter
in the slot regions can be replaced by magnetic walls in order to simplify

tG. Ghione and C. U. Naldi, Coplanar Waveguides for MMIC Applications: Effect of 'P $
Shielding, Conductor Backing, Finite Extent Ground Planes, and Line-to-Line Coupling.
Trans., vol. MTT-35. pp. 260-267, March, 1987.
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conformal mapping solution. The assumption is a correct one only for the
case when the upper and lower shields are spaced the same distance from
the coplanar line, that is, H = Hy in Fig. 3.356. For the line dimensions
encountered in most practical applications of coplanar lines, the assumption
does not introduce significant error. The advantage of this assumption is
that it decouples the air and dielectric regions; so it is only necessary to find
the capacitance of the air- and dielectric-filled sections separately.

It was found that the effective dielectric constant is given by

«e= 1+ ofe- 1) (3.193a)
where the filling factor q is given by
KikJ/KjK'J
Q K(k2)/K (k2)+K(K)/K(K) (3-193*;

K is the complete elliptic integral of the first kind, k\ and k', are the
complementary moduli given by y 1~ k\ and yl - k%, and

tanh(irS/4H)

1= t‘aﬁhfi'r’(% M oW\ (3.193c)
tanh(TrS/4/7,)
* 77 tanh[7r(S+2W)/4ff,] (3.193¢/)

The characteristic impedance is given by

Zn

(3.194)

2T K(k)/K(K\) + K{ka)/K(ko)\
The ratios K/K' are easily evaluated using Il11.13c. For an anisotropic
substrate e should be replaced by ¢; = Jeey and H should br replaced by

the effective thickness He = Je/e, H. When H and //, are very large, &,
and k,, become equal to k given by (3.190) and the filling factor o equals
0.5.

If the lower shield plate is replaced by a magnetic wall, we obtain an
approximate model of a coplanar fine with a substrate of finite thickness H
and with an upper shield at a spacing H, above the coplanar conductors.
For this case Ghione and Naldi give

q= (3.195a)
K[ko)/K[K'2) +K(K)/K(K)

Z. = r (3.1956)

2ird K (k) K(K )+ K(K/K{k-)}
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where

sinh(7rS/4H)
3 sinh[ir(S + 2W)/4H]

and k; is given by (3.193d), k is given by (3.190), and e; is Qjve
(3.193a). When H, is made infinite k, becomes equal to k. The result
structure is an unshielded coplanar line with a substrate having a fi,
thickness H.

Example 3.8. A coplanar line with upper and lower shielding and used in *-
MMIC circuit has the following dimensions: S = 50 /f.m = 0.05 mm, IV =jr
nm, H = 250 jim, //, = 800 Mm. The substrate material is gallium arsenide
with e «= 12.9. We want to find the effective dielectric constant ad
characteristic impedance. The first step is to find ky and k, using(3.193.)and
(3.194c). A straightforward evaluation gives <fg = 0.3547, k, = 0.33547. We
now use (Il1.13c) to find K{k)/K(K) = 0.6573, K{k;)/K(k;) = 0.6414. By
using (3.193a) and (3.1936), we get q = 0.506 and e, = 7.0228. The lat
calculation is for Z. using (3.194) and gives Z,. = 54.77 12. This example shows
that for the shield spacings used very little effect on the coplanar-line
characteristics occurred as is apparent from the fact that k-, = k, and g = 05.
relationships that hold exactly when no shields are used.

The attenuation in a coplanar line caused by dielectric loss is given by the
same formula as for a microstrip line, i.e.,, by (3.171). By using the filling
factor g this can be expressed as

q tan 8, (3-196)

K

This formula can be used for shielded and unshielded lines as long as ftft
appropriate filling factor q is used.

For thin conductors with thickness T less than 0.05S and with a sl»
width W > 0.3S, the formula for the unshielded coplanar-line attenuation
derived in App. IIl can be used. The center conductor has a series resistan
per unit length given by

_ (3.197"
“«t = 4s(1- KR)KK)
The distributed series resistance of the ground planes is given by

Mr(S + 2W) 1 1+k

- (3.19%)
*” = 4s(1 -kZ)Kz(k) 77+11 f £InTTT
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where k = S(S + 2W). The attenuation due to conductor loss is given by
R + R
* _ o 6_197@

In normal situations the additional attenuation introduced by upper and
lower shields is small if H and //, are greater than AW.

Example 3.9. A coplanar line has a copper strip of width 0.6 mm, slot width
W= 0.6 mm, metal thickness T = 0.005S = 3 “m. The dielectric used is
alumina with a dielectric constant of 9.7 and a loss tangent equal to 2 x 10 *.
We want to find the attenuation caused by dielectric loss and conductor loss at
a frequency of 4 GHz. For this line k = S{S + 2W) = 0.333. The effective
dielectric constant, from (3.191), is 5.35. From (3.192) and (I111.13c) we obtain

120TT 1 1+ vid )
. -In2 -2= = 63.7 1l
4i5M ~ 1 - yF

where we used k' = \JI - k* = 0.9428. From (3.196) we obtain

9.7TT
ar=—— "A-0.5 X 2x 10~* x 8686 = 1526 x 10 3dB/cm
7.5"5.35

where g =* (e~ 1)/(e'; - 1) = 0.5 was used. To evaluate K(k) = K(Q.333), we
use (111.13c¢/) to obtain
1 -k
K(0.333) = — - K _—- = :r"KéOV0294) =
1+KkK X + k} 1.942
= 1.617
From (3.197) we get i?, = 19.25i?,/cm and R, - 5.97i?,,/cm. We now use
Rn = 8.22 X 10~*v? and (3.197c) to get

1.9428

% = (2.158 x 10 * + 6.69 X 10~%) = 2.827 X 10 2dB/cm

The ground planes contribute 23.7 percent of the conductor loss. The total
attenuation is 2.98 X 10~? dB/cm.

Jackson has made some loss calculations for coplanar and microstrip
transmission lines at a frequency of 60 GHz and found that for typical line
dimensions and characteristic impedances greater than 50 il, the coplanar line
has a smaller attenuation.t The substrate considered had a dielectric constant
of 12.8 and a loss tangent of 6 x 10 3. The maximum strip width considered
by Jackson was 0.3 mm. For these line dimensions the quasistatic formulas
given above can be used. We have verified that indeed the quasistatic formulas
give essentially the same attenuation. The lower loss in coplanar lines appears
to be due to being able to use a wider center conductor for a given impedance
as compared with that for a microstrip line. However, this is not aways

tR. W. Jackson, Considerations in the Use of Coplanar Waveguide for MjJimeter-Wave
Integrated Circuits IEEE Trans., vol. MTT-34, pp. 1450-1456, December, 1986.
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necessarily true since the relative attenuation of the two types of transiv
lines will depend on other factors such as substrate thickness and diel”
constant also. Nic

Dispersion

Coplanar transmission lines exhibit dispersion effects similar to that f
microstrip lines. There are less available computed results for the effect '
dielectric constant and characteristic impedance for coplanar lines th
what is available for the microstrip line. The coplanar line can be viewed
two coupled slot lines and from this point of view it is clear that there ar
two modes of propagation that are quasi-TEM in character. The reader i
referred to the paper by Nakatani and Alexopoulos for typical dispersive
properties of a coplanar line.t In many integrated microwave circuit applies.
tions, the line dimensions are so small relative to the wavelength that the
quasi-TEM formulas can be used even though the frequency may be as high
as 50 GHz.

PART 3
RECTANGULAR AND CIRCULAR WAVEGUHDES

Hollow-pipe waveguides do not support a TEM wave. In hollow-pipe wave-
guides the waves are of the TE and TM variety. The waveguide with a
rectangular cross section is the most widely used one. It is available in sizes
for use at frequencies from 320 MHz up to 333 GHz. The WR-2300
waveguide for use at 320 MHz has internal dimensions of 58.42 in by 29.1
in and is a very large duct. By contrast, the WR-3 waveguide for use at 333
GHz has internal dimensions of 0.034 in by 0.017 in and is a very miniature
structure. The standard WR-90 X-band waveguide has internal dimensions
of 0.9 in by 0.4 in and is used in the frequency range of 8.2 to 12.5 GHz. The
rectangular waveguide is widely used to couple transmitters and receivers
the antenna. For high-power applications the waveguide is filled with |
inert gas such as nitrogen and pressurized in order to increase the voltage
breakdown rating.

Circular waveguides are not as widely used as rectangular wavegu'
but are available in diameters of 25.18 in down to 0.239 in to cover tn
frequency range 800 MHz up to 116 GHz.

tA. Nakatani and N. G. Alexopolous, Toward a Generalized Algorithm for the Modeling ° *
Dispersive Properties ofIntegrated Circuit Structures on Anisotropic Substrates, 1E&E '*
vol. MTT-33, pp. 1436-1441, December, 1985.
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RECTANGULAR WAVEGUIDE

The rectangular waveguide with a cross section as illustrated in Fig. 3.36 is
an example of a waveguiding device that will not support a TEM wave.
Consequently, it turns out that unique voltage and current waves do not
exist, and the analysis of the waveguide properties has to be carried out as a
field problem rather than as a distributed-parameter-circuit problem.

In a hollow cylindrical waveguide a transverse electric fidd can exist
only if a time-varying axial magnetic held is present. Similarly, a transverse
magnetic field can exist only if either an axial displacement current or an
axial conduction current is present, as Maxwell's equations show. Since a
TEM wave does not have any axial field components and there is no center
conductor on which a conduction current can exist, a TEM wave cannot be
propagated in a cylindrical waveguide.

The types of waves that can be supported (propagated) in a hollow
empty waveguide are the TE and TM modes discussed in Sec. 3.7. The
essential properties of all hollow cylindrical waveguides are the same, so
that an understanding of the rectangular guide provides insight into the
behavior of other types as well. As for the case of the transmission line, the
effect of losses is initially neglected. The attenuation is computed later by
using the perturbation method given earlier, together with the loss-free
solution for the currents on the walls.

The essential properties of empty loss-free waveguides, which the
detailed analysisto follow will establish, are that there is a double infinity of
possible solutions for both TE and TM waves. These waves, or modes, may
be labeled by two identifying integer subscripts n and m, for example,
TE,.,. The integers n and in pertain to the number of standing-wave
interference maxima occurring in the field solutions that describe the
variation of the fields along the two transverse coordinates. It will be found
that each mode has associated with it a characteristic cutoff frequency f; , m
below which the mode does not propagate and above which the mode does
propagate. The cutof T frequency is a geometrical parameter dependent on
the waveguide cross-sectional configuration. When f. has been determined,
it is found that the propagation factor [i is given by

P—{H-k*y* (3.198)
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where k, = w//t,co and k,. = 2Trfy/p.o& . The guide wavelength is readji
seen to be given by

21T Ao A Ao

T " "(1-AJJA»)"® = yJI-C/t* (3.199)

AS:

where A, is the free-space wavelength of plane waves at the frequen
[*= w/2TT. Since k; differs for different modes, there is always a lower band
of frequencies for which only one mode propagates (except when k. may ho
the same for two or more modes). In practice, waveguides are amost
universally restricted to operation over this lower-frequency band for which
only the dominant mode propagates, because of the difficulties associated
with coupling signal energy into and out of a waveguide when more than
one mode propagates. This latter difficulty arises because of the different
values of the propagation phase constant /3 for different modes, since this
means that the signal carried by the two or more modes does not remain in
phase as the modes propagate along the guide. This necessitates the use of
separate coupling probes for each mode at both the input and output and
thus leads to increased system complexity and cost.

Another feature common to all empty uniform waveguides is that the
phase velocity v, is greater than the velocity of light ¢ by the factor Ag/A,.
On the other hand, the velocity at which energy and a signal are propagated
is the group velocity v. and is smaller than c by the factor Ag¢/As. Also,
since /3, and hence Ag, u , and v are functions of frequency, any signal
consisting of several frequencies is dispersed, or spread out, in both time
and space as it propagates along the guide. This dispersion results from the
different velocities at which the different frequency components propagate.
If the guide is very long, considerable signal distortion may take place.
Group and signal velocities are discussed in detail in Sec. 3.19.

With some of the general properties of waveguides considered, it is
now necessary to consider the detailed analysis that will establish the above
properties and that, in addition, will provide the relation between k. and
the guide configuration, the expressions for power and attenuation, etc. The
case of TE modes in a loss-free empty rectangular guide is considered first.

For TE, or H, modes, e, = 0 and all the remaining field components can J>
determined from the axial magnetic field h, by means of (3.71). The a»
field h, is a solution of

*Kn+*?* =0

2, 2,
. ah,  dk -0 (3.200)
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If a product solution h, = f(xX)g(y) is assumed, (3.200) becomes

1 o 1 do%g
fb® g dy

after substituting fg for h, and dividing the equation by fg. The term
Vid/dx® is a function of x only, l/gd°g/dy? is a function of y only,
and Kl is a constant, and hence this equation can hold for all values of x
and y only if each term is constant. Thus we may write

111 H ol

fdx? xoh g

1 d’g dg

g dy’ ' dy™
where k, + k? = k’m order that the sum of the three terms may vanish.
The use of the separation-of-variables technique has reduced the partial

differential equation (3.200) to two ordinary simple-harmonic second-order
equations. The solutions for f and g are easily found to be

+ *?2 «0

f= A, cos kx + A, sin kx
g = S; cosky + B sin ky

where A,, A,, B, B, are arbitrary constants. These constants, as well as
the separation constants kgk,, can be further specified by considering the
boundary conditions that h, must satisfy. Since the norma component of
the transverse magnetic field h must vanish at the perfectly conducting
waveguide wall, (3.716) shows that n « V,h, = 0 at the walls, where n is a
unit normal vector at the walls. When this condition holds, tangential e will
also vanish on the guide walls, as (3.71c) shows. The requirements on h,
are thus

dx

0 aax=0,0

0 aay=0,b
3y y

where the guide cross section is taken to be that in Fig. 3.36. In the solution
for f, the boundary conditions give

—kA; sin kx + AlLAcos kx = 0 atx = 0,a

Hence, from the condition at x = O, it is found that A, = 0. At X = &, it is
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necessary for sin ka = 0, and this specifies k, to have the values

rnr

1=01,2,...

In a similar manner it is found that B, = 0 and

renr
Fe= ¥ m=0,1,2,...

Both n and m equal to zero yields a constant for the solution for h and n
other field components; so this trivial solution is of no interest.

If we use the above relations and put A,B, = A, the solutions for
h, are seen to be

_ nirx miry
h=A. cos- _ Cos- (3.201)

a

for n = 012..; m=20,1,2,...; n=m?* 0. The constant Ay, is an
arbitrary amplitude constant associated with the nmth mode. For the nmth
mode the cutoff wave number is designated k. , m, given by
. | . -,1/2
niry mir (3.202)

c.«m

and is clearly a function of the guide dimensions only. The propagation
constant for the nmth mode is given by

1/2
Ynm =JPnm=J{kl-K.nm)

27r . 1/2
f X 7)/ mr m T2 (3.203)

a

When ko>kenms finm 1S pure real and the mode propagates; when kg<
. then yn, is real but (I, is imaginary and the propagation factor is
«Yn,, U\; which shows that the mode decays rapidly with distance \2 fr°™
the point at which it isexcited. This decay is not associated with energy ~>ss,
but is a characteristic feature of the solution. Such decaying, or evanescent,
modes mav be used to represent the local diffraction, or fringing, fields tha
exist in the vicinity of coupling probes and obstacles in waveguides.
frequency separating the propagation and no-propagation bands is desig
nated the cutoff frequency f; , m. Thisis given by the solution of
that is,

, -1/2
c C riv- renr (3.204)
lc.m ‘ on ot +

c.nm
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where ¢ is the velocity of light. The cutoff wavelength is given by
2ab

Ac nwy = . wo (3.205)
‘ (nV+inV)
A typical guide may have a ~ 26, in which case
2a
Ac,nm " 0.1/2
(n® + 4m?)
and Acjio = 2a, Acor = & Ac,, = 20/ \/5, etc. In this example there is a
band of wavelengths from a to 2a, that is, a frequency band
o c
2c a

for which only the Hyy mode propagates. This is the dominant mode in a
rectangular guide and the one most commonly used in practice. Above the
frequency c/a, other modes may propagate; so the useful frequency band in
the present case is a one-octave band from c/2a to cla.

The remainder of the field components for the TE,;,, or H,, mode
are readily found from (3.201) by using (3.71). The results for the complete
nmth. solution are

mrx mny
H, = A,.,, COS——COS—:—( *-"*""e- (3.2064a)
a b _
mir

Hy = £]—; A — Sin—————¢0s by - (3.2066)
kenm a a
Prm rmr mx  mny _ .

Hy=1jp hiw—COS—-5Sin (3.206¢)
Kenm b a \Y

B,m rror nirx. — miry
EX:Z,.nmA,,mj-"—COS—SIn-b—»*_°*«« (3.206a-)

Cconm b a
) Bm nv  nmrx miry
E~  -ZninmAami-f sin COS——*-"W (3.206c¢)
kenm a a b

where the wave impedance for the nmth H mode is given by
Zh'nm = -,\‘NZO (3.207)

When the mode does not propagate, Zn ,m IS imaginary, indicating that
there is no net energy flow associated with the evanescent mode. A general
field with E, = 0 can be described in a complete manner by a linear
superposition of all the H,, modes.
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For a propagating H., mode the power, or rate of energy flow, Ln th
positive z direction is given by
2 D

L Ref(\EH;-E,H:)dxdy
2 -0-'0

= "Re Z;mm/o7 V,H; + HXH:)dXdy (3208)

If we substitute from (3.2066) and (3.206¢) and note that

@ nvx Arnry i a rnrx miry
vo 0 a — 6 "tur 4500 YO . S . dxdy
ab
4 n* 0, m*0
—1la6
T norm=0
we find that
P , & fi*, /rmr \2 /nu\?
nm €()n®0m REnm [l_) M T I

J2abi \2
VAn Pom 17 am (3.209)
where ey, is the Neumann factor and equal to 1 for m = 0 and equal to 2
for m > 0.

If two modes, say the H,, and H;s modes, were present simultane-
ously, it would be found that the power is the sum of that contributed by
each individual mode, that is, Py, + P, This is a general property of
loss-free waveguides. This power orthogonality arises because of the orthog-
onality of the functions (eigenfunctions) that describe the transverse varia-
tion of the fields when integrated over the guide cross section; e.g.,

£ sin——sin—dx n3=r
a a

Even when small losses are present the energy flow may be taken to be to*
contributed by each individual mode, with negligible error in all cases excep
when two or more degenerate modes are present. Degenerate modes
modes which have the same propagation constant y, and for these §
presence of even small losses may result in strong coupling between *
modes.
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If the waveguide walls have finite conductivity, there will be a continuous
loss of power to the walls as the modes propagate along the guide. Conse-
quently, the phase constant jfi is perturbed and becomes 'y = a + j/3, where
a is an attenuation constant that gives the rate at which the mode ampli-
tude must decay as the mode progresses along the guide. For practical
waveguides the losses caused by finite conductivity are so small that the
attenuation constant may be calculated using the perturbation method
outlined in Sec. 3.8 in connection with lossy transmission lines. The method
will be illustrated for the dominant Hy, mode only. For the H,, and also
the E., modes, the calculation differs only in that somewhat greater
algebraic manipulation is required.

For the Hip, mode, the fields are given by (apart from the factor
Jfov*r)

TTX
/i, = Ajgcos—

h =, % Am TTsin-Trx
krc,‘K a a

7010 » .. TTX

- %, 10 <A 10, ;sm ;

as reference to (3.206) shows. From (3.209) the rate of energy flow along the
guide is

ab '10

P\o - [-No | A *h. 10
'<:. 10

The currents on the lossy walls are assumed to be the same as the loss-free
currents, and hence are given by

where n is a unit inward directed normal at the guide wall. Thus, on the
walls at x = 0, a, the surface currents are

J ayXH=-a,A0 x =0
° I'arXH: -a”AJO X=a

whereas on the upper and lower walls the currents are

JPio oo« TTX
a X H=-a,—s—Aj —sin——+ a"A cos- y =0
f a a
«Cio a
JPIQ . T TIX X
N ~ _
-ayXxH = a'Qf\TAloffm—a 3,A1,CO 2 y =
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With a finite conductivity <r, the waveguide walls may be characterized
exhibiting a surface impedance given by
1+./

Z. - g = (I,

where § is the skin depth. The power loss in the resistive part R qe ?e
per unit length of guide is *

J*dl
£ guide
walls

RIJA .
"2 dy+2 rrerrsimliax + 2/ Cos?s <&
o 0 ".,io a o] a
Since Ao - ""/0. the above gives
— a Py a
P,— RJA]_Ol b+ - + -
2 .
If Py is the power at z = 0, then P;o = Poe"®@" is the power in the
guide at any z. The rate of decrease of power propagated is
dr,,
dz

and equals the power loss, as indicated in the above equation. The attenua-
tion constant a for the Hyy, mode is thus seen to be

= 2aP10 = P,

a Oio
R- b + - ) 10
c,
a=op ab ?
10 (dao
Thw
2 o
R. 2682, + 2yNp/ 3.210)
abFs\lo 20'7 '\(— !&) 10 7a—£11)— p/m AN A AN

The attenuation for other TE,, modes is given by the formula m
Table 3.4, which summarizes the solutions for TE,,, and also TMn«
modes. In Fig. 3.37 the attenuation for the TE; o mode in a copper rectangu-
lar guide is given as a function of frequency. To convert attenuation given
nepers to decibels, multiply by 8.686.

The theoretical formulas for attenuation give results in good agf
ment with experimental values for frequencies below about 5,000 MHz.
higher frequencies, measured values of « may be considerably hig"
depending on the smoothness of the waveguide surface. If surface '"P**jjy
tions of the order of magnitude of the skin depth 8s are present, it isread"-
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TABLE 3._4 . )
Properties of modes in arectangular guidet

TE modes TM modes
mrx
tf.- cos—cos ¢ ¢ ~JOu- 0
a
mrx mir
E 0 sin sin Yo
g a 6
SH e, «* »« . ""fovoo_,,
E, ZhrmHy -~ 00S——Sin—;——e T*m™-
fy ~Zn,nmHx 5 sin €0 g ool
6* c.nm a *
H Jan"~ . mrx mlry _j»' mZ «l
’ a Cuwo p Z,.nm
JPmTT mrx _ my 5 £,
H, sin “Jtom?
bkt m CoS a Z .TM
Z-h.nm
/3nm?°
%e,nm
172
N - Imr\?|
€ T. %
Pnm tt#-»* nm>2
206
*c,nm

(n262 + rrV),/s

212, 2, n’e® + m%*a®

bZf\ - Kon/K)™ fcZo(1-A?.,.™/*g) /2l axarmV

KX\ A 4V
a 2

tfl, * (<UMO/2IT)""2, e,, =1 for in = 0 and 2 for m > 0. The expression for <J is not valid for
degenerate modes.
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0.2 k
.0 D1 FIGURE 3.37
Attenuation of TE;q mode in a corm*.
. » rectangular waveguide, a = 2 28R
7 8 9 10 11 6Hz P= 1143 cm.

appreciated that the effective surface area is much greater, resulting ir
greater loss. By suitably polishing the surface, the experimental values of
attenuation are found to be in substantial agreement with the theoretical
values.t

Dominant TEio Mode

Since the TE,; mode is the dominant mode in a rectangular guide, and ds
the most commonly used mode, it seems appropriate to examine this mode
in more detail. From the results given earlier, the fidld components for this
mode are described by the following (propagation in the +z direction

assumed):
TTX
H:Acos—e"-'f'i*z (3.2114)
iB CTTX
H:i-ALJ?gq_&‘JI'* (3.2116)
s a
8 TTX
E, = §AZy-sin—< -m (3.211¢c)

where the subscript 10 has been dropped for convenience since this discus-
sion pertains only to the TE;, mode. The parameters 8, k, and Z, &°

given by
¢ = a (3.212a)
1/2
8= lk— (Z) (3.212%)
£,
Z,=-¢f = -}!Z (3.212¢)

tSee J. Allison and F. A. Benson, Surface Roughness and Attenuation of Precision Dr
Chemically Polished, Electropolished, Electroplated and Electroformed Waveguides, Proc-
(London), vol. 102, pt. B, pp. 251-259, 1955.
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The guide wavelength A, is
2-1r
Ax = o2 (3.212d)
* [ - (Ad/20)7]

since the cutoff wavelength A. = 2a. The phase and group velocities are

AH
0, = —C (3.212C)
"S=T (3.212/%)

and are discussed in detail in Sec. 3.19.

In Fig. 3.38 the magnetic and electric field lines associated with the
TEjo mode are illustrated. Note that the magnetic flux lines encircle the
electric field lines; so these can be considered to be the source (displacement
current) for the magnetic field. On the other hand, the electric field lines
terminate in an electric charge distribution on the inner surface of the
upper and lower waveguide walls. This charge oscillates back and forth in
the axial and transverse directions and thus constitutes an axia and
transverse conduction current that forms the continuation of the displace-
ment current. The total current, displacement plus conduction, forms a

i—r~n—r

J|-EI3W L

J o o loi

Ib)

FIGURE 3.38
Magnetic and electric field lines for the TE;, mode, (a) Transverse plane; (6) top view; (c)
mutual total current and magnetic field linkages.
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P L~ FIGURE 3.39
: — o e Decomposdtion of TE,, mode into two plane w

closed linkage of the magnetic field lines, and as such may be regarded
being generated by the changing magnetic flux these enclose. This com
pletes the required mutual-support action between the electric and magneti*
fields which is required for wave propagation.

The fields for a TE;; mode may be decomposed into the sum of two
plane TEM waves propagating along zigzag paths between the two wave-
guide wallsat x = 0 and x = a, asin Fig. 3.39. For the electric field we have

E :_h_J_t—(eJTX/«-JP* — SInx/<>-JP2
2 k

If 17/a and (i are expressed as

i
— =kysin9 B = kycos9
a
the relation (TT/0)2 + B' = k$ still holds. The electric field is now given by
Z, 8
* 2 A/ '

which is clearly two plane waves propagating at angles + 9 with respect to
the z axis, as illustrated. Alternatively, the field may be pictured as a plane
wave reflecting back and forth between the two guide walls. As shown in
Sec. 2.7, the constant phase planes associated with these obliquely propagat-
ing plane waves move in the z direction at the phase velocity c/cos6 |
Bcl/ky, and this is the reason why the phase velocity of the TE;, mode
exceeds the velocity of light. Since the energy in a TEM wave propagates
with the velocity c in the direction in which the plane wave propagates, tnii
energy will propagate down the guide at a velocity equal to the componen
of ¢ along the z axis. This component is v; = ccos9 = (k¢/B)c and is *

group velocity for the TE;; mode. When 9 = TT/2, the plane waves reflec
back and forth, but do not progress down the guide; so the mode is cuto

The above decomposition of the TE;; mode into two plane waves nig
be extended to the TE,,, modes also. When n and m are both differe
from zero, four plane waves result. Although such superpositions of P!/
waves may be used to construct the field solutions for rectangular gu*
this is a rather cumbersome approach. However, it does lend insight i°
why the phase velocity exceeds that of light, as well as other properties
the modes.
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For TM modes, h, equals zero and e, plays the role of a potential function
from which the remaining field components may be derived. This axial
electric field satisfies the reduced Helmholtz equation

V2, +fcf*,= 0 (3.213)

of the same type encountered earlier for h, that is, (3.200). The solution
may be found by using the separation-of-variables method. In the present
case the boundary conditionsrequirethat e, vanishat x = 0,a andy = 0, b.
This condition requires that the solution for e, be

n nx mvy
e, =A,,, sin—-sin—— (3.214)
a b

instead of a product of cosine functions which was suitable for describing
h,. Again, there are a doubly infinite number of solutions corresponding to
various integers n and m. However, unlike the situation for TE modes,
n =0and m = 0 are not solutions. The cutoff wave number is given by the

same expression as for TE modes; i.e,

w2 JTOTT\? Y/ &

en m . + (3.215)
and the propagation factor /5., by
[2am = (M-*;U) "2 (3-216)

The lowest-order propagating mode isthe n = m = 1 mode, and this has a
cutoff wavelength equal to 2ab/{a® + 6)*2. Note that the TE;, mode can
propagate at a lower frequency (longer wavelength), thus verifying that this
is the dominant mode.t It should also be noted that for the same values of n
and TO, the TE,,, and TM,,, modes are degenerate since they have the
same propagation factor. Another degeneracy occurs when a = b, for in this
case the four modes TE, ,, TEwi#s TM,m> and TM,,,,. al have the same
propagation constant. Still further degeneracies exist if a is an integer
multiple of 6, or vice versa.

The rest of the solution for TM modes is readily constructed using the
general equations (3.72). A summary of this solution is given in Table 3.4.
The TM modes are the dual of the TE modes and apart from minor
differences have essentially the same properties. For this reason it does not
seem necessary to repeat the preceding discussion.

tin any hollow waveguide the dominant mode is a TE mode because the boundary conditions
°z — 0 for TM modes always require e. to have a greater spatial variation in the transverse
plane than that for h. for the lowest-order TE mode, and hence the smallest value of k. occurs
for TE modes. Hence a TE mode has the lowest cutoff frequency, i.e., is the dominant mode.
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3.18 CIRCULAR WAVEGUIDES

Figure 3.40 illustrates a cylindrical waveguide with a circular cross
of radius a. In view of the cylindrical geometry involved, cylindrical
nates are most appropriate for the analysis to be carried out. Since k
general properties of the modes that may exist are similar to those for «
rectangular guide, this section is not as detailed.

s R
g* tI0n

TM Modes
For the TM modes a solution of
V% + fele; = 0
is required such that e, will vanish at r = a. When we express the trans-
verse laplacian V2 in cylindrical coordinates (App. 1), this equation becomes
d%, 1 de, 1 d%,
S roor dtf

The separation-of-variables method may be used to reduce the above to two
ordinary differential equations. Consequently, it is assumed that a product
solution f(r)g(<j>) exists for e, Substituting for e, into (3.217) and dividing
the equation by fg yield

1d% 1 df 1 dg

(3.217)

~fdV2 * Md~r *~Ag~dI? Il
Multiplying this result by r? gives

e df rodf | d’g

™t Tdr T g2

The left-hand side is a function of r only, whereas the right-hand sde
depends on <t> only. Therefore this equation can hold for all values of the
variables only if both sides are equal to some constant V2. As a result,
(3.217) is seen to separate into the following two equations:

o 1 df 2
ey 2 f=0 (3.218a)
i €N =0 (3.218%)
<|>
FIGURE 3.40

R ; The circular cylindrical waveguide.
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TABLE 35

Values of p,m for TM modes
n Pnl P»2 P«3
0 2.405 5.520 8.654
1 3.832 7.016 10.174
2 5.135 8.417 11.620

In this case the field inside the waveguide must be periodic in rf> with
period 2-TT, that is, single-valued. It is therefore necessary to choose v equal
to an integer n, in which case the genera] solution to (3.218b) is

og{4>) = A cosn<t> + A,sinnd>

where A and A, are arbitrary constants.

Equation (3.218a) is Bessel's differential equation and has two solu-
tions (a second-order differential equation always has two independent
solutions) J,(kr) and Y,.(kr), called Bessel functions of the first and
second kind, respectively, and of order v.f For the problem under investiga-
tion here, only Ju(kt) is a physically acceptable solution since Yq(kd)
becomes infinite at r = 0. The final solution for e, may thus be expressed as

efr,<j>) = (Aj_cos n<f> + Axsinn<f>)J,(ker) (3.219)

Reference to App. Il shows that J,(X) behaves like a damped sinu-
soidal function and passes through zero in a quasiperiodic fashion. Since e,
must vanish when r = a, it is necessary to choose k.a in such a manner
that Jy(ka) = 0. If the mth root of the equation J,(X) = O is designated
pnm, the allowed values (eigenvalues) of k. are

Keom = ~ (3.220)

The values of p,, for the first three modes for n = 0,1,2 are given in
Table 3.5. As in the case of the rectangular guide, there are a doubly infinite
number of solutions.

Each choice of n and m specifies a particular TM,,,, mode (eigenfunc-
tion). The integer n is related to the number of circumferential variations
in the field, whereas m relates to the number of radial variations. The
propagation constant for the nmth mode is given by

/ 2:)1/2

0-- *S-Af (3_221>

tY,. is also catted a Neumann function.
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the cutoff wavelength by

2TTO

P m (3.222,
and the wave impedance by

Pixm

«o (3.223,

A cutoff phenomenon similar to that for the rectangular guide exists. po
the dominant TM mode, A, = 2rra/lps = 2.6'la, a value 30 percent greater
than the waveguide diameter.

Expressions for the remaining field components may be derived bv
using the general equations (3.72). Energy flow and attenuation may be
determined by methods similar to those used for the rectangular guide. A
summary of the resultsis given in Table 3.6.

The solution for TE modes parallels that for the TM modes with the
exception that the boundary conditions require that dh/dr vanish at
r = a. An appropriate solution for A, is

h(r,<j>) = (B<soBit6 + B, sin n<f>)Jn(k.r) (3.224)
with the requirement that
dJn(ker
(I;C) =0 ar=a (3.225)
r

The roots of (3.225) will be designated by p'.n so the eigenvalues k., are
given by

h = 72H (3.226)
a

Table 3.7 lists the values of the roots for the first few modes. Note that
Pom =Pim °'"°® dlo(X)/dx= -I%), and hence the TEo,m and TM,
modes are degenerate. £

The first TE mode to propagate is the TE, mode, having a cutofl
wavelength A. , = 3.41a. This mode is seen to be the dominant mode\\o
the circular waveguide, and is normally the one used. A sketch of the n
lines in the transverse plane for this mode is given in Fig. 3.41-
attenuation constant for the dominant TEy mode is given by

R,{ 1.841%rV?/1.8417 4.227)
| D
aZA kia* f [ Ka*
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TABLE 3.6
Properties of modes in circular waveguides
TE modes TM modes
H, " a 1 \sinn<j
E. 0 "\ n / \sinmb
J_PﬂEEmm ] A «Avin myl \ ,|/ €05 &t (6 £,.,
H oft* oa )° \sin, Kn,
J'P, Pme -sin n<b E,
H,. rke.nm B cosnrf. %...
JPnmPnm ( P\ fAJtMnf
& i sinn G
J'p, 1 -i(in —sinnib
£, Zh.nn,Hr rkt . cosrc</>
’ *- Sil||2
Pnr kl- " A?.- -
*h.nm
Pnr
Zo
Pnn Pnn
a a
2-rra 2wa
Pnm Pnm
OfoPrm* , 212, o .
Power 35  _{p -~ 10>
I o nn, )90l P
-1/2
1 -
aZ»O MI o, t2

A

(p;m)z'n2
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TABLE 3.7
Values of p., for TE modes
« Pnl Pn2 Pn3
0 3.832 7.016 10.174
1 1841 5331 8.536
2 3.04 6.706 9.970
b i W e
- Jl il | 'I.“E.‘ ¥
i | || 1
; I~ 3 L
/'~ __ i 15\'. J
T FIGURE 3-41
oo 0 B Field lines for the TE, mode in a circular waveguide.
15y

05 -
FIGURE 3.42
Attenuation of dominant TEy mode
, in a circular waveguide. Diameter = *

9 a5 10 18.5 11 11.5 GHz ¢m.

Figure 3.42 shows the attenuation in decibels per meter for a copper
waveguide with an internal diameter of 2 cm. For this guide the cuto*
frequency is 8.79 GHz. In the normal operating range from 9 to 11 GHz, the
attenuation drops from 0.36 dB/m at 9 GHz to 0.11 dB/m at 11 GHz.

19 WAVE VELOCITIES

In any system capable of supporting propagating waves, a number of *2
velocities occur that pertain to signal propagation, energy propaga™°
wavefront propagation, etc. These various velocities are examined below'

the context of propagation in waveguides.
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The phase velocity of a wave in a waveguide was introduced earlier and
shown to be equal to

v, = F-C (3.228)

for an air-filled guide. Here kg is the guide wavelength, A, the free-space
wavelength, and ¢ the velocity of light. The phase velocity is the velocity an
observer must move with in order to see a constant phase for the wave
propagating along the guide. It is noted that the phase velocity is greater
than the velocity of light, and since the principle of relativity states that no
signal or energy can be propagated at a velocity exceeding that of light, the
physical significance of the phase velocity might very well be questioned.
The clue to the significance of the phase velocity comes from the
recognition that this velocity entered into wave solutions that had a steady-
state time dependence of €. A pure monochromatic (single-frequency)
wave of thistype exists only if the source was turned onat t = —<» and is
kept on for all future time as well. This is clearly not a physically realizable
situation. In actual fact the source must be turned on at some finite time,
which can be chosen as / = 0. The generated signal is then of the form
illustrated in Fig. 3.43. Associated with the sudden steplike beginning of the
signal is a broad frequency band, as a Fourier analysis shows. If this signal
is injected into the guide at z = 0, an observer a distance | farther along the
guide will, in actual fact, see no signal until atime l/c has elapsed. In other
words, the wavefront will propagate along the guide with a velocity c. At the
time l/c, the observer wi)) begirt to see the arrival of the transient associ-
ated with the switching on of the signal. After a suitable period of time has
elapsed, the transient will have died out, and the observer will then see the
steady-state sinusoidally varying wave. Once steady-state conditions prevail,
the phase velocity can be introduced to describe the velocity at which a
constant phase point appears to move along the guide. Note, however, that
there is no information being transmitted along the guide once steady-state
conditions have been established. Thus the phase velocity is not associated
with any physical entity such as a signal, wavefront, or energy flow velocity.
The term signal is used here to denote a time function that can convey

Sit)

< W FIGURE 3.43

Sinusoidal signal applied at time t = 0.
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information to the observer. Thus the step change at t = 0 is asignal K
once steady-state conditions are achieved, the observer does not receive
more information. A better understanding of the above features will vZ
obtained after the group velocity, discussed below, has been examined

The physical definition of group velocity is the velocity with which a sign |
consisting of a very narrow band of frequency components propagates. Th
appropriate tool for the analysis of this situation is the Fourier transform rr
a time function is denoted by fit), this function of time has associated with
it a frequency spectrum Fiat) given by the Fourier transform of /*(*),

F(u) =fjt)e-""dt (3.2290)
Conversely, if the spectrum F(io) is known, the time function may be found
from the inverse Fourier transform relation
1 .-
f(t) = — F{a))e™" da> (3.2296)

From Eq. (3.2296) it is seen that the Fourier transform represents fit) asa
superposition of steady-state sinusoidal functions of infinite duration. These
relations are a generalization of the Fourier series relations. If the time
function is passed through a device having a response Ziw) that is a
function of frequency, e.g., filter, the output time function fy(t) will have a
frequency spectrum Fia»)Z(a>), and hence, by (3.2296), is given by

fot) = —f F(0>)Z(w)e>»' do>
In general, Z(u>) = |Z(a»)[e~""»; s0
W) = "M"jZ(«)|F(»)e* —*>d« (3-230)

If the output f, is to be an exact reproduction of the input, then in (3.7
it is necessary for \Z\ to equal a constant A, and ip must be a Un
function of w, say aw + b. In this case

foft) i-eﬁ’l<>r F(o>)er<-°>da> (3-231°)
Xtr I

If we put t ~a = t', the above becomes

o<+ a-"LLrF(a>)e’u>=Ae-;"nt) (3.231*>
Zv ’'-co
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as comparison with (3.2296) shows. Thus the output time function is
U* + «) - W) = Ae-"»an = Ae-»f(t -a) (3.232)

i.e.,, an exact duplicate of the input, apart from a constant multiplier and a
time delay a. Thus the conditions given on \2\ and i/ are those sufficient for
a distortion-free system.

Now, in a waveguide, the transverse variations of the field are indepen-
dent of frequency. The only essential frequency-dependent part of the field
solution is the propagation factor e '™ since

0 = (fci-*f)Ya=(r-t?)

is a function of frequency. Thus a waveguide of length /, in which the field
has a time dependence €"”, w > 0, can be considered as a frequency filter
with a response e~™. Since /3 is not a linear function of to, it may be
anticipated that some signal distortion will occur for propagation in a
waveguide. For an ideal TEM-wave transmission fine, )3 = kg = io/c and
distortion-free transmission is possible. However, practical lines have an
attenuation which depends on frequency (R, a -ff), and this will produce
distortion. Fortunately, for narrowband signals neither waveguides nor
transmission lines produce significant distortion unless very long lines are
used.

Consider now a time function fit) having a band of frequencies
between —f,, and /*,,. This signal is used to modulate a carrier of frequency
fc *e fme T"° resultant is

St) = f(t)cos cot = Re[ f(t)e'<") (3.233)

If Fico) is the spectrum of fit), the spectrum of St) is

Fow) = f J-7""f(t) ~ da,

[F(@ - aje) + F@ + w)] (3.234)

These spectra are illustrated in Fig. 3.44.

For positive co the waveguide response is e ~&*"*, For negative w the
response must be chosen as e%"" since, if the time variation is e~'®", the
sign in front of (i must be positive for propagation in the positive z
direction. In other words, al physical systems will have a response such
that |Z(w)| is an even function of co and iliiio) is an odd function of co. Since
P is an even function, the sign must be changed for co < 0. These even and
odd symmetry properties are required simply so that the output time
function is real, a physical requirement. The output spectrum for the
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Fu) Fd(u)

L\ 0 — A—

-olm. Um

FIGURE 3.44
Spectrum of /"(/land Sit).

waveguide is thus
F.(u) = |[F(w - toje"® + F{a> -r oelPM\

and the output signal is

S, ()~—f Fo(u>)e; «'du> (3.235)

The analysis that follows is simplified if the signal is represented in complex
form as f(t)e™'® with a spectrum F(u — coy). In this case only the positive
half of the spectrum needs to be considered, and the output signal is given

by

S,(0 = Re— C' *"F(v - »Je**-*"" da> (3.236)

since F(,a> - wg) is zero outside the band w; - wy, < W < we + Wy, If the

band is very narrow, w,, « w, then /3(w) may be approximated by the first

few terms in a Taylor series expansion about a. Thus

1 dp
2

2 q.«'r

Retaining the first two terms only and letting /3(w;) = Op and d(5/du>. = Po
at w, (3.236) gives

P(@) =/3(»e) + do (w - we) + (w-0,c)2+-- (3-237)

St = Re— r"™'Fw - alelt-MeM+JfV*da

If this is compared with (3.231) and (3.232), it is seen that
S{t) = Refero'”'o'VU - Pl)e™tPon

-fit- M*»t*ji- M
To the order of approximation used here, the input modulating signal /

is reproduced without distortion but with a time delay p'oL This is'°t
anticipated since /3 was approximated by alinear function of w in the

(3.238)
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0). - (om to <o. + (o, (distortion-free condition). The signal delay defines the
group velocity v which is equal to the distance / divided by the delay time;

thus
/
Vg — M y1 (3.239)

This is also the signal velocity. Note, however, that this velocity has
significance only if the band, or "group," of frequencies making up the
signal is so narrow that fi may be approximated by a linear function
throughout the frequency band of interest. If this is not the case, more
terms in the expansion (3.237) must be retained and signal distortion will
occur. In this case the group velocity as given by (3.239) is no longer the
signal velocity. In fact, because of signal distortion, no unique signal velocity
exists any longer. Different portions of the signal will travel with different
velocities, and the resultant signal becomes dispersed in both time and
space.
In the case of a waveguide,

0 1-1
dico?c - K} ?
S= dod  C dji

(3.240)
co «0 Ag

It is seen that vy < ¢ and that vyv, = ¢* for a waveguide.

A typical plot of kg versus /3 for a waveguide is given in Fig. 3.45.
From this plot it can be seen that for a narrow band of frequencies a linear
approximation for /3 is good. Also note that for high frequencies (large kg) (3
becomes equal to k.. Thus frequencies well above the cutoff frequency fe
suffer very little dispersion and propagate essentially with the velocity of
light c. No frequency components below the cutoff frequency fe can propa-
gate along the guide.

T ™ FIGURE 345
2 Plot of ky versus O for a waveguide.

o g
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The equality of the wavefront velocity and the velocity of light can k_
readily explained by means of Fig. 3.45. The switching on of asignal res 1
in an initial transient that has a spectrum of frequencies extending i »*
infinity. Any small group of frequencies at the high end of the spectrum 7*
have a group velocity equal to c¢ since dky/dp equals unity for k ,
infinity. Thus the high-frequency part of the transient will propagate al
the guide with a velocity c. The lower-frequency components will propae t
with smaller group velocities and arrive later.

Energy-Flow Velocity

Power is a flow of energy, and consequently there is avelocity of energy gow
such that the average energy density in the guide multiplied by this veocity
is equal to the power. In a waveguide it turns out that this velocity of
energy flow is equal to the group velocity. A proof for the case of E modes
will be given below, that for H modes being very similar.

For E modes the field is given by [see (3.72)]

P Ho " la XE
1 ~P~ b L
The average rate of energy flow, or power, is given by
1 /' 2 1 Y,
IE, "dS = - ko °7 E,fdS (3.241)
P n

where the integration is over the guide cross section.
The energy density in the magnetic field per unit length of guide is

'ds (3.242)
a 4 Js 4 p~ Js

The energy density in the electric field per unit length of guide is equal to
that in the magnetic field. This is readily shown to be the case by using the
complex Poynting vector theorem, which states that (Sec. 2.5)

- FEX H* ¢ a,dS =P+ 2w Wy - W)
S

where the integration is over the guide cross section, and the term on the
right gives the power transmitted past the plane S plus Zjo tiroes th
reactive energy stored in the guide beyond the plane S. Since the integr
the complex Poynting vector over a cross section 5 for a propagating "
in a loss-free guide is real, it follows that W, = W,.. In addition, since
location of the transverse plane S is arbitrary, it also follows that
energy densities U, and U, per unit length of guide are equal.
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The velocity of energy flow may now be found from the relation

P P koYo  H?
VT u,+U, 20, P MGJ¥

(3.243)

and comes out equal to the group velocity as stated earlier.

BIDGE WAVEGUIDE

For a rectangular waveguide with a width a equal to twice the height ft, the
maximum bandwidth of operation over which only the dominant TE;, mode
propagates is a 2:1 band. For some system applications it is necessary to
have a waveguide that operates with only a single mode of propagation over
much larger bandwidths. A transmission line supporting only a TEM mode
can fulfill this requirement but must then have cross-sectional dimensions
that are small relative to the shortest wavelength of interest. A coaxial
transmission line will support higher-order TE and TM modes in addition to
the TEM mode. Thus, to avoid excitation of a higher-order mode of propaga-
tion, the outer radius must be kept small relative to the wavelength. The
small cross section implies a relatively large attenuation; so some other
form of waveguide is needed. The ridge waveguide illustrated in Fig. 3.46
was developed to fulfill this need for a single-mode waveguide capable of
operating over a very broad band. Physically, it is easy to understand why
the ridge waveguide has a very large frequency band of operation. The
center section of width W and spacing S functions very much like a
parallel-plate transmission line and consequently the ridge waveguide has a
much lower cutoff frequency for the same width and height as does the

RN FIGURE 3.46
STrONWWRESreeesTy < = x  Ridge waveguide.

o r———TEE e e e
| A AT A A
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conventional rectangular waveguide. Operation over bandwidthsof 5[ . 1
more is possible.

The ridge waveguide, when uniformly filled with dielectric, which
be air, has the same general properties as the rectangular and circuT
waveguides discussed earlier. If we can determine the cutoff wavelength
for the dominant mode, then at any frequency above the cutoff freque *©
the propagation constant ji is given by

P = yik- (2r/Xf

At the cutoff frequency (i = 0 and the electromagnetic field has no variatin
with the axial coordinate z. The cutoff wave number k. = 2ir/\; can L
found using the transverse-resonance method as described below.

The transverse-resonance method is based on finding the resonant
frequency for the transmission-line circuit that provides a model for the
waveguide cross section. At cutoff we can view the electromagneticfield asa
uniform plane wave with components E, and H, that propagates in the x
direction and is incident onto a second parallel-plate transmission line of
reduced height. The equivalent transmission-line circuit is that of two
parallel-plate transmission lines of height b, length (o - W)/2, and short-
circuited at x = 0 and a These two transmission lines are connected to
another parallel-plate line of height S and length W and placed between the
first two as shown in Fig. 3.47. At thejunction where the height changes, a
local fringing electric field occurs and stores electric field energy in the
vicinity of the step. The effect of this local fringing electric field is taken into
account by a shunt capacitive susceptance jB at each junction as shown in
Fig. 3.47.

The standing-wave field pattern along the x direction can exist only at
the resonant frequency for the transmission-line circuit shown in Fig. 3.47.
For the dominant mode the voltage is a maximum and the current is zero at
the midsection. Thus, at x = a/2, the impedance looking in the x direction
toward the short circuit must be infinite. The corresponding input admit-
tance will be zero. At the step the admittance looking toward the shofl
circuit is

a-W
Y= -jYs cot k- +JB

By using the formula for admittance transformation along a transnu

FIGURE 3.47
Equivalent transmission-line circuit of
section of ridge waveguide,
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1 FIGURE 3.48
Normalized cutoff wavelength KJ/a for a
ridge waveguide.

line, we obtain
Y+jYs tan kW2
YotjY tan kW2

Y- =Y

In order for Y to vanish, we must have

. ) a W W
iB -jYy cot k + jYogtanke— = 0 (3.244)

which is the transverse-resonance condition. The two characteristic admit-
tances are inversely proportional to the parallel-plate spacing; thus Y. =
(/Y. An approximate expression for the normalized shunt capacitive
susceptance can be found using quasistatic conformal mapping and ist

B 26 1 a ] ) |
1 - 1Indu + ¥ + -(1 - W) A

N

us=- <05 (3.245)

The eigenvalue equation (3.244) is a transcendental equation. The
computer program RIDGEWG solves (3.244) for the normalized cutoff
wavelength A./a.

Figure 3.48 shows typical results that are obtained. The numerical
results obtained from (3.244) agree within 1 percent of the values given by
Hopfer and Hoefer and Burton over the commonly used range of parame-
ters.?

tN. Marcuvitz, "Waveguide Handbook,” MIT Radiation Lab Series, vol, 10, reprinted by
Boston Technical Publishers. Inc.. 1964.
tS. Hopfer, The Design of Ridged Waveguides IRE Trans., vol. MTT-3, pp. 20-29, October,

1955.
W. J. R. Hoefer and M. N. Burton, Closed Form Expression for the Parameters of Finned
and Ridged Waveguides, |EEE Trans., vol. MTT-30, pp. 2190-2194, December 1982.
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If the width W of the ridges in the ridge waveguide is very small, we oht -
afin line as shown in Fig. 3.49a. Usually the fins are metal foils on ath?
dielectric substrate mounted in the E plane of a rectangular waveguide ft
the dominant mode the current flows in the axial direction; so good elert®
cal contact between the fins and the waveguide is not essential. Thefin |
is a shielded slot line. The fin line can be matched to the rectaneui *
waveguide by means of a tapered section or by using one or more quarto
wave impedance transformers as shown in Figs. 3.496 and c.

The fin line is suitable for use in microwave circuits that incorporate
two-terminal devices such as diodes. Transistors cannot be connected to a
fin line since they are three-terminal devices.

The cutoff wavelength for a fin line may also be found by using the
transverse-resonance method. The fins produce a shunt normalized cgpad-
tive susceptance across the center of the waveguide given byt

B 26 .
\T _ - (3.246)

«2 i\ 1»° n) 11 ( £_* °

A =«i
P,=2a\+a* -1

where

P; = 4a? + %aal - 3y

P, = 8a? + 3a" + 244ajfal - 8a? - 4a]| + 1
"1 = CO0S i]b
= IN —

1/2

The equivalent circuit of the fin-line cross section consists of two short
cuited transmission lines of length &2 with jB connected at the center

tR. E. Collin, "Field Theory of Guided Waves," 2nd ed., chap. 8, IEEE Press, Piscataway.
1990.
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Dielectric -Fins
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FIGURE 3.49
(a) Fin line; (6) tapered matching sec-
(to) (c) tion; (c) quarter-wave matching section.

2 | JB -| |zjB
v B2 .l )
) T Ye FIGURE 3.50

Equivalent circuit of fin-line cross sec-
h-fH -}H

tion.

shown in Fig. 3.50. The resonance condition is

Y. iB . ira
= Jecot— =0 (3.247)
K 2K Y A,.

The computer program FINLINE solves this transcendental equation for
the normalized cutoff wavelength A,./a for Sb = 0.1 to 0.9. Typical nu-
merical results are shown in Fig. 3.51 for the case where a = 26. These
numerical results agree within 1 percent or better with those given by
Hoefer and Burton.t

The propagation constant fi is given by the same formula as for a
conventional waveguide, i.e,

e=(H - k?

When the fins are mounted on a dielectric substrate, a correction is needed
for the propagation constant if the dielectric has an appreciable thickness

tW, J. R. Hoefer and M. N. Burton. loc. cie.
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, -

"0 06 08 1 FIGURE 351
S Normdlized cutoff wavelength \ /
b fin line. ea for 5

and a large dielectric constant. Empirical formulas for this case are avail
able.t

PROBLEMS

3.1. Fortheideal transmission line shown in Fig. P3.1. the switch isclosedatt =0
and opened 1 ixs later. The characteristic impedance of the line is 50 ft. The
load resistance is also 50 fi. The battery has an internal resistance of 10 ft,
(a) Sketch the voltage across R;_ as a function of time for a line 300 m log.

The wave velocity « = 3x 10°® m/s.
(6) Sketch the voltage waveform across R. when R. = 25 fl and thelineis

900 m long.
(c) Sketch the voltage waveform across R. when R_ = 100 fl and the lineis
900 m long.
(.d) Repeat (6) and (c) for aline 75 m long.
5w
»-—
100 Z. =50 1) y
B T_
K FIGURE P3.1

3.2. Let agenerator with internal resistance Ry be connected to a transmission
of length / and having a characteristic impedance Z,.. The line is terminatea
a load resistance R,. Let r = |/v be the one-way propagation time de”' ~,
generator produces a pulsed waveform Pit), 0 < t < T. Show that the vo
across R_ is given by

Viiy J—(@ +r)[p(t-r) +\.vP(t-3T) +rlr;p(t - 5T)

tK. Chang (ed.), "Handbook of Microwave and Optical Components.” vol. 1, PP 38-3"
Wiley & Sons, Inc., New York, 1989.
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Hint: See (3.12) and consider the total line voltage at z = 1.
A pulse generator produces a sawtooth pulse P(t) = LOt/T, 0<1<T, where
T= 1(T® s. The generator has an internal resistance Ry = 200 O and is
connected to a transmission line with Z, = 50 fi. Thelineis / meters long and
terminated in aload resistance R. The wave velocity equals 3 X 10 m/s.
(a) Find and sketch the load voltage as a function of time when / = 3 m and
R. = 200 O.
(6) Repeat (a) when R. = 125 Q.
(c) Find an analytic expression for the voltage across R. when R_ = 200 $2
and / = 12 m.
(d) Make a distance-time plot of the line voltage for (c).
A battery with voltage of 10 V is connected in series with a 50-1] resistor to the
input of a 50-fl transmission line at time / = 0. The transmission line, of
length 12 m, is terminated in a 1-jtF capacitor. Find and sketch the voltage
across the capacitor as a function of time.
Hint: Apply Thevenin's theorem.
Answer:

V. = 10[1 - g-c-%-°4)/59] / in microseconds

In the circuit illustrated in Fig. P3.5, the battery is connected at / = 0. Find
and sketch the voltage across R_ as a function of time. Assume that R. = Ry
=7, =50ihC=1/iF, 1 =300m,and v = 3 X 10 m/s.

R SW
rAAATr/"*-

Zc=5010  ;>fl =50l
I C=1°F

I =300 m H FIGURE P3.5

The resistor R, is replaced by a capacitor C_ *= 1 /xF in Fig. P3.5. Find the
voltage across C_ during the time interval 1 /xs <t < 3 its.
Answer:

Vi = 5[+~ - |0e(«n/50

where t is in microseconds.

Consider an ideal loss-free transmission line of length /. as shown in Fig. P3.7.
The far end is short-circuited. At the input end a battery of voltage V, is
switched across the Vine at time t = 0. Sketch the voltage wave on the line at
the middle over the time interval 0 </ < ll/c.

-2

FIGURE P3.7
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olzrl Zc =R, Fe S I
L_VW—o- et " FIGURE Pas
*0
3.8, Consider the transmission-line circuit illustrated in Fig, P3.8. At time / -

3.9.

battery of voltage Vy is switched across the line at the input. DetermiiT **' *
output load voltage V as a function of time.

Hint: This transient problem may be solved in a manner similar to tK
used in low-frequency circuit theory. The governing equations for the transnv
sion line are

>V BJF 3 dv

_— £ - Q__

Hz U Hz 8t
The time derivative may be eliminated by taking the Laplace transform. The
transformed solutions for V and S are

yle-w + V~e" ™ Ve """ + |-e?

By transforming the circuit equations for the load termination and the input
voltage, the resultant equations may be solved for the Laplace transform of the
load voltage. The inverse transform then gives the load voltage as a function of
time.

The foregoing procedure may be simplified by first replacing the battery
by a source Voe-""' and obtaining the transfer function V/Vp = Z(ju) as a
function of u> for this steady-state problem. Replacing ju> by s then gives the
transfer function in the s domain. The Laplace transform of the output voltage
is then

V(s) = —Z,(>=s)
s
since the Laplace transform of the input step voltage is Vy/s. The output
voltage is obtained from the inverse Laplace transform of Vis).
Obtain expressions for the voltage and current standing-wave patterns on *
lossless open-circuited transmission fine. Sketch these patterns. Assumean r
time dependence.

3.10. A transmission line with Z, = 50 ft is terminated in an impedance 25 +.P

3.11.

3.12.

3.13.

11. Find the reflection coefficient, standing-wave ratio, and fraction of tl
incident power delivered to the load.

Answer: VSWR = 2.618, 80 percent.
Verify (3.47) and compute Z, at a distance Ao/4 from the termination gi
in Prob. 3.10.
On a transmission line with Z, = 50 ft, the voltage at a distance 0.4A, "°,
the load is 4 +j2. The corresponding current is 0.1 A. Determine the nor
ized load impedance.

Answer: 0.145 +J0.397.
A 50-ft transmission line is terminated by a 75-ft load resistor. Fi" ot
distance / from the load at which Y, = 0.02 ~jB. By connecting *
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susceptance -jB across the line at this point, the load will be matched to the
transmission line. Explain why this is so. The distance / can be expressed in
terms of the wavelength Ao.
Figure P3.14 illustrates a three-conductor transmission line. Since potential is
arbitrary to within an additive constant, the shield S, can be chosen to be at
zero potential. Show that there are two linearly independent solutions for
TEM waves in this transmission line. If S, encloses N conductors, how many
TEM-wave solutions are possible?

Hint: Note that the potential can be arbitrarily specified on S, and S,

V=20 FIGURE P3.14

Show that power transmitted along a transmission line is given by
P = y/|V <t>]’d*dy

For Prob. 3.14 show that this equals jfV,/, + V,1) by using Green's first
identity (App. I) to convert the surface integral to a contour integral around
the conductor boundaries. |, and /., are the total currents on S, and S,.
Consider a three-conductor transmission fine as shown in Fig. P3.14 but
assume that the cross sections of S, and S, are not the same. Let € and <P,
be two different solutions for the potential field. For <% let Vg, /,, and
2> A2 P '"e yoltage and currents on S, and S,. Similarly, for <t>, let
Vu, /;,, and Vi, /62 be the voltages and currents on S and S, For the TEM
modes derived from 4>, + <t>p, show that the power flow is given by

HKi + vip)(ia +/m) . [(Vo2 + V,2) (/a2 + Ze2)

It is convenient to choose the potentials so that the two TEM modes obtained
from <, and <% have independent power flow. Show that this will be the case
if the interaction term

Malo + Whila) + (Moz2lbz + Viola2)
equals zero. Furthermore, show that the interaction term will vanish if the
potentials are chosen so that

112
C.

K2 " V2 c, +cC,

where C, is the capacitance between S; and &, C, is the capacitance
between S, and Sy, and C;, is the capacitance between S, and S,. For a
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3.18.

3.19.

3.20.

3.21.

3.22.

L
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symmetrical line, C, = C,,; and the two modes correspond to the ev

odd modes. B¢l
Hint: Use the relations <?,, = CyVa + Cu(Ve - Vo), Q" =¢

C12(Ve2 - V) and similar ones for the total charge Qu and Q,.,, on <j?%,7%*

terms of Vi, and Vie. Also note that /,, = (Yo/€0)Qa, E€tC. " o0

Show that, for an air-filled coaxial line, minimum attenuation occurs

xInx =1+ x, x = bla. What is the corresponding characteristic impeda"
Hint: Hold the outer radius b constant and find da /da.

Evaluate Z. for a lossy coaxial line using (3.28) and computed values of R n

L, and C. Assume 6 =3a=1 cm, f= 10° Hz, a= 58 x 10’ S/,5 '

e = (2.56 -j0.00De,,. Verify that + and

/ 1/2
ImZ, « ReZ,. and Z'((I:vs

See Table 3.1 for coaxiaf-iine parameters.

Usethe energy definitions of L and C [Egs. (3.112)1 to derive the results given
by (3.106) and (3.108) for a coaxial transmission line.
A microstrip line has a substrate 1 mm thick and with a dielectric constant
e = 8. The strip width W= 2.5 mm. Find the low-frequency effective didec-
tric constant and characteristic impedance.

Answer: e, = 5.953, Z,. = 32.13 il.
A microstrip line uses an anisotropic dielectric substrate with e = 10 and
«, = 8. The substrate is 0.5 mm thick and the strip width W = 0.75 mm. Find
the low-frequency effective dielectric constant and characteristic impedance.

Answer: e = 5.895, Z, = 42.97 fl.
A microstrip line has a 1-mm-thick dielectric substrate with a dieectnc
constant of 6. Use the computer program MSTP to generate data giving the
effective dielectric constant and characteristic impedance as a function of strip
width W. Use these data to design a microstrip system with an input line
having Z, = 50 ft, an output line having Z; = 75 il, and an intermediate
quarter-wave transformer section with Z, = ~50 x 75 il. Specify the three
strip widths W,, W, W, and the length of the quarter-wave transformer at 8
frequency f= 2 GHz (see Fig. P3.22).

Answer: Widths are 1.505 mm, 1.0125 mm. 0.649 mm. length = |**
cm.

A
— -A FIGURE P3.22

Find the effective dielectric constant, characteristic impedance, and atte
tion at 2 GHz for a microstrip line with the following parameters: r "~ jg
Joss tangent = 2 x 10"3, substrate thickness H = | mm. strip widthi *
mm, and strip thickness T = 0.01 mm. Use the computer program MS!
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Use the computer program MSTPD to generate dispersion data for the
effective dielectric constant for a microstrip line having the following parame-
ters: dielectric constant = 6, substrate thickness H = 0.5 mm, and strip width
W =2 mm. At what frequency has the effective dielectric constant increased
by 5 percent more than the quasistatic value?

In a monolithic microwave integrated circuit, gallium arsenide with e, = 12.9
is used as a substrate material. Find the effective dielectric constant, charac-
teristic impedance, and attenuation at 10 GHz for a microstrip line with the
following parameters: substrate thickness = 0.1 mm, strip width = 0.05 mm,
strip thickness = 0.002 mm, and loss tangent = 6 x LO®. For these dimen-
sions the quasistatic parameters are accurate. The computer program MSTP
can be used for the evaluation. What is the attenuation in decibels per
wavelength (microstrip) for this microstrip line?

A microstrip line has the following parameters: strip width W=1 mm,
substrate thickness = 1 mm, and anisotropic dielectric with e = 6.5, e, = 6.
Find the following: distributed capacitance C and inductance L per centime-
ter. characteristic impedance, effective dielectric constant, and the quasi-
TEM-mode wavelength at 2 GHz.

Use the computer program CMSTP to find the even- and odd-mode character-
istic impedances and the voltage coupling coefficient C for a coupled mi-
crostrip line having the following parameters: strip width W= 1 mm, strip
spacing S = 0.1 mm, substrate thickness = 1 mm, and substrate dielectric-
constant = 9.7.

A strip line has a ground-plane spacing of 2 mm, a strip width of 1. mm, and is
filled with a dielectric medium with dielectric constant 2.3. Find the character-
istic impedance.

Use the computer program STPL to evaluate the characteristic impedance and
attenuation of a strip line with the following parameters: ground-plane spac-
ing = 2 mm, strip width W= 0.5 mm, strip thickness T = 0.01 mm, dielectric
constant = 6, loss tangent = 0.006, and frequency of operation = 5 GHz.
What is the ratio of the attenuation due to dielectric loss relative to that of
conductor loss?

A broadside coupled strip line is required for a 3-dB directional coupler. The
even-mode characteristic impedance is to be 50 S. The voltage coupling
coefficient is 0.707. From this information determine the required odd-mode
characteristic impedance. Find the required strip width W and spacing S for
this coupled strip line. The ground-plane spacing is 4 mm and the dielectric
constant of the dielectric filling is 5. The strip thickness T = 0.05 mm. Use
the computer program CSTPL. You will need to follow an iterative procedure
to arrive at the required parameters. An accuracy of + 0.5 percent is adequate.

Hint: Begin with W= 35 mm, S = 0.5 mm.

In a monolithic microwave integrated circuit, a coplanar transmission line
with the following parameters is used: strip width S = 0.1 mm, slot width
W=0.1 mm, strip thickness = 0.002 mm, substrate thickness = 0.5 mm,
dielectric constant = 12.9, loss tangent = 0.0008, and frequency = 10 GHz.
Use the computer program CPW to determine the characteristic impedance
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and attenuation. If the strip thickness is increased to 0.005 mm wjii
significantly reduce the attenuation? ‘hn

Figure P3.32 shows a coplanar-transmission-line circuit for use in , v.
amplifier circuit. The required input- and output-fine chara fr *
impedances are 50 ft and 72 ft. The impedance of the quarter-wave sect-  ©
v/50 x 72 = 60 ft. The ground-plane spacing 2W + S is kept constanT'" "*
nun. The strip thickness is 0.002 mm. The substrate thickness is 0 4 |

"+ 03
the dielectric constant is 12.9 with a loss tangent of 0.001. Use the com"
program CPW to determine the required strip widths S;, S,, and S 1]
mine the length / of the quarter-wave matching section at a frequency f
GHz. How much attenuation occurs in the quarter-wave section? An accu *
of +0.25 percent is sufficient.

0.3 mm S n O

3.33.

3.34.
3.35.

3.36.

3.37.

3.38.

FIGURE P3.32

In a planar transmission line, the attenuation is 0.25 dB/cm. By wha
fraction is the wave amplitude reduced in propagating a distance of 1 cm on
this transmission line?

Derive the equations (3.72) for TM waves.

Find the cutoff frequency for the TE;o mode in a rectangular waveguide with
dimensions 4 cm by 2 cm. Find the guide wavelength Ay and phase velocity at
a frequency 25 percent higher than the cutoff frequency.

Derive the solution for a TE;o mode in a rectangular guide of wide dimension
a and height b when the guide is filled with dielectric of permittivity «s Show
that the cutoff frequency is given by f, = c/2aej’2, where ¢ is the freespi
velocity of light and e is the dielectric constant. Show that the gr
wavelength is smaller for a dielectric-filled guide than for an air-filled g«

Obtain an expression for the attenuation of a TE;; mode in a dielectric-fil
guide when e = g -je, but the walls are perfectly conducting. Obtain *
exact expression and compare it with the results deduced by an apphca
the perturbation method.
i* awitn

Obtain a solution for an H wave in the parallel-plate transmission ti{]s,\:
BEPHSEA LSt eRIE B AR P8R S Pt BRSpliate
structure? Why? fOr-

Hint: Assume h, = cos kx for |x| < a/2 and h = Ae ' ||tf

a/2. Verify that k\ + p* = (e, - D*o- Match the tangential fields at x "
to obtain an equation for A and one relating the parameters p and «f-
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«b
FIGURE P3.38

Obtain solutions for TE,, modes in the partially filled waveguide illustrated
in Fig. P3.39.
Hint: Assume that

cos L i O<x<t

f= 1Acosp@ - x t<x < a

and match the tangential fields at x = t. Thus show that
0° =kl - p> = e*g - kl

and that
p tan kit = -kg tan pd

Note that there are an infinite number of solutions for p and kyq correspond-
ing to various TE,  modes. Obtain numerical values for /3, p, and kg when
k=2, t=1cm, d= 15 cm, and e = 4. Note that there is a lowest-order
solution for p pure imaginary.

FIGURE P3.39

Obtain expressions for the surface currents of a TE;; mode in a rectangular
guide. A narrow slot may be cut in a waveguide along a current flow line
without appreciably disturbing the field. Show that, for the TE;; mode,
narrow centered axial slots may be cut in the broad face of a rectangular
guide. This principle is used in standing-wave detectors to provide suitable
points of entry for a probe used to sample the interior waveguide field.

Use the computer program RECTWG to evaluate the parameters of a rectan-
gular waveguide with width a = 1 cm, height 6 = 0.4 cm at a frequency of 20
GHz. How much attenuation will occur in a waveguide 5 m long?

For TE modes in a waveguide, write H, = -l(2V,h, E, = V(2a, X V,h.
Use Maxwell's equations to show that Viz) and [(2) satisfy the transmission-
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line equations

av di .
== -l '5‘44/‘612' T<- _|>ln + 777- IV
az az \ J<M(

Construct an equivalent distributed-parameter circuit for these modes p
TM modes put E, = -V(2V,e., H, JU)a, X V,e, and show that

rf\V / A2\ d/

dz A J<oo | "z

Construct an equivalent distributed-parameter circuit for these modes.t

Consider an infinitely long rectangular guide. The guide isfilled with dielectric
for z > 0, having a dielectric constant . An H, mode is incident from
z< 0. At z=0, a reflected r/;; mode and a transmitted Hiy mode are
produced because of the discontinuity. Show that the reflection coefficient is
given by (Z, - Z,)/(Z, + Z,), where Z, is the wave impedance in the empty
guide and Z, is the wave impedance in the dielectric-filled guide. Show that
the ratio of the wave impedances equals the ratio of the guide wavelengths.

Find the surface currents for the Hy, mode in acircular guide.

Obtain an expression for power in a TE, mode in a circular guide. (See App.

Il for Bessel-function integrals.)

Derive an expression for attenuation for TEu,, modes in a circular waveguide.
Answer: a = R, flw/[aZo f( f* - /70,,,)"?].

Find the attenuation in decibels per mile for an Hj, mode in a circular copper

guide of 1 in diameter when operated at a frequency of 10 times the cutoff

frequency.

Show that, in acoaxia line with inner radius a and outer radius b, there are

solutions for TE,,, and TM, ,, modes. A suitable solution for e, and k; is

[AJ, (k&)  +Yy,0,.r)]cosnrf>

Obtain equations (transcendental in nature) for determining the cutoff wave
number k, by imposing proper boundary conditions at r = a, b.

Use the computer program RIDGEWG to find the cutoff wavelength and
frequency for a ridge waveguide with dimensions a = 1 cm, b = 0.4 cm, n§?J
width = 0.5 cm, and ridge spacing S = 0.1 cm. Compare this with the cuto
frequency of a standard waveguide with a = 1 cm and b = 0.4 cm.

Use the transverse-resonance technique to derive the eigenvalue equation
TE, o modes in the partially filled rectangular guide of Prob. 3.39. Verify »
the wave impedances in the x direction in the two regions are koZo/P
kzlky = KoZo/Ky. 4jn
A rectangular waveguide with internal dimensions a = 0.9 in and b = -~
(standard X-band waveguide) has a centered fin with a slot spacing * ~~.
mm. Find the cutoff wavelength and compare it with that for the wavegu*
without fin loading. Use the computer program FINLINE.

. Schelkunoff, Bell System Tech. J-. vol. 34, p. 995. September, 1955.



REFERENCES

TRANSMISSION LINES AND WAVEGUIDES 219

3.52. The permittivity e is generally a function of e(u>) of to. Obtain an expression

for the group velocity of a coaxial line filled with dielectric. Neglect the
frequency dependence of the attenuation due to conductor loss.

3.53. A rectangular guide of dimensions a = 26 = 2.5 cm is operated at a frequency

of 10'° Hz. A pulse-modulated carrier of the above frequency is transmitted
through the guide. How much pulse delay time is introduced by a guide 100 m
long?
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CHAPTER

A

CIRCUIT THEORY FOR
WAVEGUIDING SYSTEMSt

At low frequencies the interconnection of resistors, capacitors, and induc-
tors results in a circuit. Such circuits are normally linear, so that the
superposition principle may be used to find the response when more than
one exciting source is present. Kirchhoff s laws form the basis for the
analysis, whether in terms of loop currents or node voltages. In these
low-frequency circuits the various elements are connected by conducting
wires, and generally the length of these connecting wires is not critical or
important.

At microwave frequencies equivalent reactive and resistive eements
may also be connected to form a microwave circuit. In place of connectin|
wires, transmission lines and waveguides are used. The length or to
connecting link is often several wavelengths, and hence propagation dled
become very important. The analysis of microwave circuits is therefore
necessity somewhat more involved than that for the low-frequency ca
The circuit theory of transmission-line circuits has been well developed
many decades, and, as will be shown the circuit theory for wavegu
systems is formally the same.

tThe basic theory of microwave circuits is developed in C. G. Montgomery, B- H. By, A
E. M, Purcell, "Principles " Microwave Circuits." McGraw-Hill Book Company, ™.%*..J U
1948. Much of the material presented here in Sees. 4.1 to 4.9 must of necessity be sirou

view o! its basic nature.

220
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Many of the circuit-analysis techniques and circuit properties that are
valid at low frequencies are also valid for microwave circuits. In actual fact,
low-frequency circuit analysis is a special case of microwave circuit analysis.
As a consequence, a study of microwave circuits provides a deeper physical
insight into conventional circuit theory. In this chapter the physical basis
for a circuit theory for waveguiding systems is developed. In later chapters
we shall utilize this foundation in the study of impedance matching, wave-
guide devices, resonators, filters, etc.

EQUIVALENT VOLTAGES AND CURRENTS

At microwave frequencies voltmeters and ammeters for the direct measure-
ment of voltages and currents do not exist. For this reason voltage and
current, as a measure of the level of electrical excitation of a circuit, do not
play a primary role at microwave frequencies. On the other hand, it is useful
to be able to describe the operation of a microwave circuit in terms of
voltages, currents, and impedances in order to make optimum use of
low-frequency circuit concepts. For the most part this can be done. There is,
however, a notable difference, namely, the nonuniqueness of the voltages
and currents in most instances. It was noted in the preceding chapter that
for the TEM wave on a transmission line there existed a voltage and a
current wave uniquely related to the transverse electric and magnetic fields,
respectively. In the case of TE and TM modes in a waveguide, no unique
voltage or current waves exist that have the same physical significance as
those associated with the TEM wave on a transmission line. This result
might have been anticipated since the guide boundary is a closed conducting
boundary, and one is at aloss as to the two points on the boundary between
which the voltage should be measured. Furthermore, if voltage is defined as
the line integral of the transverse electric field between two chosen points
on the boundary it is found that for TM waves the line integral is zero
(Probs. 4.1 and 4.2), whereas for TE waves the value of the line integral
depends on the path of integration that is chosen. For these reasons the
introduction of voltage and current waves, to be associated with waveguide
modes, is done on an equivalent basis and has formal significance only. The
basis for the introduction of equivalent voltages and currents is discussed
below.

In the previous chapter it was shown that propagating waveguide
modes have the following properties;

1. Power transmitted is given by an integral involving the transverse
electric and transverse magnetic fields only.

2. In a loss-free guide supporting several modes of propagation, the power
transmitted is the sum of that contributed by each mode individually.
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3. The transverse fields vary with distance along the guide according t

propagation factor € only.

4. Thetransverse magnetic field is related to the transverse electric field L
a simple constant, the wave impedance of the mode; i.e,,

Z,h = a X e

for a mode propagating in the +z direction.

These properties suggest letting equivalent voltage and current waves
be introduced proportional to the transverse electric and magnetic fields
respectively, since the transverse fields have properties similar to those of
the voltage and current waves on a transmission line. That is, in actual fat
what is done.

A propagating waveguide mode may be expressed in general as

E = Cree’™ + C'ee™® (4.1g)

H={The--*?2+ Cnre-n? (4.16)
for propagation in the + z direction, and

E = C~ed” - C~ge™™ (4.2a)

H= ~<Mw*» + C \i@" (4.26)

for propagation in the —z direction. In (4.1) and (4.2), C* and C~ ae
arbitrary amplitude constants. Note also that if the mode isa TE oraTM
mode, then e, and h.. is zero accordingly. Let the following equivalent
voltage and current waves be introduced:

V = freJfiv + V- (4.39)
1Nt edP? ~|~e™ (4.36)
where V*= Kfi+, V== KyC~, and /' = K,C" | = KC~ K; and K; ae

constants of proportionality that will establish the relationship between
voltages and the transverse electric field and currents and the transverse
magnetic field. In order to conserve power, it is necessary that

Ay :\Cl—-JSexh* * dS

Z

or KKZ = JeXh*t » adS =)

By proper normalization of the functions e and h, the product K,K| CaPQe
made equal to unity. Although (4.4) provides one relationship °°t"®®'L 5
and K,, a second relationship is required before they are determined. *
second relationship can be chosen in a variety of ways. For example-
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voltage and current waves given by (4.3) may be thought of as existing on a
fictitious transmission line that is equivalent Lo the waveguide. As such, it
may be desirable to choose the characteristic impedance of thistransmission
line equal to unity, in which case

A VvV~ K,

As an alternative, it might be desirable to choose the characteristic
impedance equal to the wave impedance, in which case

#1
2 = 1T =% (4-6)

Other possibilities are obvious and equally valid. In this text either the
definition (4.5) or (4.6) is used. The one that is used will be stated, or else it
will be clear from the discussion which definition is being utilized. When the
equivalent voltages and currents are chosen so that the equivalent trans-
mission-line characteristic impedance is unity, we shall refer to them as
normalized voltages and currents. Note that even though equivalent trans-
mission lines may be used to represent a waveguide, the propagation
constant of this line must be taken as that for the waveguide.

A waveguide supporting N propagating modes may now be formally
represented as N fictitious transmission lines supporting equivalent voltage
and current waves (from property 2 listed above for waveguide modes).
Thus we have

N
V= £ (V;e™> + V~eM) (4.1a)

a i

-t (Ken-l-en)

n=I

- E (V:Ye - VYED) (4.1b)
n 1

where the Y, are arbitrarily chosen characteristic admittances for the
equivalent transmission lines. When an obstacle is inserted into a waveguide
supporting N modes of propagation, these modes are in general coupled
together by the obstacle. This coupling can be described in terms of an
equivalent circuit made up of impedance elements. This impedance descrip-
tion of obstacles in waveguides is developed in the next section. Once the
equivalent voltage and current amplitudes have been determined, the wave-



224 FOUNDATIONS FOB MICROWAVE ENGINEERING

guide fields are known from the relations -

and the specified proportionality constants Kj, Kz, for each mode. The
axial field components may be found from (4.8) by the use of Maxwell's
equations. Note that the equivalent current wave amplitude for propagation
in the ~z direction is expressed by -I~, and hence the corresponding
transverse magnetic field is proportional to -K:}I~. When a waveguide
supports several modes of propagation simultaneously at the same fre-
qguency, the number of electrical ports will exceed the number of physical
ports. That is, power can be fed to a given load by means of any of the
propagating modes, and all these modes may be common to a single physical
waveguide input port.f

42 |IMPEDANCE DESCRIPTION OF WAVEGUIDE
ELEMENTS AND CIRCUITS

One-Port Circuits

A one-port circuit (equivalent to a two-terminal network) is a circuit for
which power can enter or leave through a single waveguide or transmission
line. A short-circuited transmission line and a short-circuited waveguide
containing a metallic post as illustrated in Fig. 4.1 are examples of one-port

circuits.
For one-port devices of the above type, a knowledge of any two of the
four quantities V¥, V~, V= V* + V~ | = 7" - 7~ will serve to describe the

effect of the one-port device on an incident wave (it is assumed that the
waveguide supports only one propagating mode). These quantities must, ox
course, be referred to a terminal plane such as t in Fig. 4.1 in order to be
unambiguously specified. A terminal plane, or reference plane, is the equiva-
lent of a terminal pair in a low-frequency network. In the present instance
an impedance description is desired. If the total voltage and current at the

tThe microwave equivalent-circuit theory presented in this chapter may be extended to iuclu
nonpropagating modes. However, when nonpropagating modes are included, the imped®®
and scattering matrices do not have the same properties as when only propagating modes 81*
present at the terminal planes. See H. Haskal, Matrix Description of Waveguide Discontinuity
in the Presence of Evanescent Modes, |EEE Trans, vol. MTT-12, pp. 184-188, March, 19%*
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%

(@

FIGURE 4.1
One-port circuits, (a) Short-circuited coaxial line; (b) short-circuited waveguide with post.

terminal plane are

y= v+ V-

I~r-r=Y(v+-v~)
where Y. is the equivalent characteristic admittance (actual characteristic
admittance for the transmission line), the input impedance is given by

7_V_ \/"V-7

mo T T o= © (4.9)
The complex Poynting vector may be used to establish the physical
nature of one-port impedance functions. From (2.59) and (2.60) we have

-0E xH*-ndS =P, + 2/Ww(Wy, - W) (4.10)

where n is a unit inward normal to the closed surface S, P; is the power
dissipated in the volume bounded by S, and W, - W, is the net reactive
energy stored within S. For the surface S choose the terminal plane, the
guide walls, and the short-circuiting plane. For perfectly conducting walls
and short circuit, n X E = 0; so the integral reduces to that over the
terminal plane only. Thus

-0E x H* « 3, dS= P, + 2j<o(W, - W,) (4.11)

Now at the terminal plane the transversefields are [see (4.8)]
E, - KIV—+ V")e = KWe (4.12a)
H, -/~"(/--/-3Jh”~ Jq7h (4.12Db)

Hence (4.11) becomes

(KKtyMI*je x h* o adS = iv7* = P, + 2»(Wy - W) (4.13)
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If now V is replaced by 17 we find that

P 2w, W)
Zn = = - (4.12)

This relates the input impedance to the power loss and net reactive ene
stored in the volume beyond the terminal plane. Inasmuch as the current
may be an equivalent current, the corresponding impedance Z |,
equivalent one also. Since P, W, and W, are all proportional to |/"|? _
hence also proportional to |7|? in view of the linearity of the field equations
the equivalent resistance R and reactance X in (4.14) are independent of
the amplitude of the incident wave.

By replacing 7* by Y*V* in (4.13), we obtain, after taking the
complex conjugate,

(4.15)

for the input admittance of the one-port device. The susceptance B is
positive (capacitive in nature) only if W, > W,

The evaluation of an input impedance by means of the general defini-
tion (4.14) will be carried out for the simplest case, that of a short-circuited
coaxial line. In the short-circuited coaxial line of Fig. 4.1, the fields in the
one-port device are given by

v a K
E = : ->*0*x Rl
In(6/a) r (e )
H =
\nola) 1 )
since the electric field must vanish at the short-circuited position z - O.u
the terminal plane is located at z = -I, then

4 ~n0 a

27reg|V 2 .,
- sin‘ kgzdz
In(6/a) -
TT60|V-|? sin 2kl
- 2
Similarly, it is found that
In(6/a)
sin2A:o/
_ +
Won = 2A,

In(6/a)
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The total current at the terminal plane at z = -/ is
[ = YV (@ + *x%3<) = 2YV~ cos kol
Using (4.14) now gives

dja>ire\Vv+\? sm2kol
M= In(6/a)  Ao(4Y . ?|V*|?)cos’V

j(OTrey sin2/;q/

| SWISwvV
on using the relations Y, = 2vYy[]n{b/a)], sm2kd = 2 sin kj cos ki,
and ko = w(/igeo)"’2. This result for the input impedance of a short-cir-
cuited coaxial line, as obtained from the general definition (4.14), agrees
with the simple computation based directly on expressions for the total
voltage and current at the terminal plane. However, the purpose of intro-
ducing (4.14) was not as a computational tool, but rather for the physical

insight it provides into the nature of the impedance function for a one-port
circuit.

TAlmW (416)

The second example of a one-port circuit as illustrated in Fig. 4.1
cannot be evaluated in as straightforward a manner as for the coaxial line
because it does not consist of a uniform unperturbed waveguide. The
presence of a conducting post within the termination results in induced
currents on the post that will excite a multitude of waveguide modes.
However, since it is assumed that only one mode propagates (the TE,q
mode), all the other modes decay exponentially in both directions away from
the post. By choosing the terminal plane sufficiently far away from the post,
thefields at this plane are essentially just those of the incident and reflected
dominant modes. The evanescent modes excited by the post will store
reactive energy, and this will contribute to the input reactance as viewed
from the terminal plane, as reference to (4.14) shows. The presence of the
post within the termination modifies the input reactance by changing the
amplitude of the reflected dominant wave in just the right amount to
account for the additional reactive energy stored.

As seen from the preceding discussion, it is important when dealing
with waveguide structures to choose terminal planes sufficiently far away
from obstacles that excite evanescent modes, so that only dominant-mode
fields have significant amplitudes at these reference planes. This will ensure
that all the reactive energy associated with the nonpropagating modes that
make up the fringing field around the obstacle is taken into account in the
expression for the input reactance. This precaution is particularly important
in any experimental setup used to measure the impedance function for a
particular obstacle. Once the impedance has been properly determined at a
given terminal plane, it may be referred to any other terminal plane by
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using the impedance-transformation formula
Z()=z (DY ABIRAT (-] 1)
2 'ZZ,. + iZ(L)tenB(lgan).-l) (4.

where |, is the location of terminal plane 1 and /., specifies the locatin
the new terminal plane. In particular, shift in the terminal-plane positm**)!
a multiple of A4/2 leaves the impedance invariant. Thus an impedance

be referred to terminal planes located in the near vicinity of an obst ?
where now it is understood that this impedance describes the effect of th*
obstacle on the dominant mode only, and does not imply that the total figt'
at this particular terminal plane is that of the dominant mode only. In oth
words, the impedance description of a waveguide element or obstacle give,
information on the effect this element has on the dominant propagating
mode but does not give any information on the detailed field structure near
the obstacle. Fortunately, the latter information is rarely required.

Lossless One-Port Termination

If there are no losses present in a one-port circuit, the input impedance isa

pure reactance given by
ix "\ INM31 (+18)

The assumption of a lossless structure is often a very good approximation
for microwave circuits. If W, = W, the input reactance vanishes and a
condition of resonance exists. There are actually two possibilities, namely,
Wy = W, but I * 0, and W,, = W, but V* 0. The first corresponds to a
zero in the input reactance (series resonance), whereas the second corre-
sponds to a zero in the input susceptance (parallel resonance) as given by

_ MWW 19)
w*

When the input reactance is zero, the input susceptance must be infinite,
which implies that V= 0 at the terminal plane. This latter condition u
possible since, for a pure reactive termination, all the incident power
reflected, so that the total voltage along the waveguide is a standing "#"®,
the form sin /3/. In the case of a zero for the susceptance function #.
reactance X must be infinite (have a pole) and / must vanish at
terminal plane. It may be anticipated, then, that the reactance and sus
tance functions will have a number of zeros and poles, i.e, frequencies®
which they vanish or become infinite. This behavior is clearly evident in
expression for the reactance of a short-circuited coaxial line, which is

il A on)

iX = jZe tan ki =jZ tan—oc o
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FIGURE 4.2
Input reactance of a short-circuited coaxial line.

A plot of X against frequency is given in Fig. 4.2. In particular, note that
the slope of the reactance is always positive; that is, dX/dcu > 0. This
positive-slope condition means that the poles and zeros of X must alternate
as to is increased from zero to infinity. We shall show below that this is a
general property of any reactive one-port circuit, a result known as Foster's
reactance theorem. First, however, it will be instructive to rewrite (4.20) by
using the infinite-product representation and also the partial-fraction ex-
pansion of the tangent function”

0)1 « !
1 -
L =1 T17TC
X= 2(. tan k()l =
n:- (ay
=0 (*+i)Ver
2wc

=7 4.21
B!T.s.... (nirc/2iy (4.2

The first form contains the product of an infinite number of factors in both
the numerator and denominator and clearly exhibits both the zeros and
poles and their alternating occurrence. The second form exhibits the poles
very clearly, but information on the zero locations is lost. In the vicinity of a
pole, say that at w = to, = nvc/2l, al terms in the partial-fraction expan-

tE. A. Guillemin. "The Mathematics of Circuit Analysis," chap. 6, John Wiley & Sons. Inc..
New York, 1949.

E. T. Copson, "Theory of Functions of a Complex Variable," Oxford University Press. Fair
Lawn. N.J., 1935.

J. Pierpont, "Functions of a Complex Variable," Dover Publications, Inc., New York. 195S.
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sion are small except the nth term, so that
2wc Z. cZ,

X< o - w)ion + a) W, - w) (4.

since w ~ u>, . This behavior near a pole is similar to that for a
parallel network for which _

—coL
'Lc- 1 (4.23,

where wo = (LC)2% However, the microwave network is a good deal
complicated, for it has an infinite number of poles and zeros, and not
double zero and a single pole as a simple parallel LC circuit has [the zero
occur at w = 0, where wL vanishes, and at infinity, where (WwC) ' vanishes!
These similarities and differences are important to note since they are
characteristic of microwave networks in general, even though we hae
demonstrated some of these properties for a short-circuited coaxial line
onlv.

X =

*4.3 FOSTERS REACTANCE THEOREM

The theorem that will now be proved is that the rate of change of the
reactance X and susceptance B with 0> is positive. Once this result is
established, it follows that the poles and zeros of a reactance function must
alternate in position along the o> axis. Figure 4.3 illustrates a generd
one-port reactive termination. The field within the termination satisfies
Maxwell's equations

V X E = -jujiH V X H =jaieE
The derivative with respect to w of the complex conjugate of these equations

gives
B« 3H* dwfi rIH* . dE* 9a€
= ja>ix~ +:H VX -we————yE* —
tSti> diss
Consider next the quantity
E S XH vV XE
X = -E-VX —
do) Ho) do) 00)
re* de* .
+V X H V-XH
do) do)
VII, _r.

_“ FIGURE 43
’ A one-port reactive termination,
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Substituting from above gives

( <H* <F \ I a<foM due \
V-EX —+— XH =j H-H*-— + E-E* —
\ dto dto I \ "to "toJ
I B dH* dE* >E

+  jeoffiH gtg—"H * oo~ + €E ~—dot——€E ditx)
The second term on the right-hand side vanishes; so we have

dH* dE* \ / dun Otoe\
I =i . * N ___ . * _
EX—o " @ P o7 K H "5 " BBl

If we integrate throughout the volume of the termination and use the
divergence theorem on the left-hand side, we obtain

A aH* de* \ e ( Own dtoe \
(6 EX + XH\WS= -jf HH*—+E -E* — \ dV
29 do) do) I v dto doj )

= AW + W) (4.24a)

where W,, + W, is the total time-average energy stored in the lossless
termination, as reference to (2.53) in Sec. 2.5 shows, and dS is chosen
directed into the volume.

Since both n X E and n X dE/dto, where n is a unit inward normal,
vanish on the perfectly conducting waveguide walls, the surface integral
reduces to an integral over the terminal plane t only. On the terminal plane
we have

N du* de* \ di* dv*
HEX + xH -ndS=V + —1 (4.246)
-\ dto dto i du> dto

where V and / are the equivalent terminal voltage and current. Now
V =jIX for a lossless reactive termination; so

dv= di* dX
= X i —
dto dto dto
di* dv= di* di* dX
Thus \% + / =jXI jXI- jB*-r-
d<i) do) dtti dto out
and hence we find that (4.246) yields
dX
d(o
ax MW, + Wf)
to JF (425)

The right-hand side is proportional to the total energy stored in the
termination and can never be negative. Consequently, the slope of the
reactance function must always be positive. If / is replaced by jBV in
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(4.246), it is readily found that

dB 4(Wn+We)
dco W+ (4.26)

and hence the susceptance is also an increasing function of frequency m.
above relations also show that the frequency sensitivity of the reactance
susceptance is proportional to the total average energy stored. These rel®
tions are readily verified in the case of simple LC reactive networks and
problem calling for this verification is given at the end of this chapter.

*4.4 EVEN AND ODD PROPERTIES OF Z,

Before terminating the discussion dealing with one-port impedance fun.
tions, one further general property should be pointed out. This property jg
that the real part of Z, = R +jX is an even function of w, whereas the
imaginary part is an odd function. The physical necessity of this was pointed
out in the previous chapter in the section dealing with group velocity. The
property stems from the requirement that the response of a circuit to a
real-time-dependent driving function must also be real. That is, if W(t) is
the applied voltage at the terminal plane, the frequency spectrum is given
by the Fourier transform:

V(a>) = fe~>"r(0dt @27
The frequency spectrum of the current that flowsis
©-m-"
The current as a function of time is

v 2irJ*R((0) + jX(u>)

and must be a real function. This will be the case if

V(-a>) V*(<0)
REW+jX(-<»)  ~  [«(*») +]X(@)]*

for then (4.29) becomes

J o Mioe™ J o= V)™
A~ 20LR(OJ) +jX(W) AT Biddy R(0>) + jX{u>)

which we can show is a real function. In the first integral on the rig
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replace w by ~u> to obtain
V(-oj)e —Jiul V (»)eJU,(

6~°'0 R(-a,) +;X( -at) ! RU>) +jX(W) dot (4.30)

The two terms in the integrand are complex conjugates of each other, and
hence the sum isredl; i.e,

N - Re V(a)et
S() - eék a|m) +M«Jd|* (4!31)

The condition specified on VR + jX) is satisfied by V alone and by
R + jX aone. Clearly, from (4.27), V(~a) - V*U). If

R(-to) + jX(-co) = [R(<0) +jX(<0)}*
then S(-»)-£(«) X(-w) == -X(0>)
and R is an even function of w, whereas X is an odd function of to, as was
to be proved. These even and odd properties are useful to know when

approximate expressions for impedance functions are constructed from
experimental data. For example, a series such as

ato aaCo' +agu> + o

could be used to represent X, but not to represent R, since the series is an
odd function of o».

AT-PORT CIRCUITS

Figure 4.4 illustrates the junction of JV waveguides or transmission lines (or
a combination of the two) that terminate in a common region or junction.
The region between the N chosen terminal planes may contain any arbi-
trary collection of passive elements. If each guide can support only one mode
of propagation, this circuit constitutes an iV-port microwave circuit. If one
or more of the guides can support several independent modes of propaga-

FIGURE 4.4
'V.'VOV/, \' An A/-port microwave circuit.
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tion, the number of electrical ports exceeds the number of mechanical
Each mode, since it carries power independently of all other modes "o*%-
sponds to an electrical port through which power may enter or l.a **
junction. To simplify the discussion, it will be assumed that each '
supports only a single propagating mode. The extension of the theory t ¢
case when some or all of the guides may support several propagating J*
is more or less obvious. T
Let the terminal planes be chosen sufficiently far from the juncti
that the fields on the terminal planes are essentially just those of tl"
incident and reflected dominant propagating modes. These fields may J
uniquely defined at the terminal planes in terms of suitably defined equi,
lent voltages and currents. Clearly, the amplitudes of all the incident wax*
may be arbitrarily specified, i.e., chosen independently. The amplitudes of
al the reflected waves are then determined by the physical properties of the
junction; i.e.. all the V~ are linear functions of the V,;. When the V;§ and V"
are known, the corresponding currents I*, I, are known from the relations

‘n *n'n 7-= VA
Since Maxwell's equations are linear andnthé'jrﬁnction is assumed to be
linear in its behavior, any N linearly independent combinations of the 4V
quantities V.*, V> J,, and |, may be chosen as the independent variables
to describe the electrical behavior of the junction. For an impedance descrip-
tion the total currents /, = /*— J~ at the terminal planes are chosen as
independent variables. The N total terminal-plane voltages V, = V*+ V-

are then the dependent variables, and are linearly related to the currents as
follows:

Zn h
Vv, Z» 2o wes N (.32
W N Zm NN Ty

The matrix of elements Z,, is the impedance matrix and provides a com-
plete description of the electrical properties of the N-port circuit. Some 0
the properties of this impedance matrix are discussed below.

If the junction contains a nonreciprocal medium such as a plasm
(ionized gas) or a ferrite with an applied dc magnetic biasing field (fern
are discussed in Chap. 6), then, in general. Z,. * Z.;; that is, the impedance
matrix [Z] is not symmetrical. The junction then requires 2N° parame
to describe it completely since each Z;j is complex and has two indepen
terms. If thejunction does not contain any nonreciprocal media, Zj ** /"
and the impedance matrix is symmetrical. In this instance a total 01 ° -
2N? - (N> - N) = N{N + 1) independent parameters are required to
scribe thejunction since N? - N of the parameters are equal. Finaly. » .
junction is lossless—and many microwave junctions may be approxiifl®
as such with negligible error—then all the Zj must be pure imag"®
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since there can be no power loss within the junction. In this case there are
only "N(N + 1) independent parameters required for a complete descrip-
tion. Any network containing the required number of resistive and reactive
elements may be used as a representation for the junction at a given
frequency. However, it must be kept in mind that when the frequency is
changed, the values of the network elements (resistance, capacitance, and
inductance) must also be changed. Rarely would any one particular network
representation provide a complete description of thejunction over a band of
frequencies unless the network parameters are changed in value when the
frequency is changed.

The foregoing discussion applies also to the admittance matrix [V],
which relates the currents to the total voltages at the terminal planes; i.e.,

h Ml M2 MmNV,
Yo NV (4.33)
v Y2 Yoy

The impedance and admittance matrices are reciprocals of each other; so

(Yl = [ (4.34)

of of Symmetry for the Impedance Matrix

The symmetry of the impedance matrix is readily proved when thejunction
contains media characterized by scalar parameters u and e. Let incident-
wave amplitudes V* be so chosen that the total voltage V, equals zero at all
terminal planes except the ith plane. Let the corresponding field solution be
Ej,H(. Similarly, let a second solution E;(H correspond to the case when
incident-wave amplitudes are chosen so that all V, equal zero except Vy The
Lorentz reciprocity theorem [Eqg. (2.135)] gives

>, xH - E xH,)*ndS=0

when there are no sources within the closed surface S. Let S consist of the
conducting walls bounding the junction and the N terminal planes. The
integral over the walls vanishes if they are perfectly conducting or if they
exhibit a surface impedance Z,, (Sec. 2.12). Therefore we obtain an integral
over the terminal planes only, i.e,

N
£j(E,XH -E XH,)e+ndS=0 (4.35)
n-1 'n

However, for the particular solutions considered here, n X E, and nX E .,
that is, EjE,j are zero on al terminal planes except t; and t,, respectively,
since al V, except VA and V, have been chosen equal to zero. Thus (4.35)
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becomes

["E, X H, *ndS= [E. XH, «ndS
N

|

where (I,-), is the current at the terminal plane i arising from an annl’
voltage at plane ./, and similarly for (/,),. From the admittance descrinf
(4.33) of the junction, we have

£«(/,),-W forK =e»#i

Hence (4.36) gives
WY = VVY

or Y =Y (4.37)

which proves the symmetry of the admittance matrix. Since the reciprocd
of a symmetrical matrix is a symmetrical matrix also, it follows that the
impedance matrix is also symmetrical. The symmetry of the impedance and
admittance matrices is a consequence of reciprocity. For nonreciprocal
media, /x or e (or both) are nonsymmetrical matrices, and (2.135) no longer
applies. In this case the impedance matrix is no longer symmetrical. Nonre-
ciprocal microwave devices are discussed in Chap. 6; so no further com
ments on these are made in this section.

*Proof of Imaginary Nature of [ Z] for aLossless Junction

For a lossless junction all the elements in the impedance and admittance
matrices are pure imaginary. Let [V]] and [/] be column matrices represent-
ing the terminal voltages and currents, respectively. The transposed matri-
ces[V ],,[/], are row matrices of the form

IN]
The total complex power into thejunction is

1 . .
£ £ 1:Zyim =P, + 2>( Wy - We)
n*»1m—1
For alosslessjunction P, =* 0 and the double sum must be pure i m&§H ey
Since the /,, can be chosen as independent variables, they may all be chose
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as zero except for the nth one. In this case
Re(/\*Zn,!,) = 0
or Rez,, =0
If al but /, and |, are chosen equal to zero, we obtain
&Z{i*inm+ 1*4)2,. + ini*Zyn + i %Zy\ =0

But I, I*, /,,/*, and I*l, + | J* are al real quantities and Z,,, Zm, are
imaginary; so this equation can hold only if
Rez”"! = 0

Therefore all Z,, are pure imaginary for a lossless junction.

alized Impedance and Admittance Matrices

Let us assume that we have chosen equivalent voltages and currents V,, /,
so that the nth equivalent transmission line has a characteristic impedance
Z, given by
A \Y
n
~~F~T

For an N-port circuit the impedance description is given by (4.32). The
impedance-matrix elements are Z,,. We now wish to redefine the equiva-
lent voltages and currents so that each transmission line has unity charac-
teristic impedance and to find the new impedance-matrix elements which
will be designated by Z., and called normalized elements.

Let the new voltage and current amplitudes be Vf, V,~ /*, and 7,. In
order to have the same power flow, we require

|

Jn 'n 2'n'n

We can express the power flow in the following two equivalent ways also:

since for the normalized voltage and current amplitudes V.*/7*= 1. From
the last two relations for power flow, we see that the normalized voltage and
current amplitudes are given by

I:=yfzi:
From these relations it readily follows that
K= fovn 1, ={z,
and V, =3Z~V, |,=JTJ,
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If we substitute from these expressions into (4.32), we obtain

v {yy 0 © 0
% 0 vV,
% ' 0 0 MY Vi "
I T, (0] had Q A1 2,2 o
O @1 "2.V
Y ‘AW
fY~i 0 0
0 fc
X 0 4
| ffi J1>3
YxZn <Y,Y2Zxo MY YNZin
vl YLz, YIY"Z, o
}/YAY~1Z| VI Yf,-Znn 0

A%

From this expression, we see that the elements of the normalized impedance
matrix are given by

-~ (4.389)
~ Y[Z~Zs

A similar analysis shows that the elements of the normalized admittance
matrix are given by

Y (4.386)

46 TWO-PORTJUNCTIONS

At this point it seems advisable to examine the special case of the two-P%*
junction rather than continue with the general theory of /V-port circuit*
The derivation of some further properties of the TV-port junction is cale®
for in some of the problems at the end of this chapter. Three examples °f



CIRCUIT THEORY FOR WAVEGUIDING SYSTEMS 239

two-port junctions are shown in Fig. 4.5. The first is the junction of two
rectangular guides of unequal height (called an .E-plane step since the E
vector of the TE;; mode lies in the plane containing the step geometry). The
second is a symmetrical junction consisting of two similar rectangular
guidesjoined by an intermediate guide of greater width. The third two-port
junction consists of a typical coaxial-line-waveguide junction, where the
center conductor of the coaxial line extends into the rectangular guide to
provide an antenna radiating energy into or coupling energy out of the
rectangular guide. A discussion of these particular junctions will serve to
develop the general impedance description of two-port junctions or circuits.

Since evanescent modes are excited at each discontinuity, the terminal
planes are chosen far enough away so that these decaying waves have
negligible amplitudes at the terminal planes. Equivalent voltages and cur-
rents are introduced proportional to the total transverse electric and mag-
netic fields, respectively, at each terminal plane. For example, for the
junction in Fig. 4.5a, let the incident and reflected transverse fields of
the TE1;o mode at each terminal plane be (coordinates x\y, z refer to the
left-hand-side guide, and the primed coordinates Xy, z refer to the right-
hand-side guide, as in Fig. 4.6)

E, = (Cjv*"'" + Cfe-"'Ja,sin— at t,
H, = -YJ(C{e"®> - Cfe-~'"a, sin— at (o
E, = (C, V2 + Cje"")a, sin at t,
H, = YjCieP"* - C,e~")ay sin———at t,

These expressions are obtained by choosing hs = (JTrY,/lia)cos(Trx/a) in
order to simplify the expressions for the transverse fields. Let the equivalent
voltages and currents be chosen as

Vo= Kfif @ V{ = Kfiie ~™
Vz' - KZC;eJIiu* Vz“‘: K2C2 @ Fhxk
l, = Y KoCie** I, = Y KCoe ~**

In order to simplify the notation, we have expressed K, as Ky imd
Ky as K, and eliminated the second constants K, and K, by introduc-
ing the wave admittance using (4.6). Thus the characteristic impedance of
the equivalent transmission line is equal to the wave impedance Z, = Y~’
of the TE;, mode. To conserve power, it is necessary to choose K, and K,
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4 — « ‘—' %Jt*

it*
FIGURE 4.5
el Examples of two-port junctions.

FIGURE 4.6
* Coordinates used to describeth
junction in Fig. 4.5a.

Dthat

VM = Yo KACH = rjCjf f P dxdy

Y0 Y0 a

or K, = y[abj2 and

“2(#)" = PAICNZ = yiCy I W— dxdy
(O0) a
or K, = jab2/2 .
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FIGURE 4.7
Equivalent circuits for a lossless two-port circuit.

If we use the above equivalent voltages and currents, we have

FW' V
V2. h
as a suitable description of the E-plane step. An equivalent circuit consist-
ing of a T network joining two transmission lines as in Fig. 4.7a provides a
convenient equivalent circuit for the junction. Other equivalent circuits are
also possible. In particular, if the junction is lossless, any circuit consisting
of three independent parameters may be used. Figure 4.76 illustrates a
circuit consisting of two lengths of transmission lines of length d; and d,
connected by an ideal transformer of turns ratio ml. Figure 4.7¢c is a
variation of this circuit, where the transmission lines are replaced by
reactive elements jX, and jX;. The parameters of any one of these circuits
may be expressed in terms of the parameters of any of the others. The
required derivations may be carried out in the usual manner.

2ji  z

12
2\ n22

The foregoing discussion applies equally well to the other two-port
junctions of Fig. 4.5 provided suitably defined voltages and currents are
introduced. Likewise, the equivalent circuits of Fig. 4.7 may be used to
describe the behavior of these other junctions. Although general forms for
the equivalent networks can be readily specified, the values of the parame-
ters are not so easily found. In some cases the network parameters can be
evaluated analytically, whereas in many other cases they must be deter-
mined by experimental measurements.!

+For typical analytical solutions and the methods employed, see R. E. Collin, " Field Theory of
Guided Waves," 2nd ed., |IEEE Press, Piscataway, N.J.. 1991.
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J* Z*
(@
V.a
Z*
h

{b\
x| o M
D SR i I el

. FIGURE 4.8

: ' Equivaent circuits for a symmetri-

[el cal two-port junction.

For the junction of Fig. 4.56, perfect symmetry exists about the
midplane, and hence the equivalent impedance matrix has Z, = Z,,. Fora
lossless junction of this type, the equivalent circuit can be any circuit
containing two independent parameters in a symmetrical connection. Some
typical circuits that may be used are illustrated in Fig. 4.8.

The foregoing discussion could be rephrased so as to apply to the
admittance-matrix representation as well; i.e,

h 12 (4.40)
Y12 Y22 V-2

The basic equivalent circuit described by (4.40) is the Il network
illustrated
in Fig. 4.9.
Example 4.1, To illustrate the use of equivalent circuits (assuming that tnei
parameters are known at each frequency of interest), consider the coaxia
line-waveguidejunction of Fig. 4.5c. Let a generator of internal impedance .
be connected to the coaxial line a distance / from the terminal plane t, L®
output guide be connected to a load that is matched to the guide, i.e.,
presents an impedance 1y at the terminal plane t,. The overall circuit is
illustrated in Fig. 4.10a. We wish to evaluate the power transmitted to

N

WG | | . FIGURE 49 .
o - T *  Equivaent circuit for admittance matrix of
two-port junction.
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Zn

*C Az

ie)

0 i
)

FIGURE 4.10
Equivalent circuit for generator connected to a coaxiad-line-fed waveguide

load and the standing-wave ratio on the input line. The equivalent transformed
load impedance at the plane t, is found by conventional circuit analysis to be

Zf,
AN\, (4.41)
n22 7 7,
This impedance is transformed by the length / of coaxial lineinto an impedance
Z, +jZ. tan pi
(4.42)

ZL =27 4z tan fil
at the generator terminals as in Fig. 4.106. This reduced circuit is easily
solved. The current supplied by the generator is

(4.43)
Zs + ZL
and the power delivered to Z| is
P=|l/J* Re Z- (4.44)

If the coaxial line and junction have negligible loss, this is also the power that

is delivered to the load.
To compute the standing-wave ratio, note that the effective impedance

terminating the coaxial line at t, is Z.. Thus a reflection coefficient I' given by
r= Z‘-+—Z° (4.45a)
Z A
is produced. This reflection results in a standing-wave ratio S given by
i+ iri
S=ij-in
The reflection coefficient and standing-wave ratio depend only on the effective
terminating impedance Z,.

(4.456)
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Maximum power will be delivered to the load if Z; is made equal t
complex conjugate of 2\, just as in the case of a low-frequency circuit n J
low-frequency network theorems may also be applied. For example, Thev
theorem may be applied at the terminal plane t, to reduce the circuit tn
equivalent generator with a new voltage Vy and a new internal impedance 7?
The new impedance is readily found by transforming Z; to an equjvd *
impedance n

uS

Zy + jZ, tan (3
= 27, + jZ4 tan pi (4.46)

at the plane /,. When viewed through thejunction, this impedance appears as
an impedance

Z, ~22| 77 N (4 47>
e
at the terminal plane t>-

The evaluation of the open-circuit voltage at t, is not quite as
straightforward. However, by using Thevenin's theorem twice in succession,
the desired result can be deduced with a minimum of labor. We first construct
a Thevenin equivalent circuit at plane /,. The equivalent internal generator
impedance to use here is Zg given above. Let the voltage waves produced by
the generator when the coaxial line is open-circuited at |, be

Y* %o + P-fx!
where z is measured from the generator. At z =/ the coaxia line is open
circuited; so the total current

must vanish at z = 1. Thus V = V'e~3". Hence, at the generator end where
z =0,

V(0) = V(I +¢-27)
1(0) = Y VI(l-e-27")
But 7(0) = Iy and V4 = IgZg + V(0); so
V() = V(I + &) - Vg - 1gZg =V 1(0)Z
= Vi-YiVZ(-e -™>)

When we solve for V' we obtain

Ve = (4.48)
@+ YZ) + (L - YZeW
The open-circuit voltage at t; is now readily found to be
VA = vke™ + Ve - 2vE"
2V edP (/'4‘4»).

" | + YCZ;)J +(-YZde W

The Thevenin equivalent circuit at t; is that illustrated in Fig. 4.H-
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i 7] E] FIGURE 4.11
= l:[ﬂ Thevenin equivalent circuit at

terminal plane /,.

FIGURE 4.12
Thevenin equivalent circuit at terminal plane t,-

Application of Thevenin's theorem once more in the usual manner leads
readily to the circuit of Fig. 4.12, where Z is given by (4.47) and V" is
given by

v Al (4.50)
Zii
The reader may readily verify that the power delivered to Z, as computed

from the circuit of Fig. 4.12 is the same as that given by (4.44) (assuming no
circuit losses), i.e..

! ' (4.51)

"=2 Z.+Z, '
and is equal to (4.44). When there are circuit losses, not al the power delivered
to the equivalent load impedance Z'| of (4.44) is absorbed in the load Z,.
However, (4.51) does give the correct power delivered to the load even if other
circuit losses are present. An alternative way of solving the problem is to

replace the coaxial line by an equivalent T network also (Prob. 4.9), in which
case the circuit is reduced to a conventional lumped-parameter network.

e Equivalent Two-Port Circuits!

Figure 4.13 illustrates a number of useful equivalent circuits and some of
their duals for representing lossless two-port junctions. The impedance
parameters Z, Z,, and Z, are given below in terms of the network
parameters, and vice versa. The same equations apply for the admit-
tance parameters for the dual network (replace Z, by V", Z, by Y, etc.).
Note that in the dual networks, the turns ratio of the ideal transformers are
reversed. In addition, note that Z, in these circuits is an independent

tThe material in this section has been reproduced in modified form from C. G. Montgomery,
R. H. Dickc, and E. M. Purcell, "Principles of Microwave Circuits." pp. 105-108. McGraw-Hill
Book Company, New York, 1948.
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parameter or characteristic impedance and does not equal (mo/e )i/2

€)) Z, = -jZy cot 01 Z—27Z»n Z,
Zo=7-jZy cot pi cos pi = -ii
“t8
7 \2 12
?12 = #Z; CC pi Zo =12, 1 -
2\%
(b) 277 cot i Z, = Z, + YiTZ,
222 = Z 'JCOth Zo = Zop + /1 + Zf],
212 = +7 CL pi sin Pl= + —
Z-17
If pi = TT/2. choose
Z, = Z, Z[ =7Z,,
Z-7227 7, 2= Z»
ZI12 ~jZ, Zo= -jZip2* 1
\Z\1Z
(c) Aj = -./Zgcot /3] cos/»=
12
Z, 7°
222 = -j cot p' Z,, = -qu\ ~12
ZuZss
Z|2:j_egn: pl n = 'u
22
(rf) Z, = - cot pi cot  pl=jzZ,
Zyn = Z cot pi n =
12
. Z,27
Zxp = — escpi Z=7z2 e
1-Zfc
Vaj
e Zn =Zi. n% . 2
() n 1 0 Zi -7, - —-
Zn — 2 2
Zo = Zoo

Zip, = *nZ, rc =
w22
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FIGURE 4.13
Some equivalent circuits for lossless two-port junctions.

An equivalent circuit incorporating a length of transmission line is
particularly convenient to use since a shift in one (or both) of the terminal
planes will reduce the circuit to a very simple form. For example, let the
equivalent circuit of Fig. 4.13c be used to represent thejunction in Fig. 4.14
between the terminal planes ty, and t,. If the terminal plane <, is shifted a
distance /' to the left so that pU + I') = w, that is, | + I' = A4/2, then the
equivalent circuit has a section of transmission line one-half guide wave-
length long. But since impedance is invariant to a transformation through a
half-wavelength-long section of transmission line, this being equivalent to a
11 turns-ratio transformer, the section may be removed and the equivalent
circuit reduces to a single ideal transformer. This new circuit represents the
junction between the new terminal planes t\ and t,.
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/o FIGURE 4.14

A junction and its equivawW
t;  circuit.

SCATTERING-MATRIX FORMULATION

The preceding section dealing with the impedance description of microwave
circuits is in many respects an abstraction since the voltages, currents, axd
impedances cannot be measured in a direct manner at microwave frequen-
cies. The quantities must therefore be regarded as secondary, or derived,
guantities. The quantities that are directly measurable, by means of a andl
probe used to sample the relative field strength, are the standing-wave ratio,
location of a field minimum position, and power. The first two quantities
lead directly to a knowledge of the reflection coefficient. The measurement
of power is needed only if the absolute value of the field in the device needs
to be known. Another parameter that is directly measurable is the transmis-
sion coefficient through a circuit or junction, this being a relative measure-
ment of the amplitude and phase of the transmitted wave as compared with
those of the incident wave. In other words, the directly measurable quanti-
ties are the amplitudes and phase angles of the waves reflected, or scattered,
from ajunction relative to the incident-wave amplitudes and phase angles.
Again, in view of the linearity of the field equations and most microwave
devices, the scattered-wave amplitudes are linearly related to the inciden -
wave amplitudes. The matrix describing this linear relationship is called t

scattering matrix. ,

Consider the N-portjunction of Fig. 4.15. If a wave with an associate*
equivalent voltage V,” is incident on the junction at terminal plane t\>
reflected wave S,V,"= V~ .will be produced in line 1, where S\ &
reflection coefficient, or scattering coefficient, for line 1, with a wave
dent on, line 1. Waves will also be transmitted, or scattered, out of the o
junctions and will have amplitudes proportional to V,". These aropl'"
can be expressed as V~= §Vf, n = 22...N, where S, isatrans”
sion coefficient on line n from line 1. When waves are incident in all_'

the scattered wave in each fine has contributions arising from all thx
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.y FIGURE 4.15
An N-port junction illustrating scat-
Ve tered waves.

incident waves. Thus, in general, we can write

AM1S;, A3 Vi
= | Sa S22 &2N (4.52a)
S Se ens NNV
or [v-] =[S][V] (4.526)

where [ S] is called the scattering matrix.

When dealing with the scattering-matrix description of ajunction, it is
convenient to choose all the equivalent voltages (and currents, which,
however, do not enter the picture explicitly) so that the power transmitted
is given by 5V,"P for al values of n. This corresponds to choosing the
equivalent characteristic impedances equal to unity.t The main reason for
doing this is to obtain a symmetrical scattering matrix for reciprocal struc-
tures. If this normalization is not used, then because of different impedance
levels in different lines, the scattering matrix cannot be symmetrical. Note
that, with the assumed normalization, V =V*+V~ and | = T- I'= V"-
V , and hence V"= {V + 1) and V~= |(V - /). Thus the new variables V*
and V are linear combinations of the variables V and / used in the
impedance description. For this reason the currents do not enter into the
scattering-matrix formulation. If desired, they may be calculated from
the relation / = V - V~

Y VaJue different from unity would also be suitable, the only requirement being that all
 "aye the same characteristic impedance, so that power will always be equal to a constant
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When it is necessary to distinguish between normalized and unn
ized voltage and current amplitudes, then we use an overbar on then An*
ized variables. Throughout this section we are using only norm p
variables so the overbar is not included, in order to keep the notaf *
simple as possible.

At any particular frequency and for a given location of the term-
planes, the scattering-matrix elements S,,, have definite values. If !l/
frequency is changed, these elements change values also, in a manner
readily deduced analytically in general. However, at a fixed frequency *u
change in the scattering-matrix elements arising from a shift in the term’
nal-plane location is readily found. For example, let terminal plane t \,
shifted outward an amount /, corresponding to an electrical phase shift |
ti, = PJn> where /3, is the propagation phase constant for the nth line If
the incident-wave voltage is still denoted by V," at this new terminal plane
all the transmission coefficients S, ,, m *e n. for transmission into line m
from line n must be multiplied by e"-"" to account for the additional path
length over which the waves must travel. The reflected wave in line n has
traveled a distance 2/ , more relative to the incident wave at the new
terminal plane. Thus the new value of S,, is e~*"/"S,,. Likewise, waves
traveling from line m to line n must travel adistance /, farther, and thus
Sm is changed to e/®'S,,. These results are readily expressed in the
general case by the following transformation of the [§ matrix into the new
[S] matrix:

eli, S 012
[s] = ol ™ 22 &N
~Jin- -Svi Sy GNN-
Il
,-I»2 (453)
~J°N

where 0, = Py, isthe outward electrical phase shift of the rath ten e
plane.

Symmetry of Scattering Matrix

For a reciprocal junction the scattering matrix is symmetrical, t* ¢
Sm = Sm, provided the equivalent voltages have been chosen so 7
power is given by j\V,"\? for all modes. The latter condition is eQ".  jjpes
choosing the characteristic impedance of dl equivalent transmission *
used to represent the waveguides equal to unity. If the voltages a™
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hosen in this fashion, [§ will, in general, not be symmetrical. Problem
4 19 gives an example of a nonsymmetrical scattering matrix.

The proof of the symmetry property of the scattering matrix is readily
obtained by utilizing the known symmetry property of the impedance
matrix. Thus the symmetry of the scattering matrix is basically a conse-
guence of reciprocity. For the normalization used in the present section,

V.=Vi+v- i =it-r=v'-v
Thus, since [V] = [V'] + [V] = [Z[1] = [Z2Iv+] - [Z[V~l we have
(4 + [uDIV-] = (Z8-[uDlV]
[V-] = i[2) + [UY{[Z - [UDIV<] (4.54)

where [U] is the unit matrix. Comparing this result with (4.526) shows that
the scattering matrix is related to the impedance matrix in the following
manner:

[S] = ([z] + [i/])-"([2] -[1/]) (4.55a,
Alternatively, we have
+ .
[V]=KV]+in)=k[Z] + WW]
and (V-] = [(Iv] - [ = [([Z] - [uDll
and this gives
V= @ - DA
or (8 = (4-[uDp(a + [U])-< (4.556)
The transpose of (4.55a) is
[s]. = ([z]-[[/]).([z] + [t/]);"

But since the matrices in parentheses are symmetrical, they are equal to

their transpose; e.g.,

az-[u]), = [Z-[u]
Hence [S:- (2] - [VO{[2 + [U]}
and using (4.556) now gives

[9:=1[9 (4.56)

a result that can hold only if [§ is a symmetrica] matrix.

M for  a LosslessJunction

oralosgless junction the total power leaving the N ports must equal the
total incident power. The mathematical statement of this POWEr-€onserva
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tion condition is

N N
Z\W-\2= Zw;\?

n=| n=|1 -
This condition will impose a number of restrictions on the scatterin
parameters such as to reduce the total number of independent par "
to \N(N + 1), the same number of independent parameters as ' *
impedance matrix for alossless junction. Replacing V~ by

N
K- L s
i=I
the power-conservation condition may be expressed as
R N 9
. Z sV, = Z W\ (4.58i
- i=i

The V,' are al independent incident voltages; so if we choose all V~-=Q
except V,", we obtain

Z\syr? =" (4501
n=1
N N
or Lis,,i’= Es,,s* =i (4.60)

The index i is arbitrary; so (4.60) must hold for all values of i. Equation
(4.60) states that for a lossless junction the product of any column of tl
scattering matrix with the conjugate of this same column equals unity.

In addition to the above constraint on the Sy, a number % ®,%tj77]
constraints may be derived. If we choose all V* = 0 except Vs and V., (4
gives

£ iSVlS,Vii%= 22 (SVi+SuVs) (SnaVs + S Vi f

n=| n=|
-w\ + V2
Expanding the left-hand side gives

Z\B, i+ Z\syV\2ZA Z 8esxW
n=I

n=|

N
+ Z SuS*V(VS)E = Ve + TR

n=1
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TTsne (4-59) results in a number of terms canceling, and we are left with

N +

Z [S$sSVs (U + 5% sV (Vs )*]

ra=|
In view of the independent nature of V/ and V*, choose, first of all,
VAR V* We then obtain

*s
WAL (SpsSn*r + Sp*sSnr) = 0 (4.61a)

n=1I

If, instead, we choose V*=jVv*, with V; real, we obtain

IV22 1 (SuSy - SSy) = 0 (4.616)
|

n

Since neither V* nor V* is zero, both (4.61a) and (4.616) can hold only if
£S X =0 **r (4.62)

This equation states that the product of any column of the scattering matrix
with the complex conjugate of any other different column is zero.

The conditions (4.60) and (4.62) are sufficient to restrict the number of
independent parameters in the scattering matrix to [MAT+ 1). A matrix
with elements that satisfy these conditions is called a unitary matrix. To
illuminate this unitary property further, it will be instructive to rederive the
above results by means of matrix algebra. The power-conservation condition
(4.57) can be expressed as

v = VT
= ([SIIV']), ([S][V D*
=[v-],[sl{snv']*
Upon factoring this equation, we obtain

nH,UE7]-[sL[sr)[v'T=0

This equation can hold only if

[S{S = [U] (4.63a)
o 1 Bf-1\VW (4-636)

matG Ney iS nOt Zeron The result (4_636) is the defimtion of a unltary

rix. The conditions ?4 .60) and (4.62) are obtained by carrying out the
tnx multiplication called for in (4.63a).
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e FIGURE 4.16
1 A two-port junction.

48 SCATTERING MATRIXFORA TWO-PORT

JUNCTION

Since many common microwave circuits are two-port junctions, the scatter
ing-matrix description of these is examined in greater detail. With reference
to Fig. 4.16. let the scattering-matrix parameters of the junction be S
S,1, Si2, and Sp. The incident- and scattered-wave amplitudes are re-
lated by

vl = [sliv+] (4.64a)
or VE = SV2+ Sp\V? (4.646)
V, =S V?2+ S0V (4.640)

If the output guide is terminated in a matched load, V, = 0. From (4.646) it
is seen that Sg, isthe reflection coefficient in the input guide 1, with guide
2 terminated in a matched load. Also, S is the transmission coefficient
into guide 2 from guide 1. Similar remarks, of course, apply to the parame-
ters S, and Si,.

If guide 2 isterminated in a normalized impedance Z, at_the terminal
plane t,, then V,~ may be regarded as the incident wave on Z,, and V, >s
the wave reflected from Z,. The ratio must be equal to the reflection
coefficient of the load; hence

YL, = _ (4.65)
v- 'z, =
Substituting into (4.64), we obtain
K-SV~=8Vi=Sor V2

-SaV"\Spof L V2V
Solving for Vf/V* gives

W ¢ soSar (461

which shows how the input reflection coefficient in guide 1 is modified
the output guide is not terminated in a matched load.
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POT a reciprocal junction, S;, = S,;, and the scattering matrix con-

ns at most, six independent parameters, which are the magnitudes and

nas€ angles of §, S, and S,,. If the junction is lossless, the scattering

atrix contains only three parameters, since the S, ,, arerelated by condi-
tions (4-60) and (4.62), which in the present case become

Si.Sf, + S, = 1 (4.67a)
SuSs + S, = 1 (4.676)
SS, + S5, =0 (4.67c)
The first two equations show that
IS, | = [S22] (4.68)

and hence the reflection coefficients in the input and output guides are
equal in magnitude for a losslessjunction. In addition, (4.67a) shows that

ISl = VI - 1S, (4.69)

If we let S, = ISule"?, S, = \§\é® and S;, = (1 - |S4]?)!"2e”, then
(4.67c) gives

ISal(I - 1S1])""IVI~Y'* + er>"0 = 0
or, equivalently,

e‘]t" 1"»2> = -—eV*
Thus 01+92:20'n12n_
+
and g= I , P4 +m (4.70)

The two results (4.69) and (4.70) completely specify the transmission coef-
ficient S;, in terms of the reflection coefficients S, and S,,. Since S, and
S,, are readily measured and a knowledge of these suffices for the complete
description of a lossless junction, the scattering matrix is a particularly
convenient way of describing a lossless microwave two-port circuit.

The direct evaluation of the scattering-matrix parameters is illustrated
by considering two simple examples. In Fig. 4.17a a shunt susceptance jB
is connected across a transmission line with characteristic impedance Z.. To
hng g, we assume the output line to be matched, so that V, = 0. The
reflection coefficient on the input side is

S -Yc~"n Y. - Y. -iB -iB
"~ Yet+Yir 2Yc+jB " 2Yc+jB

rom symmetry considerations it is clear that S,;, = S, The third parame-
ter Can b_evaluataq ysing (4.69) and (4.70) or by finding the transmit-
age "2 with the output line matched. For a pure shunt element, we
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B Z
@
A h
J*
* _ 2 | * _* |
FIGURE 4.17
\b\ Shunt and series elements on a transmission line

must have V,"+ Vf= V,~= V+(l + S, ). Since VA= SuV+ also, we obtain

2K

- + - -
Sy 1 +5S,-S, VB

For the second example we consider a series reactance jX connecting
lines with characteristic impedances Z, and Z,, as in Fig. 4.176. In this
example the characteristic impedances of the two lines are different; so we
must first choose normalized voltages. Let V,", V{, V.J,V, be the actud
transmission-line voltages for the waves that can exist on the input ad
output sides. Power flow for a single propagating wave is given by jriyfl?
and |y,|V,*|%. If we choose normalized voltages Vf= y;"?V,"" and Vlij=
Y,2V,+, then power flow is given by 1IVJI? and +\VE\? and is directly

proportional to the voltage wave amplitude squared.
If the output line is matched, we have

V{ Vii ZurZy Z~Z X

Al V* " Zto + Zt Z; + Z+jX

With the input line matched, we find

% 7?Z Z1-Zp4iX
Vo fx 27, + ZuijX

To find Sy, again consider the output line matched. On the input un*
have V, = V?+ Vf =» V~(I + §) and

1> = Y(V>-Vn = YW2A-S)
The current is continuous through a series element, and hence

p=4=A =W (i-Sy)
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But /,-= W; so Y.V, = Yy,a - §). We now obtain
Y \1/2 V- Z 1/2
5 3 v ! T
S,. - S, - . 21 V2 (| Su)

h V2 27, 2°77z
Zi+Zy+jX Z, + ZytjX
The equality of S;, and S,; occurs because of the symmetrical manner in
which Z, and Z, enter into this expression. If unnormalized voltages were

used, the same expressions would be obtained for S, and S,,, but for S,;
and S, we would obtain instead

27, 27,
S -z 4 zZoryx X2 -z wz,4x

TRANSMISSION-MATRIX REPRESENTATION

When a number of microwave circuits are connected together in cascade, it
is more convenient to represent each junction or circuit by a transmission
matrix that gives the output quantities in terms of the input quantities. The
reason for this is that, with such a representation, the matrix which
describes the complete cascade connection may be obtained simply by
multiplying the matrices describing each junction together. The indepen-
dent variables may be chosen as the input voltages V, and currents /,, the
incident- and reflected-wave amplitudes V,*, V~ on the input side, or any
other convenient linearly independent quantities. When voltages and cur-
rents are chosen, we shall call the corresponding matrix the voltage-current
transmission matrix. If incident- and reflected-wave amplitudes are chosen,
we shall refer to the matrix as a wave-amplitude transmission matrix. To
simplify the discussion, we shall consider the cascade connection of two-port
circuits only. However, the general formulation is readily extended to cover
the cascade connection of JV-port circuits.

The transmission-matrix formulation is of great value in analyzing
nitely 1°"g periodic structures such as those used in slow-wave circuits
r traveling-wave tubes and linear accelerators. Since examples of these are

«dyzed in Chap. 8, we shall consider only the basic formulation in this
section.

Transmission Matrix

sure 4.18a illustrates a two-port junction with input total voltage and

as th o A A outpUt guantities V1, Since Vo ™A h ™2Y P chosen
¢ independent variables and the junction is linear, the dependent
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K @ |*
e K3
(a)
: 4 A,
—1a fi a; CB, ——"  FIGURE 4.18
K] fa pi (a) A two-port junction; (fc),
cade connection of two-noM e
B '

variables Vj, I, arelinearly related to V,,l,. Consequently, we may write
V,=8?Vot+ M, (4.719)
J =WV, +&l, (4.716,

where *, 33, &, and ~ are suitable constants that characterize the
junction. Note that we have chosen the positive direction of current to be to
the right at all terminals. This is done so that the output current J,
becomes the input current to the next junction, etc., in a cascade connection
as illustrated in Fig. 4.186.

In matrix form (4.71) becomes

V:

" @.72)

The relationship of the voltage-current transmission matrix to the
impedance matrix is readily found by rewriting the following equations in
the form (4.71):

Vi = \Zy - 122

These equations may be solved to give
VZ,, [ZuZ22 Zo)Zi,  \»

41
h 1/Zise Nz v

The s?£S%Q> parameters of thejunction are readily identified in ter
the Z,, from this relation. The determinant of the voltage-current t'
mission matrix is

- j* 7

for a reciprocal junction, as is readily verified from (4.73).



CIRCUIT THEORY FOR WAVEGUIDING SYSTEMS 259

For a cascade connection as illustrated in Fig. 4.186, we may write

Vi ki <A] fVZ]
h., |« «i |V
sis 4U| v3
Al s ® |V
and therefore
_ [i72 "2l vt
hi| r "2 .

(4.75)

Seh + &%  Si&t + MB, %fvg]

Thus the input quantities are readily found in terms of the output variables
simply by multiplying the transmission matrices together. The ratio of the
output voltage to current is determined by the load impedance.

Wave-Amplitude Transmission Matrix

The wave-amplitude transmission matrix relates the incident- and
reflected-wave amplitudes on the input side of the junction to those on the
output side. It bears the same relationship to the scattering matrix as the
voltage-current transmission matrix does to the impedance matrix. Just as
in the case of the voltage-current transmission-matrix representation, it is
convenient to choose the variables in such a fashion that the output
variables from one junction become the input variables for the next junc-
tion. With reference to Fig. 4.19a, we thus choose

(4.76a)
eT- FT (4.766)
o= V- (4.76C)
Co= V; (4.70&")
CS = Vz- (4.768)
(4.761-)

he superscript + refers to the amplitude of the wave propagating to the
"gnt, and the superscript - refers to the amplitude of the wave propagat-

Sto the left. The input and output quantities are linearly related; so we
My write

"12
4.77
v A, 4.77)

the A,, are suitable constants that describe the junction. For the
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n21 n22

(4!

Au sz

Ib)

FIGURE 4.19
Wave-amplitude transmission-matrix representation of ajunction.

cascade connection of Fig. 4.196, we have

An A Au Az ¢

123 A A2 A22 -

In terms of the scattering matrix for the singlejunction, we have

\Vi§ cf Sy S1z VIt
V. °t, S12 S22 V-t
[Sn 512 <-.(

"12 Sz | &'

These equations may be solved for ¢, and ¢, to give
1/S;, —-S22/S12 c,

Sn/Si, (S - SuS.Aj/Sja

from which the A,, are readily identified in terms of the S,
the determinant of the [A] matrix equals unity, i.e.,

AnA-22 - A|2A21 =1

as is readily verified from (4.80). However, if the wave amplitudes ha
been normalized, so that power was given by 7e7l~, etc., the determin

the [A] matrix would be different from unity in general (this foIIovH
the nonsymmetry of the scattering matrix in this case). Some
problems given at the end of this chapter illustrate these points.

*4.10 SIGNAL FLOW GRAPHS

A signal flow graph is a graphical representation of the rela“!to»
between a set of independent input variables that are linearly rela (it
set of dependent output variables. For example, the impedance-
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Zn-Zn 2 ~ 7-2
VAl . .
FIGURE 4.20

(a) A generator connected to a load through an impedance network; (b) signal-flow-graph
representation of the linear system in (a).

description of a two-port network
V, =Z,7, + Z1zl>
Vo =2y Ty + 2227,

may be represented by a signal flow graph by drawing four nodes to
represent the variables V, V, 7., and 7, and connecting lines having
transmission factors that show how the inputs 7, and |, feed signals to the
output nodes labeled V; and V,. The graph is shown in Fig. 4.20. The node
labeled V, has an input 2,7, from 7, and an input Z,,7, from 7,. These
inputs are represented by the directed line segments having transmission
factors Z, and Z;, as shown in Fig. 4.20. Similar connections go from node
V, to nodes 7j and 7,. If the output is connected to a load 7, we have a

further condition, namely, Vy = -1i,7 = \yhich can be represented as a
directed line segment from ‘the

2 _node to the V, node and having

a transmission factor -Z,. If we connect a generator with voltage V4 and
impedance Zy to the input, then one additional equation V| = Vq, — 1,Z; is
imposed on the system. To represent this equation on the graph, a node
labeled V, is added along with a directed line segment from this node to V,
and with unity transmission factor. Also an additional line segment from
node 7, to node V, with transmission factor -Z; must be added. From this
example it should be clear how a signal flow graph is constructed to
represent a linear system.

Once the signal flow graph has been constructed, the solution giving
any one variable such as V,, V,, 7, or 7, in terms of the source variable Vj
@ be determined from the topology of the graph and the application of a
*« of formal rules known as Mason's rules.f For complicated graphs the use

Mason's rules can be quite intricate and the chances of making a mistake

- Mason, Feedback Theory—Some Properties of Signal Flow Graphs, Proc IRE., vol. 41,
Or, '**-H56, 1953; also J. Mason, Feedback Theory—Further Properties of Signal-Flow
"®Phs, Proc. IRE., vol. 44, pp. 920-926, 1956.
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are quite high. For this reason we will not give Mason's rules but will
instead how the graph can be systematically reduced to a simple form  °*
gives the desired solution by inspection. The reduction is carried A
applying five basic straightforward rules which we describe below

RULE 1. A pair of linear relations such as x, = Cy1X,, X3 = C. X h
graphical representation shown in Fig. 4.21a. When there are no .u
inputs to node 2, we have

3T nv=z2A
Thusrule 1 states that two series paths are equivalent to a single path ft-
node 1 to node 3 with a transmission factor equal to the product of th

from node 1 to node 2 with that from node 2 to node 3 as shown in Fj
4.21a.

RULE 2. If there are two or more parallel paths connecting node 2 to node
1, we have

X2 = AgXp + Baxg + Cyuxp + oo
(Az1 +By +Cy + oo )i
Rule 2 states the obvious result that several parallel connecting paths are

equivalent to a single path with a transmission factor equal to the sum of
those of the individual paths. This ruleisillustrated in Fig. 4.216.

RULE 3. Consider the linear relationships
X2 = A21% Y Q>3-'3
*3 T A32%2
which have the graph shown in Fig. 4.21c. With no other inputs to nodes j
and 3, we can eliminate x; to obtain
X2 = nr21x1 t A23732'2
*2(1 ~ CxCx) = CaXy
N21*1
Xo =
1 n23732
C32C,27)
" CZ3C32

Thus rule 3 states that a feedback loop may be eliminated by diviw »
input transmission factor by 1 minus the transmission factor aro A
loop which is the product CxCs; by rule 1. If there are several mpu ~
outputs from node 2, each input transmission factor is divided by 1 pg.
but all output transmission factors remain unchanged as shown ~j,
4.21c. If node 3 is isolated, then the feedback loop becomes a self-'°°P
loop gain CxCsp =
22-

~ UooXo
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RULE 4. Let node 2 have a single output and two or more inputs. Th
have the relationships We

— Caxc + CxX3 "24%4
. F G = (Cn2Ca)x, + (CuCu)xg + oo

This shows that x, can be spht into a number of nodes X, X, X', €tc
with separate inputs Cyx; for node X, CxXs for node X, etc., and'th
all feed node n with a transmission factor C,,. This rule is illustrated
Fig. 4.21rf. If node 2 has a self-loop, it should be eliminated using miet
before the node is split.

RULE 5. Rule 5 is similar to rule 4 except there is only one input but
several outputs from node 2. In this case each output can be considered as
coming from a single node such as X, X, etc., with each of these split nodes
having the same input C;;1x,. Thisruleis shown in Fig. 4.21e. A sdf-loop at
node 2 should be eliminated using rule 3 before the node is spht.

The above rules are essentially those described by Kuhn.t

We will now illustrate the application of the above rules to solve the
circuit problem illustrated in Fig. 4.20. We will choose 7, as the variableto
be found in terms of V4 As a first step we combine the parallel paths
between nodes V,, Iy and V.1, using rule 2. The new graph is redrawn in
Fig. 4.22a. None of the rules we have given are of any help in reducing this
graph any further and it seems as though we have come to an impasse. We
can get around the dilemma by writing our load terminal condition in the
form |, = -V,/Z, which then provides an input to 7,, the variable we are
interested in. Hence we undo the use of rule 2 between nodes V, and |, ad
redraw the graph as in Fig. 4.226. We now split node 2 using rule 4 ti
obtain the graph shown in Fig. 4.22c. This graph contains a self-loop which
we eliminate by using rule 3, which requires dividing the input transmission
factors by 1/(1 + Z/z)) = Z/(Z» + Z). The result is the graph shown
in Fig. 4.22e. Note that we also combined the transmission factors from
node I, to V, and from Vjj to I, using rule 1. We again run into a problem
in reducing the graph in Fig. 4.22e because there is no input to node r
This is because of the way we chose to state the terminal conditions a
generator end. Instead of using V, = V* - ZJ, we can use Ij = "gl K"
Vi/Zy which shifts the generator input to an input to node I, **" 7,
provides an input to I, from V, The new graph is shown in Fig. 45+ 1~
can reduce this graph by splitting node V, into two nodes and appty’ »
4 again. This leads to the graph shown in Fig. 4.22g which has a se

il F‘r$

tN. Kuhn, Simplified Signal Flow Graph Analysis, Microwave J.,, vol. 6, no. » '
November. 1963.
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The self-loop is eliminated by applying rule 3 and results in the graph
shown in Fig. 4.22A. This graph has a feedback loop so we apply rule 3
again to obtain

Zq
h Zg + Zu 1 - 21222i Zr + ZB.
(Zu + Z)(Zn + Z)
'221Vg
(Zo + Z)(Z2 + 23 VAVYL,

This example is simple enough so that we can easily solve for |, analytically
and verify that (4.82) is the correct answer.

We initially chose to express the terminal conditions at the load and
generator ends so as to cause difficulty in reducing the signal flow graph in
order to illustrate the importance of choosing the correct way to express the
terminal conditions. The terminal conditions should be expressed in a form
that will result in all nodes in the signal flow graph having both input and
output signals.

As a second example we will solve the same problem using a
scattering-matrix representation of the impedance network; thus we use

(4.82)

Vo-=Sy1 VI +322V2+

At the load end we have V, = F Vo~ where the load reflection coefficient is
given by V. = (4. - Zo)I(Z. + Z) and Z; is the characteristic impedance
of the transmission line assumed to be connected between the network and
the load impedance. This line is considered to have a negligible length. At
the generator end we have the terminal conditions

(V.5 - VF)

which can be expressed as

where the generator reflection coefficient is given by
r Z*~Z<

. -
Z +27.
char8x 1+ assume that a yangmission line of negligible length and with

net 3(T'istic iMpadance Z. is connected between the generator and the
ork. The signal flow graph for the above system of linear equations is
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FIGURE 4.22

Ilustration of steps used to reduce the signal flow graph in Fig. 4.206 to a simple form-

shown in Fig. 4.23a. Note that we have chosen to express the ter
conditions in such a form as to provide an input to the node V, *? vj
output from node V{ so as to avoid the problems encountered earU
reducing the graph to a simple form. The procedure that we will, W
parallels that used in the first example. We will choose Vs~ as the vari'é;ible .
be solved since this is the amplitude of the wave that is incident on the
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Vg Ze+Zg Vt S, Vi
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®©

FIGURE 4.23

(o) Signal flow graph for the circuit in Fig. 4.20a but using a scattering-matrix formulation;
(6)-(e) steps followed in reducing the signal flow graph to a simple form.

The first step is to split node V,J using rule 5 to obtain the graph shown in
Fig. 4.236. Rule 3 is now applied to eliminate the self-loop and produces the
graph in Fig. 4.23c. A similar treatment of node Vf but using rule 4
followed by application of rules 2 and 3 results in the graphs shown in Figs.

4.23d and e. The final graph gives the desired solution upon applying rule 3
once more. Thus we find that

VkZS,! (4.83)
(Z + i - svi - 2\) - sVl

The load voltage is given by V. = V(I + T).
For simple two-port networks, the use of signal flow graphs does not
offer a great advantage over the algebraic method of obtaining a solution.
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However, for three- and four-port networks, signal flow graph techrii
provide a useful tool with significant savings in the effort required to u>*°
a desired solution. n

*4.11 GENERALIZED SCATTERING MATRIX FOR
POWER WAVES

If we have a load impedance equal to the characteristic impedance of
transmission line to which it is connected, then all of the power in
incident wave is delivered to the load. The reflected power will be zero Th"
would seem to represent an optimum situation. However, if the generat
impedance does not equal the characteristic impedance of the interconner/
ing transmission line, we do not have an impedance match for maximi
power transfer from the generator to the load. A partial standing wave oi
the transmission line can result in a larger voltage being apphed to the load
impedance and a greater amount of power delivered to the load. In generd
the generator should be terminated in a load impedance equal to the
complex conjugate of the generator impedance for maximum power trans-
fer. This conjugate impedance-matching criterion generally means that
there will be a partial standing wave on the transmission line.

It is possible to introduce new voltage and current variables ad
corresponding wave amplitudes that will result in the conjugate impedance-
matching condition being equivalent to having a zero reflection coefficent
for the load. The new waves are called power waves. The scattering matrix
that describes a microwave network in terms of incident, reflected, and
transmitted power waves will be called the generalized scattering matrix.
We will use script letters to represent the elements of the generalized
scattering matrix and also to represent the voltages and currents associated
with the power waves. The theory of the generalized scattering matrix ad
power waves is developed below. This theory provides a useful extension o
the conventional theory for analyzing systems in which both the source an
load impedances are complex. The theory can be developed by analogy "
that of the conventional theory.! We present the key relations from the
conventional theory first and then use these to obtain similar relations
the generalized case.

For the circuit shown in Fig. 4.24a, let the voltage and current *»

amplitudes on the transmission line be V', V" and I*, |~ at the load.
current amplitudes are related to the voltage amplitudes as follows:
V* V-

tK. Kurokawa. Power Waves and the Scattering Matrix, |EEE Trans, vol. MTT-
194-202, March, 1965.
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i=i*-r

4y vV = Vv Z vQ di

@ iol

FIGURE 4.24
(a) A generator connected to a load impedance by means of a transmission line; (6) a circuit
with complex source and load impedances; (c) a two-port network.

When Z; = Z. there is no reflected wave since T, = 0. Thus V~= 0 and the
voltage on the line at the generator end will be V*e™ and equals VJ/2 when
Z= Z.. The incident power is given by

v+ 12 1Vv/
p. =p = = £ (484)
neava 27, 8z,.
and is equal to the available power P,,, from the source. If Z, * Z. then
the power delivered to the load is given by

P,.= (i-irj?)Pinc = (i-ir,i%)Pava [4.85)

The total voltage and current at the load are

V=V"+V" I = r-r=

We can express the wave amplitudes V' and V  in terms of V and / by the
relations

V+ 2]
2
V-2J

(4.86a)

(4.866)
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The normalized voltage wave amplitudes are given by

y AVt Z p
2y/Z~ (487QJ
V - Zdl
Y[ Z~ (4.876,

Consider now a generator with internal impedance Z connected
complex load impedance Z; as shown in Fig. 4.246. By analogy with (do
we will choose the power wave amplitudes 7/ and 2°* to be

V+Zf!1
T e (4-880)
V - Z¥]

A 2 <*.886)

where V and J are the actual voltage and current in the circuit. When the
load impedance Z, is equal to the complex conjugate Z* of the generator
impedance, then

KZL
<ty YT Zg+IL g+ I
Upon using these expressions in (4.88), we obtain
M Vg VgZ*-Z*
2 -2Z7Z 442 -
Thus the definitions chosen for T" and '~Y have the desired property
that when the load impedance is conjugate matched to the generatm

impedance, for maximum power transfer, the amplitude of the reflect©
power wave is zero. The power delivered to the load is given by

1 o IV IV /
Z +
s 1

where Zy = ZE = Ry + jX;. This also represents the available power hot
the source and can be expressed in the following way:

r+P_\¥*\?
Fava u ZRg ~ ~2~

VgZ* V, V,
V= it 9 9

jo K&
where the normalized voltage wave amplitude has been chosen 10
y+2Zy/IRg - for
When the load impedance is not conjugate matched to the g&I¥f e
impedance, we will have a reflected power wave with amplitude r\
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ralized joq(j reflection coefficient, which we designate as V', is given by
V~ V-1Z* V/I-Z* Z,-Z*
L o<y+ V+1Zy VI +2Zy Z + Z oo

When Z is real, we obtain the usual load reflection coefficient. For the
nonmatched case the power delivered to the load is given by

1 | YR Vi %

P*ReW?* =-Re, _; Yz

Rz + z MPaya (4.90)
where the impedance mismatch factor M = AR, R\Z, + Z)\° The
impedance mismatch factor M is always less than or equal to one. For
Z, = Z* we have M = 1. The mismatch factor determines the fraction of
the available power that is delivered to the load. By using the definition for
TJ and some algebra, we can readily show that

M= 1-\\ (4.91)
Consequently, we can write
A= (I-HI1?)Paya (4.92a)
which is analogous to (4.85). Upon using V= Z\Vy(Z; + Z) and [/ =
Vy/(Z + Z) in (4.88a), we find that ~*"= V./2; so we can also write
1 <y+

- (i -\ = (- ir[(*)pine (4.926)
where P;,. is the power incident from the power wave launched by the
generator.

The new set of variables 7/'* and T~, which are linearly related to V
and /, form a convenient pair of new variables for analyzing a circuit having
complex generator and load impedances. If we have a two-port network as
shown in Fig. 4.24c, we can introduce incident and scattered power waves
on both the input and output sides. The power wave normalized amplitudes
are linearly related to the normal voltages and currents on the input and
output sides as follows:

_ V, + IxZx _ V, - LZ*
Ni= 2 A NT= 2007
y + = 2 2 2

AR, " 2JR,

- ¢ 2\ and Z,, with real parts i?, and R, are the complex generator
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impedances on the input and output sides. The two-port network will <e
two of the above variables to be linearly related to the remaining two i°"®
choose the incident power wave amplitudes as the independent vat- k ©
then the scattered power wave amplitudes are given in terms of the f .

BRBS By thie GERRIRAINASY TSR NGE-MRktF% FREYESEA BA fir

(4.93,)
A = oADQ1TA ADIA
21n + N2207 (4.936)

The generalized scattering-matrix parameters S?-* cannot be measi «J
directly. However, they can be expressed in terms of the normal two-no
scattering-matrix parameters Sj. In practice, we would embed the two-no
network into a transmission line with characteristic impedance Z. (usud! ¢
50 fi) and measure the S\. We can linearly relate V', Vi~ V,", VA to V f
and V,, /,. The power wave amplitudes are linearly related to the tote!
voltages and currents. By setting up these linear relationships and express-
ing V, and VJ interms of V? and V.J, we can, after a number of matrix
manipulations, show that

s\ = [D*Y \[§ - [r*D([t/]] - [HfS])-*"] (4.94)
where [D] is a diagonal matrix with elements

By -]i - T2\l - T)dl -\Tf  * = 12

Z-Z.
r’: 21 + Za
and [T] is also a diagonal matrix with elements fy = I". The unit matrix

i U].

We will now examine the network shown in Fig. 4.25a. The two-port
network can be described in terms of the normal scattering-matrix parame-
ters Sj or in terms of the generalized scattering-matrix parameters. In tr
network shown in Fig. 4.25a, we do not have a generator on the outpu
side. The termination is the load impedance Z,. Also we have labeled the
source impedance on the input side as Zs and the source voltage as *
These changes correspond to setting V,, = 0, Vg = Vg, 4 = Z;, 2, t
the previous analysis. We can visualize the two-port network as conn
to the source and load by transmission lines of negligible length. <-

Vg = 0 the output current is J, = - V./Z,. Consequently,
n_v2 + hz 0
2TT7.

so there is no power wave reflected from the load. The power derive
the load is
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11 ‘12

. T lea21 22

Transmission lines
of negligible length

(@

.=/,

e v,
FIGURE 4.25

(a) a two-port network terminated in
a complex load impedance; (6)
(6) Thevenin equivalent circuit.

The transducer gain of a two-port network, which could represent a mi-
crowave amplifier, is defined by the relation
power delivered to load

= ) (4.96)
available power from source

Since the available power is simply \T?%2, we find that
G = \y21\2 (497)

From (4.94) we obtain the following expressions for the generalized scatter-
ing-matrix parameters:

ii-r,

eru- o [(«U- CXT-TiSy) + SpSen] (4989
Wi-r

5 = | (I-rs)(i- 2\1'/2

?I - il -1 S~ E <y (41 986)

S
. (4.98¢)
N2

SR =NAN(Soo-n1*)i -rsSy) +SpSurs]  (4.98d)
where

W= (i - rsSu) (i - MS) - SpSkTd
°te that for a reciprocal two-port network with S, = S that 'S, = vy,
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also. We can now express the transducer gain in the form
(i-ir/)(i-irj®)is,si? “

i - rsy)(i - 1S2) - S1Suf TS (49

In microwave amplifier design a more useful expression for gsi] .
power gain G, which is defined by ™S the

G =inyi®=

power delivered to load

Gp »>———— lifi
input power to amptitier (4.100)

The input power is given by

Pp= (i-1~nl"” (4.101)
SO0 we obtain
G W 2

Gp

Another gain expression is the available power gain, which is given by

maximum available load power
G, = (4.103
available input power
The maximum power that can be delivered to the load is the load pove
when the load impedance is made equal to the complex conjugate of the
amplifier output impedance Z,; We will show that the actual powe
delivered to the load is given by

P = (i'L*ZZ!Z)PL-ava (4'104)

where Pi<aa is the available load power. This relationship is of the sHfl
form as (4.101) which relates the input power to the power available
the source. When we use this expression in (4.103), we get

Pin °ava °£
1~1ryl? . G - W A 4.106»

Pl-175,]2 1-175,]2 1-1A7f
. . . _ . liner**
The above expressions for the various gains associated with an arn. ~ ~tri*
all expressed in terms of the parameters of the generalized scatte
and are the main reason for introducing the concept of power "2, tf&
We now return to the derivation of (4.104). We can repla®®. of t

and two-port network by a Thevenin equivalent network cons
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Itage generator with open-circuit voltage Vr and a series impedance Z; as
>nwn ,, pig. 4.256. The voltage V1 is the voltage across the amplifier
" Itout terminals when Z_ is removed. The impedance Z; is the impedance
PPQ looking into the output terminals with the generator short-circuited. It
j3 equal to the amplifier output impedance Z,.

From the Thevenin equivalent circuit, it is readily seen that the power

delivered to the load is given by

WHCR,

Pi.=01"IX= 5, ",

The maximum available load power equals P. when we choose Z = Z£
and is
iv,l2
L. ava S8R T

Thus, in general, we can express P_ in the form

Vi[> ARRr
8Rr \Z; + Z\ S8R

where M = ARR/N\Z; + Z\? is the impedance mismatch factor.
If we can show that M = 1 - |,y,,|?, then we can express G, as

L.ava PL G G

G, =
MPH M \'\Sr 22>

which is the expression we are trying to estabhsh. When V, = 0 we have
AT INZg = 0; so %?= 0. The scattering-matrix relations now give

o | Yo - hzt
7=n12"2 *Z A1202 1IRT,

which gives us

L=~ 2-hzt  wliczt =zt
AR f’) 2 Vo+ 172, Vold + 7, T + 7,

The Thevenin impedance Zr is thus found to be
ZE£ + S',7,
\-s>,
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We now expand the expression 1 — \S',,\? to obtain
\Z7 + 2\°{Z2+-7)(2$-2,)

h A20 _w \z . Zj*
(Z,+ Z2,)(Z? + Z£) - (Z, - ZE)(Z* -z "
\Zr + ZJ
Zrizt + iSt+Zftzt + Z2)
\zr + 2, \?
4R Ry _
[Zr + Zrl"

which completes the proof.

As a final observation we note that when 7z, = ZE£ then M = | 4;j
Go = G. Also if Z;=27*, then /"y =0 and G, = G, = G. Thus, with
conjugate impedance matching at both the input and output, all three gains
become equal.

*4.12 EXCITATION OF WAVEGUIDES

The preceding sections have dealt with the circuit aspects of passive mi-
crowave junctions. In order to complete the picture, it is necessary to
consider also the equivalent-circuit representations for typical sources that
are used to excite waves in a waveguide or transmission line. This particular
aspect of waveguide theory is somewhat specialized, and it is not possible to
give a complete analysis in this text without departing too far from the man
theme. However, we shall present certain aspects of the excitation problem
that provide a basis for choosing appropriate equivalent circuits and genera-
tors for representing typical sources and, in addition, make it possible t

solve a number of coupling problems of engineering importance. The theor

is, for the most part, developed by considering specific examples.

Probe Coupling in a Rectangular Waveguide

Figure 4.26 illustrates a typical coaxial-line-waveguide probe coupling-
short-circuit position / and probe length d can be adjusted to *"J?,,
maximum power transfer from the coaxial line into the waveguide-
center conductor of the coaxial line extends into the waveguide to tor
electric probe. Any waveguide mode that has a nonzero electric field

the probe will excite currents on the probe. By reciprocity, when the p
current is produced by a TEM wave incident from the coaxial line, the
waveguide modes will be excited.t It is thus easy to see that, for maxi

tThis reciprocity principle is very useful for determining what modes a given probeCan e
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fid J
Side view End view
S Bottom view FIGURE 4.26
Coaxial-line probe coupling to a
waveguide.

coupling to the dominant TE,;, mode in a rectangular guide, the probe
should extend into the guide through the center of the broad face so as to
coincide with the position of maximum electric field for the TE;; mode. The
evanescent modes that are also excited are localized fields that store reactive
energy. These give the junction its reactive properties. The section of
short-circuited waveguide provides an adjustable reactance that may be
used to tune out the probe reactance. The probe reactance can be evaluated
by determining the amplitudes of the evanescent modes that are excited and
computing the net reactive energy stored in these nonpropagating modes.t
Since the details are rather lengthy, we shall evaluate only the amplitude of
the radiated TE;y, mode.

The current on the probe must be zero at the end of the probe. For a
thin probe a sinusoidal standing-wave current distribution is a reasonable
approximation to make for the probe current. Thus let the probe current be
considered as an infinitely thin filamentary current of the form

| ~ /o sin ko(d - ) 0O<y<d x=- ,=0 (4.106)

We wish to determine the amplitude of the TE;; mode excited by this
current. A general technique for accomplishing this is a mathematical
ormulation of the reciprocity principle invoked earlier to determine which
\k/)vallveguide modes a given source will excite. The required results are derived
elow.

Figure 4.27 illustrates an infinitely long waveguide in which a current

" urce Jis located in the region between z and z- The field radiated by
s source may be expressed as an infinite sum of waveguide modes as

P ol example, R. E. Collin. " Field Theory of Guided Waves," 2nd. ed., chap. 7, IEEE Press,
IscataW gy N.J., 1991.
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E". H Ex H*
FIGURE 4.27
A current source in a wavemjin
follows:
Z>n (4.107a)
n
7 (4.1076)
z<z (4.107c)
H-=Ec,-(-h, + h,j<3i ;< 5 (4.107d)

In (4.107) n is ageneral summation index and implies a summation over dl
possible TE and TM modes. The unknown amplitudes C, may be deter-
mined by an application of the Lorentz reciprocity formula (2.135). For the
volume V. choose that bounded by the waveguide walls and cross-sectional
planes located at 2, and z, in Fig. 4.27. Let thefield EpHj, to be used in
the Lorentz reciprocity formula, be the field radiated by the current source.
Thisfield is given by (4.107). For the field E,, H,, choose the nth waveguide
mode E;,H~; that is,

E>=E;=(e, +e,,)e" I
H, = H;=(-h, + h,,)er?

Equation (2.135) gives

<ft(E, xH--E,-xH,) -ndS= JE;-JaVv

'S Ty
sincethefield E,, H; is a source-free solution (J, = 0) within V. The surfed
integral is zero over the waveguide walls by virtue of the boundary con
n X E, = n X E,;= 0. Since the modes are orthogonal, i.e.,

H * £ - *
j E¥*XH,*-ndS =0 n m

al the terms except the nth in the expansion of E, H, vaniSh L)
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integrated over the waveguide cross section Sy. Thus we have

f Ch'[(e, +ez;m) X (-h, +h,) - (e, -e,) X (h, +h,)] «adS

-fC;[(en_eM)X(-hn + |I‘J
-(e,-eJX(-h, + hj] -adS
= -2Cij eXhr,dS = JE--JdVv

since the integral over the cross section at z, vanishes identically. Hence
C* isgiven by

€> .eg-/E-'JdV'= -~-/(e,-e,)-Je*»'rfV (4.108,)

If E+, H® is chosen for the fidd E,, H.,, we obtain

C~= yfK- *<W= ~yj(e, + e,) =+ Je dV  (4.1086)

where P,=2/" ¢, X h, «adS (4.108c)
So
and Sy is a cross-sectional surface of the waveguide. The normalization
constant P, depends on the choice of expressions used for e, and h,, the
latter being arbitrary.
The above results are now applied to the probe problem introduced
earlier. For the TE;o mode with fields given by

Ny %

E, = ge~ " = sin —e~** (4.109,)
(0]
Hy = he’™* = .Y, sin —e~"" (4.1096)
a
we have
. * b oo IX
Pio = 242 1; Yo sin” —dudy = abY, (4.110)

*nere Y,, is the wave admittance for the TE;o mode and /? is the propaga-
°>ri constant.

The probe in the short-circuited guide is equivalent to the original
Probe plus itsimage at z = -21 placed in an infinite guide, as in Fig. 4.28.
Y we assume that the field radiated into the z > 0 region is

E= C" sin —e-"" (4.111)
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r ole

tmoge probe Probe
t FIGURE 4.28

z=-Zl /=0 Probe and its image.

then application of (4.108a) gives

C*= - Ay /% lo sin ko(d -y)dy- f 1o sin ke(d - y)esj'w dy\
abk, («"**"-1)(1 -coskod) (4.112)
since

Corrx . a
sin—cA~?==1 atz==0,* - -
a 2

Ne10
,-.120/ at * = —_—, Z= -21
4

We have assumed that the current on the probe can be replaced by a line
current along the probe axis and with a density given by (4.106). The
volume integrals in (4.108) are consequently replaced by line integrals taken
along the probe axis. Note also that the direction of the current in the image
probe is reversed. This is necessary so that the fields radiated by the probe
and its image will give a zero tangential electric field at the short-circuit
position.

The total transverse field of the TE |, mode radiated by the probe is
thus, for z > 0,

X

E, = Ar-ie®' - 1)(1 - cosfe,d)sin —e~** (4.1133)
abk a

He W (4.H36)

The total radiated power is given by
P
- <
TIRLV<M,

17 ¥
\ePf - Il-coskd) (4.U%)
Aabk% skod)
At the base of the probe antenna(y = 0), the total coaxial-line curr«
is, from (4.106),
!/ s lg sin kod
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» the input impedance seen from the coaxial line, referred to the base, be
7 =170 + i%- The complex Poynting vector theorem then gives [Eq. (4.14)]

F o+ 2mWe-Wy)
ur

where P is the power radiated into the guide and W,, - W, is the reactive
energy stored in the vicinity of the probe owing to the excitation of
nonpropagating (evanescent) modes. Since P has been evaluated and is
given by (4.114), we can compute the input resistance. We obtain

2P z

"xll-e-~A"Atan?-n- 4.115
Ro I*sm?kod 2abk% ( )

Zn =Ry jx =

upon using the identities 1 - cos2ff = 2sin? 6 and sin20 = 2sin 8cos 0.
This input resistance is called the radiation resistance of the probe. Note
that its value can be varied by varying the parameters / and d, that is, the
short-circuit position and probe length. Varying these parameters thus
enables an optimum amount of power transfer to be achieved by adjusting
fip to equal the characteristic impedance of the coaxial line and introducing
a suitable reactance to tune out the reactance jX. Suitable techniques for
reactance cancellation are discussed in the next chapter.

Linear Current Elements

Figures 2.29a and 6 illustrate linear current elementsin a waveguide. For
the case of the transverse current element, (4.108) shows that

c;=C;=--/; id (4.116)

where J, is the line current density in amperes. This result may be
interpreted to mean that a transverse-current element is equivalent to a
shunt voltage source connected across an equivalent transmission line
representing the waveguide when only a single mode, say the n = 1 mode,
propagates. The reason for this is that the transverse current radiates a
field with transverse electric field components that are equal on adjacent

U .

s=0 7=0
@
FIGURE 4.29

Lin€ar ..n\rent elements in a waveguide.
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FIGURE 4.30
Equivalent circuits for current sources in a waveguide, (a) Transverse current source; (&)
current source.

sides of the current source, and this is equivalent to continuity of the
equivalent voltage across the source region. The transverse magnetic fidd is
discontinuous across the source region, and thus the equivalent current is
also discontinuous across the equivalent voltage generator. Figure 4.30
illustrates the equivalent circuit for this type of source for the dominant
propagating mode. The ideal transformer provides a means of adjusting the
coupling between the voltage generator and the transmission line so that
the same amount of power is radiated as in the waveguide. The shunt
susceptance jB represents the net reactive energy stored in the field of the
evanescent modes that are excited.
For an axial current located at z = 0, (4.108) gives

C:=NJened
*n

n
If the current is a symmetrical function of z between -1 < z <I|> then,
is not a function of z, we have

C> -C,-= yf*i « e, cos p,zdz (4.117)

For this case the radiated transverse magnetic field is continuous across
source but the transverse electric field is discontinuous. The source is
equivalent to a voltage generator connected in series with an egurva
transmission line, as illustrated in Fig. 4.306. "

A linear current element may be viewed as an equivalent osciua
electric dipole. From Maxwell's equation we have

V X H =j(oeE + J =j<»gE +ja>P + J
and hence J enters into the field equations in the same manner as
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2 FIGURE 4.31
A current loop in a waveguide.

polarization current jwP. Thus J may be considered equivalent to an
electric dipole P given by

J«>

Radiation from Current Loops

Figure 4.31 illustrates a linear current loop in a waveguide. The amplitude
of the rath radiated mode is given by

C,:= -N-6E--ridl

where T/ is the vector current flowing around the contour C. r is a unit
vector along C. By Stokes' law we obtain

C.= - OEg-.rfl= -—fvxE;-ndS

But V X E~= ~ja>B~= -ju>n¢H.~, and hence
in) I,
C- — (B--ndS (4.1184a)
Similarly,
C-=—1B:-ndS (4.1186)

It is seen that the excitation amplitude of therath mode is proportional to
the total magnetic flux of this mode passing through the loop.

If the current loop is so small that the field B, of the nth mode may
be considered constant over the area of the loop, we obtain

0, o)l
C:=—B;-ndS = . B,t-Sy

% ISy is the magnetic dipole moment M of the loop, where S, is the
vector area of the loop; so we obtain

c,;=—B,T-M (4.119a)
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and similarly

Jat
(4.1

Radiation from a small current loop may be considered to be mam-.
dipole radiation, as these equations show. For an axial magnetic g
(transverse current loop), the equivalent source is a shunt-connected Vgpole
source, whereas a transverse magnetic dipole is equivalent to a seri

nected voltage source.

*4.13 WAVEGUIDE COUPLING BY APERTURESt

The foregoing formulation of the radiation from currents in a waveguide i
terms of radiation from equivalent electric and magnetic dipoles is
applicable to the coupling of waveguides by small apertures, or holes, in a
common wall. To a first approximation a small aperture in a conducting wal
is equivalent to an electric dipole normal to the aperture and having
strength proportional to the normal component of the exciting electric field,
plus a magnetic dipole in the plane of the aperture and having a streni
proportional to the exciting tangential magnetic field. The constants of
proportionality are parameters that depend on the aperture size and shape.
These constants are called the electric and magnetic polarizabilities of t'
aperture and characterize the coupling or radiating properties of the aper-
ture. t A qualitative argument to demonstrate the physical reasonableness of
these properties of an aperture is given below.

Figure 4.32a illustrates the normal electric field of strength E at
conducting surface without an aperture. When an aperture is cut in the
screen, the electric field lines fringe through the aperture in the manner
indicated in Fig. 4.326. But this field distribution is essentially that pro-
duced by an equivalent electric dipole as shown in Fig. 4.32c. Note that the
dipole is oriented normal to the aperture. _

In a similar manner the tangential magnetic field lines shown '™ A™j
4.32d will fringe through the aperture as in Fig. 4.32e. These fringing nK
lines are equivalent to those produced by a magnetic dipole located in
plane of the aperture. .

In Bethe's original theory the dipole moments are determined by *
field in the waveguide in the absence of the aperture. Thus, for acir
aperture of radius ro *« Ay, the dipole moments are related to the u

-
tThe theory was originally developed by H. A. Bethe, Theory of Diffraction by Sma" -
Phys. Rev., vol. 66, pp. 163-182, 1944.
+For a derivation of these results, see Collin, loc- cit.
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FIGURE 4.32
Aperture in a conducting wall.

fields as follows:
-eoas(n * E)n (4.120a)
M = -amH, (4.1206)

where n ¢ E is the normal electric field and H, is the tangential magnetic
field at the center of the aperture. The electric polarizability ae is given by

ac=-|ro? (4.121a)
and the magnetic polarizability a,, is given by
a, o (4.1216)

The presence of an aperture also perturbs the field on the incident side
of the screen. This perturbed field is that radiated by equivalent dipoles
which are the negative of those given by (4.120) and located on the input
side of the screen. It is important to note that when the aperture is replaced
by equivalent electric and magnetic dipoles, the field radiated by these is
computed by assuming that the aperture is now closed by a conducting wall.
The equivalent dipoles correctly account for the field coupled through the
aperture in the conducting screen.

Bethe's theory does not lead to an equivalent circuit for the aperture
that includes a conductance to represent power coupled through the aper-
ture. The reason for this is that the field assumed to excite the dipoles is
chosen as the unperturbed incident field in the waveguide. In actual fact one
should use the sum of the incident field and excited field as the polarizing

eld. Since the excited field is small, the correction to the dipole moments is
so small. However, by including the excited dominant modes (the propa-
gating modes) as part of the polarizing field, we will obtain the needed
Thrin6oi0n titat results in a condyctance element in the equivalent circuit.
¢ dominant-mode fields react back on the dipoles to account for the
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radiation of power by the dipoles. Thus, in place of (4.120), the fon, .

expressions are used for the dipole strengths: t g

For radiation into the output waveguide,

P = -Bo«e[n « EN + n ¢ Es - N Ejln
M= -an[Hg H, Hy; H-1226)
For the radiation into the input waveguide,
P=e@fne+ Eg +neEj/-nesEzln (4.122¢)
M = an[Hgi+H  -Hg (4.122d)

where the generator fields Eg;, Hg are the dominant-mode fields in the
input waveguide in the absence of the aperture, E,,,H,, are the dominant-
mode fields radiated by the dipoles in the input waveguide, and E,,,H,, are
the dominant-mode fields radiated by the dipoles in the output waveguide.
The unit vector n is normal to the aperture and directed from the input
waveguide to the output waveguide. The subscript t denotes the tangential
component of the magnetic fields. The field resulting from the aperture is
determined by closing the aperture by an electric perfectly conducting
surface and calculating the fields radiated by the dipoles given above
and located at the center of the circular aperture.

The theory is readily extended to include noncircular apertures. How-
ever, the procedure outlined above is restricted to circular apertures in a
very thin common wall between two waveguides. There is considerable
attenuation in the coupling through an aperture in athick wall and in many
practical applications this attenuation must be taken into account.”

The examples discussed next will illustrate the application of small-

aperture coupling theory to an aperture in a transverse wall and an aper-
ture in the broad wall between two identical rectangular waveguides.

Aperture in a Transverse Wall

Figure 4.33a illustrates a small circular aperture in a transverse wall&
rectangular waveguide. To determine the exciting generator field, as»u
that the apertureis closed. A TE;q modeincident from z < 0is"™"*'®L;,,
the conducting wall at z = 0 to produce a standing-wave field in the reg

tR. E. Callin, he. cit. N

tSee, for example, N. A. McDonald, Electric and Magnetic Coupling Through Small Ap®
in Shield Walls of Any Thickness, IEEE Trans, vol. MTT-20. pp. 689-695, 1972.
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FIGURE 4.33
Aperture in a transverse
le) waveguide wall.
z< 0. Thisfield is
TTX
E='C(e-""~e"")an — (4.123a)
a
_ ~TIX
Hy = -CYu(e'"® + e"»*)sn — (4.1236)

plus a z component of magnetic field which is not required to be known for
the present problem.

The normal electric field at the aperture is zero; so no induced electric
dipole is produced. The tangential magnetic field at the center of the
aperture is, from (4.1236),

Hx = -ZCYW

and hence an induced x-directed magnetic dipole M is produced.

In order to determine the total polarizing field using (4.1226) and
(4.122d), we must find thefieldsH,, and H,, radiated into guides 1 and 2
by a magnetic dipole Ma,. The field radiated into the region z > 0 is that
radiated by the magnetic dipole M, as illustrated in Fig. 4.336. This dipole
js equivalent to a half circular current loop in the yz plane as illustrated. To
nnd the field radiated by this dipole in the presence of the conducting
transverse wall, image theory may be used. Since the image of the half
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circular current loop in the transverse wall is the other half of ther

loop, the image of M is another magnetic dipole of moment M. The &f »
the transverse wall is equivalent to removing the wall and doubli
strength of the dipole, as depicted in Fig. 4.33c. If the field radiated int

region z> 0 is "S
+ H IrX "noun
B, = Ae -** sih — = Ag,e"-
a
_TTX
/l:= -AY?"e-~sin — = Ahe¥
a

application of formula (4.119a) gives
A= —"H;(2M)

since the field B~ is -ti"h = "Yy, sin(7rx/a) in the present case. The
constant Py, is given by

?io= -2/ | eghdxdy

rfco ., JIX
= 2Y, 4 sin“—dxdy = aby,
00 a

Hence we obtain

A=~2 M =72 M (4.124)
ao ab
The presence of the aperture causes a field to be scattered into the

region z < 0 also. For radiation into this region, the effective magnetic
dipole moment is the negative of that used to obtain (4.124). Application of
(4.119) now gives

E, = A sin Eem* z <0
for the radiated field in the input waveguide and where A is given >
(4.124). As expected, the magnetic dipole M a, acts as a shunt source. The *
component of the radiation reaction fieldsH,, and H,,, at the center ot
aperture, are

and the generator field is
Hg||: 'ZCYW
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Since M represents the dipole strength for radiation into guide 2, we use
these fields in (4.1226) to obtain

JAkoZo
M= -a, -2CY,. abZ, M
which can be solved for M to give
2a, Y|C
i4keZo (4.125)
abz, ~¢

We can now complete the evaluation of the constant A by using this
expression for M in (4.124); thus

JKkoZo

AS Gk (4.126)
e abZuI '

The total electric field in the input waveguide is
TTX
E, = [Or** + (A - C)eM]sin —

so the input reflection coefficient T is given by
A-C

The input normalized admittance is

When we substitute for A from (4.126) into the expression for Y, we find
that

2 -AC 3ab
ac = 1y

Ihe equivalent circuit ofthe aperture, as seen from the input waveguide, is
a normalized shunt conductance of unit value plus a shunt inductive
susceptance. The conductance term is called the radiation conductance and
accounts for the power coupled, i.e, radiated, into the output waveguide.
* he amplitude of the transmitted electric field is A which is given by
(4.126). The transmission coefficient is A/C. From the equivalent circuit
the transmission coefficient is 1 + T = 2/(1 + F;,) which gives the same
result. The aperture is equivalent to an inductive susceptance connected
across the transmission line. The conductance term represents the output
transmission line terminated in a matched load.

(4.12?)
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FIGURE 4.34
Aperture in a broad wall separating two waveguides.

Aperture in Broad Wall of a Waveguide

Figure 4.34 illustrates a circular aperture of radius ro placed in the broad
wall separating two rectangular waveguides. The incident field is a TEU
mode in the lower guide, and is given by

EzCs n—e—"za (4.1284a)
Hy= -CK.sin—ae-JP* (4.1286)
TTv,, TTX
H=j —-Ccos—e-"* (4.128¢)
lia a
At the center of the aperture located at z = 0, x = d, the exciting field is
v (4.129a)
E, = Csin——
a .
. . ird
H'CYJ-a.sin— +j*acos — \ (4.1296)
\ a " fia ald

These expressions show that there will be a y-directed electric dipole and |
and 2-directed magnetic dipoles excited in the aperture.
Let thefields E~, Efy, Bfy, and Bfy be chosen as

E

* = a, sin i—ne~**
10 a

CoTX .
Eio = a, sin Jfc

TTX TTX
MoHio= -»oY\a,sn—j —a,cos — \ -M

TTX TT TXA
MoHro- Bro= *o”*la”in— +j~a,cos — l«
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Also let the dominant-mode field radiated by the electric dipole in the upper
guide be

*A&n z0
" \AEn z<0
| AN z>0
\A2Hr0 2 < 0

whereas that radiated by the magnetic dipoles is

yA3E; 2>0
AE{o z< 0
M3H;0 Z>0
\A4Hrg 2<0

The electric dipole P is equivalent to an electric current given by jwP. Since
the dipole is oriented in the transverse plane, (4.108) gives
1 Trd jo>Py vd
A = A= - ~JOJP ¢ a, Sin = - sin (4.130)

" 0 a aO,\us a

Note that no integration is necessary since P is an infinitesimal dipole of
total strength P,. The constant Py is equal to abYy.

The field radiated by the magnetic dipoles may be found by using
(4.119). Thus

JaUfXw | . Td 77 vd \
jalig |1 vd VM, Trd \
= —— M_sin——+j——cos (4.131)
ab \ * a ' /3 a) v
Similarly, it is found that
jo)u.q | rrd VM, vd \
A; = —\-MSn—+j—— -cos— (4.132)
ab \ a pa a)

With the above expressions for the amplitudes, the total field radiated

0tne ypper waveguide is readily evaluated. It is given by
(A1 + A3)Ei-o 2>0 (4.133a)
(A, + A,)Er, 2<0 (4.1336)
(A1+A3)Hrg z>0 (4.133c¢)
(A, + As)Hfo z<0 (4.133d)

that the electric dipole and the magnetic dipole Af. radiate the ggme in
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both directions but the magnetic dipole M, does not. By correctly ch
the aperture position d, it is possible to obtain zero radiation e
direction; that is, A, + A, can be made to vanish. We will return *
property later.

For radiation into the lower waveguide, the sign of the dipolp
reversed. Since the mode functions are the same, this has the &f
changing the sign of the amplitude constants. By using the expression t
the mode functions given earlier and the derived expressions for the am 1
tudes, we find that the radiation reaction fields are given by

Sl
0,,e

AN

E\rv - "2ry ~ 10 - (MK v a,
vd 2W/J.0VM vd vd
abYW 5111 ||a2b COS—S'n— (4134a)
a a
»i« - "2rx = ~2Hax = -(A, + A3)Hy a - (A, + As)Hfg-a,
2J13My -d
ab Sin' a (41346)
ff.M - H2r! = -2H2r! = -(A, + A3)Hfo a, - (Az + A4)Hr0-a,
2a>VP, vd vd 2j0jp.oYuV"M. vd
SmM——CcoS + 2.3 cos
pa’b a a Path o
(4.134c)

Note that in evaluating the reaction fields at the center of the aperture, we
take one-half of the field at z = 0" plus one-half of the field at z = 07, that
is, on adjacent sides of the center of the aperture. The above equations show
that there is interaction between the two dipoles Py, and M,.

The above expressions for the reaction fields along with the generator
fields given by (4.129) can now be used in (4.122a) and (4.1226) to write the
following set of linear equations which will determine the dipole strengt

vd 2jcoP vd 2(0(j.ovM; vd vd
% = g0 Csin— ——~sin? * - gy Si——Ccos—
a abyY a P a a
v 2ipMy vd
M, -CY, .sin b sm’
A vd 200vp, . vd vd 2j0>figY,, VM 2?q

M. = -a - N cos
Pa Ccosa—@% SM——C0S—— p2a3b
a a a a

We can solve these equations for the dipole strengths which are found
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given by
€p8e SI——
P=—— r~C (4.135a)
~rrd
«m”?,sin —
Mx - am ) |rrf (3 <4l356>
) errd
ja, WYy cos —
M= ° C (4.135c)
«gaA
where
12 « 2"n 2 2w
Az 1+ 2ig SmZTJ*W_ cos® —
- ]ac—l-r3aB |§|m: pa3b
We can use these expressions to find the amplitudes A ,,..., A., for the field
in the upper waveguide. Thus for the electric field we have
(A, + A3)E" 20
"(A, + A)En 2<0
where
rrd i \2 rrd
jackzZsm'~- jam-\ cos?
A+A =— . e+ WVIn_ ¢
I326A 0a& A
. 2 errd
Jampwa
+— zr-2 TTTC (4.136)
aoJdl + 2j«,,—sin? —

The amplitude A, + A, is given by this expression with the sign of the last
term changed from positive to negative. If we now set A, + A; equal to
zero, we find that this can occur for

o wvd A
Sin——=-7=2- (4.137)
a \/6a

thus an aperture position exists such that there is no radiation through

Port 4. Power entering port 1 in Fig. 4.34 is coupled into ports 2 and 3 only.

If the incident field were through port 2, we would find that there is no

Power coupled into port 3. A four-port network with these properties is a
ectional “*“pler> about which more is said in Chap. 6.



PROBLEMS

294 FOUNDATIONS FOR MICROWAVE ENGINEERING

In the lower guide the aperture dipoles will radiate dominant
fields with amplitudes that are the negative of those for the modes "™
upper guide since the sign of the dipoles is reversed. Thus the reflected ™

transmitted electricfieldsare N
E:(C-Al-Ag)E|o z>0 (4139gQ
E=~(A2+A4)Ef, z<0 (2138 26]

This shows that when the aperture is positioned so that there is no on
coupled into port 4, then there is also no reflected power in port 1.

We will define the aperture susceptanee jB and aperture reactance "f
by the expressions

2ackl ird _2an(7r/af vd
2a p . rrd

In terms of these parameters, the expressions for the amplitudes A, + A,
and A, + A, can be written as

iB/2 X2

A|+A|_rr7iC+me éM1>>

jB/2 A‘X/Z

A, +A =-~:C-""=C

1+jB 1+jX
The condition A.,, + A, = 0 is met_by setting X = B. Since a. is negdtive,
we can obtain a negative value of_S. Thus the amplitude A, + Az can ds0
be made small by setting X = -B. However, in this case Aj + Az does not
vanish exactly. In order for A, + A; to equal zero, we would require
X +B =0 and XB =0 which has only the trivial solution. By using
X = - B we obtain an imperfect directional coupler.

(4.1406)

4.1. For TM modes in a waveguide, show that the line integral of the transve
electric field between any two points on the boundary is zero.
Hint: Notethat V,e ¢ d\ = (dejdl)dl = directional derivative of e, &°J
the path. Integrate this and use the boundary conditions for e~ Asan d
tive, note that there is no axia magnetic flux, so that the line integral arou
closed path in the transverse plane must vanish. .
4.2. For TE modes show that the line integral of the transverse eectric *
between two points located on the guide boundary depends on the p
integration chosen. . -rd
Hint: Note that, because there is an axia] magnetic field, the line m «
around a closed path does not vanish.
4.3. An obstacle located at z = 0 excites evanescent H modes that decay expo
tially away from the obstacle in the positive z direction. Integrate the cor
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Poynting vector over cross-sectional planes at z = 0 and z = w and the guide
walls for the ramth evanescent H mode, and show that there is no power
transmitted into the region z > 0. Show also that the reactive energy stored in
the nonpropagating H mode in the region z > 0 is predominantly magnetic.
Hint: Note from (2.59) that the total inward flux of the complex Poynting

vector equals the power loss (which is to be taken equal to zero in this problem.)
plus2jw(Wip, -We).

4.4 Repeat Prob. 4.3 for the case of an E mode and show that nonpropagating E
modes store predominantly electric energy.

4.5, For the circuits illustrated in Fig. P4.5, verify that the slope of the reactance
function is given by (4.25).

C
o——TiW-

(a) b FIGURE P4.5

*4.6. For the N-port junction choose an excitation such that all /, = 0 except I/,
thus Vj = Zylj for al i. Show that all Z; must have real parts that are even
functions of ID and imaginary parts that are odd functions of u.

*4.7. Generalize the result (4.25) to show that for a lossless iV-port junction

. 8z N HZ. .
L W=Z Z N = 4{(WiWo)
- So}
ne»l m=1
4.8. Verify that (4.51) and (4.44) are equal.
4.9. Show that a length | of transmission line of characteristic impedance Z. is
equivalent to a T network with parameters

n = 2, = ~jZ cot pi Z, = -JZc esc pi
4.10. Let zZ7, Zfc, Z, Z%. be the input impedance of a T network when terminals 2
are short-circuited, when terminals 1 are short-circuited, when terminals 2 are
open-circuited, and when terminals 1 are open-circuited, respectively. In terms
of these impedances show that the parameters of the T network are given by

2u=2 w .= zh= (d-2d)d = {d-2)z
Use these relations to verify the equations for the circuits of Figs. 4.13d

and e.
*«1- For the mircowave circuit shown in Fig. P4.11, evaluate the power transmitted
to the load Z. Find the standing-wave ratio in the two transmission-line

2 _| fx
[\-.;J' Zt=7< Z.=2, Zi
i z

IW=% fil***A

I-_\-

4
i
|

FIGURE PA4.li
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sections. Assume Z, = 27y Xx =X, =Z, V, =5V (peak). Check
swers using TLINE. VAU o
4.12. FOT the microwave junction shown in Fig. P4.12, the equivalent-T

parameters are Z, =j2, Z, =jl yl2, Z» = -jO.25. Find the param"'*o'*

the alternative equivalent circuit illustrated. ** for
&=1
01 n:\ FIGURE P4.12

4.13. For the three-port junction illustrated in Fig. P4.13, compute the
delivered to the loads Z, = 50 ft and Z, = 100 ft. Assume that V =
peak.

. \,,;"“ ‘

FIGURE P4.13

4.14. For the transmission-line circuit shown in Fig. P4.14, find (a) the load reflec-
tion coefficient, (6) the impedance seen by the generator, (c) the VSWR on

Z, =40il

fil'J FIGURE P4.14

transmission line, id) the fraction of the input power delivered to the
following parameters apply:

50ft Zo =50 ft fil =14 Z, = 40 ft

4.15. For the circuit shown in Fig. P4.15, find the VSWR on both transmissij* *
and the load impedance at the generator terminals. The following P&



4.16.

o~
VQ(CZ_J'

4.17.

18

CIRCUIT THEORY FORWAVEGUIDING SYSTEMS 297

Z

FIGURE P4.15

= - Z.=50n 29 =50 ft 2 =25+>25 IX =125

For the transmission-line circuit shown in Fig. P4.16, find the required value of
Z that will match the 20-ft load resistance to the generator. The generator
internal resistance Ry = 60 (i. Find the VSWR on the transmission line. Is R
matched to the transmission line?

RL:ZOQ

£>=§ FIGURE P4.16

For the transmission-line circuit shown in Fig. P4.17, find the VSWR on each

FIGURE P4.17

transmission line and the relative powers delivered to /?, and R, The follow-
ing parameters apply:

O=1IT1 & - - Rr=25n R,=75n zz=50n Ry;=son

- for the transmission-Une circuit shown in Fig. P4.18, find the open-circuit

voltage V, and the Thevenin equivalent impedance. Use these results to find
the power delivered to R.. Assume that pi = TT/4, Ry = 75 ft, Z. = 50 ft,
«L = 30 n.
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Rg
|—WV

&

pl-E FIGURE P4.18

4.19. Consider thejunction of two transmission lines with characteristic imped
Z, and Z, as illustrated in Fig. P4.19. When the usual transmission 1'

-?12

S,
5,,A"52 FIGURE P4.19

voltages and currents are used, show that the scattering-matrix parameters are
given by

2 1

5 +2z,
2Z,
sl., — 8o 5 N

The normalized voltages V/ and V., are given by Vf= [FAVY, V. =/ £#,
where the unprimed quantities are the usual transmission-line voltages. When
normalized voltages are used, show that the scattering-matrix parameters are

0 Z 2 - 2 7 ” ” 2V/ZA2"

A1l - AD2- "19 T "SIl — .

11 22- 7 47, Z,+7j

4.20. For the circuit shown in Fig. P4.20. find the scattering-matrix parameters.

Zc Xz Z.=50£
FIGURE P4.20
When jX, =j25, jX; = jlOO verify that
IS2+1S,/=1

Sntiz2 T f12922 - 0
4.21. Find Z* Z£, ZL and Z?. for the circuit shown in Fig. P4.21.

n:1 "* FIGURE P4.21
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. T g . : FIGURE P4.22

4 22. For the circuit shown in Fig. P4.22, find the input reflection coefficient !*,,.
4.23- For the circuit shown in Fig. P4.23, find the expressions for Z;,, ri,, and the
input VSWR. Find the value of JX that will minimize the VSWR.
Hint: The VSWR will be minimum when irjnl2 is a minimum. Why?

e FIGURE P4.23

4.24. The field of a TEy; mode in a rectangular guide of width a and height 6 is
derived from
irx
h, = C cos — cos —-
a b
Determine the expressions for the equivalent-transmission-line voltage V* and
current I' for the two cases (1) when Z, - Z,. = wave impedance of the TE
mode, (2) when Z, = 1.
4.25. Apply the complex Poynting vector theorem to show that, for a one-port
microwave termination, the reflection coefficient V satisfies the relation

when the wave amplitudes are normalized, so that W* = II*, that is, the
equivalent characteristic impedance is unity.

4.26. Show that the j/~4f 3 parameters for a section of transmission line of length /
and characteristic impedance Z; are given by *' = 's = cospi, .'£E = jZ,. sin fil,
&=jY; sin j8l.

4.27. For a section of transmission line of length /, show that the wave-amplitude
transmission matrix is a diagonal matrix with elements

in-** Azz-e-l»l Ar = A;=0
8 Consider thejunction of two transmission linesas in Prob. 4.19. Using conven-
tional transmission-line voltages, show that the [ A ]-matrix parameters describ-
ing the junction are Ay = Ag = (& + Z,)/12Z,, Ay, = Ay = (27 - 2,)122Z,.
When normalized wave amplitudes (voltages) are used, show that A,, = Ay, =
(Z] + Zz)/(zAZ,Zz), A12 = A2| = (22 - Z,)/(2>/Z722").

e rind the [Aj-matrix parameters for a shunt susceptance jB connected across a
transmission line of unit characteristic impedance. Repeat for a reactance jX
connected in series with the line.

« Show that when normalized voltages are used the scattering-matrix parameters
ot a two-port junction are given in terms of the equivalent-T-network parame-
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ters by
A—1+Zu—27Z2
Do A+ 1+Z, + Znp
2745
S2=Sa = A v 147, 4 2,
A—1+Z"Zjj
T2 A+ 2+ 7S
where

A —ZZn Zi

4.31. Show that the T-network parameters are related to the scattering-matri
parameters as follows:

(1 + Sp)(l - S22) + S

Z”

"o — w
7 _2S12

*12 W

where
W= (1-S,)(l - Sx) - Sfg
4.32. For a discontinuity in a waveguide, the following scattering-matrix parameters
were measured:
A1 T B #Ja "12 T Ja 22 T a ~JS

Find the parameters of an equivalent T network that will represent the
discontinuity (Prob. 4.31).
4.33. For an £-plane step (Fig. 4.6), the following were measured:

611 3 +j 22 3 + J

An equivalent circuit of the form illustrated in Fig. P4.33 is to be J'~.
represent the junction. Determine the susceptance jB and the ide
former turns ratio n:l from the above given data.

JB

vn FIGURE P4.33
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— FIGURE P4.34

*4.34. For the circuit illustrated in Fig. P4.34 construct a signal flow graph relating
the variables Vg, lg, V, [, V., and . Use signal flow graph analysis to find the
voltage V, across Z,.

Hint: See Prob. 4.9 for the T-network parameters of a transmission line.

*4.35. For the circuit illustrated in Fig. P4.35, construct a signal flow graph. Use
signal flow graph reduction to derive an expression for the load voltage V;. Use
thcwSAS* chain matrix to write relationships between the variables.

Bint: See Prob. 4.26.

JX

*t Vo Ze V3|

FIGURE P4.35

*4.36. For thecircuit illustrated in Fig. P4.36, construct a signal flow graph using the
scattering-matrix relationships between the variables. From a reduction of the
signal flow graph find the load voltage V..

JX

Ve . 1%+—

Vi W—-

FIGURE P4.36

e 'e For the transmission-line circuit shown in Fig. P4.37, find the generalized
scattering-matrix parameters for the series reactance jX. Use these results to
derive an expression for the power delivered to Z,. Verify your answer using a
more conventional method of analysis.
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Rg+jXg fx

VgQ Z=Re 4 jXL
FIGURE P4.37

*4.38. Repeat Prob. 4.37 with jX replaced by a shunt element jX.

*4.39. Find the TE;, field radiated by the current loop illustrated in Fjq p.
Consider the loop area to be so small that (4.119) is applicable. The areanf i

equals So. 00p

al2
/=0 FIGURE P4.39

*4.40. Find the TE,,, field radiated by the current loop of Prob. 4.39 if a short dircuit
isplaced at z = —/.

*4.41. A linear constant current / extends across the center of a rectangular wave
guide at J = a/2, z = 0. Show that the total radiated electric field is

jwhigh  * 1 nv nir: i
E,=— 2- — sin — sin—— !
a ” N 7” 2 a
12
where Yo "JOn = 2 "0
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CHAPTER

5

IMPEDANCE
TRANSFORMATION
AND MATCHING

In this chapter we are concerned with the important problem of impedance
matching, such as the matching of an arbitrary load impedance to a given
transmission line or the matching of two lines with different characteristic
impedances. Methods of impedance matching to obtain maximum power
transfer are presented, along with broadband design methods for quarter-
wave transformers and tapered transmission-line impedance transformers.
To facilitate the development of the theory, the Smith chart, a graphical aid
for the solution of many transmission-line and waveguide impedance prob-
lems, is described first.

In a computer-oriented age the reader may very well question why one
should be interested in a graphical aid, such as the Smith chart, to solve an
impedance-matching problem. There are two basic reasons why the mi-
crowave engineer needs to be familial® with the Smith chart. One reason is

& Using the Smith chart to solve an impedance-matching problem shows

m a very vivid way how adding reactive elements moves the impedance

>mt around and this provides considerable insight into the impedance-

natching problem. The second reason is that the Smith chart is widely used

! heindustry to display the performance of a microwave circuit in terms of

nput impedance versus frequency, VSWR or reflection coefficient versus
Au”~ncy, the frequency variation of scattering-matrix parameters, etc.

in microwave amplifier design the Smith chart is indispensible as a

aid to show how gain, noise figure, stability, and input and output

“"ing are interrelated and how these operating characteristics depend

303
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on the load and source impedances. Without the aid of the Smith ch
intuitive understanding of microwave amplifier design would be much '~
difficult to acquire. Mox g

51 SMITH CHART

In Sec. 3.6 it was shown that a load impedance Z_ was transformed in*
impedance

Z, +jZetanpi
Ztm = 267 +jZ tanpl (5.2)

when viewed through a length / of transmission line with characterise
impedance Z;. This formula is valid for any waveguiding system with phase
constant /3, provided the impedances are properly interpreted in terms of
suitably defined equivalent voltages and currents. Alternatively, the reflec-
tion coefficient T(Z), a distance / from the termination, is uniquely given by

r/n/ Zin('>-%¢ .
"D ZjiiTz; L
with Z-4il) given by (5.1). The reflection coemcient is a physical quantity
that can be measured, and the normalized impedances Z-/Z, and Z /7.

may therefore be appropriately defined in terms of the reflection coefficient
r at any point / on the line and the reflection coefficient Y_ of the load, as

oz h s (@

"oz qi-r() i -ye?
Z, = ljjr> b)

1 z<< i—r£

The Smith chart is a graphical representation of the impedance-trans
formation property of a length of transmission line as given by i
Clearly, it would be impractical to plot all values of Z, and Z, °
rectangular coordinate impedance plane, with one coordinate represei
the real part, or resistance, and the other coordinate representing
reactance, since this would require a semiinfinite sheet of paper, y
other hand, all values of the reflection coefficient lie within a unit cir
the reflection-coefficient plane since |fl < 1. Furthermore, each value
specifies a value of normalized input impedance by means of (5.3a). ®
there is a one-to-one correspondence between reflection coefficient **:  »0
impedance. Instead of plotting contours of constant values of the ren
coefficient, contours of constant values of input resistance and inp"* "e
tance are plotted on the reflection-coefficient plane. For a given valueo *
reflection coefficient, the corresponding input impedance can be rea
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rectly from the plot. In addition, a movement a distance d along the line
corresponds to a change in the reflection coefficient by a factor e~** only.
This is represented by a simple rotation through an angle 2/3d; so the
corresponding impedance point moves on a constant radius circle through
this angle to its new value. The chart thus enables the transformation of
impedance along a transmission line to be evaluated graphically in an
efficient and straightforward manner. A more detailed description of the
chart and its use is given below. In addition, a number of matching
problems are solved with the aid of the Smith chart in later sections of this

chapter.
Let the reflection coefficient T be expressed in polar form as

Y = pé® (5.4)

where p=W and 0= ZT= LTy— 2/3/. Let the normalized input
impedance be

Zm 1+T 1+pe®

From (5.5) it is readily found that in the reflection-coefficient plane (p, 0
plane), the contours of constant R and constant X are given by (Prob. 5.1)

R \? 1
+V2 = 5 (5.6a)

K+ (S+1)2
(«-D)»+(*-jLj -] (566)

where u = pcos8 and v = psin6 and are rectangular coordinates in the
P, 0 plane. The above constant R and constant X contours are circles and
plot as illustrated in Fig. 5.1.

For convenience in using the chart, a scale giving the angular rotation
2/31 = 41Ti/X in terms of wavelength A is attached along the circumference
of the chart. Note that moving away from the load (toward the generator)
corresponds to going around the chart in a clockwise direction, as illustrated
ui Fig. 5.2. A complete revolution around the chart is made in going a
distance | = A/2 along the transmission line. At these intervals the input
impedance repeats itself. The origin for the angular scale is arbitrarily
chosen at the left side of the circle.

To illustrate the use of the chart, let a line be terminated in a load
impedance ft, +JX, = 0.5 +70.5. This point is located in Fig. 5.2 and
labeled P, At a distance / = 0.2A away, the corresponding input impedance
may be found as follows: A constant-radius circle through P, is constructed
""st. The new impedance point P, lies on this circle at an angle 2/3/ = 08n

u
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FIGURE 5.1

f ' Constant R and X dirde
in the reflection-coefficiem
plane.

FIGURE 5.2
The Smith chart.

rad in a clockwise direction from P-y. This angular rotation is" gctio”
out by adding 0.2A to the wavelength reading obtained from the int® j.gajce
of the radius vector through P, and the angular scale at the circuit
of the chart. From the chart it is found that the new value of n°
impedance is

R+jX, = 2-j1.04
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If we begin at a point P,, where the impedance is R; + jX; and move
n a constant-radius circle an amount A/4 to arrive at a point diametrically
opposite, \\ changes into -1\ (2/3/ changes by TT), and we obtain an
impedance
« i-r, [

R T T R, O

Thus the input normalized admittance G, + jB; corresponding to a given
input impedance R, + jX may be found from the value of impedance at a
point diametrically across from the first impedance point, provided R, and
jX, are interpreted as“the input conductance and susceptance. To clarify
this, note that R, + jX, at P, is the normalized input impedance at point
P, and equals the normalized input admittance at point P, at a distance
[ = Al4 away.

The Smith chart may be used to find the transformation of admit-
tances equally well. All that is required is to interpret the constant resis-
tance and reactance contours (constant R and jX contours) as constant
conductance G and susceptance jB contours. Note Jhat a positive X
corresponds to an inductive reactance but a positive B corresponds to a
capacitive susceptance.

In order to facilitate the use of the Smith chart in situations where it
is necessary to convert back and forth between impedances and admit-
tances, the impedance-admittance chart is used. This chart has a second
Smith chart, rotated by 180°, superimposed on the regular Smith chart.
Thus one set of circles gives impedance values and the second set of rotated
circles, usually shown in a different color, give the corresponding admit-
tances values directly. For the conventional Smith chart, the admittance

FIGURE 5.3

Inward spiraling of the impedance
point on a Smith chart for a lossy
transmission line.
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values are obtained by rotating the impedance points by 180°

impedance-admittance chart, the second set of rotated circles rn t ~°

unnecessary to rotate the impedance point in order to determ”

corresponding value of the admittance. ¢ 'he
On a lossy line the reflection coefficient at any point is given h

PL (57)
As we move from the load toward the generator, p = /> conti
decreases, and hence we move along a spiral that eventually terminal
the center, as in Fig. 5.3. In practice, we move on a constant p circlefi *
through the angle 2/3/ and then move in radially until we are a dista
pLe?"' from the center. Many practical charts have convenient sed
attached to them, so that the amount of inward spiraling is readily obtained
Note that the center of the chart represents a matched condition (p = 0)

52 IMPEDANCE MATCHING WITH REACTIVE

ELEMENTS

When a given load is to be connected to a generator by means of a
transmission line or waveguide many wavelengths long, it is preferable to
match the load and generator to the transmission line or waveguide at eech
end of the line. There are several reasons for doing this, perhaps the mos
important one being the great reduction in frequency sensitivity of the
match. Although the transformed load impedance as seen from the genera-
tor end of the transmission line can be matched to the generator for
maximum power transfer, a small change in the operating frequency will
change the electrical length fil of along line by an appreciable fraction of v
rad, and hence greatly modify the effective load impedance seen at the
generator end and thus modify the matching requirements as well. To avo«
this frequency sensitivity of the matching requirements, the load an
generator should be individually matched to the transmission line or wave
guide. ..
Another disadvantage of not matching the load to the transmission
line is that when a matching network is used at the generator end o .
there may be a large standing-wave field along the transmission line |
original load is badly mismatched. This reduces the power-handling *P”" o
ity of the system since, for a given power transfer, the ~®™MAL.
strength before dielectric breakdown occurs is reached sooner. In ao
greater transmission losses are also incurred when there is a standing
current along the line. 0 a
The techniques that may be used to match a given load impedanc *
transmission line or waveguide may equally well be used to mate *
generator to the line. Hence it suffices to limit the following discussio »
that of matching an arbitrary load impedance to the transmission linee  *
convenience, normalized impedances are used. The first matching tecB
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b FIGURE 54
\VARVE: Single-shunt-stub matching network.

discussed employs short-circuited (or open-circuited) sections of transmis-
sion lines as reactive elements, and is referred to as stub matching. How-
ever, the principles involved are general in nature and may be applied to any
waveguiding system by substituting suitable shunt or series reactive ele-
ments for the transmission-line stubs. A description of some typical reactive
elements that may be used is given in a later section of this chapter.

Single-Stub Matching

Case 1 Shunt stub. Consider a line terminated in a pure conductive load of
normalized admittance Y, = G, asin Fig. 5.4. At some point a distance d from
the load, the normalized input admittance will be Yy, = 1 +jB. At this point
we can connect a stub with normalized input susceptance —B across the line
to yield a resultant

that is, to arrive at a matched condition. The stub should be connected at the
smallest value of d that will give Y, = 1 +jB in order to keep the frequency
sensitivity as small as possible. The stub may be either an open-circuited or a
short-circuited section of line, the latter being the most commonly used
version for two-wire lines, coaxial lines, and waveguides because of ease in
adjustment and better mechanical rigidity. In a microstrip circuit an open-
circuited stub would be preferred since it does not require a connection to the
ground plane.

To find the position d, we must solve the equation

Yo+t
ANin =1 +JB = t = tan pd
1 43y

If we assume that Y, = G is pure real, we require

(I+jB)(1+JGt) =&+jt
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or by equating real and imaginary parts, we obtain

1-BGt =G
- (>-8a
j(B + Gt=jt
| | I e (586)
Equation (5.86) gives B = (1 - G)t, and substitution of this into (%3 )> ield
J°a) yidd,
1-G 1-G
Ec ~ (i - G)Ut
or i' =tan’Bd = —
G
Replacing tan? fid by (1 - cos® Bd)/cos’ &c? finally gives
A /! G
4=2AC0S  vTTg (59,

where B = 2TT/A. Note that two principal values of d are possible, depending
on which sign is chosen for the square root. An alternative relation is obtained
if we replace 2cos’Bd by 1 + cos2Bd; thus

2G
I 1 rncfftri 1+ G
G-1
and ((0ADU — ~~
) . G+1
which gives
A G-1 (5.10)
u cos @ —

. . 41T G+1 o o
If d. is asolution of (5.10), then A/2 - d; is another principal solution, sref
+dy £+ nA/2 are al solutions of (5.10).

The value of the input susceptance jB is given by

3—{i—B)tbg (G

since tan® Bd = 1/G. The required length |, of a short-circuited stub to {
an input susceptance -jB is found from the relation

Yn= -JB= - cot Blg
and (5.11); thus

cot/3/g = _
VG
A . IG (5.12
or /o = 21—_rtan"l |-G

where the sign of \/G must be chosen to give the correct sign for B in
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.0

(= -

r"\+jB r=s Z»*°\*jX Z;»=Vs
FIGURE 5.5 FIGURE 5.6
Location of stub relative to a voltage The series stub.
minimum.

0 <d < A/4, the positive square root should be used, whereas if the other
solution, A/4 < d < A/2, is chosen, the negative square root must be used.

A similar analysis may be carried out when Y, is complex, but it
becomes more involved. The following procedure is usually followed instead.
First locate a position of a voltage minimum from the load. At this point the
reflection coefficient is a negative real quantity and the input admittance is
pure real and given by

1-T  1+p

Ym:i+r=|_P:S (5.13)

where S is the standing-wave ratio on the line. Let dy be the distance from
this voltage-minimum point to the point where F;, = 1 +jB, as in Fig, 5.5.

The equations to be solved for the stub position dy and stub length /,, are the
same as given earlier, but with S replacing G. Hence

A S-1
ko %g 'sTT (5.144a)
A , VS
(5.146)

The position of the stub from the load is readily computed by finding the
distance from the load to the V#, position and adding this to do. Note that a
stub position dy £ A/2 is also a suitable one. Thus, if dy - A/2 is still on the
generator side of the load, the stub should be placed at this point instead of at
"0 in order to reduce the frequency sensitivity of the match.

Case 2 Series stub. At a position of a voltage minimum, Z, = st At
some position dy From this point, Z* = | + jX. By connecting a stub with a
normalized input reactance of -jX in series with the line at this point, the
resultant input impedance is reduced to unity and a matched condition is
obtained. This series stub-matching network is illustrated in Fig. 5.6.
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To find do, we must solve the equation
S +j tan Bdr,
1 +>S tan/3rfy

This is the same equation as considered earlier, with X, S~ replac’
and thus the solutions are 9

A S i A l1- 8§

T B+ (5.15Q)

[1 - & |tan Bd (5.156)

where the sign of JS must be chosen to yield the correct sign for tan (3d  that
is, for 0 < dy < A/4, use + JiS and for A/4 < dy < A/2, use -js.
The required stub length |y is determined from the relation

jtan /3y = -jX
and hence, from (5.156), we obtain
A ,1-S
/__27ton ~7T (516)

The shunt stub is most commonly used for coaxia lines becauseit is essy
to construct a shunt stub for a coaxial line, whereas a series stub is diflicult to
build. A disadvantage with a single-stub-matching system is that every 1%"
requires a new stub position. The use of two stubs spaced by afixed amount
and located a fixed distance from the load may be used to overcome this
disadvantage. However, a double-stub-matching system of this type will n«
match al possible values of load admittance. The theory of doublesub
matching is presented in the next section.

DOUBLE-STUB MATCHING NETWORK

The double-stub tuner, or matching metwork, IS illistratett schidiadicaiky
Fig. 5.7. We may transform_the £iormahzed load admittance 1t"* &
equivalent load admittance Y, = G_ +jB_. at the plane aa and treat
problem illustrated in Fig. 5.76 without loss in generality. _ -

Let the point Px on the Smith chart in Fig. 5.8 represent Y- The ~
stub adds a susceptance jB, which moves P, along a constant-conduc .
circle to point P, in Fig. 5.8. At the plane_66 just on“he right-hand si
the second stub, the input admittance is Y, = G, +jBy, and is obtain 4
moving along a constant-radius circle from P, to P; through an *
# = 2/3f = 47rd/A rad in a clockwise sense. The point P; must lie 0B j
G = 1 circle if the addition of a susceptance jB» contributed by the sc
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FIGURE 5.7
The double-stub tuner.

stub is to move point P; into the center of the chart (matched condition)
along the G = 1 circle.

From the description just given, it is clear that the first stub must add
a susceptance of just the right amount, so that after the admittance at plane
cm is transformed through a length of line d, we end up at a point on the
G = 1 circle. The required value of susceptance jB, to be contributed by
the first stub may be obtained by rotating the G = 1 circle through an angle
-<f>. The intersection of the rotated G = 1 circle and the G_ circle deter-
mines the point P, and hence jB, as illustrated in Fig. 5.9. A point P,
would also be suitable; the location P'; then corresponds to the admittance
just to the right of the second stub.

_ From Fig. 5.9 it is clear that for all values of Y_ that lie within the
G = Gq circle, a match cannot be obtained since all values G > Gy will not
intersect the rotated G = 1 circle. The conductance circle G = Gq is tangent

&/ ‘

L AN FIGURE 5.8
o i Graphical representation of the
! operation of a double-stub tuner.
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Graphical determination of *

quired susceptance for the firg
= stub in a double-stub tuner.

to the rotated G = 1 circle at the point Q- It is easy to see that the smdler
the distance d, the larger the range of load admittances that may be
matched (see Fig. 5.10 for the case of d = A/8, 4> = TT/2). Also note that Gy
will always be greater than unity; so all loads with_G, < 1 can be matched.

At plane aa in FigJ5.7 we have y,, = G, +jB_. Just to the left of the
first stub we have Y, = G_ +jB. +jB, Just to the right of the second stub

FIGURE 5.10 of‘
Illustration of range ~*

impedance which can"
matched when d = <v®
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we have
G. +JB. + jB +jt
F*~ ) ) t = tan pd (5.17)
1+j*{G, +jB. +JB)

Since Y, must equal 1 + jB, (5.17) gives, upon equating the real part to
unity,

=0 (5.18a)

_ 1+ t? UW-Bit-Byt) 5 186

= + - :
or G 2 1+ 1/1 (1+2)? ( )
In (5.186) we note that the term under the radical sign equals one minus a
positive quantity. Since G, must be real, the term under the radical sign
must be positive, or zero. Hence the value of the square-root term lies
between zero and one. The corresponding limits on G, are
1+t 1

sin? lid

For any_given choice of d, the whole range of load admittances outside the
circle Gy = esc?fid may be matched. As an example, for d = A/8,_ /3d =
TT/4, <f> = 2(Zd = IT/2, and all values of load admittance outside the Gy = 2
circlejnay be matched, as shown in Fig. 5.10. For d = A/4, all values of Y,
with G. < 1 may be matched.

Although the theory predicts that virtually all load impedances may be
matched by choosing d near zero, or A/2, so that esc? [id becomes infinite,
this is not true in practice. The maximum value of stub susceptance that
can be obtained is limited by the finite attenuation of the transmission line
used. If jp were replaced by jp + a, it would be found that, even with A/2
spacing, all values of load admittance could not be matched. In addition,
stub spacings near A/2 lead to very frequency-sensitive matching networks,
so that in practice spacings of A/8 or 3A/8 are preferred. The larger
spacing is used at the higher frequencies, where the wavelength is too small
to permit use of A/8 spacing.

A complete analytical solution to the double-stub matching network is

readily obtained. Solution of (5.18a) for the susceptance B, of the first stub
gives

0<G.<

\ - IRV + )G AGTE

n + (5.20)

tSy

€ B, G, and t = tan pd are al known. Equating the imaginary part
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FIGURE 5.11
Illustration of the design of a double-stub matching network.

of (5.17) to jB gives
s= ""AiLilih¢er+ By  GU
- - 12 *
(I-Bj-Sty+ Gfé
Substituting for By into this equation yields

N2 l/\5_
B_"'M(| + Gt) Gy (52D

The upper and lower signs in (5.20) and (5.21) go together. The suscepta"*
of the second stub must be chosen as — jB in order to provide a mate
condition.

Example 5.1. We want to design a double-stub-matching system to ™
normalized load admittance ij, = 0.4 +jl. The stubs are spaced A/° *P . _,

_ ATr AL

We first construct the G = 1 circle rotated by an angle 1$d = g
ir/2 in the_counterclockwise direction as_shown in Fig. 5.11. Next we A
the point Y_ at the intersection of the G = 0.4 and B = 1 contours. A.(he
the point labeled Y, in Fig. 5.11. We can move Y, so that it interfS€ctS
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rotated G = 1 circle by moving it_to P, or P\ along the G = 0.4 contour. At
p jB =jl.8, so we need to_add jB, =y'(1.8 - 1) =j'0.8 to ?_ to get to P.. At
p-_ jB =j0.2, so to move Y_ to P[, we need a stub with susceptance jB, =
#0,2 - 1) = -J0.8.

The next step is to rotate P, and_P', by TT/2 rad in the clockwise
direction. The rotated points lie on the G_= 1 circle at P, and P, At Py

jB = —j3, so we need a second stub with jB, = -jB —j3 in order to move P,
into the origin along the G = 1 contour. Similarly, in order to move*P, in*°
the origin, we need a second stub with jB, == -jB = -jl since jB a P/,
equals jl.

We can also use the Smith chart to find the stub lengths. For the first
solution where we needed a stub with jB, =j 3, we will assume that we use an
open-circuited stub. We draw a radius vector from the origin through the point
where the jB = jZ contour cuts the outer boundary of the Smith chart as
shown in Fig. 5.11. When we move along an open-circuited or short-circuited
stub, we will be moving on the p = 1 circle® or outer boundary of the Smith
chart. At the open-circuit end of the stub, Y= 0 and this is the point on the
left-hand side of the Smith chart as shown. We begin at this point and move on
the G = 0 or p = 1 circle toward the generator (clockwise) until we get to the
j3 point. From the normalized distance scale on the outer boundary of the
Smith chart (not shown), we find that the required stub length is /,/A = 0.199.

For the second solution where we need jB, = —jl, we will assume that
we use a short-circuited stub. At the short-circuit position Y =jx and this is
the point on the right-hand side of the chart. We begin at this point and move
on the G = 0 circle until we get to —jl as shown. This gives /';/A = 0.125 for
the stub length.

The reader can verify that for stub 1 the required length is, for an
open-circuited stub,

h
— =0.107
while for a short-circuitedfstll.lﬂn,,

0.393

A 0.143 A

If series stubs are used, then we work with the normalized load impedance

and the normalized reactances of the stubs. A point to keep in mind when

designing thejength of a stub to give a specified reactance is that at a

short-circuit Z = 0, while at an open-circuit Z =jto. Thus, for an open-

circuited stub, we begin at the right-hand side of the Smith chart and move

clockwise on the p = 1 circle until we arrive at the desired jX point. For a

shunt stub that was open-circuited, we start at the left-hand-side edge of the
Smith chart.

AALE-STUB 1ynerR

0.357

e disadvantage of not being able to match all load admittances with a
ouble-stub tuner may be overcome by using a triple-stub tuner, jis illus-
ated in Fig. 5.12. Stub 1 provides a susceptance jB, such that Y_ +jB
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. FIGURE 5.12
No. 2 No Triple-stub tuner.
¥ ..r"" - .._‘
/ ﬁ‘!. \ .
4 <
. ;"_' ! 6"o=csc* Bd

FIGURE 5.13
Transformation of Y" into YE.

transforms to some new admittance Y| just to the right of stub 2. Stubs 2
and 3 provide a conventional double-stub tuner for matching Y| to the line.
These two stubs will match all values of Y[ for which G'~< esc? pd. Thus
the function of stub 1 is to ensure that a susceptance jB, is added. 1
such that the transformed admittance Y\ has a G| less than esc fid. To
find a suitable value of jBy, we note that, after moving a distance d "°
Y., the_admittance Y, +jB; must transform into a pc-int Pi outside
circle Go = csc?/3d, as in Fig. 5.13. If we rotate the Gy = csc?0d grele
through an angle -<€ = — 2(3d, we can_ readily see at once the_ range o
susceptances jB, that may be added to Y to keep the resulting Y| on °
the Gy = esc’ (3d circle. The procedure is illustrated in Fig. 5.14. In
example Y, falls within the rotated G, = esc®(3d circle, and " 7~
susceptance jBy must be added to move the resultant load Y, +J&} or
some point beyond P, or P, say to P[ or Pg, which provides for a marg™
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FIGURE 5.14
Graphical solution for jB; for a
triple-stub tuner.

safety. The resultant load when transformed to the position of stub 2 will lie
outside the circle Gy = esc? /3d, and hence can be matched by stubs 2 and 3.

A triple-stub tuner can match al values of load admittances. It may be
considered to be two double-stub tuners in series, i.e.,

jB=]B'2+]B;

so part of jB, is associated with each end stub of the two double-stub
tuners even though only one physical stub is present in the center. The
triple-stub-matching system has more free variables so it can be optimized
to increase the bandwidth.

ELEMAMNANC?Y® MATCHING WITH LUMPED

Lumped-parameter elements such as conventional inductors and capacitors
are not compatible with coaxial transmission lines and waveguides and
consequently are generally not used with these structures for impedance
matching. However, the widespread use of microstrip transmission lines and
the minaturization of inductors and capacitors have brought lumped-param-
eter elements into prominence for impedance-matching purposes. In a
nucrostrip-line, series connections of capacitors and inductors are easily
made. The shunt connection of a capacitor or inductor is somewhat more
difficult since a connection through the substrate to the ground plane must

made. In the frequency range up to several gigahertz, the use of lumped
capacitors and inductors for impedance-matching results in a more compact
circuit.
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FIGURE 5.15
(a) A spiral inductor connected in shunt across a microstrip line; (6) a series-connected spiral
inductor; (c) a series-connected single loop inductor.

For a microstrip circuit the most common form of inductor is the
spiral inductor shown in Fig. 5.15a. For a shunt connection the center of
the spiral can be connected to the ground plane. For a series connection an
air bridge has to be used as shown in Fig. 5.156. If only a small inductive
reactance is required, a one-turn loop as shown in Fig. 5.15¢c may be used. 11
a spiral inductor is to behave as a lumped inductor, its total length must a
a small fraction of a wavelength. An estimate of the inductive reactance can
be obtained by considering the inductor to be a length / of a transmission
line. By using the formulas for the characteristic impedance and propaga
tion constant, namely,

T

= y- p = cojw
we obtain
aiL = fiZ. = koZo 9/m
WhREFE éx IS the characteristic impedanes With %{.r%&%%ww 7 A

be seen from this expression, a high-impedance line (narrow width) s
be used in an inductor. As an example, if we have a 100-fi |™ v
1-mm-thick substrate with an effective dielectric constant of 4 at 2 Gnz>
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get

wL = —y A~ X 100 = —- X 200 = 83.8 ft/cm
Ao” ' 15

The inductance L is 6.67 nH/cm. A three-quarter-turn loop with a mean
diameter of 1 cm would have an inductance of about 16 nH. Unfortunately,
a single-turn loop this long would not function as an ideal inductor because
every printed-circuit inductor has distributed capacitance associated with it.
We can gain some insight into the length restriction by treating the single-
turn loop as a short length of a high-impedance transmission line. With
reference to Fig. 5.15c, let Z, be the characteristic impedance of the
microstrip lines, let Z. be the characteristic impedance of the transmission
line making up the inductor, and let Bl be the electrical length of the loop.
Transmission-line theory gives

Zo + jZ& - Zo(Ze +IZ0) + t(Z2 - Z))
n ZHiZt Z+jZot
it(Z2-2*)(ZerIZat)
0+ Z* +Z$ts

where t = tan Bl.
Since we normally would use a large value of Z, and keep Bl small, we
will assume that Z%t* « Z,? in which case we get

72
Zin = ZO + ZOt> 1 _Zél \+lZCt Z\]

For a short-circuited line,
XL ~jZ. tan Bl=jZBI
Hence

[ ZzZ 7
Zin=Zos Zot* L =X

Thus the effective inductance is reduced by the factor 1 - Z%/Zf. A more
serious departure from an ideal inductor behavior is the change in the real
part of Z, For an ideal series-connected inductor, we would have Z" =
0 "JL- A" order that the actual Z, should approximate this ideal result,
we need to make the factor t\\ - Z%/Z*) of the order of 0.05. In a typical
situation where Z, = 50 ft and Z. = 100 ft, this requires that Bl be no
arger than 0.26. The corresponding maximum value for the length | is
' " For the earlier example where e, = 4 and f= 2 GHz, we have
= 15/2 = 7.5 cm. Thus | should be no greater than 0.3 cm. This leads to
roaximum usable inductance of only 2 nH. We can, of course, use a larger
Ye for / but the change in the resistive part of Z;, away from the ideal
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Open circuit stub
(@ )

FIGURE 5.16
(a) A short open-circuited stub; (b) an interdigital capacitor; (c) a metal-insulator-metal (MLMI
capacitor; (rf) a chip capacitor soldered across a microstrip-line gap.

value Z, must then be taken into account in the design of a circuit
requiring a series inductance.

The spiral inductor can provide larger values of inductance. For exam-
ple, a five-turn spiral inductor approximately 14 mm in diameter, with a
conductor width of 0.06 mm and spacing 0.038 mm, has an inductance of 25
nH at 2 GHz.t

A short open-circuited stub as shown in Fig. 5.16a will function as a
lumped capacitor connected in shunt across a microstrip line. The dis
tributed capacitance of a microstrip line is typically in the range 0.2y"«. to
ANf7 pFlem; so ashort stub is suitable for providing a shunt capacitance up
to about 1 pF. At 4 GHz a 1-pF capacitor has a reactance of about 40 ft. The
interdigital capacitor shown in Fig. 5.166 can provide a series capacitance
up to several picofarads depending on the number of fingers used and then
length. For monolithic microwave integrated circuits, the metal-insulator
metal (MTM) capacitor shown in Fig. 5.16c is generally used. A capacitance
up to 20 pF or more can be obtained since the insulator thickness can
very small. For example, an insulator 1 mm by 1 mm and 10 /xm thick an
having a dielectric constant of 10 provides a capacitor with a capacitance
about 9 pF. For hybrid microstrip circuits, the chip capacitor illustrated »
Fig. 5.16a" is used. It is soldered in place and can provide a capacitance up
100 pF or more.

tD. A. Daly, S. P. Knight, M. Caulton, and R. Ekholdt, Lumped Elements in f"c™
Integrated Circuits. IEEE Trans, vol. MTT-15. pp. 713-721, December, 1967.
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. FIGURE 5.17
IX: T Li Two basic lumped-elemetit
P 'S, Z=1 B ' matching circuits, (a) Circuit
| used when G_ < 1; (b) cir-
(@ (b) cuit used when R < 1.

The basic lumped-element impedance-matching circuit is a circuit
consisting of a parallel-connected and a series-connected reactive element as
shown in Fig. 5.17. The topology of the circuit is such that it is commonly
referred to as an L matching network (compare with the designation of T
and Fl for the impedance and admittance networks for a two-port network).
For the circuit shown in Fig. 5.17a, the shunt element jB, is connected in
parallel with the load and the series element jX, is connected in series.
This configuration can be used to match any load admittance Y, having a
normalized conductance G, < 1. The circuit shown in Fig. 5.176 can be
used to match any load impedance having a normalized load resistance R;
less than 1. For some load impedances both G, and R_ are less than 1 and
either circuit may be used. When the normalized admittance lies inside the
G = 1 circle on the Smith chart, the corresponding normalized load
impedance, which isthe reflection of the normalized load admittance through
the origin, will lie outside the R = 1 circle and hence can be matched using
the circuit shown in Fig. 5.176. When Z, lies inside the R = 1 circle, Y_
will lie outside the G = 1 circle and can be matched using the circuit shown
in Fig. 5.17a. When both Z, and Y_ lie outsidethe R= 1 and G=1
circles, respectively, either matching circuit can be used.

The required values of the matching elements are easily found using
the Smith chart. The procedure to be followed is described below. From this
the reader will easily understand the rationale that underlies the use of the
Smith chart to solve the matching problem using lumped reactance ele-
ments. Since the Smith chart procedure uses normalized immittance param-
eters, the first preliminary step is to determine the normalized values of Y,
and Z_ by dividing by the characteristic admittance Y. or characteristic
impedance Z; respectively, of the input transmission line.t

Case 1. The circuit in Fig. 5.17a is used. A match can be obtained only if
G. s 1 If G. > 1 usethe circuit in Fig. 5.176 (see Case 2).
With reference to Fig. 5.18.

1. Construct the G = 1 circle rotated by 180"

2. From the point 7, add jB; to move along a constant-conductance circle
until therotated G = 1 circleisintersected. Therearetwo possible solutions.

term immittance is used to designate either an impedance or admittance.
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FIGURE 5.18

Illustration of stepsfollowed
=T, in designing the matching
1 M circuit in Fig. 51 la (Ca=e 1).

The new values of Y, are Y| and Y[. Note that if Y, isinsidethe G =1
circle, it cannot be moved to intersect the rotated G = 1 circle because
adding jB only moves Y_ on a constant-conductance circle.

3. Reflect Y}, and Y[ through the origin to get the corresponding impedance
values Z\ and Z',. These lie on the ft = 1 circle since we made Y[ and Y£
lie on the rotated G = 1 circle.

4. Since Z, and Z'_ lie on the ft = 1 circle, these impedance_points can be
moved into the origin by subtracting a reactance jX' or jX"._The origin
represents a matched condition. Hence the required value of jX; is either
-jX' or -jX". The required value of jB" is ./'(B' - By or j(B" - By)-

The greatest bandwidth is obtained when the reactive elements are a
small as possible so that the circuit Q is as low as possible. We will return to
this point after we provide the steps to be followed using the other matchin
circuit.

Case 2. The circuit in Fig. 5.176 is used. A match can be obtained only U
R < 1. If R. > 1 thecircuit in Fig. 5.17a must be used (Case 1).

1. Construct the ft = 1 circle rotated by 180° as shown in Fig. 5.19-

2. Add jX; to Z_ to move Z, to intersect with the rotated ft = 1 circle-
motion is alomy a conctanit resistance circle. Thire are two Solwiiors & L
Z7Z-

3. Reflect Z'| and Z', through the origin to obtain Y\ and 7/,.
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FIGURE 5.19

[llustration of steps fdlowed
' "l in dedgning the matching
{0312 drcuit in Fg. 5SMb (Case 2),

4. The admittance points Y{ and Y[ can be moved into the origin aong the
G = 1 circle by subtracting jB' and jB", respectively. Hence the required
value of jB, is -jB'" or ~jB". The required value of jX, isj( X - X.) or
JX'-X0).

Analytic solutions for the required values of the matching elements are
readily derived. The analytic solutions are given in Probs. 5.17 and 5.18 but
the reader has to supply the derivations.

Circuit Q and Bandwidth

When a complex load impedance has been matched to a transmission line
with characteristic impedance Z, the input impedance looking toward the
load equals Z.. Thus the reactive elements present in Z, and the matching
network make up a resonant circuit that is loaded by R, and Z. A
resonant circuit has a quality factor, or Q, that can be evaluated from the
general definition

<o( average stored electric and magnetic energy) (5.22)
power loss '

At resonance the average stored electric energy in the capacitors equals the
average stored magnetic energy in the inductors. Hence Q can be expressed
as

2i0W, _ 2toW,
Q= - " (5.23)
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3 C >R
@
.'-
«g = fi¢
C >R, *L %L 4=c]|ff,
&

0.707V,, “3dB-\

FIGURE 5.20
(a) Parallel LCR resonant circuit; (6) loaded resonant circuit; (c) frequency-response curve
showing half-power bandwidth.

The bandwidth of the circuit is the frequency band over which one-half or
more of the maximum power is delivered to the load. This bandwidth is
called the half-power or 3-dB bandwidth and is inversely proportional to the
loaded Q of the circuit.

In order to clarify the above concepts, we will analyze the paralle
resonant circuit shown in Fig. 5.20. For the circuit in Fig. 5.20a, the voltage
across R, is given by
(5.24)

V =
Y-m G +ja>C-j/a>L

where G, = 1/R. The resonant frequency of the circuit is given by
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The input admittance can be expressed in the form

( 0% - ft)
Yta=GL +>C—"r

When 0> = « then V = 7,/Gi = IR, which is the maximum load voltage
hat can be obtained. When jwC{u>? - o»g)/w® =y"G,,, we see from (5.24)
that |V| =/ / v*Gx,, and hence the power in i?_ is only one-half that at
resonance. In terms of the circuit elements, the Q is given by

R u>oC
Q" —TARLOOC - — (5.26)
iogL O7.

The reader can verify that this is the same Q as would be found using the
definition (5.23) (see Prob. 5.19). When Q > 10 the frequency w is close to
&), over the useful band of operation; so we have

02 - C'Q = (OJ - o»,)(W + «0) » 2wW(W - W,]

2w(w — wy) 2(w—&>)
and Yi, * G. +jwC 52 = G., +7'0>,C- Ui
= Gjl + 23Q™\ (5.27)

where A& = w — wg. From this expression it is readily seen that the 3-dB
fractional bandwidth is given by

Aw BW
2Q0—=20— =1
<0Og 2

or BW = 1/Q since the half-power points occur when 2jQ Ato/(op = 3.

When the circuit is connected to a matched source as shown in Fig.
5.206, it is clear that

V= S (5.28)
ZGL(l + 2jQ|_|U>/W0)
where Q. = Q/2 isthe loaded Q of the circuit. Consequently, for the loaded
circuit, the bandwidth is twice as great. A typical response curve showing
the bandwidth is given in Fig. 5.20c.

In an impedance-matching problem, there are generally two solutions
available. If we want a narrowband design, we should choose the solution
that gives the largest loaded Q. On the other hand, when we want a
broadband match, we should choose the circuit with the lowest loaded Q.

load impedance plus matching network will contain either one capacitor
and two inductors or one inductor and two capacitors. Thus, when using

—3) to evaluate the circuit Q, the energy stored in the single reactive
°*ment or that stored in the two opposite reactive elements must be
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FIGURE 5.21
Two matching networks.

evaluated. We will illustrate the evaluation of circuit Q by means of s.
examples that show the steps involved. By making use of the facts th
resonance Z;, = Z. and that P;, = P, the evaluation of the circuit Q J
be reduced to a few simple steps.

For the circuit shown in Fig. 5.21a, we will base the evaluation of the
circuit Q on the energy stored in the capacitor C.. The power dissipated in
R_ is given by

1va

The average electric energy stored in C_ is

Hence from (5.23) we get
2u> W,
Q = —5— * UOLRL

The loaded Q is Q. = Q/2 since the system is matched at wp The
operating bandwidth is determined by the loaded Q.
For the circuit in Fig. 5.2Ib, we note that

1 |VvP HAVAN
P»__Z z = PL= 'E’ R,

since Z" = Z. at w = wq. The energy stored in C, is
We = {iVi2C2
while that stored in C_ is

Wg = \Wlc, - \c N
of IVI-
where we used the equality of Py, and P_ to express |Vl in t?
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The circuit Q is given by

2«¢p(Wez2 + We) 0>¢(C; + (RJ/Z)COW
- PL WYR,
= t0gCyZs + co,CLR.

This circuit Q is larger than that for the circuit in Fig. 5.21a. In general,
the smallest circuit Q is obtained when the matching circuit contains two
similar reactive elements that are opposite to the reactive element in the
load™ i.e., if the load contains an inductive element, the matching circuit
should be made up of capacitive elements only, and vice versa.

For circuits with a loaded Q of 5 or more, the frequency response is
very nearly the same as that of the parallel resonant circuit shown in Fig.
5.20, over the useful operating frequency band. Thus the 3-dB fractional
bandwidth is !/<?/,- For circuits with a low Q, the frequency behavior is
different but similar.

The discussion above has been based on the assumption that idea)
lossless inductors and capacitors are used. As a general rule, lumped
capacitors have very little loss and tbe assumption of negligible loss does not
introduce significant error. However, lumped inductors do not have negligi-
ble loss, and in high-Q circuits inductor loss should be taken into account.
The Q of an inductor is the ratio of the reactance o>L to the series
resistance R of the inductor. Lumped inductors may have Q values in the
range of 25 to several hundred. If the loaded circuit Q is less than about
one-fifth of the inductor Q, then neglecting the loss in the inductor will not
produce serious error. When several inductors are used in a matching
circuit, the losses in the inductors should be taken into account since these
losses can account for a significant fraction of the total power delivered to a
circuit.

Q

For microwave circuits the useful bandwidth is often much smaller
than the 3-dB bandwidth. It is not uncommon to require an impedance
match providing a VSWR of no more than 2, or even less than 1.5 in critical
applications. A VSWR of 2 corresponds to a reflection coefficient of 0.333.
With this mismatch a fraction of 0.889 of the incident power is delivered to
the load.

The degree of mismatch is usually described in terms of the input
VSWR or in terms of the return loss. The return loss is the ratio of the
reflected power to the incident power, expressed in decibels; thus

VSWR- 1
Returnloss = RL = -20logp = -20log —swr + 1

A well-matched system will have a return loss of 15 dB or more. A VSWR

equal to 2 gives areturn loss of 9.54 dB, while a VSWR of 1.5 gives areturn

loss of 13.98 dB. Thus areturn loss of 15 dB, corresponding to a VSWR of
-+3> does indeed represent a well-matched system.
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In order to get a feeling for how narrow the bandwidth of _
using this criterion, let us assume that the loaded Q equals 'i®«YS'e" j*
VSWR = 1.43, we have p = 0.178. We can use ' Nen .

‘Aco
Yin mYe 1 + 21g>—
0

Y - Y 2QAco/cog Aw

P=v +v.

where Q = 2Q,. Hence the fractional bandwidth is

Aw 2p p
2 = — = — - 0.0356
g  Q QL

This is much smaller than the 3-dB bandwidth which equals 1/Q or 09

5.6 DESIGN OF COMPLEX IMPEDANCE
TERMINATIONS

In microwave amplifier design, we often require a complex load impedance
for the output and a complex source impedance for the input even though
the final input and output connections are to 50-fl lines. In a typicd
amplifier circuit as shown in Fig. 5.22a, the function of the input and
output matching networks is to transform the 50-fi line impedances into
the required complex source impedance Zs and load impedance Z.. In a
broadband amplifier design, the design of the matching networks can be
quite complex. In narrowband amplifier design, elementary matching ne-
works can be used.

The matching problem for an amplifier is the reverse of that f
matching a complex load impedance Z, to a transmission line. The t
step is to choose a network topology to be used. In Figs. 5-226 to d wei-
three possible networks that could be used. Many other choices ®}
made. We will illustrate the use of the Smith chart to design matcH
networks of the type shown in Fig. 5.22. The methods used can be exta
to more complex networks.

Design procedure for the circuit in Fig. 5.226. The matching netw™ "
Fig. 5.226 consists of a transmission-line stub placed at a distance " g
input. The stub may be either an open- circuited or ashort-circur””~ce
lumped susceptance since its function is to provide a normaiz  j,put.
jBi connected across the transmission line at a distance 1_ fro™
following procedure should be used to determine / and B\-

find ?
1. Locate the required value of Z_ on the Smith chart ann """ 5

reflecting Z, through the origin. This procedure is illustra
for the case where 7, = 04 -J0.2.
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FIGURE 5.22

(a) Microwave amplifier circuit; (6) transmission-line matching network; (c) and (d> alterna-
tive matching networks.

2. Rotate the point Yy on a constant-radius circle until it intersectsthe G = 1
circle. There are two possible solutions. From the angle of rotation the
normalized length IA is found. Note that the rotation is in a
counterclockwise direction since we are mooing toward the load.

3. When we move to the right of the point where jB; is connected, Yq
decreases by jB, to become Y, ~ | + jB -jB, But to the right of B, we
require Y = G = 1 s0 By, = B. Thus the values of jB on the G = 1 circle,
where the rotated Y, intersected the circle, gives the required values of jB,
for the two possible solutions.

Note that if we begin a Y, = 1 and move left across JB, then Y,
changesto 1 +jB; = 1 +jB. A rotation in the clockwise direction through an
angle 2/3/ then makes J* = Y. Thus using the reverse of the usual matching
procedure results in the desired value of Y.

For our specific example, / = 0.0626A or 0.4375A and the corresponding
values required for jB, are jl or -_/I, respectively, as shown in Fig. 5.23.
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FIGURE 5.23
Illustration of design procedure for the matching network in Fig. 5.226.

The analytic solution for the above matching network is

1/2 . = l«/*
Bl + Gl + 1- 2G, Ri+Xl+1- 2R
B, = +
G, R,
) G-1 RI+Xt-R,
tan pi = i
B. + Bfi, X -Bi1R.

Design procedure for thEcircuit in Fig. 5.22c. The circuit shown in
5.22c can be used only if R. < 1. The following steps should be folio"

design this circuit using a Smith chart:

*

g

A/\g.

1. Construct the R = 1 circle rotated by 180°.

2. Locate the desired impedance Z, on the Smith chart.

3. Move Z_ in a counterclockwise direction (toward the load) on t
constant circle until it intersects the rotated R = 1 circle assho . * a
5.24. There are two possible solutions. Therequired value for the ' -

X is given by jX =jX_ -jX, where jX equals jX' or j*
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Illustration of design proce-
dure for the matching net-
work in Fig. 5.22c.

value obtained where Z, intersects the rotated R = 1 circle. The two
possible values of jX are always equal in magnitude but opposite in sign.

4. Reflect the two new values of Z* through the jprigin to obtain the
corresponding values for Fi,. This gives V,, = 1 +jB. As we move to the
right of the element B, we obtain Yj, -jB,, which must be equal to 1.
Hence the required value of jB, is equal to jB.

The reactance jX; and susceptance jB, can be realized using lumped
elements or transmission-line stubs.

Design procedure for the circuit in Fig. 522<f. The matching network
shown in Fig. 5.22d can be used only when G_. < 1 (can you explain why?).
The network can be designed using the Smith chart by following the steps
given below.

1. Construct the G = 1 circle rotated by 180°.

2. Locate the desired load admittance point Y, (reflection of Z, through the
origin).

3. Move Y_ on the G = G_ circle in a counterclockwise direction until it
intersects the rotated G = | circle. There are two possible intersections.
The required value of jB, is given by jB, =j(B. - B), where jB equals
jB" or jB", as shown in Fig. 5.25.

4. Reflect the admittances 7{, and Y", through the origin_ to get the
corresponding impedance points Z',, and Z", that lie on the R = 1 circle.

5. When we subtract jX, we must get Z, = 1, so jX, =jX, where jX equals
X' or jX'.
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FIGURE 5.25
) ; Illustration of design proce
e dure for the matching net-
1 22255 work in Fig. 5.22d.

57 INVARIANT PROPERTY OF IMPEDANCE
MISMATCH FACTOR

Consider the network shown in Fig. 5.26a. The T network between the loed
impedance Z, and the source will be assumed to be lossless. The impedance
looking into the network toward the load is Z,. For this network the input

current is
V.
1=
Z’ + Zil"l
and the input power is
P-= — Rn= gUIX.
2 Lt Zny
If Zo = Z* then R, = R, X, = ~Xs and we get maximum power t

fer from the source to the load resistance R_. This power is

_1KTfita 1.2V (530

P = P-
ARn + R 2 AR have
7 * Z* we
and is called the available power from the source. When Ly, * Nha
an impedance mismatch and P, < P4 We can express P, ™
b | WIR, 11IV)]  +RR- v aM -

T0\Ze+ 7V 2 AR

where M = 4R,R\Z, + ZF is called the impedance ™ "]
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FIGURE 5.26

ava. L

(a) A T matching network; (6) Thevenin equivalent network; (c) a cascade connection of
lossless networks for which Pgyo,s = Pay» | = Paya2 = ** ¢ Pao/. 2" W =M, = Af, = ¢ o =

M,..

We can use the Thevenin equivalent circuit shown in Fig. 5.266 to
calculate the power delivered to R, which is P. and must equal P, since

the network with elements Z, Z12, Z5, is lossless.
From circuit theory we find that

V o= if* 7= A + Zx7s
00 A4 4+ Zs

where A = Z,.Z,, - Z% = Xf, - XuXz, upon using Z,
JIX22, Z1; =jX. The available power from the network is

uvJ

where Z7 = Ry + jX
2 4fl, TSR
The power delivered to R, is

i IVY 4RR i v
P =5 4in, 12, + 207 2 4i2

M, = P.

=Xy, Zyp =
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We will now show that the power available from the netw

that available from the source, i.e., orle aAyna
WJ
8fl, 8fl,
We must then have
. 12
v/ K,
Moo= fin 2 ir"ML~pL ANNANNANNANRA
8Rs 8R;

which gives M = M, that is, the impedance mismatch at the output |
equals that at the input plane. The Thevenin resistance is given ky '

2,7
if — xvtr £j-r-
2y + ZL

We can express Zr in the form
= (A +Z7Zjtzf.+2%) (A + Z,,Z3(Z* +Zg*)
T {Z,+ ZMZ%i + 2?) \z,+
The numerator equals
(X272 - XXz - XXKHXRI( X X+ S)

and has a real part which is readily found to be simply XfR, Hence
Rr = X*RNZ, + Zf. We now get

Vi X&Wf .
8Rj. \Z+Z/8R 8Rs

Since the available power at the output plane is the same as that from «
source, the impedance mismatch M, = M.

If we have several lossless networks (reciprocal) between the s
and Z_ as shown in Fig. 5.26¢, we can repeat the analysis using Thevenin
equivalent circuits at each stage to find that at any plane the ava
power and impedance mismatch are invariant quantities. Nen

If the networks are not reciprocal, i.e., are linear active networ , "
the impedance mismatch is not invariant, eg., an amplifier supp

output power than is fed in at the input. etwe"®
The invariance of the impedance mismatch factor in alossless jitj.

places an important constraint on interstage matching networks i Ne

stage amplifier. The design of the interstage matching network n

this constraint into account. tra*'®®
In Fig. 5.27 we show a multistage microwave amplifier. o> ggnet™-

tors at microwave frequencies are often not absolutely stable, ' outp"

not possible to use conjugate impedance matching at the "P" | .into ~®
of each stage. For the first stage let Z;,.x be the impedance looW
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Input

matching Matching

network Amplifier 1 network Amplifier 2
Z;

1
PZ>
Zy Zir,1 "oul.1 2\ Zo Zm 2
FIGURE 5.27

A multistage microwave amplifier.

first amplifier and let Z5 be the source impedance presented to this stage
by the input matching network (the networks are called matching networks
even though they do not produce conjugate impedance matching). The input
impedance mismatch is

Mv

This same impedance mismatch must exist between the input transmission
fine and the input to the matching network. Hence on the input line we will
have a reflection coefficient p that satisfies the constraint

1-p°=M,
Thus p = (1 - M,)*? and the input VSWR will be

1+71-M,
VSWR = (5.32)
1 - A1 - Af

Consequently, an input VSWR greater than unity is unavoidable when
conjugate impedance matching cannot be used. A resultant problem in
microwave amplifier design is to find an optimum load impedance that will
result in an input impedance Z,, that is close to the complex conjugate of
the optimum source impedance Zg so asto minimize the input VSWR. The
optimum source impedance is constrained by the requirement for a low
noise figure for the input stage.

For the interstage network the matching network must transform the
>nput impedance Zj, , into the required load impedance Z¢, for stage 1 and
simultaneously transform the output impedance Z,, , of stage 1 into the
required source impedance Z,, for stage 2. The design of the matching
network is constrained by the condition that the impedance mismatch be
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FIGURE 5.28
(a) A Il matching network; (6) and (c) transmission-line matching networks.

constant; thus

4* 7 i * out, 1 4fli,.g-B.2 -

| ZA~ + ZOUMIZ  12%,, s

The design of microwave amplifiers is described in detail in Chap, |
As part of the design procedure, the four impedances 7, Zn\. Z~.* @
Z, are determined so that the impedance mismatch constraint given j
(5.33) is satisfied. Hence we can assume that we know the admittances Y
Yout,i- Yin.2. and Ye. In terms of these self-consistent quantities, we c*
determine the parameters of the U matching network illustrated
5.28a. By conventional circuit analysis, we readily find that

2
Y
V'io-2utr . 7
22 * *in,2
2
Y12
*v9 ~ Y9.9 =

*11 * *out.l
For a lossless network Y, =jB, Y =B, and Yn:JBZZ:-

equate the real and imaginary parts of the above two e<
number of algebraic steps, the following pair of equations
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can be derived:
{Geo + SL.»)Bn - (Gour., + Ga)By

= GuBin2 + BuGme - BoGowa - GeBuia (5.344q)
(Be + Bn2)Bn - (Ba + Bima)Bz
= Gs2Goots, - GuGmz + BLBm2 - Bs2Bon (5.346)

After B, and B,, have been found, we use
B\2 = BIK*.i + (Bn + BquA)(BZZ - Bsz) (535)

to find B1,. The expressions for Y, and Yy generate four equations which
would generally not allow a FI network to be determined unless (5.33) was
also satisfied.

Many matching networks can now be designed by relating their pa-
rameters to those of the Tl network. Two possible transmission-line net-
works are shown in Figs. 5.286 and c. The parameters of the network in
Fig. 5.28 are given by

csc/» = |Sy12| (5.36a)
jBx =j(B,, + cot pi) (5.366)
jB2 = j( B2z + cot pi) (5.36¢)

where jB, and jB., are the stub susceptances. This network can only be
used if |Bi,| > 1 since esc pi > 1. When |B;z| < 1 the network shown in
Fig. 5.28c can be realized. Its parameters are given by

B, =j(Bu+Bi2) (5.37a)
jB=j(B2 + Bi) (5.376)
*. = Be (5.37¢)

where Y7 is the characteristic admittance of the center one-quarter-wave-
length-long section.

WAVEGUIDE REACTIVE ELEMENTS

In the place of transmission-line stubs, any other element that acts as a
shunt susceptance may be used for the purpose of matching an arbitrary
load impedance to a waveguide or transmission line. A number of such
reactive elements for use in rectangular waveguides supporting the domi-
nant TE;o propagating mode are described in this section.! The formulas
given for the normalized susceptance of these elements are approximate

tDetalled
information on susceptance values and equivalent circuits are given in N. Marcuvitz
(ed.), "Waveguide Handbook," McGraw-Hill Book Company. New York, 1951.
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Fj<r*t

b mm FIGURE 5.29
\ Shunt inductive elements, (a) Symmetrical d

1a/2, a (’>) asymmetrical diaphragm; (c) thin cireular®
U) ) small circular aperture. [

ones, with accuracies of the order of 10 percent or better. The derivatio
these formulas requires the detailed solution of boundary-value probk
and is outside the scope of this text.f

Shunt Inductive Elements

Figure 5.29 illustrates a number of rectangular waveguide elements that act
as shunt inductive susceptances for the TE,; mode. These consist of thin
metallic windows extending across the narrow dimension of the guide asin
Figs. 5.29a and b, a very thin cylindrical post as in Fig. 5.29¢c, and a amdl
circular aperture as in Fig, 5,29rf. When a TEy, mode is incident on any of
these discontinuities, evanescent TE, o modes are excited in order to provide
a total field that will satisfy the required boundary condition of a vanishing
tangential electric fiedld on the obstacle. These nonpropagating modes g0
predominantly magnetic energy and give the obstacle its inductive chart
teristics.

Approximate values for the normalized inductive susceptance of the:

obstacles are:
For Fig. 5.29%a.

_ ot -d | ay-, - 377 rrd -
B= —cot? — 1+ -~ sin®
pa 2al aT a
where p = [&2 - (TT/0)?]"* and y; = [(3ir/a)? - A%]"%

For Fig. 5.29D,
2T ird | ,» ted -

B= —cot?-— 1 +esc —
/3a 2a\ 2a

tN. Marcimte, he. eft. piartitaway -
R. E. Collin. "Field Theory of Guided Waves," 2nd. ed., IEEE Press, nsc

L. Lewin, "Theory of Waveguides." Newnes-Butterworth, London. 19"
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A Ww

Shunt capacitive elements, (u) Asymmetrical capac-
itive diaphragm: (6) symmetrical diaphragm; (c)

a capacitive nid; (d) capacitive post.

id)
For the thin inductive post of Fig. 5.29c,

4- In — 1 +3l—] T f— — |sir 15.40)

where y, = [(n~/a)? - A5]"- and t is the post radius. For the small
centered circular aperture of Fig. 5.29d,

B= o (5.41!
- 8fR o

Typical shunt capacitive elements that may be used for matching purposes
are illustrated in Fig. 5.30. Those consist of thin metal septa extending
across the broad dimension of the guide to form capacitive diaphragms as in
Figs. 5.30a and 6, a thin circular rod extending across the guide as in Fig.
5.30c, and a short thin circular post extending into the guide as in Fig.
5.30d. The post illustrated in Fig. 530a" behaves more like an LC series
network connected across a transmission line. When the depth of penetra-
tion is between 0.76 and 0.96, it becomes resonant and acts almost like an
ideal short circuit. For lengths greater than this resonant length, the post is
equivalent to a shunt inductive susceptance. Actually, for a post of finite
thickness, the equivalent circuit is a T network, but for small-diameter
posts, the series elements in this T network are negligible (for post diame-
ters less than about 0 .05a).

Approximate expressions for the normalized susceptance of the obsta-
cles illustrated in Fig. 5.30 are:

For the asymmetrical diaphragm of Fig. 5.30a,

AN Gd 1 - \ -d
S=I Inesc e—» +—— 1 cos' (5.42)
26 \by ) 26

where 0 = [\ - (TT/0)7" 2 and ,, = [{J/bf - 0"]" 2
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For the symmetrical diaphragm of Fig. 5.306,
vd |12v \ -ffd

S =" |neg:—2-5#—w‘v—+-cos42) -

where y, = [{2ir/b)* - fi}"2

For the capacitive rod of Fig. 5.30c and the post illustrated o
5.30d, no simple approximate formulas are available. Analytical e« '" -2
for the T-network parameters for the capacitive rod are given by Len®%"8
are not reproduced here.t ne it

The inductive and capacitive properties of the waveguide oh
described above are determined by the electric and magnetic energy! th
evanescent modes excited by the obstacle. For example, the inductive oh t
cles discussed only excite TE evanescent modes and these modes store m
magnetic energy than electric energy. The evanescent modes are nonpropa*.
gating modes so they represent the local field in the vicinity of the obstacles
The evanescent modes are excited with amplitudes such that the combina
tion of al of the evanescent modes with the incident, reflected, and trans-

mitted dominant mode, produces a total field with a zero tangential dectric
field at the surface of the obstacle.

There is no way to assign a unique inductance or capacitance to these
obstacles since there is no unique way to define the voltage, current, or
characteristic impedance for a waveguide. Nevertheless, these obstacles do
produce a reflected wave with a reflection coefficient that is correctly
determined in terms of the equivalent normalized reactance and suscep-
tance of the obstacle as connected into the equivalent-transmission-line
model of the waveguide.

Waveguide Stub Tuners

An approximate equivalent of a single-stub matching network isthe s
screw tuner illustrated in Fig. 5.31a. This consists of a variable-depth sc
mounted on a sliding carriage free to move longitudinally along the gu”
over a distance of at least a half guide wavelength. The screw P® N
into the guide through a centered narrow slot in the broad wall (

This slot is cut along the current flow lines so that it has an 27
perturbing effect on the internal field. Since the position of the » »
adjustable over at least a half guide wavelength, its penetration ~ ~»
need to be so great that it will behave as an inductive element; ' " ~ Mvie*
can be obtained with a shunt capacitive susceptance in all cases,

of single-stub-matching theory will verify.

ofegt

tOp. cit.,, chap. 2. This text contains many excellent and instructive deri
circuit parameters for a variety of waveguide structures.



IMPEDANCE TRANSFORMATION AND MATCHING 343

= Sliding
?Ei'_.¢ corrioge o\ e\
—+ .~ Variable- =
.J=—.  depth screw
‘[‘ 2T or post
— id)
— Adjustable
- short circuits,
—
w ;(‘.
f-plone . ~ o ,f"
orm — = 3 - F
= - '__,e"“ -

- FIGURE 5.31

" Output Waveguide tuners, (a) Sliding-
screw tuner; (6) triple-screw
tuner; (e) E-H tuner.

Input | —
If)

Three variable-depth screws spaced a fixed distance of about 3A4/8
apart as in Fig. 5.316 are essentially equivalent to a triple-stub tuner and
can match a large variety of loads even though the range of susceptance
values obtainable from a single screw is limited.

Circuits that are physically more like the actual short-circuited trans-
mission-line stub are also possible. Figure 5.31c illustrates combined E-
plane and /f-plane stubs, referred to as an E-H tuner. The positions of the
sliding short circuits in the E- and H-plane arms are variable, so that a
wide range of load impedances may be matched. The equivalent circuit of
either an E-plane or H-plane junction is, however, much more elaborate
than a simple shunt- or series-connected transmission line because the
junctions are of the order of a wavelength in size and hence produce a very
complicated field structure in their vicinity. Nevertheless, since no power
now is possible through the arms terminated in the short circuits, these do
still provide adjustable reactance elements that may be used for matching
purposes.

WAVE TRANSFORMERS

quarter-wave transformers are primarily used as intermediate matching
sections when it is desired to connect two waveguiding systems of different
aracteristic impedance. Examples are the connection of two transmission
°s with different characteristic impedances, connection of an empty wave-
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Zc =7> Z = Z, ZL

~? FIGURE 5.32

Ve H A quarter-wave transformer.

guide to a waveguide partially or completely filled with dielectric
of two guides of different width, height, or both, and the matcl
dielectric medium such as a microwave lens to free space. If a match"® °f2
narrow band of frequencies suffices, a single-section transformer =/
used. To obtain a good match over a broad band of frequencies, two three
or even more intermediate quarter-wave sections are commonly used Th
optimum design of such multisection quarter-wave transformers is *
sented in this section.

The essential principle involved in a quarter-wave transformer is
readily explained by considering the problem of matching a transmisson
line of characteristic impedance Z, to a pure resistive load impedance 2,,
as illustrated in Fig. 5.32. If an intermediate section of transmission line
with a characteristic impedance Z., and a quarter wavelength long is
connected between the main line and the load, the effective load impedance
presented to the main lineis

hll* % 1011

Z,.jZtan(PA/4) Zj
27,+jZ tan(0A/4) Z

If Z, is chosen equal to }/Z"Z,~, then Z = Z, and the load is matched to the

main line. In other words, the intermediate section of transmission linei

length A/4 transforms the load impedance Z, into an impedance Z\ a

hence acts as an ideal transformer of turns ratio y}ZJ/Z, . A perfect i

is obtained only at that frequency for which the transformer is a qua'

wavelength (or nA/2 + A/4) long. /
Let 8 be the electrical length of the transformer at the frequency

that is, p(f)l = 0, where the phase constant p has been ~"''¢?, #

function of frequency. For a TEM wave in an air-filled line, pi - ">

any frequency the input impedance presented to the main lineis

Z+iZ4 (545)
Z'»-ZZZz'i'jZLt

where t = tan 0 = tan pi. Consequently, the reflection coefficient

Zn ~ 7x Z(Z,'Z)+jt(Z]_-.ZM,
" Zn t Z, »(z +z) +jt(d +z2)
L (546)

ZL o+ Z.jt2ydzn
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\ FIGURE 5.33
U i‘ \ Bandwidth characteristic
el | \ - fllzg For asingle-section quarter-
8+"h o ¥ wave transformer.

The latter form is obtained by using the relation Z\ = Z.Z,. The magni-
tude of F, denoted by p, is readily evaluated and is given by

\Z, - Z)

P = / (5.47)
[(Zo + 2% + UxZ,z\ M7 NAZT vz
1+ secO
For 0 near TT/2, this equation is well approximated by
\z, -Z)\
P= oz ICOSD (5.48)

A plot of p versus O is given in Fig. 5.33, and this is essentially a plot of p
versus frequency. The variation of p with frequency, or 0, is periodic
because of the periodic variation of the input impedance with frequency; i.e,
the impedance repeats its value every time the electrical length of the
transformer changes by ir. If p, is the maximum value of reflection
coefficient that can be tolerated, the useful bandwidth provided by the
transformer is that corresponding to the range A0 in Fig. 5.33. Because of
the rapidly increasing values of p on either side of 0 = rr/2, the useful
bandwidth is small. The value of 0 at the edge of the useful passband may
be found from (5.47) by equating p to pm, thus

X 2pmIZ\Z,
0, = cos (5.49)

(2L-21>1/W1

In the case of a TEM wave, 0 = /3/ = (f/foY.ir/2), where f, is the fre-
qguency for which 0 = TT/2. In this case the bandwidth is given by

Al-=2(fo-fm) = 2(/-0-"X)
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and the fractional bandwidth is given by

Al" 4

= 2- -cos'!
/o " (z/.-zi)ynrin -

where that solution of (5.49) that gives Oy, < TT/2 is to be chosen
Although there are a number of instances when the bandudrk
vided by a single-section transformer may be adequate, there a'
number of situations in which much greater bandwidths must be »
for. The required increase in bandwidth can be obtained by using rjT
tion quarter-wave transformers. The approximate theory of these mul
tion transformers is discussed first, in order to develop a theory that
has application in the design of other microwave devices, such as directir
couplers and antenna arrays. This is followed by a discussion and present;
tion of results obtainable from a more exact analysis.

It should be noted that in the previous discussion it was assumed thet
the characteristic impedances Z, and Z, were independent of frequency.
For transmission lines this is a good approximation, but for waveguides the
wave impedance varies with frequency, and this complicates the andyss
considerably. In addition, for both transmission lines and waveguides, there
are reactive fields excited at the junctions of the different sections, brought
about because of the change in geometrical cross section necessary to
achieve the required characteristic impedances. These junction effects can
often be represented by a pure shunt susceptance at each junctions The
susceptive elements will also vary the performance of any practical trans
former from the predicted performance based on an ideal model when
junction effects are neglected. In spite of all these limitations, only
theory for ideal transformers is developed here; i.e., junction effects an
frequency dependency of the equivalent characteristic impedances
glected. Thus the theory given will only be indicative of the perfor
that can be obtained in the nonideal case.J

IRE  Tro"*-*
tS. B. Cohn. Optimum Design of Stepped Transmission Line Transformers. "o
MTT-3. pp. 16-21, April. 1955. This paper presents an approximate theory™~ "
transformers, together with a method of accounting for the reactances introdu

tFor typical application to waveguide transformers, see: firs for
R. E. Collin and J, Brown, The Design of Quarter-Wave Matching Lay
Surfaces, Proc. IEE, vol. 103. pt. C, pp. 153-158, March, 1956. mvr?™ pp AT
L. Young. Optimum Quarter-Wave Transformers, IRE Trans, vol. M* ‘jong- 1W-
September. 1960; also Inhomogeneous Quarter-Wave Transformers of Two
645-649. November. 1960. noubl* '™
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E. S. Hensperger. Broad-Band Stepped Transformers from Rectang
Waveguide, IRE Trans, vol. MTT-6, pp. 311-314, July, 1958.
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ory OF SMALL REFLECTIONS

As a preliminary to the approximate analysis of multisection quarter-wave
transformers, some results pertaining to the overall reflection coefficient
arising from several small reflecting obstacles are required. Consider the
case of a load impedance Z, connected to a transmission line of characteris-
tic impedance Z, through an intermediate section of line of electrical length
81 = 0 and characteristic impedance Z,, as illustrated in Fig. 5.34. For each
junction the reflection and transmission coefficients are

Z ~ Z, _
2 Z, +Z, rZ_ -rl
. 27, ) 2Z,
Ty =1+r1,= Ty, =1 +1r=
Z, +Za 22
Z - Z
s=27 +2

A wave of unit amplitude is incident, and the total reflected wave has a
complex amplitude V equal to the total reflection coefficient. When the
incident wave strikes the first junction, a partial reflected wave of amplitude
T[ isproduced. A transmitted wave of amplitude T, isthen incident on the
second junction. A portion of this is reflected to give a wave of amplitude
rsr.1e%-'® incident from the right on the first junction. A portion
TV2Tarse~?” is transmitted, and a portion [I'Mr"Te?" s reflected
back toward Z,. Figure 5.35 illustrates the first few of the infinite number
of multiply reflected waves that occur. The total reflected wave of amplitude
1 is the sum of al the partial waves transmitted past the first junction
toward the left. This sum is given by

=r, + T12T21l’3e'2’\ + T12|’21|’;?|’2e'4"" toeee

-
|

F, + TT,reW £ r,' T3 e
n 0

01=6

2 r,-5C,,

FIGURE 5.34
A microwave circuit with two reflecting
junctions.
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Multiple reflection of waves far.
curt with two reflecting junction*

This gelometric series is readily summed to give [note that F* «
(1-1)-*]

ToT.arze-W

r =i\ i - rrge-2n

Replacing T, by 1 + f, =1 - 1" and Ty by 1 + I\ gives

e (s51)

r =
1+rre"in

If |rj and |Ts| are both small compared with unity, an excellent approxima

tionto T is
r=r, rge>" -

This result states that, for small reflections, the resultant reflection c
cient isjust that obtained by taking only first-order reflections into accour*
This is the result that will be used to obtain a first-order theory”
multisection quarter-wave transformers. As an indication of the acd

the approximate formula, note that if If,] = |T3] = 0.2, the error in

not exceed 4 percent.

511 APPROXIMATE THEORY FORMULTISECTION
QUARTER-WAVE TRANSFORMERS --

Figure 5.36 illustrates an AT-section quarter-wave transformer
junction the reflection coefficient is

4z =3

7.2, ~ ™
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- iL 2" FIGURE 5.36
A multisection quarter-wave
I transformer.

Similarly, at the nth junction, the reflection coefficient is

rs- = P, (5.536)
Z«+1+Zn
The last reflection coefficient is
_Z,.-ZN
'n = 1 - (5530)
ZL+ ZIN PN
Note that Z; is a characteristic impedance, and not necessarily equal to
(figey)® here. Each section has the same electrical length fil = 6, and will

be a quarter wave long at the matching frequency fo. The load Z, is
assumed to be a pure resistance, and may be greater or smaller than Z,. In
this analysis it is chosen greater, so that all V, = p,, where p, is the
magnitude of f,. If Z, is smaller than Z,, all P, are negative real numbers
and the only modification required in the theory is replacing al p, by — pa,

For a first approximation the total reflection coefficient is the sum of
the first-order reflected waves only. This is given by

r=Po + Pi«-2jtt Pze 4l + +pNe -2J:V« (554)

where e~™ accounts for the phase retardation introduced because of the
different distances the various partial waves must travel.

At this point it is expedient to assume that the transformer is symmet-
rical, so that po = pn, P, = Pnus P2 = p#_2, etc. In this case (5.54) becomes

T = e""Wpo(e>"« + e~I™) + p(e 2" + e**-«») + oo ] (5.55)

where the last term is p(N_l),a(e?O + e~->") for N odd and py:2 for N even.
is thus seen that for a symmetrical transformer the reflection coefficient
Is given by a Fourier cosine series:

T = 2¢3™[py coS NO + p COS(N ~ 2)6 + o oo
+ P, CoS(N - 2n)0 + eee ] (5.56)

gho(®j5®) thelastterm A pNj)/2 cos 0 for N odd and \pn, for N even. It
1 nOW he apparent that by a proper choice of the reflection coefficients
«> and hence the Z,, avariety of passband characteristics can be obtained.
e t.® series js a cosine series, the periodic function that it defines is
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periodic over the interval - corresponding to the frequency an
which the length of each transformer section changes by a half wavel
The specification of /5, to obtain a maximally fla and an eon 1 "
passband characteristic is given in the following two sections. Dt

oV

5.12 BINOMIAL TRANSFORMER

A maximally flat passizand characteristic is obtaimed iff p 2 |f] pnd th
N - 1 derivatives with respect to frequency (or ft) vanish at the mal W
frequency /",, where ft ~ TT/2. Such a characteristic is obtained if we cﬁ "

for which
p=ri=]A2"(cos«)’| (6(W3J
When 0 = 0 or ~, we have V = (Z- Z)/{z, + Z,). and from (5.57a) we
obtain T = A2 . Thus the constant A isgiven by
N .
A=2 vB" o )
At o+ Zo

However, if we use the theory of small reflections, then the constant A
should be chosen in a different way, which we will explain shortly.
Expanding (5.57a) by the binomial expansion gives

r=2-" ~~d - ews = 2" |~ £ C>— (559

where the binomial coefficients are given by
NIN-D{N-2)---@}n+B(i V -. A (5-60)

Note that C* = C£_,, C,”" =1, C*» =N = C*, etc. Comparing
with (5.54) shows that we must choose

since C;Y = C”, .

To obtain a simple solution for the characteristic impedances 6,> ",
convenient to make a further approximation. Since we have already |
fied that al p, are to be small, we can use the result

Zn Zn +1 + Zn zpa



IMPEDANCE TRANSFORMATION AND MATCHING 351

Thus we have
In%i:2p,,:2-""ln|t (5-62)

where we have also used the approximation

Zy Zhtz, S\z +Zzj Z +2,
When we use the theory of small reflections (5.55) gives, for 0 = 0,

HO) =Pg + Pi +P,+ eee +/'y
When we use (5.62) to evaluate the characteristic impedances, and also use
A = 2"Mmz/z)), we obtain

YA = P(0) = - IN=— +InN— + eee +In —-
() ZO Zr N

\ tz,z1 Zj\ \ n
2 \Z, Z ZnJ 2 Zg

Thus the approximations introduced above for finding the characteristic
impedances should be used along with (5.63) to evaluate HO). This will
make the quarter-wave transformer designs using the theory of small
reflections self-consistent.t In place of (5.58) we use the expression given
above for A

Equation (5.62) gives the solution for the logarithm of the impedances,
and since these are proportional to the binomial coefficients, the trans-
former is called a binomial transformer. Since the theory is approximate,
the range of Z, is restricted to about

0.5Z, < 2, < 27,
for accurate results.
As an example, consider a two-section transformer. From (5.62) obtain

2, 1, 2
In-|-= 4InT or Z>=Z||||Zo/4

and
z z
In Z/,\ = »ln 7 or %, =¥ 74t
since Co, — | and Cf = 2. Although the approximate theory was used, it

urns out that the above values for Z, and Z, for the special case of the

« author is indebted to Dr. E. E. Altschuler for pointing this out.
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FIGURE 5.37
e o *-8 Passband characteristic for a

maximall
#m "/t v flat transformer. y

two-section transformer are the correct nonapproximate solutions ares 1
that gives an indication of the accuracy of the approximate theory.

The type of passband characteristic obtained with a maximally fiat
transformer is illustrated in Fig. 5.37. Let p, be the maximum value of «
that can be tolerated. The angle O, that gives p = p, is given by

. 0>, I/N

= cos M(Z.1Z0) (5.64)

as obtained from (5.576). In the case of transmission-line sections, 6
irf/2fo, and hence the fractional bandwidth is given by

Af 4 2p /AT
o " H (565)
o A w0 \n(Zu/zo)

since 6, = irf/2fo. Note that in (5.65) the solution to the inverse cosne
function is chosen so that 6, < ~/2. By comparing Figs. 5.33 and 5.37 it»
clear that a multisection maximally flat transformer can provide a muc
greater useful bandwidth than a single-section transformer.

513 CHEBYSHEV TRANSFORMER

Instead of a maximally flat passband characteristic, an equally uset A
acteristic is one that may permit p to vary between 0 and p, , "
oscillatory manner over the passband. A transformer designed toy *
equal-ripple characteristic as illustrated in Fig. 5.38 is of thisy® .
provides a considerable increase in bandwidth over the binom™ o
former design. The equal-ripple characteristic is obtained by ™ N,
behave according to a Chebyshev polynomial, and hence the "™Afl-cren'
shev transformer. It is possible to have p vanish at as many A

frequencies in the passband as there are transformer sections. ™°g"y W
Chebyshev polynomials may be used in the design, it is nece
consider the basic properties of these polynomials first.
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" 1|
%%l |\
.\I
"'\l
i i e, —
e YAYA : FIGURE 538
¥ ¥ ¥ i 1 ; - Equal-ripple characteristic obtained
B /9 ’ from a Chebyshev transformer.

The Chebyshev polynomial of degree n, denoted by T,(X), is an

rath-degree polynomial in x. The first four polynomials and the recurrence
relation are

Ti(X)=x

T(x) = 2x°- - 1

TsX) = 48 - 3
Tax) = 8x* - 8¢ + 1
T(xX) = 2T -T, »

The polynomials T, oscillate between + 1 for x in the range 1 < 1 and
increase in magnitude indefinitely for x outside this range. Figure 5.39 gives
a sketch of the first four polynomials. If x is replaced by cos 6, we have

r,(cos0) =cosrafl (5.66)

FIGURE 5.39
Chebyshev polynomials.
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which clearly shows that [T, < 1 for -1 <x < 1. As 0 varies fro;m n
the corresponding range of x is from +1 to - 1. Since we wish tn

have the equal-ripple characteristic only over the range 0 to — _ " p
cannot use T"teos 0) directly. If we consider instead oy
cosO0 \ / cos0
= cosn cos —
cos Oy, J \ cosQ,, J

we see that the argument will become equal to unity when 0 = Q
be less than unity for 0, < 0 < - - 0,,. This function will therefore co
the equal-ripple oscillations of T, to the desired passband.

The function given in (5.67) is an nth-degree polynomial in
variable cos 0/cos Oy,. Since (cos 0)" can be expanded into a series of cn
terms such as cos 0, cos20,..., cos nti, it follows that (5.67) is a series of th
form (5.56). Hence we may choose

p = 2e™[p,cosNO + p, cos(N - 2)0 + e
+p, COS{N - 2n)B + eee]

= Ae-**"%(sec 0,, cos 0) (5.68)
where A is a constant to be determined. When 0 = 0, we have
Zr —7Z7r, 1 Z
r =" —/ = Arn(secOp) ~ -In-~
and so
In(Z,./2¢)
- 2Ta,(sec0,,,)
Consequently, we have
r = L'/((in A 71y (seCiinCOs9) (5&)
2 Zo Tiv(secOn)
In the passband the maximum value of !Tj(sec 0,, cos 0) is unity, and hen
= \n(Z,/7y) (5108)
Pm 2Tu(secer)

B

If the passband, and hence O, , is specified, the passband tolerance Pm

fixed, and vice versa. From (5.70a) we obtain
1

L
Tw(secOp) = -p>*"In —
or by using (5.67) for cos0 = 1,
(1 In( Z/Zo)\ (5-70b)
sec B, = cos|- cos 2pm ' AT

which gives 0,, in terms of the passband tolerance on p, that is, Pm-
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In order to solve (5.68) for the unknown p,, we need the following

results:
n

(cos0)" = 2rg-="(l + &) = 2 "er"S g CcgeP"

m I
= 2"*'[Cy"cos?i0 + C,"cos(/i - 2)0 + ees
+ C”co8(n - 2m)0 + ee°] (5.71)

The last term in (5.71) is kC", for n even and C,"_j, cosfl for « odd.
Using (5.71) and the earlier expression for T,(x), we can obtain the follow-

ing:

Ty«(sec O cos 0) = sec By, cosO (5.72a)
ra(sec &m cos 8 = 2(sec 6, cos fff- = s=c?8J1 + cos28) - 1 (5.72b)
Ta(sec 6, cos0) = sec® 0,,(cos 30 + 3cos 8) - 3sec0,, cosO (5.72¢)

Ta(sec 0,, cos 0) = sec* 0,(cos40 + 4c0s20 + 3) - 4sec? 0,,(cos20 + 1)
(5.72d)

These results are sufficient for designing transformers up to four sections in
length. A greater number of sections would rarely be required in practice.

Example 5.2 Design of a two-section Chebyshev transformer. As an
example, consider the design of a two-section transformer to match a line with
Zo = 1to alineor load with Z_ = 2. Let the maximum tolerable value of p be
P = 0.05. Using (5.70a), we obtain

Ty(secOy) = 2sec’0p, - 1 = — = 6.67
2 " m 3(0.05)
and hence sec 0,, = 1.96, and 0,, = 1.04. Thus the fractional bandwidth that is
obtained is
A0 AY 4w \
T2 = T T 7o 104 = 0675

From (5.68), (5.69), and (5.726), we obtain [refer to the remarks following
(5.56) as regards the last term in the cosine series for p]

2p,c0s20 + p, =,,,,r2(sec0,c0s9)
=p,, sec’ ey €0s 20 + i>{sec® O - 1)

and hence

po= {Pm sec’> 0, = p, = 0.099

P,=pm(sec?0p- 1) = 0.148
The impedances Z, and Z% are given by

Z, - "2 = 1219  Z, = c*'Z, = 1639

A plot of the passband characteristic is given in Fig. 5.40. As a check on the
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0.33
r*-0.05 FIGURE 5.40
—H—+— 1 = Pashand characteristic for a two «»>-
104 »l, * she, transformer with ,,,, » .05, P ~ T A

accuracy, we calculated Z;, for H = 0 using

7z,
“in= ipN = 1-1063

From Z,, we obtain

z -1
P="A—_T = 005047

which is within 1 percent of the design value.

*514 CHEBYSHEV TRANSFORMER
(EXACT RESULTS)

An exact theory for a multisection transformer having an equa-ripple
passband characteristic has also been developed (see the references at t
end of this chapter). Since the analysis is rather long, only the final res
for the two- and three-section transformers are given here.

In the exact theory of multisection ideal transformers, it is cotive
to introduce the power loss ratio P,x, which is defined as the <
power (incident, power) divided by the actual power delivered to the A
the incident power is P,, the reflected power is p°P, and the power
to the load is (1 - p?)P. Hence

P. 1 (5.730'
PrR = 5
(1~P9)P, 1
Pk - 1 -
and P = :
LR
2
If T isthe overall transmission coefficient, then \T\~ = 1 ~~" ugined. '

For any transformer an expression for Z,, is readily o " ,q <
from this p, and hence P, r, can be computed. When this is
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S WA Bl i

Pm -1 FIGURE 5.41
T Passband characteristic for a two-section Cheby-
fl>» & Th shev transformer.

that P_gr can be expressed in the form
PL R— | + Qg*(COSfl) (574)

where Qa(cos, fl) is an even polynomial of degree 2AT in cos 6, with coeffi-
cients that are functions of the various impedances Z,. To obtain a"
equal-ripple characteristic, P g is now specified to be

PLr=1 + /e?7"(sec0,,cos0) (5.75)

where k? is the passband tolerance on P_g; that is, the maximum value of
P_r in the passband is 1 + K, since T'£ has a maximum value of unity. By
equating (5.74) and (5.75), algebraic equations that can be solved for the
various characteristic impedances are obtained.

Figure 5.41 is a plot of p versus 6 for a two-section transformer. For
this transformer
\Z,-Zof (sec® 9 cos’ 0 - 1)

Pre=1+ ;7 tan0,

(5.76)

where 0z is the value of 0 at the lower zero where p vanishes. The
maximum value of P r in the passband is

(Z~Zo)

and hence
1/2
1+ (5.77)

iere k* = cot* 0,(Z" - Zo)/4Z,Z,. The required values of Z, and Z,
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are given by
1Vv?2
22 7a (ZL-ZoY
AZ| tan4 Bt + + ...~2~tan2_i

Z-—7
The value of B,, isgiven by

9, = cos 'V2 cosO,

o o 4

/u w

provided 2 A «/- = Als/', [if not, (5.796) gives 2 Afl/rr]. If the bandwidthis
specified, then B, and from (5.79a) B,,, are fixed. Equation (5.77) the
specifies />,,. On the other hand, if />,, is given, the bandwidth is dete-
mined.

In the limit as B, approaches TT/2, the two zeros of p coalesce to gvea
maximally flat transformer. From (5.78) it is found that, for this cae
(compare with the approximate theory),

Z, =z

Zo, = 2*/%v<

cos 'V2 cos”

For the maximally flat transformer, the value of O,
P “Pn '° given by

B, = cos™' cote.

where 0, is the previously defined quantity for the Chebyshev transfoi
Equations (5.79) and (5.81) provide a comparison of the relative bandwidt
obtainable from the Chebyshev transformer and the maximally flan
former. This comparison isillustrated in Fig. 5.42 for N = 2 and |
shows that the Chebyshev transformer can give bandwidths that art
erably greater for the same maximum tolerable value pn-

o

£ -
DD
p ' 0 04 06 1A 16 20 Chebyshev and n
FrocMonal bandwidth foe maximally Mot transformer transformers.

’ v S, FIGURE 5.42 A ft
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p— .

TEAYA FIGURE 543
Ly ¥ Y *.g Passband characteristic for three-sec-
IMS % ’ tion Chebyshev transformer.

Figure 5.43 illustrates the passband characteristic for a three-section
Chebyshev transformer. The power loss ratio is given by

(ZL - Zof (sec® 0, cos® 0 - 1)2cos® B £ g0
?LR=1 *Z2.Z tan’fl ( ’ )
The passband tolerance A? is given by
(Z-Zo)A 2¢0s0
22 ’ (5.83)

4Z,.Z, | 3/3tan’6;

from which p,, may be found by using (5.77). Again the general result that
specifying k* determines the bandwidth, and vice versa, holds. The value of
6, is given by

-1
= cos 6, (5.84a)
Ccos

and for transmission lines for which A f/f* = 2Aff/ir,
Af ~ 2(71/2 -tiy) >, 4
fo T/2 T

2
cos -7=- cosB, (5.84%)
V3

The characteristic impedance Z, is determined by solving
y yi 7 112 Zi’ZZ% 5 112 r7i
a0, 2 Z: ~Af) 72 68

and Z, and Z3 are given by

Z<i — (Z1 Zo) M2 (5.856)
2"z,

N

Za (5.85¢c)
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When 0; approaches TT/2, all three zeros coalesce
maximally flat transformer is obtained. The required valt?é »p""' n
obtained from (5.85a) by equating the left-hand side to zero T “ "fy bl
that Z, = ZIZI~", where i < a < \. With Z/Z near unity, , ? > ««3
to |, and for large values of Z,/zZ,, a will approach - By pi v en
values of a, a solution for Z, can be found quite readily by , tr ~ V@Y
process (note that the equation for Z., is a fourth-degree equati ~ f™**=™1
maximally fiat transformer the value of 0, andl rHeandwidth "°r

1/2
cosfl

€S 3y3/  (sinsJ?’3

Al 4
T°* 2 V6" -
/o A
The Chebyshev transformer represents an optimum design in that no
other design can give a greater bandwidth with a smaller passband toler-
ance. If it is assumed that some choice, other than (5.75), for the paynomid
Qqv in (5.74) can give asmaller passband tolerance for the same bandwidth.
it will be found that a plot of the polynomial Qu will intersect the
polynomial TE in at least N + 1 points. Since the polynomials are even in
cos 0, they have at most N + 1 coefficients. Thus Q,y must be equa to TR
since they have N + 1 points in common. But this equality contradicts the
original assumption that Q,y could yield a better result, and hence proves
that the Chebyshev transformer is an optimum one.

5.15 FILTER DESIGN BASED ON QUARTER-WAVE-
TRANSFORMER PROTOTYPE CIRCUIT

A very interesting filter design based on the theory of multisection q
wave transformers was given by Young.t The quarter-wave trans'*""®.
bandpass filter but would normally not be used as a filter sincet "
and output impedances are very different. In a multisection qu
transformer, the impedances increase monotonically from &o Ngt

most filter applications we desire equal input and output impedan

Young showed was that every other impedance step in a ™., cdanc*
guarter-wave transformer could be replaced with an °PP°? %, q.p do**
step. By alternating between a step up in impedance level an Nofl] #

in impedance level, we can end up with a final output '""*v? jhed bel"*
that at the input. The filter design based on this concept is desc

o MTTA

tL. Young, The Quarter-Wave Transformer Prototype Circuit, |IEEE Trans
483-489, September, 1960.
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FIGURE 5.44
(o) An impedance step; (6) an equivaent junction when Z'./2\ = Z/Z,.

Consider the two junctions shown in Fig. 5.44. The first junction is a
simple impedance step from Z, to Z,. The second junction is aso an
impedance step from 2\ to Z,, but, in addition, it has an idea)
transmission-line section of electrical length TT/2 on either side. Further-
more, we assume that this electrical length does not vary with frequency.
Obviously, we have introduced a nonphysical element and the reader may
rightfully question whether anything useful can come from introducing
such nonphysical elements. We will show that in the final filter configura-
tion these nonphysical transmission lines can be eliminated. Thus their
introduction is only to facilitate the development of the theory for the filter
design. The two junctions will be fully equivalent if the scattering-matrix
parameters S', and S, are the same as S, and Sy. If the output is
terminated in a matched impedance Z,, we get

Z.-2.,-(ZAZ) -1
" Zo+ 2, (Za1Z)) + |

for the first junction. Smilarly, [or a matched termination on the input side,
we get

1-(Z,/2,)

* % i+ (ZZ/ZI) __Sijl

For the second junction we use the quarter-wave-transformer formula to
evaluate Z;, with the output matched. This gives

7 (* a*

from which we get

(VY Z—2\
T Z[f1Ze « 2\
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FIGURE 5.45
Microstrip filter design obtained from a multisection quarter-wave-transibrmer prototype
circuit by replacing every other impedance step by the equivalent junction shown in Fig

In a similar way we easily find that S, = -S,. By comparing the expres-
sions for S, and S';,, we now conclude that the two junctions are equiva-
lent if

=7 &0)
Z, I
This is precisely the property we are interested in because if Z,/Z, >
up in impedance, then Z',/Z\ must be a step down in impedance leve.
Our next step is now to replace every other impedance step »n
multisection quarter-wave transformer by this new
equivalent junction, w»
assume that the multisection quarter-wave transformer we use as
type circuit has already been designed to give a desired power lossra "* .o,
filter design procedure isillustrated in Fig. 5.45. In order that eac Js-
be one quarter-wave long at the center frequency, we make eac
sion line have an electrical length 20 - ~/2. Thus, when ~.7.Y,rth 20
TT/2 *=77/2. In other words, we use a physical line of electncq
and a nonphysical line of electrical length -TT/2 for reasoner
fully explained later. For thefirstzjunction in the filter, we
X

y use

S : .The second*
which is the same as in the quarter-wave transformer
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is replaced by the new equivalent junction; so we make
- - - Yp~—o = -+ (5.886)

This new junction incorporates the two nonphysical transmission lines of
electrical length TT/2. The nextjunction is an impedance step like that in
the quarter-wave transformer; so

£ = A Z'o=-—~ = —:$ZZ (588C)

The next junction is again the new equivalent junction which requires

This procedure is continued until we have worked our way through all the
impedance steps in the quarter-wave-transformer prototype circuit.

The filter illustrated in Fig. 5.45 is a three-section filter. If this filter is
examined, it will be seen that each section contains a transmission line of
electrical length 20 — —/2 + —/2 = 20, so the nonphysical lines have been
eliminated. We chose each transmission fine to have an electrical length of
20 — IT/2 specifically for the purpose of eliminating the nonphysical lines
that are part of the new junctions that replace every other impedance step
in the quarter-wave-transformer prototype circuit. However, this means
that the power loss ratio of the filter is obtained by replacing O by 26 — IT/2
in the expression for the power loss ratio for the quarter-wave transformer.
If the quarter-wave transformer is a Chebysbev transformer with power
loss ratio given by (5.75), then the power loss ratio for the filter is given by

P,.r = 1 + K’T* sec0Q,, eos|2fl -

=1+ &°T*[sec 0,, sin 20] (5.89)

inus sin20 replaces cos 0 as the frequency-dependent variable. At the
center frequenc}' 28 = TT, SO each filter section is one half-wavelength long.
For this reason the filter is called a half-wave filter. The band edges which
occur at cos 0 = #cos 8, for the quarter-wave transformer now occur when
sec0,, sin20= =\ or

sin20 = +cos0,,, = xsin| — + Oy

which gives



364  FOUNDATIONS FOR MICROWAVE ENGINEERING

The upper band edge will be at (3! = 3w/2 - 6, and the low,

will be at /3/ =TT/2 +0,,. Consequently, the fractional vJ "%<&»

MPDAT = 1 - 29,4, which is one-half that of the quarter - ¢'™"

former prototype circuit. Thus the prototype circuit should be'dn" !t *.

have a bandwidth twice as large as that required for the filter t

this change the frequency response of the filter is the same a= u"

prototype circuit. that »_
As a final point we note that, in a quarter-wave transform

odd number of sections, the power loss ratio is unitv at th;,

qmym * * % <*"** fft

z, 0" 1z

m 72 72 72 "0

for an odd number of sections, the final impedance Z'| in the filter equd*
Z<. Hence the filter operates between impedance levels of Zo and Z

last nonphysical transmission line that appears in the output line (see Fk
5.45) for an odd number of sections can be deleted since this is a mached
line of arbitrary length.

For an even number of sections. Z, does not equal Z, at the center
frequency because the power loss ratio does not equal unity; it equals 1 + *3
for this case. This means that the last impedance element in the filter.
which is given by

~ _y, _*%17%3 N1, oy

will be different from Z,. By using (5.77) for p at the center frequew
can solve for Z;, to get

Z_=Zof/\ :(*+/rT,\)2,\ (590)

Since k is normally very small, the output line for the filter has i

istic impedance not quite equal to that of the input line. N-ora
In Table 51 we list the required values of the Impecia® e,

Chebyshev quarter-wave transformer with three sections for se

of the passband tolerance k% We will use this table to design ™ ;, t

filter in the example that follows. More extensive tables are e

literature.t

- S M TR -2 =
tSee, for example. G. L. Matthaei, L. Young, 0..-— & I-

Impedance Matching Networks, and Coupling Structures,” Artec

Mass. 1980.
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Chebyshev quarter-wave-transformer data

C - - A/V/0-0.2 \f/fo- 0.4 Af/f, = 0.6
7% 20 Zlzy k* ZlZ, fc? Z,1Z, fe*
> 1.00247 119 X 10~7 1.09908 7.89> 10 " 11083 9.57 x 10 6
a4 | 1474 535x 10 7 120746 3.55X 10°° 123087 431 x 10 ¢

10 1349 192 x 10 ' 137482 128x 10 ' 14212 155x 10
20 148359 429 x 10 7 152371 2.85x 10 ' 1.60023 3.45x 10 *
100 187411 233x 10 " 1975  1855x 10 '+ 217928 187 x 10 ~

7. . VvZ 20 it Aferhol')

Example 5.3 Filter design. We want to design a bandpass filter with a
fractional bandwidth of 0.2 and having a VSWR of 1.02 or less in the passhand.
From the given VSWR we find ,>,, = (1.02 - 11/2.02 = 9.9 x 10 . By using
(5.77) we get k! =t>f, /(I p%) = 9-8 X 10 ". The quarter-wave-transformer
bandwidth must be chosen as 2 x 0.2 = 0.4. From Table 5.1 we find that, for
Z2,JZ, = 10 and Hfff, = 0.4. kK* = 128 x 10 '. This value of k'~ would give
a maximum value of VSWR equal to 1.023 in the passband. We will accept this
value since an entry for k* = 9.8 X 10 ° is not given. From Table 5.1 we gel
Z/Zy = 1.37482. We will use 50-S1 input and output lines. Thus”"zZ” 1.3748
X 50 = 68.74 9. Therequired valuesof Z, and Z, are Z., = ,.Wi 50= 158.1
(1. Z, =500 x 50/68,74 =» 363.69 (1. This completes the design of the
quarter-wave-transformer prototype circuit. For the filter we need 2\ = Z, =
68.74 S, and by using (5.886) and (5.88cl Z', = 29.89 il. Z', = 68.74 Sl. These
impedance values are readily realized for a microstrip filter.

The maximum out -of-band attenuation occurs at # = 0 and is the same
as what is obtained when the input line is connected directly to a load
Z, = 10Z,. The reflection coefficient will be 9/11 so 66.9 percent of the
incident power is reflected. The transmission through the filter is reduced by
—10 logfl - p’) = 4.8 dB. This is a small attenuation and shows that the
particular filter configuration used here will generally not have a large out-of-
band attenuation. If we use Z,_/Z, = 100. we would obtain an attenuation of
14 dB. But in this case the passband tolerance would be larger. The required
passband tolerance could be achieved by using a filter with more sections.
However, there are better filter configurations to use when large out-of-band
attenuation is needed (see Chap. 8).

CaC P .,aCitanCe and L enaah

pen"satro’n

* an abrupt step in the width of a microstrip line, there will be an
laditional fringing electric field from the open-circuited portions of the
wider strip as shown pictorially in Fig. 5.46a. The efFect of this fringing
°d can be modeled as a shunt capacitance at the junction. The equivalent
-ircuit of the step is shown in Fig. 5.466 and consists of an ideal impedance
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S, 2 < & au -? otk Vs C R,

(b) ©

FIGURE 5.46
(at Fringing electric field at a step change in width for a microstrip line; (6) equivalent i
for a step-change-in-width junction: <c) an alternative equivalent circuit.

step and a shunt capacitive susceptance. The susceptance is small but does
modify the performance of the filter if not properly compensated. The
junction capacitance can be compensated for by changing the length of esch
filter section. The equivalent circuit in Fig. 5.466 will be shown to be nearly
equivalent to the circuit in Fig. 5.46c. The latter consists of the ided
impedance step plus two short lengths of transmission line. The dectricd
lengths of these transmission lines are denoted by 0, and O-,. The two
electrical lengths are of opposite sign.

For the equivalent circuit in Fig. 5.466, we have

iB
. 1-
Yi-YiB YT Y
STy, + Y, +jB Y, + Yy JB
Y.V

Since B/(Yx + Y.) is very small, we can use € binomia expand

obtain
B B
Viry, v, Hownry
*I- v, L. JB B
r+ vi Vi
r-v, _2iBY,_ .-

Y.+ Y, by?-vE
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»1

1 eV
d ~0/=r-e,€ - FIGURE 5.47
. Length compensation of a filter
section.
For the circuit in Fig. 5.46c, we have
Y,-Yz ). Yr' Yv
(5.92)
when 8, issmall. In a similar way we obtain
- 2jBY.
- BFLZfLF' 1 - ? (5.93)
2 1
- N-W A 5.94
sz DYr(1-27) (5.94)

A comparison of S, and S;, with S,, and S,, shows that the two
junctions are equivalent, to the order of approximations used, if we choose

BY,
<?.= YZ _ YZ (595a)
1 |'2
BY,
Sy vy (5.956)

In the half-wave filter the length of each section is now changed to
compensate for the junction capacitance as shown in Fig. 5.47. The required
section length is 2ft including 0., and 0,. Hence the physical length / is
chosen to make

/3l =20 - 0, - 0\ =7 - 0, - O\ (5.96)

at the center frequency. Since 0, and 0, etc., vary with frequency like
B = coC, compensation is obtained at all frequencies. The parameters 0,
and Q\ are small so the change in physical length of each section is small but
important enough to take into account in the design of a filter.

Similar junction capacitance effects also occur in some quarter-wave-
transformer realizations and can be compensated for by changing the
Physical length of each section by a small amount.

The application of the above method of compensation will be illus-
trated in Example 5.4, but first we need data for the junction capacitance. A
number of investigations of junction equivalent circuits for microstrip
discontinuities have been carried out, but surprisingly very little data for
design purposes are available. Gupta and Gopinath have evaluated the
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FIGURE 5.48

(a) Junction capacitance C; for a step change in width for a substrate wi
gfiharged portion ofr curves in (a). with

.4 06
,.-"/.:/ . e «,= 9.6
E; /, ﬂa'.. 04
= 4 1
e 0" 02
L".’J
B 10 H = -
a ®)

FIGURE 5.49
(0) Junction capacitance C, for a step change in width for a substrate with e, -

enlarged portion of curvesin (n).

shunt capacitance at a step in width for a microstrip line for subst
dielectric constants of 2.3, 4, 9.6, and 15.1.t Their data give the i
capacitance normalized by the distributed capacitance per meter ¢
wider microstrip line. We have used these data to evaluate the s "
capacitance for the two cases where the dielectric constant of the s

is 2.3 and 9.6. The junction capacitance Cs divided by the substrate

ness H is shown in Figs. 5.48 and 5.49.

Example 54 Microstrip half-wave filter. Thefilterdescribe~” 4
5.3 isto be built using microstrip construction. The substrate is a

fC. Gupta and A. Gopinath. Equivalent Circuit Capacitance of Microstrip_

IEEE Trans., vol. MTT-25, pp. 819-822, October, 1977.
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FIGURE 5.50
(a) Three-section haf-wave filter using microstrip construction; CM scaled drawing of filter.

adielectric constant of 9.6 and is 1 mm thick. By using the computer program
MSTP, we find after a few iterations the following required widths and the
effective dielectric constants of each section:

For Z, =50 il W= 0.99 mm e = 6.49
For Z. = 68.74 Ji W= 0.466 mm e = 6.18
For Z. = 29.89 (1 W= 2.45mm e = 7.07

With reference to Fig. 5.49, we identify Wy/H and Wy/H for the junction
between the 50- and 68.74-Sl lines to be

o 0.466 H - 0.99

Prom Fig. 5.496 we estimate CJH to be 0.03 and since H = 1 mm, C, = 0.03
pF. The center frequency of the filter passband is to be 4 GHz. Hence
B =ioCs = 7.5 X 10 * S. The characteristic admittances y, and Y; are (see
Pig. 5.50)

1
*K - = 0.01455
68.74

X o oy - X %

We now use (5.95) to obtain
BYo

.
e y . ys-008 6;= --=!0, = -0.058

For the junction between the 68.74-fl line and the 29.89-$! line, we have

111
. 0466 £_ °

Prom Fig. 5.496 we estimate C, to be 0.18 pF which gives B = 4.52 x 10~°S.
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We now determine D\ and ff., shown in Fig. 5.50.

BY Y

where Y3 = 1/29.89 = 0.03346 S. In the 68.74-f] section .
wavelength is Ag/ JTe= 7.5/ \f6A8 = 3.017 cm. The reau|n| j’
this section is wx Bray |

A 327
il = 2/\{V w2 __ ffi) = u2vA = o_52A - L57cm

For the 298312 line, we have e = 7.07 and a wavdength
7.5/ vT07 = 2.821 cm. The required length | is given by

h=r-(ir- 205 = 0447A = 1261 cm
2-ir
Note that the length corrections are about 4 and 10 percent. If thefilter wae
designed for 2-GHz operation, the length corrections would be half as large or
about 2 and 5 percent. Bdow 1 GHz, compensation for the junction
susceptances could be ignored. A proportionally scaled drawing of the fail
pattern for the filter is shown in Fig. 5.506.

5.16 TAPERED TRANSMISSION LINES

In a multisection quarter-wave transformer used to match two transmission
lines with different characteristic impedances, the change in impedanc

is obtained in a number of discrete steps. An alternative is to use a taper
transition which has a characteristic impedance that varies continuous!}
a smooth fashion from the impedance of one line to that of the other line.
transition, or matching section, of this type is referred to as a P&
transmission line. An approximate theory of tapered transmission
analogous to the approximate theory presented earlier for mul
transformers, is readily developed. This approximate theory is pf o
below. A following section gives a derivation of the exact differenti
tion for the reflection coefficient on a tapered transmission line
gives a brief evaluation of the validity of the approximate theory. A

Figure 5.51a illustrates schematically a tapered transmission ~ ~
to match a line with normalized impedance unity to a load wit n A
impedance Z, (assumed to be a pure resistive load). The 1*#
normalized impedance Z which is a function of the distance M,
taper. Figure 5.516 illustrates an approximation to the contmuo”eentis
considering it to be made up of a number of sections of one J yinis <+
length dz and for which the impedance changes by different™
from section to section.

AN
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FIGURE 5.51
Tapered-transmissinn-line matching section.

The step change dZ in impedance at z produces a differential reflec-
tion coefficient

Z+dZ-7 daz
dro- - =7 Ad(in2)
Z+dz+z2 27
1d
- -——(InZ)ck (5.97)

2dz
At the input to the taper, the contribution to the input reflection coefficient
From this step is

dl =e°+f2|’§z(|n2)rfz

If it is assumed that the total reflection coefficient can be computed by
summing up ail the individual contributions, as was done in the approxi-
mate theory of the multisection quarter-wave transformer, the input reflec-
tion coefficient is given by

* -ir * ,.._,g)_* )* (5.98)

where L is the total taper length. If the variation in Z with z is known, I,
may be readily evaluated from the above. A problem of much greater
practical importance is the synthesis problem, where Z(z) is to be deter-
mined to give I, the desired characteristics as a function of frequency.
Before taking up the synthesis problem, two examples of practical taper
designs are presented.
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j \ 7 '”'-_\ _.,--~_“_).-\ N FIGURE 5.52
b YV NN o Input refledtio
T oA an s e o exponenikui*

Exponential Taper

The exponential taper is one for which In Z varies linearly, and hence Z
varies exponentially, from unity to In Z\ that is,

InZ= —1In2Z
2 = {zZL)\n2,_
Substituting (5.99) into (5.98) gives
1 .,im2Z2Z, 1 sinSL

r, = 2/\/\redz N r|J|i|. taZi_,\r 151109

where it has been assumed that we are dealing with a transmission line '
which (i = k = 2ir/A and isnot a function of z A plot of p, = (HI versus/
is given in Fig. 5.52. For a fixed length of taper, this is a plot of P-. *
function of frequency since k = 2TTf(,fi.e)> % Note that when L is grea
than A/2, the reflection coefficient is quite small, the first minor lobe
about 22 percent of the major-lobe maximum.

Taper with Triangular Distribution

If dlin Z)/dz is chosen as a triangular function of the form.

42 _
d(In2) jlinZ, O<z<] (510D
dz 4
i AL-2)InZ, — <z <L
-

a matching section with more desirable properties is o
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FIGURE 5.53

Input reflection coefficient
e T <ol » H-t*i for a taper with a triangu-
lar distribution of reflec-
tions.

(5.101) gives

eI»z/fer*Ibffc
Z = (5.102)

(4j11,-28%11-9-1)InZ, ': <z<L
2
Substituting (5.101) into (5.98) and performing the straightforward integra-
tion give
sin(/3L/2)
I- = -e-'«MnZ, (5.103)
0n/2

A plot of p, versus /3L is given in Fig. 5.53. Note that, by comparison with
the exponential taper, this taper has a first minor-lobe maximum which is
less than 5 percent of the major-lobe peak. However, this small value of
reflection coefficient occurs for a taper length of about 3A/2, or for a length
twice that for the exponential taper. If Z is considerably greater than
unity, this latter taper will be preferable because of the much smaller values
of p, obtained for all frequencies, such that the taper length is greater than
0.815A, which corresponds to the lower edge of the passband in Fig. 5.53.

YNTHESIS OF TRANSMISSION LINE TAPERS
Equation (5.98) is repeated here for convenience:

1) d([n2)

(213) = g3 RV * - g (5.104)

Ants equation may be interpreted as the Fourier transform of a function
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diln Z)/dz, which is zero outside the range 0 < z < L.f Assuch

inversion formula gives € ATHIIW
1 d(\n2) 1 «
2 dz 2W -.

This formula, in principle, solves the 