
PRENTICE-HAIL ELECTRICAL ENGINEERING SERIES

W. L. Evekitt, Ph.D., Editor

Anneh Elements of Television Systems

Benedict Introduction to Industrial Electronics

Davis and Weed Industrial Electronic Engineering

Pick Transient Analysis in Electrical Engineering

Goldman Information Theory

Goldman Transformation Calculus and Electrical Transients

Jordan Electromagnetic TFawes and Radiating Systems

Martin Electronic Circuits

Martin Ultrahigh Frequency Engineering

Moskowttz and Racker Pulse Techniques .

PuMPHRET Electrical Engineering, 2d ed.

Pdmphret Fundamentals of 'Electrical Engineering

Rideout Active Networks

Ryder Electronic Engineering Principles, 2d ed.

Ryder Electronic Fundamentals and Applications

Ryder, Networks, Lines and Fields, 2d ed.

Sherd Fundamentals of Electromagnetic Waves

Skrodeb and Helm Circuit Analysis by Laboratory Methods

Stout Basic Electrical Measurements

Thom.son Laplace Transformation

Vail Circuits in Electrical Engineering

VAN DEB Ziel Noise

Von Tersch and Svtago Recurrent Electrical Transients ,

Ward Introduction to Electrical Engineerina, 2d ed.



NETWORKS, LINES

AND FIELDS

By

JOHN D. RYDER
Dean of the School of Engineering

Michigan Stale University

SECOND EDITION

Prentice'Hall of India Rrowte Umitpd
New Delhi-110001

1989



This Ninth Indian Reprint—Rs. 59.00

(Original U.S. Edition—Rs. 337.00)

NETWORKS, LINES, AND FIELDS, 2nd Ed.

by John D. Ryder

PRENTICE-HALL INTERNATIONAL, INC., Englewood Cliffs.

PRENTICE-HALL INTERNATIONAL. INC., London.

PRENTICE-HALL OF AUSTRALIA. PTY. LTD., Sydney.

PRENTICE-HALL CANADA. INC., Toronto.

PRENTICE-HALL OF JAPAN. INC., Tokyo.

PRENTICE-HALL OF SOUTHEAST ASIA (PTE.) LTD., Singapore.

EDITORA PRENTICE-HALL DO BRASIL LTDA., Rio de Janeiro.

PRENTICE-HALL HISPANOAMERICANA, S.A.. Mexico City.

© 1955 by Prentice-Hall, Inc., Englewood Cliffs, N.J., U;S.A. All

rights reserved. No part of this book may be reproduced in any form,

by mimeograph or any other means, without permission in writing

from the publishers.

ISBN-0-87692-299-10

The export rights of this book are vested solely with the publisher.

This Eastern Economy Edition is the only authorised, complete and
unabridged photo-offset reproduction of the latest American edition

specially published and priced for sale only in Bangladesh, Burma,
Cambbdia, China, Fiji. Hong Kong. India. Indonesia, Laos. Malaysia,

Nepal, PaWstan, Philippines. Singapore. South Korea, Sri Lanka,
Taiwdn,. Tf^ailand^sindiVietnam.

Reprinted in'^h^ia ^^sbeciai arrangement with Prentice-HalL Inc.,

Englewood Cliffs,':N,J.. Qi^.A. v - '

»» 'i
‘ ;Vr *

Ninth Printing (Second'Edition)-./ > ,
' ' August, 1989

Printed by Jay Print Pack Private Limited, New Delhi-110015
and Published by Prentice-Hall of India Private Limited, M-97,
Connaught Circus, New Delhi-110001.



PREFACE TO SECOND EDITION

The science of the electric circuit, when broadened to include cur-

rents or fields in lumped networks, distributed constant lines, wave
guides, and space, is a primary concern of the modern electrical

engineer or physicist. Analysis of performance and synthesis for

specified operation is a major field of study beyond that usually

possible in a basic alternating-current circuits course.

The author has attempted to develop the subjects of networks,

resonance, and filters in such a way as to give the undergraduate

student a definite familiarity with network theory, or the description

of network performance by certain measured or defined parameters.

In the second edition the material on matrix solution of networks

has been increased, consideration of circuit duality expanded, and a

treatment of Foster’s reactance theorem and canonic networks

added.

The student is led to discover that these same fundamental net-

work concepts still apply when he is introduced to the circuit of

distributed constants, by study of lines at both radio and power

frequencies. Lines are treated throughout in terms of exponential

factors and the reflection coefficient, thus reminding the student at

all times of the possible presence of the incident and reflected waves,

resulting in a clearer ph3'^sical picture than can be obtained by the

use of h3q)erbolic functions. The e.xponential forms of the line equa-

tions also have major computational advantages over the hyperbolic

functions when complex angles are involved. Further emphasis has

been given to the Smith chart for radio-frequency lines in the second

edition.

The study of fields in transmission of energy, particularly the

plane wave, skin effect, and guided waves, is considerably simplified

by extensive use of the transmission-line analogiq employing the

incident and reflected wave viewpoint, for which the student is well

prepared by the treatment of lines through the exponential factors

and the reflection coefficient. In response to a considerable demand,
the second edition emploj’^s the vector analj^sis approach and vector
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notation where applicable in the chapters on time-varying fields and

radiation, and a chapter on antenna theory and simple systems has

been added. The vector material is developed as needed, and no

preceding work in this direction is assumed.

It is suggested that Sections 4-1 to 4-5 of the chapter on filters be

included in courses covering lines and circuits of distributed con-

stants, even though the rest of the chapter on filters is omitted, in

order to establish a proper groundwork for the network concepts

used as an introduction to circuits of distributed constants.

The suggestions of numerous instructors have been followed where
possible, and are hereby gratefully acknowledged. In particular the

author wishes to thank Dean W. L. Everitt, of the University of

Illinois, Prof. W. L. Cassell, of Iowa State College, and Prof. H. A.

Morgan, of the Thayer School of Dartmouth College.

J. D. Ryder
Michigan State University
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Chapter 1

NETWORK TRANSFORMATIONS

Electric circuits are the foundation on which the study of most

electrical phenomena is based. Many circuits are complicated, and

analj^sis for currents, voltages, power, or frequency performance

becomes difficult unless systematic methods are developed and

employed. This chapter will deal with methods that will aid in

circuit analysis.

It is assumed that the student is familiar with the representation

of voltages and currents, varying sinusoidally with time, by expo-

nential functions such as Ee>‘^K It is customary to take i = 0 in

this usage, and to designate the complex number remaining by use

of boldface italic t^'^pe. The terms complexor or phasor have been

proposed for this quantity, to avoid usage of the word vector, which

is more properly reserved for quantities directed in space.

1-1. Network definitions'

It is desirable to introduce certain definitions before going into

the discussion of network solutions. The following list is not com-

plete, and other items will be introduced as needed.

Circuit element. Any individual circuit component (inductor,

resistor, capacitor, generator, etc.) with two terminals bj'^ which it

may be connected to other electric components.

Branch. A group of elements, usually in series, and having two
terminals.

Potential source. A hypothetical generator which maintains its

value of potential independent of the output current. As an a-c

source it will lie indicated bj' a circle enclosing a wavy line.

Current source. A h3’-pothetical generator which maintains an
output current independent of the voltage across its terminals.

The current source will be indicated bj’- a circle enclosing an arrow,

the arrow indicating the assumed reference current direction.

Network. An electric network is any interconnection of electric

circuit elements, or branches. In Fig. 1-1 (a) is shown a complicated

,
1



2 NETWORK TRANSFORMATIONS 1§T-1

network of-elements or impedances and sources, where each branch

may include R, L, C, or other t3T)es of elements. Such a network,

having two distinct pairs of terminals is called a four-terminal

network. If one of the 1,1 terminals is common to the 2,2 pair,

as at (b), the circuit is a three-terminal network, and if the 2,2

terminals are short-circuited, it becomes a two-terminal network.

Lumped networks. One in which physically separate resistors,

inductors, capacitors, can be represented.

Distributed network.- A network in which the resistors, inductors,

capacitors, cannot be electrically separated and individually

29

(a) (b)

Fig. 1-1. Possible forms of networks: (a) a four-terminal network; (b)

a three-terminal network.

isolated as separate elements. A transmission line is such a network.

Passive network. A network containing circuit elements without

energy sources.

Active network. A network containing generators or energy sources

as well as other elements.

Linear element. A circuit element is linear if the relation between
current and voltage involves a constant coefl&cient as in

e = Ri, e = L di/dt, e = ^ j i dt

Iron-cored reactors and incandescent lamps are examples of elements

that are not linear, or in which the coefficient is a function of current.

Linear networks are those in which the differential equation

relating the instantaneous current and voltage is a linear equation

with constant coefficients.

Mesh {or loop). A set of branches forming a closed path in a

network, provided that if one branch is omitted, the remaining

branches do not form a closed path.
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Node {or junction). A terminal of any branch of a netivork, or a
terminal common to two or more branches.

1-2. Mesh and node circuit analysis

Ivirchhoff ’s basic circuit laws provide two methods for the solution

of networks. The potential law states that the algebraic sumjnaiton

(a)

(b)

Fig. 1-2. (a) Mesh or loop analysis; (b) nodal currents.

of potentials around a closed traverse of a circuit is zero, and this

leads to the method of network solution known as inesh or loop

analysis. The current law states that the algebraic summaiion of

the currents toward a junction point is zero, and this leads to node

or junction analysis.

The mesh or loop method is illustrated by the circuit of Fig

l-2(,a) wherein three mesh or loop currents, h, h, and h are assumed

and given reference directions as indicated by the circuital arrows.

It is then possible to write the algebraic summation of potentials

around each of the closed paths as

+ (/l - /-)^3 - 7
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— (/j — In)Z-i + + Z^ — {Iz — I-^Zi — 0 (1-2)

{Iz - h)Z, + IzZ^ + = 0 (1-3)

A more orderly form of these eciuations would be

{Zi -h Zz)Ii ~ Zzh = Ex.

— Zzli -i- (Z-t Zz Zi -r Zz)Iz — Z^Iz = 0

— Zilz -i- (Zi + Zz)Iz — — Ey

A solution for the three currents can then be obtained. However,

the circuit solution is not jmt complete, since potentials between

junctions arc usually of primar3'^ interest. By forming the two

additional currents

/, = /,_ /, (1_4)

/s = Iz — Iz (1-5)

which appear in the original equations above, the circuit becomes

that of Fig. l-2(b), and potentials between any pair of junctions

Fig. 1-3. Node or junction analysis.

in the network may be obtained and the solution is complete. Five

relations were needed.

If voltages between junctions or nodes are the primary objective /

of the solution, and this is very often the case in practice, then it

'

would have been as easj’’ and in some cases easier, to have started

with the assumed branch currents of Fig. l-2(b), and by use of

admittance instead of impedance, to have written equations involv-

ing the Amltages between junctions directly. This is the node or

junction method of solution.
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Rome convenient, junction hotween elements is chosen ns a

roference junction or notie, and is indicated as 0 in ]'ig. 1-3. In

many circuits this reference is most conveniently cliosen a.s a

common terminal nr as the ground connection. It may he seen

that tliere arc .si.\ node.s hetween elemenf.s in the network, hut only

four f)f tlie.se o.vi.sl at junctions of three or more elements. With .'•i.v

node.s 0, a, b, c, d, c, and usiiiK 0 ns reference, it is po.ssibic to write

.V — I. or five, nodal ef|uations or hranch current .summation.s

at the nodes, in terms of tlie potentials £„. Ei., Ec, Ed, E,. and the

branch admit tance.s.

'Fwo c'f the node voltage ciiuations may bo written directly a.s

Ea = E, (I-G)

£, - E., -f (1-Ti

Writing a current summation at junction « gives

= 0

which, in terms of potentials and admittance.s is

(£, - £jr, - (£„ - E,)Y: - £,r, = 0 (1-8)

At junction h:

= 0

<£« - £!,)F: - (£. - £, - £,)!% - (£, - £.)!’, = 0 (1-9)

At junction c;

/s - /j + /i - 0

(£,. - £, - £,)]', + {Et - EAY, - E,Yi = 0 (I-IO)

'rhese (H)uations may be more .sy.steinaticaliy set down ns

“ ir, 4- 3': 4- 4- Y-E, - -3',£,

}’:£„ - (}'- 4- 3'. 4- 3%)£4 4- (3', + Y,\E, - 3%£,

{Y, 4- }•«)£, - (}', 4- Yi + Y,)E, - -}',£,

Rolution.s of Kq.s. 1-S. 1-9. and 1-10, yield all pofenti.al information

at once. Rinco at high frcfiucncic.s voltrnctor.« are more commonly

used and are more acrurati* than .nmmeters, the node method of

solution correlat<',« well with practice.

In general, if A’ junction points and E br.anche.s e.vist in a circuit.
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A’’ — 1 current summations are required by the node-voltage method

of solution. Likewise, + 1 voltage summa-

tions will be required by the loop or mesh-current method. For

the circuit discussed, B = 6, AT = 4, and AT — 1 = 3, or B — AT -}-

1 = 3, so that the number of equations required was the same in

each case. However, when

(A^ - 1) < (B - AT + 1)

the node-voltage method will yield fewer equations. Frequently

other considerations will enter into the choice of method. In

particular, if current sources are present, the node-voltage method

may be easier; if potentials to a common reference are the desired

elements of the solution, the node-voltage method may also be the

most desirable.

1-3. Principle of duality

Ordinarily a voltage is considered the driving force, and a current

the response of the circuit. However, except for a mental difficulty

induced by habit, there is no reason why a current cannot be con-

sidered' the driving force, and a voltage the response. The reversal

Fig. 1-4. Dual networks.

of philosophy here is merely that due to the interchange of the

dependent and independent variables in the problem, and leads

to the concept of duality in networks.

Some dual relations involving exchange of current for voltage

are illustrated by the following pairs of equations:

e = Ri i — Ge
,

e — L di/dt i = C de/.dl
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These show that resistance and conductance, inductance and
capacitance, also have dual relationships. Duality also appears
as a relation between networks. Referring to the simple circuit

of Fig. l-4(a), the loop equation is

I{Z^ + Z^ + Zi) E (1-11)

whereas the node voltage equation for (b) is

E{Y, -k r, -h Fa) = I (1-12)

Since these relations are of identical mathematical form, but with

interchanged dependent and independent variables, they are dual

networks. Because of the identical mathematical form they must

(a) (b)

Fig. 1-5. Series and parallel networks as dual.

have identical forms of solutions. That is, (a) will behave with

respect to element voltage as (b) does with respect to element

current.

The voltage drops in one circuit are analogous to the branch

currents in the other' circuit. In one case network equations may
be most easily VTitten by summation of voltage drops, and in the

other case the equations are most easily written by summing the

currents at the junctions. Thus it can be seen that the property of

duality actually comes from, and is contained in, Kirchhoff’s two
circuit laws.

The circuit-dual concept can be carried further by referring to

the circuits of Fig. 1-5, where it can be shown that a parallel GLC
circuit driven by a current source is the dual of a series RLC circuit

excited by a voltage source. The mesh equation for the series case

may be written

Ri + Lj^ + ^ J idl = e (1-13)
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and for the dual parallel circuit,

ffe + C ^ j j
edt = i (1-14)

illustrating the various dual relations.

It should be emphasized that duals are not equivalent in per-

formance. Duality imphes only that the equations of circuit per-

formance are similar in mathematical form, and will behave simi-

larly, but with interchanged variables. For instance, in (a) of

Fig. 1-5, the sum of the voltages across L and C will go to zero at

resonance; in (b) the sum of the currents U and is into the L and

C branches will go to zero at parallel resonance.

Further cases of duality will be discussed as they arise.

1-4. Reduction of a complicated network

Many circuits will be found complicated and difficult to analyze.

If they can be reduced or simplified it is frequently possible better

to understand their performance. This reduction can be accom-

plished through use of certain types of simple networks that are

equivalent in performance.

One passive network is said to be equivalent to a second network

if the second can be substituted for the first without change in

currents and voltages appearing at the network terminals. It must
be emphasized that an equivalent network is not identical inter-

nally but has only identical values of external voltages and currents

at the terminals. Thus two networks are equivalent if each can

be placed in a box with terminals and if the boxes can be sub-

stituted one for the other in a circuit without change in the circuit

operation. Thus it may be possible to find a simple network which

may be substituted for a more complicated network.

.

Assume that the box of Fig. l-6{a) contains a linear passive

electric network, no matter hov/ complicated in internal connection.

Certain external terminals may be designated 1,1 and 2,2; and
impedance measurements may be made at these terminals. The
input impedance maj'’ be measured at either pair of terminals with

any selected value of impedance connected to the other pair.

Convenient impedance values which may be chosen are open circuit

and short circuit. The impedance measured across the 1,1 terminals

with the 2^ terminals open-circuited may be designated
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Likewise, the :nieasurement at the 1,1 terminals with the 2,2 ter-

minals short-circuited might be called Similar measurements
taken at the 2,2 terminals would result in and Zi^, giving four

such possible measurements.

Since these are measurements of terminal impedance, any other

network which can be found with identical measurements sliould

Fig. 1-G. (a) Any complicated network, with terminal voltages and

currents indicated; (b) a T network which may be made equivalent to

the network in the bo.v of (a); (c) a r network equivalent to (b) and

(a).

be equivalent. The simplest form for a network equivalent to the

one in the bo.\ may now be considered. There are eight quantities,

the magnitudes and phase angles of Vi, Tj, L, and Ji, which must

be established by the new network, in order that the conditions for

equivalence be satisfied. However, if a load be connected to the

2,2 terminals and called Zk, then

V. = /:Zn

so that although there arc apparently four phase angles and four

magnitudes to be specified, only six of these are functions of the

network, one magnitude and one phase angle being determined

by the load impedance Zn. With three magnitudes and three phase

angles to be determined, a minimum of three adjustable impedances

is needed to set up a network which may be equivalent to that in
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the box. Only two arrangements of three-element circuits are

possible; these are shown at (b) and (c) of Fig. 1-6 as the T (Y)

and TT (delta) networks.

Consider the T network of (b), Fig. 1-6, as a possible simplified

circuit, that by proper selection of values of and Zz might

be made to have the same external currents and voltages as the

original network of (a). The T network would then be said to be

equivalent to the network at (a). If the T section is equivalent,

the open- and short-circuit measurements must be identical. If

these measurements are made on the T circuit, the results will be

— Zi-\- Zz (1-15)

(1-16)

= Zz Zz (1-17)

^ ,
Z\Zz

“•^’ + Z, + 7.
(1-18)

A T equivalent for any passive network having a given set of open
and short-circuit measurements can then be found by solving the

above equations for Zi, Zz, and Zz. Since there are four equations

and only three unknowns, one equation and one measurement are

not needed.

Subtracting Eq. 1-16 from Eq. 1-15,

Zloo
/

— -Zi^ = Zz
ZzZz

Zz -f- Zz

Zz^

Zz + Zz

After recognizing that the denominator is Zz^.:, from Eq. 1-17, there

results

Zz — '\/Zza:{Zloo — Zik)

Use of the above equation leads to

Zi = Zioc Zz (1-19)

Zz — Zzoc Zz (1-20)

Zz — i "s/ZztxiZz^ — Z\^ (1-21)

as the values for a T network which will be equivalent in performance

to the original network. Choice of the -k or — sign on the radical of

Zz will lead to two different T networks. These will be equivalent
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as to current and voltages under the definition of equivalence,

except for an ambiguit3' of 180° in output phase angle. That this

is inherent in the method is illustrated b3’^ the simple expedient of

reversing the output leads of the network in Fig. l-6(a). The open

and short-circuit impedances will remain unchanged, bat there

will be a change of 180° in the output phase conditions. Thus the

method cannot resolve this ambiguit3
’' without additional data

as to the phase relations of the original network.

If it is desired to find an equivalent - section, the same three

measurements on the circuit of (c). Fig. 1-6 would be

^ Zx(Zb -h Zc)

Zx + Zs -r Zc
(1-22)

^ Zc(Zx 4- Zb)

Zx-{-

Z

b

Z

c
(1-23)

r _ ZxZb
*T 1 y

“r
(1-24)'

^Iultipl3'ing Eqs. T23 and 1-24 gives

^ ZaZbZc

Zs Zc
(1-26)

and subtracting Eq. 1-24 from 1-22,

Zix
ZcZiT

{Zj. -f -h Zc)KZs Zb)

Use of Eq. 1-23 leads to

Zix{Z\x ~ Zi^
Z^-Zc-

(Zji -r Zb Zc)~
(1

-26)

Values ma3' then be obtained for the three --section branches as

Z^ =

Zb =

Zc =

ZzxZi,

Z:x — "y/Z’xiZix — Zi^

ZzxZlx

'\/Z:x.(Zix — Zix)

Z^xZlx

Zlx — ZixiZxx — Zix)

(1-27)

(1-2S)

(1-29)
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These three equations permit designing a tt network equivalent

to any complicated network.

It should be noted that the equivalent circuits, in terms of Z are

perfectly general; but when interpreted in terms of R, L, and C
values, the circuits become equivalent at only one frequency.

Impossiblj^ large or small values of inductance or capacitance, or

negative resistances, may occasionally be called for by the mathe-

matical relations. Such results do not afreet the validitj^ of the

mathematical equations, but they do limit the physical realizability

of some of the networks.

The results of the preceding paragraphs may now be summarized

as follows

:

Any linear, bilateral, passive electrical network can he represented,

at a single frequency, by a T or -k network.

The term bilateral will be defined in Section 1-7. Frequently

the knowledge that it can be done is more important than the

ability to make the transformation to the equivalent T or ir section.

1-5. Conversions between T and " sections

It is convenient to be able to make conversions directly from T to

equivalent rr sections, or vice versa, without the necessity of employ-

ing the external open- and short-circuit measurements of Section 1-4.

For the T and tt sections of (a) and (b), Fig. 1-7, these measurements
are

T Section TT Section

= Zi + ^loc
_ Zji{Zb -f- Zc)

ZA. A- Zb A- Z(

= Z, + Zz ^2oc
_ Zc{Za -f- Zb)

Za A' Zb Ar Zi

— 7,

ZzZ%
7",

ZaZb
Zz -}- Zz

"Itc
Za "h Zb

If the two circuits are to be equivalent, the external measurements

must be equivalent. If the two net-works were placed in boxes and
only the terminals brought out, it would then be impossible to

distinguish the T from the tt circuit at a given frequency. Equating
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Successive use of Eqs. 1-35, 1-33, and 1-34 in the right-hand side

gives

7 _ Y1Z2 -(- Z2Zi ZzZ\
(1-36)ZrJ. — Z2

1 1 -f- ZzZz ZzZ\
(1-37)x/B --

Zz

Zr - "b Z,2Zz -b ZzZ\
(1-38)

Zz

thus permitting a ir circuit equivalent to a given T network to be

designed;

The various relations for transformation between T and tt networks

can be summarized through Fig.

1-8. The impedance for a T arm
may be obtained from the tt by
noting that the T impedance is

calculated by using the product

of the two adjacent tt network

impedances divided by the sum
of all three ir impedances. Like-

wise, a ir-section impedance can

be found by use of the sum of the

double products of theT branches

divided by the impedance of theT branch opposite the desired tt arm.

K Eqs. 1-33, 1-34, 1-35 for the branches of the T are written in

terms of admittances, the following are obtained:

Fig. 1-8. A diagram for use in

remembering the T-to-x and the

•s-'to-T transformation relations.

YaYs + YbYc + YcYa

Y2 = YaYb + YbYc + YcY^

Y. = YaYb -b YbYc -f YcYa

(1-39)

(1-40)

(1-41)

Comparison of these equations with those for the branches of the ir

network in Eqs. 1-36, 1-37, 1-38 is interesting, and shows that the

X and T networks are duals. This is further reinforced if Eqs. 1-36,

1-37, and 1-38 are rewritten in terms of admittances, when dual

equations for the T network are obtained.
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1-6. The bridgcd-T nctwotk
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M
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t'-i !?.'
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toT lrnn.‘'formation relnlion*-’. the may V.e char,

licit T ffs indicated nt (r), where the c'juivaleru
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z, -
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ZtZ.;
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0

11(0 irnpi'i.latsce of the Zt ^hutit hr.'U'e'h fer the h:,

of Zk and the eqisivaient /i" ,if the r .oetjon. *>r

! T i' rum

<Cr

/.f/c

h //t'X
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Various other complex networks can be reduced to equivalent

T circuits, at one frequency, by successive reduction of various

parts of the circuit from tt to T sections, or vice versa, and combining

series or parallel combinations of impedances thus obtained.

1-7. The lattice network

A network frequently encountered is the lattice, shown at (a),

Fig. 1-10, and redrawn at (b) as a bridge, in which form it is more

Fig. 1-10. (a) The lattice network; (b) the lattice network redrawn in

the form of a bridge.

often seen. Its reduction to an equivalent T is outlined here;

certain other properties are discussed in Section 1-13.

Taking measurements as before.

^ + z^){Zc + z,,)

Za -{- Zb -f- Zc -h Zj}
(1-45)

^ {Za^Zc^IZb^Zb)
Za Zb Zc -f- Zb

(1-46)

^ ZaZq ZbZb
Za + Zc'^ Zb + Zb

(1-47)

Equating these to the like values obtained for a T section from

Eqs. 1-15, 1-16, 1-17 gives

^ ^ {Za -h Zb){Zc “k Z^
+ Z^ + Zb + Zc + Zb

(1-48)

^ ^ {Za -f- Zc){Zb -J- Zb)
+ Za+ Zb + Zo+ Zb .

(1-49)

^
1

ZiZz ZaZc
I

\ZbZb

^^'^Z^ + Zz Za^- Zc- Zb + Zb
(1-50)
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Subtracting Eq. 1-50 from 1-4S and simplifying leads to

^ {ZnZc - Z^Z:,y-

^2 + Zz (Za + Zji + £c + Zj,)(Za -f Zc) (Zs + Zj,)

After substitution of Eq. 1-49 for the denominator of the left-hand
side, and choice of the positive root,

Zz = ZbZc ZaZb
Za } Za "h Zc { Zd

(1-51)

Values for the other two arms of the T section are then easily

obtained as

ZaZc -f~ ZZaZq -j- ZaZp

Za Za Zc Za
(1-52)

ZaZb ~i~ ^ZAZa ~j~ ZgZa

Za Zb Zc -^r Za
(1-53)

A T section is then established which is equivalent, at a single

frequency, to the lattice network.

1-8. The superposition theorem

In any linear network containing bilateral linear impedances and

energy sources, the current flowing in any element is the vector sum of

the currents that are separately caused to flow in that element by each

energy source.
• The direct proportionality and linearity between voltage and

current, as expressed by Ohm’s law, is both reason for and proof

of the superposition theorem. A generator of 1 volt applied to an

impedance of 1 ohm produces a current of 1 ampere. Two generators

in phase and in series, each of 1 volt and connected to the same

1-ohm impedance, cause a current of 2 amperes to flow. Therefore

each generator is still the cause for a current of 1 ampere in the

circuit. The total current is thus the sum of the currents produced

by the individual generators.

Consider the case of two generators feeding into an involved net-

work. The network may be replaced with an equivalent T section

as at (a). Fig. 1-11, the currents being designated h and h. Writing

the mesh equations

El = Ii{Z\ -f- Zz) + liZz

El = IzZz -f- Ii{Zz. -h Zz)
(1-54)
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Z, 22

(0

Fig. 1-11. (a) A two-mesh network; (b), (c) the two circuits, which,

when superposed, result in the network of (a).

and solving for the currents leads to

r _ -^2 + ^3 p ^3 p
.

^ ^lZ2i~\~ ZnZj -}- Z3Z1 ^ Z\Zz -f- ZnZz “f" ZzZ\

j _ _ ^3 p Zx Zz p
ZxZz + ZzZz + ZzZx ' ZxZz -f ZzZz + ZzZx

(1-55)

(1-5(5)

If now each generator is in turn removed by short-circuiting its cmf

(but not its impedance), the circuits of (b) and (c), Fig. 1-11 are

obtained. The superposition theorem states that the sum of the



§1 9] NETWORK TRANSFORMATIONS

currents of (b) and (c) equals the currents in (a), or

19

/i = h' + h"

h = h' + h"

Solution of tJic circuits of (b) and (c) for their respective currents

.
gives

Zz
h" = -

h' =

h" =

ZlZn -j- ZiZt + ZzZ\

Zz “h Zz

Ez

/,' = _

ZiZz -{ ZzZz "h ZzZ\

Z\ d~ Zz

ZiZz "f” ZzZz “f~ ZzZ\

Zz

Ex

E.

ZiZz -{- ZzZz ZzZ\
Ex

(1-57)

(1-58)

(1-59)

(1-60)

Comparison term by term vith Eqs. 1-55 and 1-56 for the total

currents proves the theorem. The proof of the theorem may be

extended to include an}' number of separate generators.

The theorem allows computation of the currents, in a network

supplied by generators of several different frequencies, as the sum of

the individual currents due to each frequency, consideration being

given to changes in reactances due to the different frequencies.

The.'superposition theorem is a result of the linear relation between

current and voltage in circuits ha\'ing linear impedances. Iii circuits

containing incandescent lamps, vacuum or gas tubes, or iron-core

reactors, the theorem is not applicable or must be used with care.

1-9. The reciprocity theorem

In any linear network containing bilateral linear impedances and
energy sources, the ratio of a voltage E introduced in one mesh to the

current I in any second mesh is the same as the ratio obtained if (he

positions of E and I are interchanged, other emfs being removed.

This reciprocity theorem leads to a definition of the transfer

impedance Zt, where if Ex is the voltage in mesh 1 and h is the cur-

rent in any second mesh, then
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Proof of the theorem is supplied by the material of the preceding

section. Consideration of (a), Fig. 1-11 and of Eq. 1-56, with

El = 0, gives

^ El ZiZi + ZiZz -f- ZzZi
^T12 — "T 7

Iz ^3

Likewise, if Ei ~ 0, then from (a). Fig. 1-11, and Equation 1-55,

Z\Zz -}- ZzZz -k ZzZ\

Tz

Therefore Z-m — (1-62)

and the theorem is proved.

A network in which Eq. 1-62 holds is said to be bilateral. In such

a network, transmission in one direction only need be studied,

since the results obtained are equally applicable to transmission in

the reverse direction. Networks containing ordinary resistors, in-

ductors, or capacitors as circuit elements are bilateral. When
electron tubes or other control devices are introduced, the circuits

may not be bilateral and the reciprocity theorem may not apply.

1-10. Thevcnin's theorem; the voltage-source equivalent circuit

Any two-terminal linear network containing energy sources {genera-

tors) and impedances can be replaced with an equivalent circuit consist-

ing of a voltage source E' in series with an impedance Z'. The value of

E' is the open-circuit voltage between the terminals of the network, and
Z' is the impedance measured between the terminals with all energy

sources eliminated (but not their impedances).

The network represented by the box between generator and ter-

minals 1,1 of (a). Fig. 1-12, may be replaced with its equivalent T
section as in (b). The theorem then states that the circuit of (c)

will be equivalent to that of (b) or (a), thus implying identity of

voltages and currents associated with the load Zr in all three cases.

Solution of the circuit of (b), for the load current Ir can be made
from the mesh equations

E = h{Zi^+ Zz) - IkZz

0 = —l\Zz -f ln{Zz A- Zz-\- Zr)
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(0

Fig. 1-12. (a) An active network connected to a load Zn". (b) the

passive portion of the network replaced with its equivalent T network;

(c) the voltage-source equivalent of (b).

Then /i

h

£^5
Zi{Zi + Zs) -h ZiZi (Zi -f- Z^Zk

Zj -f- Z^-VZn

E
(Zi Z3)(Z2 -)- Zs -j- Zs) ^—

and
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Division by the term + Z-^ gives

Ir (1-63)

as the value of the load current.

By inspection of (b), Fig. 1-12, the open-circuit voltage at the 1,1

terminals is

and the impedance of the network measured between the 1,1 ter-

minals with all generator emf's short-circuited is

Z' = Z^-^ (1-65)
-f- /-i

It can then be seen by comparison of these equations with Eq. 1-63

that

I, - (1-66)

which is the current equation for the network of (c). Fig. 1-12. The
theorem has therefore been proved for networks containing one gen-

erator. It may be generalized to any number of generators by
application of the superposition theorem, permitting each generator

and associated circuit to be considered separately. Thus an equiva-

lent circuit for an active network is obtained.

If a complicated network can be divided into several two-terminal

networks, each containing a generator, equivalent circuits may be
found for each of these two-terminal networks, and combination of

these equivalent circuits may provide an easier solution than by
other means. The circuit at (a). Fig. 1-13, may be used as an exam-
ple, in which the current in Zr is desired. The portion of the circuit

to the left of terminals a,6 may be reduced to -a series equivalent

as at (b). The emf E' becomes
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a ^3 c

Fig. 1-13. (a) A network with two generators; (b), (c) successive

steps in the use of Thevenin’s theorem to reduce the network of (a)

to a simple voltage-source equivalent circuit.

and the impedance Z' can be seen as

iri _ Z\Z^

Zy^Z.

By another application of Thevenin’s theorem to the part of the net-

work to the left of terminals c,d, the original circuit finally becomes

the simple series circuit of (c), Fig. 1-13, from which the current in
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Zr is easily obtained. For the .final step,

[§1-11

and

= £2 + {E’ -
Z' Zz Zt,

Z"
Z,{Z' + Zz)

Z4 -{- Z' + Zz

and the current in Zr can then be written

Z" + Zh

1-11. Norton’s theorem; the current-source equivalent circuit

Any two-terminal linear network containing energy sources (gen-

erators) and impedances can he replaced with an equivalent circuit con-

sisting of a current source I' in parallel with an admittance Y'. The

value of r is the short-circuit current between the terminals of the net-

work, and Y' is the admittance measured between the terminals, with

all energy sources eliminated (but not their admittances).
'

This theorem produces an equivalent circuit that is as useful for

parallel connected active networks as the voltage-source equivalent

is for series-connected active networks. The theorem may be

proved by considering any network reduced by Thevenin’s theorem

to that of (b), Fig. 1-14. The value of the current Ir in (b) is

""
Z' -f Zr

^
(f -f n)

Now consider the circuit at (c), Fig. 1-14, wherein a constant-

current generator of value /' supplies current to a parallel network
of two admittances, F and Yr, these being, respectively, the recip-

rocals of Z' and Zr of (b). By use of the appropriate current divi-

sion factor the current Ir in the load admittance Yr may be written

The load current Ir' may be made equal to that of Is .m the circuit

of (b), and in Eq. 1-67, if

F'
r = E’T = ^ (1-69)
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(c)

Fig. 1-14. (a) An active network connected to a load Ztt‘, (b) the

same network converted to the voltage-source equivalent by Theve-

nin's theorem; (c) the current-source equivalent of (b).

and the circuits of (b) and (c) will then be equivalent. The current

/' may be recognized as the short-circuit current of the Thevenin’s

equivalent network of (b). If then the current output of the current

generator is given the value of Eq. 1-69, the current-source network

of (c), is shown equivalent to the Thevenin circuit and to the

original network.

Interchange of voltage and current sources by means of Thevenin’s

and Norton's theorems provides a powerful method of circuit

analysis. In such conversion, it should be noted that a voltage

source is removed from a circuit by short-circuiting its emf, whereas
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a current source is removed by opening its circuit. An example of

this use of the theorems is given in Fig. 1-15.

Starting with (a), the portion of the circuit to the left of the ter-

minals a, h may be transformed by Norton’s theorem to (b), Zi and

Fig. 1-15. (a) An active network; (b), (c) successive steps in reduction

of the network of (a) to a simplified equivalent.

Zi combined in parallel as admittances and the circuit to the left of

c, d changed back by Thevenin’s theorem to that of (c). One more
transformation by Norton’s theorem would give a current-source

circuit, from which the load voltage can be readily calculated.

In Fig. 1-12 (c), which was obtained through use of Thevenin’a
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theorem, the load voltage Er is given by-

Norton's theorem was used to obtain tlie equivalent circuit of Fig.

l-14(c), in which the load current Ir may be -written

It ma}"- be noted that these two equations are of identical mathe-

matical form, but one relates voltages and impedances, the other

currents and admittances. Thus the voltage-source and current-

source circuits are duals. This particular duality is often of great

importance.

1-12. The compensation theorem

Any impedance having an cmf across its terminals may be replaced

by a generator of zero internal impedance whose emf is at every instant

equal to the emf across the impedance.

A circuit equation, such as

is sinaply a summation of emf’s. For the purposes of the equation,

it makes no difference whether an emf is produced by a flow of cur-

rent through an impedance or by action of a generator. In fact, in

transient studies, inductances and capacitances become ,energy

sources or generators. The theorem is therefore apparent.

The theorem applies equally well to the effect produced on the

network currents b}*^ a change AZ in the impedance of a network

branch. The effect of this AZ change on the currents may be found

by replacing AZ with a generator of emf — /AZ, where I is the

original current which flowed in the branch. Some authors restrict

the compensation theorem to this form relating to AZ changes.

The form stated above as a theorem is beUeved to be more useful

although less general in form.
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1-13. The maximum power-transfer theorem

Maximum 'power will he delivered hy a network to an impedance

Zr if the impedance of Zr is the conjugate of the impedance Z' of the

network, measured looking hack into the terminals of the network.

A corollary to the above theorem states:

If only the absolute magnitude and not the angle of Zr may he

varied, then the greatest power output 'will he delivered from the network

if the absolute magnitude of Zr is made equal to the absolute magnitude

of Z'.

The amount of power delivered by matching magnitudes under

the corollary will be somewhat less than the amount possible if both

magnitude and angle are adjusted to the conjugate condition called

for by the theorem. Measurement of Z' is, of course, made with all

generator emf’s removed, but not their impedances.

Actually, the network or generator may not be capable of supply-

ing the maximum possible power to the conjugate impedance
specified above vnthout overheating of the generator or network.

Thus it is not always physically possible to use the ideal conjugate

load, a higher impedance load being required to avoid burnout or

damage. Hence there are two limiting factors on the maximum
possible power which may be obtained from a given source: first,

the limitation fixed by reason of overheating or damage; and second,

the adjustment of the load to achieve a conjugate impedance.
The ordinary d-c generator is usually limited in output due to

heating; in vacuum-tube amplifiers the conjugate condition may be

readily achieved under certain

operating conditions, whereas

under other conditions heating

becomes the limiting factor and
a matched conjugate load cannot

be used.

The theorem may be readily

proved. Any linear network con-

taining energy sources may be

reduced by Thevenin’s theorem

to that of Fig. 1-16. If the load

Zr = Rr + jXn and the internal

impedance Z' — R' jX', then the current I flowing in the circuit

AAAr

b

Fig. 1-16. A voltage-source equiv-

alent of any active network connected

to a load Zr.
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/ =
(Rn + R') + X')

The power then delivered to the load is

(E'r-R>:P =
(iZs + RT- + (Xb + xr-

Maximizing this expression with respect to Xr leads to

dP _ -2(EyRR(XR + X')

dXR [(/eK -f R')- + (Xr -f X')=]=

from which Xr -f- X' = 0

= 0

29

(1-70)

(1-71)

Therefore the condition for maximum power, when reactance only

is varied, is reached when
Xr = -X' (1-72)

or the reactance of the load is of opposite sign to the reactance of the

source network.

If the condition of Eq. 1-72 is substituted in Eq. 1-71, the e.\pres-

sion for power in the load becomes

(EVRn
(Rb -f- RV

Maximizing this expression with respect to Rr gives

dP {E'y(RR + RT- - 2{ETR^{Rn + R') _ ^
BRr {Rr + RT

{ET{Rr + R') - 2{ETRb = 0

Assuming Xr to have been adjusted to equal —X', then the con-

dition for maximum power delivered, if Er is varied, is derived

from the equation above:

Rr = R' (1-73)

Thus for a network of internal impedance Z' = R' + jX' to deliver

the greatest possible power output with internal heating neglected,

the terminating impedance Zr should be the conjugate of the inter-

nal impedance, or

ZR = R'-jX' (1-74)
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Proof of the corollary to the theorem may be easily established if

Eq. 1-71 for the power delivered to the load be written

P =
(E')-\Zr\ cos 6

(R' -h \Zn\ cos ey- -!- (X' 4- \Zn\ sin 0)=
(1-75)

This expression may be maximized rvith respect to \Zr\, after w'hich

some simplification pves

{R'y -}- {X’y - )X*p{sin" 0 + cos= 0) = 0

IZrI^ = (R'y + (x')^

= m (1-76)

Therefore, if the angle of the load impedance cannot be altered, the

magnitude of the load impedance should be made equal to the

magnitude of the network impedance to obtain from the network

the greatest amount of power, again -with internal heating given no

consideration.

It should be observed that under the condition of conjugate

impedances the power delivered to the load is

= Y\2Rr/
Rf,

(E’y
(1-77)

Since Rr = R', the power lost in the internal generator or network

resistance is equal to the power delivered to the load, and the power

efficiency is only 50 per cent. Where the cost of installed generating

equipment is very large compared with the cost of the input energy,

obtaining the greatest possible power output per unit of equipment
is more important than the efficiency of energy utilization. This

may occur in telephone and radio S3'stems. In power systems

operating at constant voltage it is not possible to use matched
impedances, since variation of the load is the usual means for

setting the power demand, and efficiency is economicallj' important.

1-14. Driving-point impedance,- transfer impedance

Any four-terminal network and connected load Zr is specified a.s

to performance if we know three of the four quantities /), h, Ei, and

Ei. Such a network and load may be represented by an equivalent

as in (b). Fig. 1-17. The input and output currents and voltages may
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be used to define certain terms that have been found useful in net-

work analysis.

The ratio of Ei to lu or the impedance seen by the generator at

the terminals a,h, with all other generator emf’s removed, is called

—
1

1

^
0

Network

b

Zr|

Rg. 1-17. (ft) A network nnd load; (b) the network of (a) replaced

with its equivalent T network.

the input or driving-poinl impedance Zi \„ at the terminals a,h. Its

reciprocal is known as the driidng-point admittance Fuo. For (b),

Fig. 1-17, the value of Zi i„ is

Z2 ia Zi +
Z^{Z, + Zn)

Z: -j- Z3 -h Zrt
(1-78)

In general, the ratio of voltage to current in the yth mesh, or the

impedance seen by a test generator inserted in the mesh, is called

Zj\n*

The transfer impedance has been previously defined in Section 1-9

as the ratio of voltage applied in the jth mesh to the current fioving

in any other mesh k -vi^th all other emf’s removed, and is designated

Zvik- With bilateral impedances present, the principle of reciprocity

requires that the ratio of voltage Ej to current h be the same as the

ratio of voltage Ek to current Ij, or

Zrjk — Zrkj
^

(1-79)

The transfer admittance Yrju is the reciprocal of Erik-

The transfer impedance for the circuit of (b), Fig. 1-17, is

Zr\3
Z1Z2 Z2Z3 -f- ZzZi {Zi -{- Z^Zr

Zx
(1-SO)

The impedance measured around any mesh, with all other meshes

open-circuited, is called a mesh impedance. For the fcth mesh it
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bears the symbol Ztu. In the first mesh of the circuit of (b), the

mesh impedance is

Zi\ = Zi Zi

and in the second mesh,

Zi2 = Zi Zz -{• Zb

The mutual impedance between two meshes is defined as the ratio

' of the voltage introduced in one mesh by a current flowing in a second

mesh, to the current in the second mesh, with all meshes except the

second open-circuited. With the mesh current directions as speci-

fied in (b), the mutual impedance between meshes 1 and 2 would

be —Zz, since the voltage introduced in the second mesh, would

be —hZz, and the ratio of this to Ii would be —Zz. The negative

sign is determined by the oppositely assumed positive current

directions, additive current directions in the mutual impedance

resulting in a positive impedance. In general, the mutual impedance

between mesh j and mesh k is given by a symbol Zjt. For the

example above,

Zii = —Zz = Zzi

1-15. AUematins-cunent bridges (lattice network)

Alternating-current bridges are used for impedance measurement,

for frequency measurement, and occasionally for frequency-selective

circuits, as in the lattice and parallel-T networks.

A conventional bridge is showndn Fig. 1-18, and at balance

Zi _ Zz

Zz Zx

Fig. 1-18. An alternating-current Fig. 1-19. The Maxwell bridge for in-

bridge. ductance and capacity measurements.
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It is customary to design the bridge mth the Zi and arms as

knowm resistors, or

\Zi\Z.6i = Ri

Then the balance conditions become

R\ _ \Zi\Z0z _ Rj -j- jXj

Rs [ZxlZBx Rx -h jXx

which requires that 63 be made equal to Ox so that

Thus

^ ,X3
, ,Xx

tan
>^ = tan-»

Rx Xx

^3 Rx

(1-82)

(1-83)

is a condition which must be attained before final balance according

to Eq. 1-82 can be obtained. The additional adjustments required

to achieve the equality of the phase angles of the unknown and

standard arms make the balancing of an impedance bridge some-

what more difficult than a simple d-c resistance bridge.

Although a pair of headphones is shown as the indicator of unbal-

ance in Fig. 1-18, it is more common to use a cathode-ray oscillo-

graph and its associated amplifiers. Grounding of the bridge at some
point is always ad^dsable.

A specialized form of the above bridge shown in Fig. 1-19, known
as the Maxwell bridge, is useful for measuring either inductance or

capacitance. The usual balance relations are

Z3 Zz

and in this case

—jRi/ojO 122

Rzlfii — j/o)G} Ri jaiL

—jRiRi
,
RiL r> 7> T> jRtR'3

-f = RiRzRz -

Equating the real and the imaginary terms,

RlL -n r, r, RlRi RiRz

(1-84)
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If L and its resistance Ri are the unknowns, then

L = RJtiC

RiRz
Rf —

Ri

(1-85)

(1-86)

w'hereas if C and its shunting resistance Ri are the unknowns, then

L
C -

Ri =

RzRz

RiRz

“ET

(1-87)

(1-88)

The units of L, C, and R are the henry, farad, and ohm, respectively.

A form of circuitused to meas-

ure frequency is the Wien bridge

of Eig. 1-20. The balance con-

ditions for this circuit are

—RjuCz/jRz _ Rz

Fig. 1-20. The Wien bridge for meas

urement of frequency.

Rz ~ j/oiCz Ri — j/uCi

Then

r> r» 7^^ _ RzRz

uCi 1 juRzCz

osCiR\R% — jRi “k jw-RiRsCaR-tCi coRiRaCs = wC^R^Rs

from which

From the real terms,

u^RzGzRiCi — 1

/=! /ZXZ
•' 2-K^RzCzRiCi

Cz^Rz_^
C4 Ri R3

(1-89)

(1-90)

can be obtained as the second condition of balance. If the bridge is

designed so that

Cz __ Ri _ .

Ci~ Wz~ ^

— 9
Rx

and
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then Eq. 1-90 is fulfilled and the equation for the frequency of

balance becomes

1
f = (1-91)

2,TrRzCz

By switching fixed values of Cz and into the circuit and ganging

Rz and Ra on a common shaft, the measurement of an unknown
frequenc3' becomes simple.

1-16. Sensitivity in bridge measurements

The design of a bridge circuit is made with consideration of the

magnitude of the element or unknown to

be measured, the type of detecting or un-

balance-indicating element, and by deter-

mination of the sensitivity or voltage avail-

able at the detector terminals for S change

in the unknown arm or element. It is usu-

ally desired that the sensitivity be as large

as possible.

If the bridge circuit of Fig. 1-21 is initially

in balance, then E, —
0, and

I -

1

If the unknown is the Zi arm, and Zi is

changed by a small variation 8toZi + 8Zi,

the currents are

E

Fig. 1-21. Bridge measure-

ments of Z\.

h =

h =

Zi -]- 5Zi -]- Zz

E
Zz -f Za

and with the detector terminals open,

E^ — I\(^Z\ -f- 8Z^ — ^zEz

E, Zi -f- SZi Zz

n .^1 -f- SZi -h Zz Zz -}- Za

which, in view of Eq. 1-92, reduces to

E, BZiZa



36 NETWORK TRANSFORMATIONS [§1-16

after neglecting hZ\ in relation to 2'i Z3 in the denominator.,

If the arms are related to each other as

then

and

Zz "h Zi 1

1

= 1 + 0
,

j

\ Zi Zz

- 1 1

P. - - 8B 5a

(1 -f a)(l + 1/a) (1 -1- 0)2
E (1-93)

The sensitivity or unbalance voltage E, is a function of the ratio

of the bridge elements a, and may be maximized "with respect to

this ratio as

dE, ^ S[(l -h 0)2 - 2(1 -f a)a]E

da (1 o)^

from which the optimum value is

0=1

The impedance ratios and \Z-ilZ/\ should therefore approx-

imate unity, or an equal-arm bridge is desired, for maximum
sensitivity.

The above analysis has been made under the assumption of a
fixed applied voltage E. However, for a detector of infinite imped-
ance, such as a vacuum-tube amplifier; increased sensitivity may be
obtained by increasing E, at the same time incrt;asing Z3, so that Ii

is constant, or the power input to the unknown Zi is constant to

prevent overheating. Since E. is multiplied by E, the sensitivity

increases due to increase of E, but decreases due to departure of the

ratio Zi/Zz = a from unity. While infinite E and infinite Zi/Zz
will then give the greatest sensitivity, practical values of Zi/Zz =
0.2 will give an increase in sensitivity of about three times that at

0 = 1 .

If the detector has a finite impedance and requires power for

operation, the maximum power output to the detector will occur
with matched impedances. With negligible impedance in the source

E, the input impedance at the detector terminals is
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and for equal arms, Z-,n is equal to the impedance of a single arm,

this then being the optimum value for the detector impedance.

1-17. The parallel-T network

Two symmetrical T networks, having Zi and Zi arms equal, as

shown in (a). Fig. 1-22, may be connected in parallel; and if the

(c)

1

Kg. 1-22. (a) The parallel-T network; (b) one of the T networks and

its equivalent x; (c) the second T network and its equivalent *•.

reactances and resistances are properly chosen, these networks

may be used to balance out or reject a particular frequency. The

two T networks may be considered individually and changed to

equivalent x circuits, as at (b) and (c). The branch impedances will
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then be

ZlA = Hi

ZiB — Ri Hi "{~

Zic — Rs —

jXz(Ri Ri)

Rz

jRiRi

Xz

jXzjRi + Rd
Ri

^ -Rs(Xi + Xo)
/>2A = V

A2

Z^B = - j(Xi + X,)

Zzc —

Rz

RziXi + X2)

Xi
-3X2

(1-95)

(1-96)

where the reactances (X) refer to the capacitances having the same

subscripts.

The IT networks may then be placed in parallel, resulting in one ir

section having

Za

Ri ~ jXz

+ 7^3
1

rZi + XA'
^ ^2 J\

-3 [xi -f X3 J

(l-97a)

Zb

Zc

^ 3

— - i(Xi X2)

T> 1 D ^1^2
[El + R2-

J
+ j

R1R2 ..r -i)-A 1 A 2A3

(l-97b)

Ri — jXz j ("it

Rz + Rz(^
Xi Xo^

)
1

-3
^

(1-97C)

Balance or zero transmission can be achieved if Za = 0, Zc = 0,
<

"

Zb = infinity. Elements Za and Zc can be zero only if their denomi-

nators are infinite, which is impossible with ordinary circuit ele-

ments. The element Zb can be infinite, however, if its denominator
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is zero, or

(Ri = X 1X2 (1-98)

(Xi X2)X2 = R 1R2 (1-99)

These are the balance conditions for the parallel-T circuit. If

Ri = Ri and Xi = Xg, the frequency at wliich balance or zero

transmission occurs is

^ yl2RiR3Ci^
(1-100)

Values for Ri, Rg, Ci, and C; may be assumed, after which Eqs.

1-99 and 1-100 may be used to obtain R3 and C3.

The search for factors that maj' cause an expression to go to

zero or infinity at some frequency is an important part of the study

of network performance.

1-18. Matrices and determinants

For a general network such as Fig. 1-23, with the mesh currents

as shown, the three mesh equations may be written

E = {Zi + Z3)Ii — Z3/2

0 = —Zgh -}- {Zg Z3 Zt)Ig — ZJ3

0 = —Zilg -f- (2^4 -J- 2^5)73

The coefficients of the currents in these circuit equations may be

written in the form

(Zi -f- Z^, 0

[2] = -Z3, {Zg + Z3 + Z4), ~Zi (1
-101 )

0, — (E* + Zs)_

This form is called the ivipcdancc matrix of the network in Fig. 1-23.

A matrix is an ordered rectangular array of numbers. It is

denoted b3
’^ being enclosed in brackets, as [Z], may have anj' number

m rows of real or complex numbers arranged in n columns, and is

not necessarilj' square (or m is not necessarilj’- equal to n). It is

possible, however, to make any matrix square by inserting rows

or columns of zeros. For bilateral circuits where Zryit = Ztic, the
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impedance matrix is symmetric about the principal diagonal from

upper left to lower right.

Matrix 1-101 may be simplified by observation. It may be noted

that the term (2^i Zs) is the

first mesh impedance Zn, the

t-erm (Zj -f Zj -f Z4) is the sec-

ond mesh impedance Z22, and

(Z4 -f Z5) is the impedance of

the third mesh Z33 . Also, (—

Z

3)

is the mutual impedance Z12 be-

tween meshes 1 and 2, and (—£*)
is the mutual impedance Z23 be-

tween meshes 2 and 3. Since

there are no mutual impedances between meshes 1 and 3 zeros are

written in the 1, 3 and 3, 1 positions of the matrix. Matrix 1-101 may
then be written

Z| Zz Z5

Fig. 1-23. A three-mesh network.

llj ^It, 0

Z22, Z23

0, Z23, Z33

(1-102)

By use of this form the impedance matrix for any circuit of any
number of meshes can be written directly by inspection of the cir-

cuit, without first writing the mesh equations. It may be noted

that the mutual-impedance terms are positive if the assumed
positive currents flow in the same direction through the mutual
impedance. The mutual-impedance terms will be negative if the

assumed positive currents flow in opposite directions through the

impedance. To systematize writing the mutual terms, it is advisable

to assume the reference current directions always the same, that is,

all clockrvise or all counterclockwise. It is also desirable to arrange

the current paths so that only one current flows through each emf.
The original mesh equations may then be written

[jE] = [Z][/] or S =

where [£] and [I] indicate column matrices

[£] =
e'

0

'll

h
.0. Ih.

(1-103)
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• An admittance matrix may also be written from inspection of the
circuit, and for Fig. 1-24 would be

Y,+ Y, + Y,, -Y, 1

-Y„ Y,+ Y,+ Y,}

since the node-voltage equations are

(Fi -f- Y,)E^ + Y^(Er - E,) = A

F2(£i - £2)
- Y^E^ - Y^E. = 0

(1-104)

It can be seen that the Fn position is taken by the sum of the

admittances connected to node 1, the F12 = F21 positions are

Fig. 1-24. Admittance equivalent of circuit in Fig. 1-23.

occupied by the negative of the admittance joining nodes 1 and 2,

(for the indicated current directions), and the F22 position is taken

by the sum of the admittances connected to node 2. The matrix

equation would then be

[F][£] = [i] or (ys =

where [£] = [^‘], [Z] =

The matrix impedances may be further interpreted as

Zii ~ Ei/Ii with Ij = 0, Z12 ~ Ei/Ig with A = 0

F22 — Eg/Ig with A ~ 0, Z21 ~ Eg/Ji with A ~ 0

the current and voltage conventions being as in Fig. 1-25. These

impedances are then for the open-circuit condition.
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The admittance matrix can be interpreted in a similar manner as

Til — Iii^i witii ^2 “ Oj ^12 — with El — 0

7,2 = h/Ei with El = 0, K-i = h/Ei with £2 = 0

and these admittances are for the short-circuit condition.

A determinant is a number associated with a square matrix of n

rows and n columns. This determinant, as a number, serves much
the same purpose in matrix algebra

as does the absolute value of (a -f jh)

in complex algebra. It is unfortu-

nate that the term “determinant”

is often used to mean both an array

and a number associated with that

array. The determinant of a matrix

Fig. 1-25. Voltage and current can be written as d\Z\ or A,

conventions. where

d[Z\ (1-105)

The true determinant is an expansion of the array, and its expanded

form consists of all the terms that can be made, each containing n
factors, one factor taken from each column in order, but no two from

the same row*. The assignment of signs to the terms wall be explained

later. Thus

A. = ^11) ^12

t

•
2^211 ^22

and for a third-order determinant.

— Z11Z22 — Z21Z1Z (1-106)

’ll) 2
^

12 , Zlz

21 ,
Z22 ,

2*23 — — ZilZzzZoZ —
'31, Z32 , 233 "i~ -2^21^32^13 ~ ZziZo^ZiZ “1” ZZ 1Z12Z2 Z (1-107)

For the third-order determinant there. are six terms, or 31; and for

the nth-order determinant there will be n! terms.

The normal order of the subscripts is 1, 2, 3, . . . ,
n, each number

being less than those following. For the third-order determinant,
the normal order is 1, 2. 3. If the factors are chosen successively

from each column as specified above, the second subscripts of each

term will be in the normal order.
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After checking for normal order of the second subscripts of each

term, the signs of the terms may be determined by the smallest

number of interchanges of the first subscripts needed to bring the

first subscripts into the normal order. If the first subscripts appear

as 3, then two interchanges are needed, namely, 3 over 1 and

3 over 2. If the subscripts appear as 1, 3, 2, one interchange is

needed, 3 over 2. The sign of a term in a determinant is plus if

an even number of interchanges are needed to restore the normal

order, minus if an odd number of interchanges are needed. The,

signs of the terms in Eq. 1-107 ma}"^ be checked by this rule.

Because of the sj'^stematic procedures possible when matrices

are used in network analysis, further study will be given to them

here. It should be emphasized, however, that the matrix method

is only a tool, and not a new method of analysis. It is an orderly

manner of presenting the data for a network, and separates the

independent and dependent variables and the impedances or admit-

tances, so that each may be operated on and studied separately.

1 -19. Matrix manipulation

Certain rules are necessary for arithmetic manipulation of

matrices. Two matrices may be added term by term as

a

Then a -b (B

jan 015
j

|_Q31 O22J*

=
[osi

ffi = bu b

621 b

H“ fill, fli2 "b fi

"b bsi, 022 "b fi;

12

12

22.
(1-108)

A matrix maj’’ be stiblraclcd from another by giving each term a

negative sign and adding.

Two matrices must be multiplied by a special rule. To form the

Cr, term of the product matrix, the rth row of the first matrix is

multiplied term by term with the sth column of the second matrix,

and the terms added. That is, anj*^ term c„ is given by
n

Crs ~ 'y, Orlfijt,

where n = number of rows of a = number of columns of ffi. As an

example

(j X ffi
= (^nbsi, Oiifii2 -b 0126221

Lo2ifiii "b 022621, 021612 "b O22622J
(1-109)
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Multiplication is not commutative, or

a® 5^ ®a

and the order of multiplication must be preserved. Multiplication

is associative and distributive, or

a(ffi -b e) = a® -}- ee

a(®e) = a®(e)

Division does not exist for matrices; however, the inverse operation

takes its place. That is, if

8 = then 4 = Z-^S (1-110)

where Z~* is the inverse of Z and has the dimensions of admittance.

The inverse of a matrix is another matrix of the same order. If e
is the inverse of ®, then the terms of 6 are

_ cofactor of h,r

determinant of ffi

A cofactor is a determinant obtained from ® by striking out a row

and a column, giving a determinant of lower order by one. The sign

to be used is fixed by (
— 1)*^*, where r and s are the numbers of the

row and column omitted. Thus the inverse of matrix a

022

Aa

—O21

Aa 1 022 — 021

— Oi2 Oil Aa — O12 On
Aa. Aa

(1
-111)

An inverse matrix exists only if Ao is not zero.

The transpose is another matrix formed from a first by inter-

change of rows and columns. Thus

011

012

C21

O22 (1
-112)

1-20. Network calculations using matrices

A single two-mesh circuit, as in Fig. 1-26, may be chosen to

illustrate matrix circuit calculations. The mesh equations may be

written

E= iZx + Z^)h - ZJi

0 = ~ZiIi {Zi Zz-\- Z]t)Ii

(1-113)
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Zr

The impedance matrix [Z] = Z wll then be

(Z, + 1

—^3, (^2 -{- Z3 -j- Z^\

SO that Eq. (1-113) may be written

Z| Zg

Fig. 1-26. A two-mesh network.

S = 2a

the script symbols indicating matrices as before. The circuit may
be solved by conventional substitution methods, giving for the

currents:

r = (^2 + Z3 + Zn)E
^ Z1Z2 -f- Z2Z3 -b Z3Z1 -b {Zi “b Z^Zr

j ^

^

° Z\Z2 -b ^2^3 + ^3^1 + {Zi -b Zz)Zr

The determinant of Z may be written

A. = (Zi -b Z3){Z3 + Z3 + Z^ - Z{-

= ^1^2 "b .^22^3 + ZzZi "b (Zi -b Z^Zr

(1-114)

(1-115)

(1-116)

and it may be noted that this determinant is the denominator in

the expressions for each of the currents /i and h. After some further

experimentation, it might be discovered that if the first column of

the matrix be replaced by the left-hand side or the voltages of

Eq. 1-113, then a determinant

Ai =
E,

0
,

-Z3

Zj + ^3 + Zr
{Zi + Z3 + Zr)E (1-117)

is formed, and this deterim'nant is the numerator of the expression

for h in Eq. 1-114. Likewise, if a matrix is formed by replacing the



network transformations [§1-2046

second column of Z wth the 8 column matrix, then a determinant

Aa =
Z^-YZz, E
-Zz, 0

ZzF (1-118)

is formed, and this is the numerator for the h expression.

From these observations, if E is to be solved for:

1. Write the determinant A,, formed by replacing the rth column

with the mesh voltage column.

2. Divide Ar by the matrix determinant At.

The solution may be written

Ir (1-119)

for any current. Voltages in the node method follow by analogy.

It is frequently desired to find the input or driving-point imped-

ance of a circuit. By inspection of Fig. 1-26, the input impedance

Zi in of the first mesh is

Zl in = Z\ -\-
ZzjZz -h Zjt)

Zz -{ Zz Zji

ZxZz -b ZzZz + ZzZz -F (Zl -h Zz)Zn

Zz -f- Zz Zr

At

Zz -f Zz Zr (1
-120)

It may be discovered that the denominator consists of the deter-

minant of Z with the first row and first column deleted. This is

called An and may be recognized as the cofactor of the 1,1 term of

A. Then

and that of the rth mesh

^rin = ^ (1-121)

Thus:

To find the driving point impedance of the fth mesh, divide the

determinant At by the cofactor of the r,r term.

This operation saves considerable labor for networks of many
meshes.
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It might be suspected that a similar rule would apply for the

transfer impedance Zr. This is true, and a transfer impedance
may be written

= ^(-1)-^' (1-122)

or

To find the transfer impedance between the rth and sth meshes,

divide A; by the cofacior of (he r,s term. The result is multiplied by

(— l)"^' to provide the appropriate sign.

Networks of various configurations are frequently cascaded,

one following another, and the performance or response of the

whole chain is desired. For this purpose another form of circuit

matrix is useful. Referring again to the conventions of current and

voltage of Fig. 1-25, equations for a T network may be written

E, = (7, + Z,)I, -b Z,h (1-123)

E, = Zsh + (E. + Zi)h (1-124)

Solving Eq. (1-124) for Ii gives

, Ei Zi Zi j
“

Zi 73

and upon substitution in Eq. (1-123) there results

^ 7i -f- T’s ^ ^i7^2 + 7273 -f- ZjZi ,
ill == il2 ^ i2

^3 ^3

Rewriting the last two equations in matrix form gives

(1-125)

the minus sign being transferred to /«. The above form of matrix

of Eq. (1-125) for a network is sometimes called an a matrix. In

power work it is frequently referred to as an A, B, C, D matrix,

where
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where the coefficients A, B, C, D can be seen to have the general

values for any network, of

and where Az = ZuZ^ ~ Z^-. Equation 1-126 is useful as an

expression relating input and output quantities, and further dis-

cussion will occur in Chapter 8.

Consider the three cascaded networks in Fig. 1-27 (a), whose

(0)

iU

1

3, Jez
1

*

Est
O-'-

|E4
o

(bl

^*0

4^
r 'i

V f
0

I t

1

I'l^

1 1

14! f

[
Eat CM

1

(c)

Fig. 1-27. Connection of networks.

matrices are of the form of Eq. 1-125 and are designated fli, ftzj

and 0,3 . The individual network relations can be expressed as

r ~
I 7 ’ T — ®2 j > j

= Oz jL ^ij L—'zj L L L~'‘6j

It may be noted from the circuit that

r Ez] ^ [Ezl r Ei] _ fJEs'

L/aj L-aJ [/b.
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K( the cftnih!nf<i tnatrix t’^juntion f**; thf> ise*',tc'ttr {'

jihnpK* ohlninwi by .•'’sh- tilsuiorj r>.':

(I-

Thu« the a mntrix fnr thf* raJ-T.Th'’} n‘'!v.urk !; th.f' pnvhsrf. r-J tj!/*

indivifliinl Cl nirstn><-^. Thi-', is n rori'-:<!<>r.';h?e K-iwr r>f tjrr/’ in rs'-:-

work rsiislyhi-’.

Sene'! cn:’.!ieete<i netvnrk.s r."' in Fi;:. 1-27(1*! e.r** .iF;! fx'.i'y

hniu51e<i. F'lriR tiio Z nietrires for Uif i-.erwork?', of tii*’ fonn of

Ivq. J-102, then

From tlic eirniil

E, - E, -f E,, /, - /,

E, - Et -4- E„ /, - /,

po tJiftt nd'iithm of the network matrix e-jentjo;:!* vie!'!?

E. 7;
- [Z, -f Z:]

/;
(1-1 2.R)

a* the matrix eqv.ntJons for the tv.o !!etr-<!rk« in rer'ii"*.

Xetwitrks may l>e place. ! in parnlhl .v* in Fiir. I -27(e). The
indiviiitinl netv. ork e-iuntion*-. urin;: ”}) matrices of the form of

Fq. I -10! are

Fforn the rlnnsit

l, - /, E‘ Et

/. » /, ri /.. E, - F.

? “A .’1 ^ »! *
i I ^ *•7 fc*.' t i 1 1 ( X » y V

“ rriatri-'cs yj-

f /"S

V
o

: 3

(1-12^4

*5:** t' '.h' C •!:<- trial!' C-sh*.!!-.- h'c*w-<vr! jr;p'.:* fiiH)

f.r^- iu pr.r.ril'h
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Many additional methods of systematizing network analysis

through use of matrix algebra exist.

PROBLEMS

1-1. (a) By use of computed values of the external measured

impedances, reduce the networks of Fig. 1-28 to equivalent T
networks.

Fig. 1-28 .

(b) Change the T networks of (a) to tt networks.

1-2. By successive use of T-to-x transformations, or mce versa,

convert the networks of Fig. 1-28 to equivalent tt networks.

1-3. Convert the networks of Fig. 1-29 to T and tt equivalent

circuits.

1-4. (a) By use of superposition find the current output of each

generator of Fig. 1-30, assuming their voltages to be in phase.

(b) Repeat if the 2-v generator lags the 1-v generator by 60°.

1-5. A certain network, including a generator, has an open-

circuit voltage of 125 v, and on short circuit produces a current of

5.59 amp. When a 10-ohm resistive load is connected, the current is

4.41 amp. By Thevenin's theorem, find an equivalent voltage-

source circuit for the network. How could the sign of the reactance

be determined?

1-6. Solve the network of Fig. 1-30 bj' node voltages, to obtain

the voltages across the j20 impedances directly.
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(d) Convert the circuit to a current-source equivalent and show

that the same value of power is delivered to the matching load.

1-9. (a) What load is needed to obtain maximum power output

of the terminals of the network of Fig. 1-31(b)?

(b) With the load determined for (a), what mU be the generator

current, load current, the power generated, and the power delivered

to the load?

(c) Considering efficiency as the ratio of the power in the load

to the power generated, what is the efficiency in (b) ?

1-10. A resistance, variable between 0 and 500 ohms, is available

for use as a load on the network of (b). Fig. 1-31.

(a) At what value of resistance should it be set to develop maxi-

mum possible power in the resistor?

(b) How much power will be developed?

(c) Plot a curve of power output vs. resistance load, showing

that the selected value of resistance does develop maximum power.

1-11. If the measurements made on a box enclosing a network

having four terminals are

-Z’loc = 40/0^

= 20.3 /29.8°

and it is known that the netwnrk is symmetrical, or Zj = Zz of the

equivalent T section, find the values for the equivalent T network

and draw the circuit.

1-12. A box containing impedances has the following measure-

ments made at 60 c:

Zi« = 60 -i- jO, Zz^ = 40 -f j20, Z1.0 = 50 + j20

Construct the equivalent tt network.

1-13. By successive exchange of current-source and voltage-

source equivalent circuits, simplify the circuit of Fig. 1-30 to a series

circuit and compute the current flowing in the —jlO impedance.

1-14. (a) If the network is short-circuited at the output ter-

minals, compute the driving-point impedance of the generator

mesh of the circuit of (b), Fig. 1-32.

(b) Find the transfer impedance between meshes 1 and 2; between

meshes 1 and 3.
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(f) Find tht' irnp'vJnnrf' {K'f.vcc.'i ol' t!;"

1-16. If thr- »!'*’v.iirk nf h flvirt-cirniit'-d, '.vris*' thf

A nintrix I.iy in-ip'-rtion. Folvc U’T l5i<; rtim'ni in ihr; ihird

inr-d’.,

1-lG. Writ*' th*’ ndrnittnnrf matrix of Fift. )-ft2(Ii) hy jn'p*“'*.ior!,

if tlio riri'ttl* h< fliort-r-irniit^xl. Find th*? potonti.'t! .ncrtjt-.'? tl-.c —,030

ohm jmp'xi.'inrc.

too too oia

Ki'i:. l-o?.

1-17. Draw ih'' dual of ih'' cirmit »'f Fir;. I'Hlf.’i!.

1-18. }ty nf lh<‘ imj'Hn.'jf*'’ matrix ruination'' for Fift. !-^I(h),

rrplr.*^' all ns<~<i vnltajto.i hy hraurl', current*, nH ir.f’*h (.'urrmt." by

vidtayr", fM imjv'-innro' by r.dmittanfTv;, rstni drr.v tin' dual

M .“jV'.'ifir'd, ir.diratir’j; branrii n3rr'''!it*- arid nodo'.

1-19, Frinit a c'.jrrr-.t f'y.itiv of ini»'rr..al r.df:i!ttar<« F f', provo

that nt-'orii mnxintttm |'.T.v<-r.

1*70, Th" Ofts^’or*? of Fitt. l-Cliv ftr»' rr-nr-'x-t^d in r.v-".'.'!'', V/rito

t5';f r.a*-"'.'.'.!''! imjv'- !a;',.r’r< matrix and t'.rd ms orprc" for Sh'*

Vottaf" fsi.’rt'-'.*. /„ at ojvrn r-Jejit..

i-7L Tio" nrlvtorFr of Ft?.. 1-33 itro ivanretf'd in pr.rA:!*!

ih**-

Writ<>
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Fig. 1-33.

1-22. Assuming generators of 10-v emf and zero internal im-

pedance connected to the 1,1 terminals and resistors of 25 ohms

connected to the 2,2 terminals of the circuits of Fig. l-i28, write the

impedance matrices by inspection.
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Chapter 2

RESONANCE

The property of cancellation of reactance when inductive and

capacitive reactances are in series, or cancellation of susceptance

when in parallel, has become known as resonance. Such cancellation

leads to operation of reactive circuits under unity power-factor con-

ditions, or with current and voltage in phase. Two types of reso-

nance are recognized: series-circuit resonance and parallel-circuit

resonance. The latter is sometimes referred to as antiresonance, to

afford a means of distinguishing between the two types.

The valuable properties of resonant circuits have long been

appreciated and are probably’' more frequentlj’’ emplo3’ed than any

other circuit propertj". Certain fundamental features and applica-

tions are discussed in this chapter, with other applications deferred

to Chapter 3.

2-1. Definition of Q, the factor of merit

Since inductive or capacitive reactances are essentiall}’^ energy-

storing devices, it is convenient to discover the efficiency with which

energy is stored and to compare various inductor or capacitor

designs in terms of that efficiencj'. As a measure of such efficiencj’', a

figure of merit, or Q, has been defined as

n _ 2- X
energ}’- stored per cycle

energ3' dissipated per C3mle

The maximum value of stored energ3" is present in an inductor

at maximum current, and is given b3’- L7m-/2. The average power
dissipated in the inductor, m terms of maximum current is /,„-i2,/2,

where R, is the series resistance of the inductor, as in Fig. 2-1 (a).

The energy dissipated per C3'cle is then Im-R,/2f. The definition

for the Q of an inductor then is

^ 2irLI„- _ 2irJL uL
^ ” LM7f ” r

“
'R,

55

(2-1)
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where Im is the maximum value of the current through the inductor

and resistor.

A capacitor is usually assumed as represented by a parallel circuit,

with its leakage resistance in shunt,

as in Fig. 2-l(b). The maximum
store'd energy may be computedfrom

capacitance C and the maximum ap-

plied voltage E„, and is CjB„®/2.

The average power lost in the re-

sistor is EJ^/2Rp. The value of Q is

defined for a capacitor as

II

( 0)

Fig. 2-1. Internal resistances

inductors and capacitors.

of Q
27rCEJ

E„yRpf
~ 2irfCRp — aCRp

(2-2)

where the same voltage E„ appears across both C and Rp*
When the factor Q is used as a figure of merit for a coil, it should

be coupled -with a statement of the frequency of measurement,

since the resistance does not usually vary directly -with frequency

and Q is a frequency-dependent function. Since the losses of usual

capacitors are so small, or Rp so high, Q values for capacitors are

large, and in resonant circuits the Q of the inductor is usually the

controlling factor. When the Q of a resonant circuit is stated, the

resonant frequency of the circuit is implied as that of the measurement.

The resistance of a coil and the value of Q are affected by the

size of wire, the diameter and length of the coil or its shape, and

whether the turns are closely wound or spaced. The material of the

form has a bearing on the effective resistance, since it is in the

field of the coil and subject to dielectric loss if not of efficient

insulating material at the frequency of operation. The dielectric

loss introduces an in-phase or resistive component into the coil

current. To prevent this loss many high-frequency coils are wound

to be almost self-supporting. The effect of losses in the form is

illustrated by curves 2 and 4 of Fig. 2-2, which are for coils of

identical wire size and approximately equal inductance. The coil

of 4 was wound on a low quality plastic form, whereas that of 2

was almost self-supporting. The effect of large wire is illustrated

* H is the series resistance of a capacitor, it may be converted to an

equivalent shunt resistance Rp by use of Rp = l'/R'(uC)\
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by curve. 1, and all curves illustrate to some extent the effect of

coil diameter in raising Q.

At low frequency os is low, so that the Q of a given coil is low. As

the frequency is increased, Q rises as a result of increasing os, but

at higher frequencies R increases more rapidly because of skin effect

Fig. 2-2. Variation of the Q of various coils as a function of frequency.

(1) L = 40 /ih; 3 in. diameter; No. 14 D.C.C. wire on thin bakelite

tube.

(2) L •= 91 /ih; 3 in. diameter; No. 24 S.C.C. wire, no form.

(3) L = 187 /xh; 2}in. diameter; No. 24 S.C.C. wire, bakelite form.

(4) L = 110 Mh; 2§ in. diameter; No. 24 S.C.C. wire, molded bakelite

form.

(6) L = 50 Mh; 1§ in. diameter; No. 26 D.C.C. wire, molded bakelite

form.

and dielectric loss, so that eventually Q drops. Thus the curves of Q
have a definite, but quite broad maximum at some frequency.

The Q of a coil may be raised by adding a core of a magnetic

material, usually in compressed powder form. By thus raising the

permeability the amount of tvire needed for a given inductance is

reduced, and if core material of low eddy and hysteresis loss is used,

the reduction of copper losses may be made greater than the increase

in core loss, thus raising Q.

While the losses in capacitors are usually small, they are still

affected by the type of dielectric used. Air has the lowest losses of



RESONANCE58 l§2-2

the materials frequeutly used, followed by polystyrene, mica, and

paper.

2-2. Series resonance

A series circuit of R, L, and C is shown in Fig. 2-3, driven by

a generator E. The resistance B includes generator resistance,

(o) (b)

Fig. 2-3. The series R, L, C circuit; (b) phasor diagram of the circuit

of (a), at resonance.

resistance of the inductor and capacitor, and any resistance intro-

duced into the circuit as a load.

A circuit equation may be written

= + (M)

Since resonance has been defined as operation of a reactive circuit at

unity power factor, then at the resonant frequency, Ur, the reactive

term of Eq. 2-3 must be zero, or

iOr^LC =1 (2-4)

from which the frequency of resonance, may be ootained for the

series circuit as

/r = 1
(2-5)

2yr y/LC

If the resonance condition given by Eq. 2-4 is inserted in the circuit

equation, then the value of the current at resonance, If, is

. E
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Fig. 2-4. Performance of a series R, L, C circuit as a frequency selector,

shown to be a function of circuit Q. The band width is 2S — 1/Q.

The current is seen to be limited solely by the circuit resistance R,

as defined above. If this resistance can be made small, the current

at resonance can rise to a very high value.

At resonance, the voltage developed across the inductance L'is

= jQE (2-7)

Likewise, the voltage across the capacitance C is

and since

Ec = —jQE (2-8)

^Dhere Q is that of the circuit at resonance. The voltages El and Ec are

seen to be equal in magnitude but opposite in sign, thus canceling,

so that the voltage impressed on the circuit need be only sufiBcient

to overcome the resistance drop, as is shovm in (b). Fig. 2-3. Since

Q is ordinarily a number considerably greater than unity, then the
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voltage developed across either L or C is larger than the source

voltage E by the factor Q, or the circuit is a voltage amplifier.

At frequencies below resonance, the capacitive reactance term

will exceed the inductive reactance and the circuit will appear as a

capacitive reactance of value (I/ojC — taL) in series with R. At

frequencies above resonance, the circuit will appear as an inductive

reactance of value (wL — l/wC) in series with R.

The impedance Z of the series circuit is

Z^R+3
'
(“^ -

and near resonance the reactive term involves the calculation of the

difference of two nearly equal numbers, so that accuracy is difficulty

to obtain, A transformation allows this situation to be avoided.

The expression for the impedance may be written

where u, is defined from Eq. 2-4 as

1

VI^ (2
-10)

Using this definition,

= - /?Rye (2-11)

and the impedance of the series circuit becomes

(2
-12)

A new variable d may be defined as

* _ / ~ /r W — «r
s — =

Jr Ur
(2-13)
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- = 1 -f 5
Wr

It can be seen that 5 is the fractional deviation of the actual frequency

from the resonant frequency. If 5 is introduced into Eq. 2-12, then

l+iQ(l + 5-5^5)

The binomial theorem may be used to expand 1/(1 -f 5) = (1

5)“h giving

(1 + 5)-' ^ 1 - 6 -f 5=

neglecting higher powers of 5, since 5 is always small with respect

to unity. Then
I = RII+ jQ5{2 - 5)] (2-14)

Equation 2-14 expresses the impedance of the series resonant

circuit for small deviaiiotisfrom the resonantfrequency, in a form well

suited to computation.

2-3 . Band width of the series-resonant circuit

Resonant circuits are often employed as frequency-selective

devices in which it is desired that the circuit respond to one fre-

quency, or a narrow band of frequencies, and have no response to all

other frequencies. How well a series-resonant circuit may perform

as a frequency selector is illustrated in Fig. 2-4, which shows the

circuit current as a function of frequency, near the point of reso-

nance. It may be noted that the circuit of low resistance or high Q
gives a more selective curve than that for the circuit of higher

resistance, although neither is ideal from the standpoint of complete

rejection of all frequencies except the desired one. It is convenient

to have a measure of the effectiveness with which a series-resonant

circuit selects a given frequency or band of frequencies and rejects

others, and this measure is supplied by the arbitrarily defined factor

band width. The band width or frequencj’- discrimination of a

resonant circuit is defined as the width of the resonant curve, in cycles,

at the frequency at which the power in the circuit is one-half the maxi-

mum power.

Actually the shape of resonance curve desired for many applica-

tions would be a rectangle, of desired band vddth across the top, and.
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with vertical sides falling to zero, thus securing perfect rejection of all

xmdesired frequencies. As will be shown later, special circuits may be

employed to approach more nearly this ideal shape than is possible

with the simple circuits discussed here. Bandwidth requirements

depend on the application, and in terms of cycles vary from one or

two hundred cycles in the audio frequencies for telegraph reception,

to band widths of many megacycles for reception of special types

of signals at very high radio frequencies.

If Ir is the current in the circuit at resonance, then at the half-

maximum-power point the power, in terms of the power at resonance,

is

Since It = B/R, then the current at the half-power point is

It _ _ E _ E
V2

“ ~
YJz

where “s/R^ + is the impedance of the circuit at the half-power

frequency. It is apparent that

V2R =

from which R = X (2-15)

and the resistance and reactance are equal at the half-power

frequencies.

The reactance and resistance may be found from Eq. 2-14 and

equated as

1 ~ Q5i/2(2 — Sj/s)

For most selective circuits the value of di/2 at the half power fre-

quencies is small with respect to 2, so that

1 = 2Q6j/2

The frequency deviation of each half-power point from resonance

will be ii/ 2 ,
so that the deviation between the two half-power fre-

quencies will be 26 i/2. Thus the band width B in cycles is

B - A/ = 25v2/r = ^
(2-16)
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for the series resonant circuit, where Q is that of the complete

circuit, including generator, inductor, and capacitor series resist-

ances plus that of an}"^ connected load.

Separating the effect of generator resistance R,, and circuit

resistance R' = i2„ii -f- Rhai, the band width may be written

(2-17)

It should be noted that since the impedance of a series circuit at

resonance is equal to the total resistance and should be small if the

circuit is to be selective (or have a small band wndth), series resonant

circuits should be used with voltage sources of low internal resist-

ance. This is desirable not only from the standpoint of matching

impedances for obtaining maximum power delivery but also from

the standpoint of obtaining good frequency selectivity, since the

generator resistance enters directly into the band-width expression.

If maximum power delivery is desired from the generator and
the generator resistance Rp is made equal to the circuit resistance

R' at resonance, then for matched conditions

Band width —
V

Band width furnishes a means of comparing the selectivity of

various circuit designs, as in Fig. 2-4. It should be noted that since

the curves are plotted in terms of w/wr, they are applicable for any
frequencj’’ range. This observation emphasizes the fact that band
width as defined is a percentage of the resonant frequenc3'’, and when
measured in cj’^cles becomes greater for increasing frequencies of

resonance. It can be seen that for the curve for Q = 31.4, the band
width as indicated bears out the relation

25 = 0.0318 — = i
bJr y

If Ur = 1000 kc, the frequency wddth to the half-power points is

31.8 kc, w'hereas if Ur = 10 me, the frequency ^dth to the half-

power points is 318 kc.
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2-4. Parallel resonance or antiresonance

The parallel or antiresonant form of reactive circuit is shown in

Fig. 2-5, connected to a generator of internal resistance Rg. The

capacitor C vdll usually have negligible resistance, so that R may

^9 a

\

\

i-

l'9
I

I

I

(b)

Fig. 2-5. (a) A parallel-connected R, L, C circuit; (b) phasor diagram

of (a) at antiresonance.

be considered the resistance of the inductor L plus any resistance

introduced as a load.

The admittance of the capacitive branch of the circuit is

Yc =

and that of the inductive branch is

R — juL
(2-18)

The total admittance of the antiresonant circuit to the right of the

terminals a,b, Fig. 2-5, is

^ ^ R^ + ^ (^R^ -f w-L"
”

For antiresonance, the circuit must have unity power factor, or the

j term must be zero. Setting the reactive term equal to zero at ua-.

gives

or ^2-20)

.
^

from which it is possible to solve for the frequency at which anti
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resonance occurs as

2- VlC

It may be seen that Eq. 2-21 is the expression for the resonant

frequenc3’- of the series circuit, modified by the usuallj' small term

R-JL- under the radical. It should be noted that resonance is

impossible for values of R that make R-/L- > 1/LC. This contrasts

wdth the series circuit, -which can be resonant or have unitj'- power

factor for all values of resistance present.

Equation 2-21 may be put into a useful form by rewriting as

follows:

and in ^dew of Eq. 2-11 for Q,

2s-‘\/z,C'\/^ Q-

where Q is that of the circuit to the right of the terminals a,b, at

antiresonance. Equation 2-22 shows that the antiresonant fre-

quency differs from that of a series resonant circuit -ttith the same
circuit elements only by the factor x/l — 1/Q-. If Q is greater

than 10, the error in neglecting the last radical of Eq. 2-22 is less

than 1 per cent. At the same time the radical shows that resonance

is not possible for circuits ^dth values of Q less than unity.

From Eq. 2-22 it may be found that

= 1 - ^ (2-23)

and the reactances of inductive and capacitive branches are not

quite equal at unity power factor resonance as thej^ were for the

series-resonant case. That is, at antiresonance

(2-24)

With the condition of unity power factor imposed, the admittance
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at antiresonance at the a,b terminals of Fig. 2-5 is

r ==
R

from which the antiresonant impedance is obtained as

ZaT — R
R^ +

R
(2-25)

= E + Qo^arL = R{1 d- Q2) (2-26)

and for circuits of high Q, the term Rar reduces to RQ^, and can be

high in value. Another expression for R^r is possible, by use of

Eq. 2-20 in Eq. 2-25, giving

Ror

L
CR

(2-27)

The latter expression indicates that the resonant resistance of the

circuit is a function of the L/C ratio chosen by the circuit designer

and that Rar can be made quite large if inductors of lonr resistance

are employed.

2-5. Conditions for maximum impedance

The conditions that lead to unity power-factor resonance may

not necessarily result in a circuit having the maximum possible

impedance. The latter condition is occasionally desirable.

The admittance of the parallel circuit may be written from Eq.

2-19 as

y __ R — j[uL — (j)C{R‘^ -f u^L^)] (n

The square of the absolute value of the admittance will be found to

reduce to

ly |2 = 1 - d- d-
(2,29)

and this expression may be minimized to find the conditions for

maximum impedance magnitude.

If the frequency or w is varied, Eq. 2-29 may be minimized with
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respect to w, giving

d|7|* -4a)LC'fi^ + 2uCm* + + 2a)^L^C'^ - 2mL^

d(i)

+ 2co=^

(72= + 6)=L2)2

1 272=

L=C= UC

= 0

-§-«

(=-30)

Thus the condition for maximum impedance with the frequency

variable is not quite the unity power factor condition of anti-

resonance, although it will reduce to that condition for 72 <3C L, or

for Q large.

If the frequency is held constant and the capacitance C is varied

to produce maximum impedance, Eq. 2-29 may be differentiated

vdth respect to C and minimized as

d\Y\‘ -oi-L + o>°-CR- -f

dC (72= + w=L=)=
"

from which 72= -b w=L= = ^ (2-31)

which is Eq. 2-20, and is the condition for -unity power factor

resonance, which will be simultaneous!}' obtained when capacitance

is varied for maximum impedance. This is the manner of tuning

much radio equipment.

If the inductance is varied to produce ipaximum impedance, then

d\Y\^

dL
(-2w=C'-b2co^LC=)(72=-f-a)=L=) -(1 -2w=LC'-l-w=C(E=-f a)=L=)]2co=L

(72=-f«=L=)=

= 0

which leads to u~UC — L — (772= = 0

and 03-LC = 1 ± Vl + 4w=c=72=

2
(2-32)

and this is not the value for usual antiresonance. Thus if L is

adjusted for maximum impedance the power factor will not be
unity.
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If Q is high, these conditions all approach unity power factor

resonance. However, all circuits do not have high Q, especially

those employed in the output circuits of radio transmitters, where

a resistive load is coupled into the circuit. Adjustment for maximum
impedance may then not lead to unity power factor for inductance

or frequency variation.

2-6. Currents in antiresonant circuits

.Vt antiresonance, the power delivered by the generator to the

circuit of Fig. 2-5 is

P = I,-Rar (2-33)

The power dissipated in the parallel circuit, assuming negligible

capacitor losses, is

P = Il-R '

(2-34)

and is equal to the power supplied by the generator, since there

are no other power-dissipating elements in the circuit. Equating the

input power to the power delivered gives

By use of Eq. 2-27,

(2-35)

and in view of the definition of Q — (1/P) \/L/C in Eq. 2-11, the

current magnitudes are related as

II = QI, (2-3G)

and the circuit is a current amplifier.

The voltage across the terminals a,b is equal to the voltage Ec
across the capacitor, and

Ec = I,Rar (2-37)

Since /c = warCPc, then

Ic

COarCPor
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Substitution in Eq. 2-35 leads to

~ = COar^CmRar = Ucr^LC

in view of Eq. 2-27. Use of Eq. 2-23 then gives

s - V*
-

This is the ratio of the magnitude of the current in the capacitive

branch to that in the inductive -branch, at unity power factor

resonance. The two currents are not quite equal if the resistance

is appreciable, approaching equality as R is decreased. This dis-

crepancy is shown in (b), Fig. 2-5, and results in a small value of

generator current. The higher the value of Q, the higher will Ic

and Ji, be, and the lower the generator current. At infinite Q,

currents Ic and Ii. vtU be infinite and Ig will be zero.

2-7. Impedance variation with frequency; universal resonance curves

To plot a curve of impedance or admittance of the antiresonant

circuit near resonance involves the computation of the difference

of two nearly equal large numbers in the reactance term (Eq. 2-19),

and many significant figures must be carried if calculations are

to be accurate. As for the series circuit, certain simplifications can

be made. The admittance expression of Eq. 2-19 can be written .

jcoL . (o^CL-+ R
ioCR

R~ -h
(2-39)

and it may be altered in form by again introducing 5 so that

OlL COarlj to

R R = 0(1 + S) (2-40)

so as to permit Q at the antiresonant frequency to be written for

uL/R when it appears. Also

tO=LC = C^ar^LC(l + 5)2 = (1 + sy
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by use of Eq. 2-23. Then Eq. 2-39 becomes

l§2-7

1 -jQ{l + 5) 1

Y =
(1 + 6)2

ii:[l + Q2(1 + 5)2]

Q2(i + 5)2j

(2-41)

In practice, Q- will usually be large with respect to unity, at least

if Q > 10, so that Eq. 2-41 simplifies to

1 - jQ(l + 5)[1 - (1 + 6)2]

RQHl 4- 6)2

from which the impedance may be written

RQ%1 + 5)2

1 + iQ6(l 4- 6) (2 4“ 6)

(2-42)

which is in a form better suited to computation than is Eq. 2-39.

No assumptions have been made other than Q > 10, and the expres-

sion is usable for any value of 6.

At antiresonance 5 = 0 and Eq. 2-42 reduces to

= Ril 4- Q^) ^ RQ^

so that the ratio of the impedance to that at antiresonance is

Z _ (14- 6)2

Zar 1 4-yQ5(l 4- 6)(2 4- 5)

Near antiresonance where 5 <5C 1, this reduces to

A - —J—

-

Z„ 14-i2Q6

(2-43)

(2-44)

The magnitude A and angle 0 of Eq. 2-44 may be plotted in

terms of the parameter Q5, as in Fig. 2-6. Thus plotted in terms of

the circuit Q and the frequency variation 6, the curves are universally

applicable to any antiresonant circuit, giving the impedance Z at

anj' small variation 5, in terms of Zar, the impedance at anti-

resonance. Likewise, the angle 6 of the impedance Z is given. For

negative values of 5 or for frequencies below antiresonance, the

angle 6 is positive or the circuit is inductive, whereas for positive 5

or frequencies above antiresonance the circuit becomes capacitive.

The variation of impedance magnitude and angle for any circuit
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Fig. 2-6. The universal resonance curve for antiresonant circuits,

plotted in terms of the function QS. The magnitude \ZIZa\, in terms
of impedance magnitude at resonance, and the angle of the impedance,
are shown for various Qh products.

can be readily plotted tvith values chosen from the curves illustrated

in Fig. 2-6.

2-8. Band width of antiresonant circuits

Figure 2-7 shows the curve of the capacitor voltage Ec plotted
against frequency for the case of a generator of zero internal resist-
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Fig. 2-7. Effect of generator resistance on frequency response of the

antiresonant circuit.

2-8. (a) Parallel, R, L, C circuit connected to a generator of

internal resistance (b), (c), (d) successive steps in reduction of (a)

to its series voltage-source equivalent at (e).
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ance connected to the a,b terminals of Fig. 2-5, and for the case of a
generator of 10,000 ohms internal resistance. It should be noted

that if frequency selectivity or discrimination is desired, a generator

having a liigh internal, r^istance must be used with the parallel

circuit. A high-resistance generator is also necessary if optimum
matching of impedances for maximum power output is to be

achieved.

From Fig. 2-7 it is obvious that the band width or selectivity of

the circuit is dependent on the value of connected generator resist-

ance Rg. An anatysis for the circuit band width, including the effect

of Rg, may be made from the circuit of Fig. 2-5, redrawn at (a).

Fig. 2-8. By the current-source theorem, the circuit of (a) may be

reduced to its equivalent at (b). Since all branches are now in

parallel, no change is made in any of the branch currents if the C
and Rg branches are interchanged in position as at (c). By The-

venin’s theorem for the voltage-source circuit, the circuit of (d) can

be drarni as equivalent to (c), considering the capacitor C as the

internal impedance of a new generator E'. The new voltage source

E' will have an emf of

dependent on frequency.

The circuit of (d) is then equivalent to the simple series form of

(e). Fig. 2-8, Avith circuit values as obtained below. Considering Rg

and the L,R branch in parallel, the equivalent impedance Zg is

Rg(_R -[- JwL) _ RgR -b jCtlLRg

Ifj -f- {Ro + B) -b juL

After rationalizing and collecting terms,

Z. = Rg~R -f- RgR^ -b RgO}"L~ -b jtl}LRg~

{Rg -b R)- + ^-L-

from which it can be seen that

Rg~R “b RgR~ "b Rg03~L~
ti, =

wL, =

{Rg "b R)" "b to'I/'

wLRg‘

{Rg -b Ry -b

(2^6)

(2-47)
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In Section 2-3 it has been shown that the hand width of a series

resonant circuit is given by the reciprocal of Q of the circuit. Figure

2-8(e) is a series circuit, equivalent to the parallel circuit of (a), so

that the band width should be proportionaHo the reciprocal of Q of

the circuit of (e). The value of Q is

Q = wLe

Re + R-Ro +

The band width then is

u
A/ — /a — /i —

Q
R„"R d- Rm„ +

R
, RRa\ , / 1 , RRa\

=
(:ciiL coLR, " (q

+
ccLRff)

(2-48)

(2-40)

Equation 2-49 shows that the band width is inversely proportional

to the Q of the original parallel circuit, modified by a factor depend-

ent on Rg. For a generator of infinite resistance, the band width of a

given parallel circuit is that fixed by the R, L, C elements alone, but

for any generator of finite resistance the band width is increased by
the presence of the generator. Thus it ma3

'' readily be seen that for

the greatest selectivity or least band width of the antiresonant cir-

cuit, a generator of very high resistance should be used.

If it is desired to match impedances, so as to obtain the greatest

possible power delivery from generator to load, then the circuit

should be so designed that

Ra = Rot

It is then seen that the band width for matched conditions will be

A/ = (2-50)

a value identical with that obtained for the same R, L, C elements

in a series-connected circuit "when matched to a low-resistancc

generator.

I
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By a slight transformation of Eq. 2-49, certain circuit design

factors affecting band width may be discovered. Rewriting Eq.
2-49 by insertion of Eq. 2-27 gives

^ (q Q CR^
showing that the band width will be greater, or the circuit less selec-

tive, if L is chosen large and C small, for a given frequency of

resonance. For greater selectivity the inductance should be reduced

and C increased, but this lowers the value of Ear and may be

undesirable.

2-9. The general case—resistance present in both branches

In some types of antiresonant circuits a resistance may be present

in series with the capacitive branch as well as with the inductive

branch, as shown in Fig. 2-9(a).

Fig. 2-9. (a) Antircsonant circuit with resistance in both branches;

(b) phase shifting, constant impedance circuit.

The admittance Yl of the inductive branch is then

El — joiL

El- -f-

and that of the capacitive branch is

Yc = E: -f- j/oiC

R2" -f- l/to'C=

The total admittance of the parallel combination then is

El Ee
Yr =
^ Ei--fco=L= ‘ Eo-" -b

-if
\Ri- -b w-1

l/uC
Es= -b l/to=CV

(2-52)
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For antiresonance the reactive term must be zero, or

(2-53)

and
1

1
1 /L- R,^C\

^ 27r\LC\L - Ri^cJ
(2-54)

Equation 2-54 gives the antiresonant frequency for such a circuit

with resistance in both branches. If Ri is made zero, then Eq.

2-54 reduces to the expression (Eq. 2-21) for a circuit with resistance

in series Avith the inductance only, as it should.

If the resistances are small in comparison with the reactances,

then II^ To, and R2 may be combined with Ri in the inductive

branch, without altering circuit operation, and the analysis of the

preceding sections applies.

2-10. Antiresonance at all frequencies; variable phase-angle circuit

If the two resistances of the circuit of Fig. 2-9 (a) are given values

Ri = R2 (2-55)

it is apparent that Eq. 2-54 is indeterminate. If these resistance

values are substituted in Eq. 2-53, it is found that the reactance

term is zero, or the circuit is at unity power factor for all frequencies,

.If the condition of Eq. 2-55 is imposed on the total admittance,

Eq. 2-52, there results

Yr
Vl/c

,
Vl/c

L/C -h L/C + 1/ca^C^
- VC/L

as the admittance of the parallel circuit. At all frequencies, the

impedance of a parallel circuit with = Ea = "v/A/(7 is

(2-36)

Another interesting circuit is shown in Fig. 2-9 (b), whose imped-
ance is

iccL(R — j/uC)
R -f- i(wL — 1/uC)
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and if at a given frequenc}"^ coL = 2/uC, then

77

Z = = 2/coC/90° - 2 tan-‘ (l/toEC)

As i2 is varied, the impedance magnitude is constant, but the

impedance phase angle goes from —90° at iE = 0, to +90° at

fE = CO.

2-1 1 . Reactance curves

It can be seen from the definition

jXz. = j2-/L

that inductive reactance is a linear positive function of frequency

which plots as a straight line through the origin. Likewise from the

definition

7Xc =
~3

2^/0

capacitive reactance appears as an inverse negative function of

frequency, which plots as a negative h3’-perbola, asj'mptotic to

Fig. 2-10. (a) Reactance -j-s frequencj' plots of an inductor and a
capacitor; (b) susceptance vs frequency plots of the same elements.

the reactance and frequency axes. These curves are shovm at (a),

Fig. 2-10. 'v

The susceptance of an inductance is

whereas that of a capacitance is

, Jbc=^j2xfC
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Inductive susceptance plots as an inverse frequency function or as

a negative hyperbola, and capacitive susceptance as a positive

linear function of frequency. The susceptance functions are plotted

at (b), Fig. 2-10.

Thus these functions plot as

lAnear 'positive Hyperholic negative

inductive reactance capacitive reactance

capacitive susceptance inductive susceptance

The reciprocal of a positive linear relation is a negative hyperbola,

and vice versa.

For circuits in which the resistances are small enough to be

neglected, these reactance" or susceptance curves can be combined,

giving idealized composite curves of network performance versus

frequency. In Fig. 2-11, curves for Xl and Xc are added alge-

Fig. 2-11. Reactance ve frequency plot for L and (7 of a series L, C
circuit; total reactance of the series circuit at Xt. The resonance

point is designated as R.

braically, as would be the case for the series resonant circuit. The

curve labeled Xt gives the circuit performance as a frequency

function, showing a zero reactance or resonant point, with the

circuit having capacitive reactance at frequencies below resonance,

and inductive reactance at frequencies above resonance.

In (a). Fig. 2-12, susceptances are added to produce a total

susceptance curve 6r, for a parallel LC circuit. The reciprocal of

is taken and plotted as Xt in (b), giving a curve of reactance vs.

frequency for the parallel resonant circuit. The antiresonant point,

at which the reactance theoretically goes to infinity, is showm at AR-
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Fig. 2-12. (a) Susceptance vs frequency plots for the L and C
branches of a parallel L, C circuit; total susceptance at 6r. (b) Recip-
rocal of br plotted as A'r, shon'ing aatiresoaant point designated AR.

It also appears that the circuit is inductive below, and capacitive

above, antiresonance.

]\Iore Complicated circuits maj’' be analyzed in a similar manner,
as in Fig. 2-13. The circuit at (a) ma}' be considered by parts, and
the Li,Ci branch series reactance is shown as Xi in (b). The recip-

rocal of Xi, or its susceptance b«, is taken and plotted in (c), where
it is algebraically added to bci, since the two branches are in parallel.

Fig. 2-13. Steps in plotting the reactance vs frequency curve for
the circuit of (a). The final curve is AV and shows two resonant and
one antiresonant points.



80 RESONANCE l§2-12

The total susceptance bn of the two branches results. The reciprocal

of bn, or the reactance Xn, is plotted in (d), t'b which is then added

Xli, as a series element, giving the total reactance curve Xt, which

is the idealized performance of the circuit of (a) as a function of

frequency. It can be seen that the circuit has two resonant points

separated by one antiresonant point. Analysis of this nature is of

considerable help in roughly predicting the frequency performance

of complicated reactive networks.

It should be remembered that the curves ape plotted by con-

sidering the resistances negligible, and if resistance is present the

impedances obtained will go neither to infinity nor to zero. The

impedance actually will reach some high value at antiresonance and

some low value at resonance.

In general, a network may have a total of resonant and anti-

resonant points not exceeding its number of meshes plus one. The

resonant and antiresonant points must alternate in occurrence,

since after crossing the zero axis at a resonant point, the curve must

go through infinity before again approaching the zero axis, due to

the positive slope of all the curves.

2-12. Foster's reactance networks

Because of the extent to w'hich resonance and antiresonance are

employed in networks, it is desirable to study their effects in more

general form. The resonances, or zeros, so called because the

reactance there goes to zero, and the antiresonances, or poles, so

called because the reactance there goes to infinity, characterize

the performance of any reactive network. It may be shown that

specification of the location and nature of the zeros and poles,

plus the knowledge of the impedance at one other frequency, is

sufficient information to specify the complete network.

It is usually desired that dissipation or losses be minimized,

and the theory and design are based upon the behavior of networks

with negligible resistance. The presence of actual resistance in the

physical network then slightly modifies the predicted nondissipative

performance.

The following theory, developed by R. M. Foster, determines

the physical structure of a reactive network from its functional

characteristics.

The input impedance 2-,„ of an arbitrary reactive network will
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be given by

Z — ^
“

aTx
(2-57)

from Eq. 1-121. Each of the mesh and mutual impedance terms

in the determinant A will be functions of to, due to operations with

Z ~ juiL and l/jtoC. As an example, series combination of L and C
would yield

as a typical term of the determinant.

Both A and An will then be polynomials in w and Eq. 2-57 may
be written in expanded general form as

T _ Cl Oo + fliw- -f- osoj' -{-... -f- ajjfco®"

bo + bjOJ^ + b<CO* + boojS + . . . + bM£«=-^

where the coefficient S includes ju as

S = or — ^ (2-59)

and H is a scale factor.

In general, A Avill involve onlj*^ even powers of w, and the denomina-

tor only odd powers, or ^dce versa; the numerator and denominator

differ by 1 in the degree of the variable w, as determined bj’’ the

position of to in the coefficient S. In addition, the highest power of w
that can appear in Eq. 2-58 is 2M, whereM is the order of the net-

work determinant A.

The numerator and denominator polynomials can be factored

so that

-7- _ o (“ ~ — U3-)(co- — a?6-) . . . (u= — U:.v-1-) ,r, an\
(co=

- - a,4”-)(cJ- - tor) - • • (to”- - to^^”)

It is apparent that the roots of A contribute zeros of the function,

and the roots of An contribute poles. That is, at to = toi, t03
,

tos,

. . . ,
the impedance function has a zero, and these are the resonant

angular frequencies of the network. Likewise at to = toj, at, tos,

. . . ,
the impedance function has a pole or becomes infinite, and

these are the antiresonant angular frequencies. Because of the to
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present in S, the value w = 0 may be either a zero or a pole of the

function. Also, as w becomes infinite, the impedance may approach

either zero or infinity. Thus Z-,,, may occur in any one of four forms,

dependent on the occurrence of a zero or pole at the origin and

infinity, as dictated by -which of the four forms of S is present

(Eq. 2-59).

If all the zeros and poles of the function are kno-wn, all the terms

of Eq. 2-60 in parentheses are known. If the value of Zi„ is known

at some point other than a pole or zero, the scale factor H is known,

and Zin is completely established. That is, in general an inpvi

impedance is completely specified by the location of its poles and zeros,

and by its value at a nonzero, nonpole, frequency. This is essentially

Foster’s reactance theorem. If the resonant and antiresonant fre-

quencies are specified for a network, and the value of the input

impedance is known at one additional frequency, Eq. 2-60 may be

written, representing a physical network.

The slope of the reactance function is always positive, as may
be seen from the reactance curves of the preceding section. At a

pole the function must change sign, and again pass through zero

before reaching another pole, so that the zeros and poles must
alternate. If the zeros and poles did not alternate, the slope would

have to be negative ovet part of a frequency region. This alternation

of poles and zeros is called the separation property of the zeros and

poles of the reactance function.

As an example of the further development of the network, con-

sider Eq. 2-60 written for the case in which S = —H/ju. This

makes Eq. 2-60 appear as

Z- = — — ~ — ct)5^) .

ju3 (cO* — — Cd6*) .

Expansion by the partial fraction method then jdelds

(2-61)

= jioH
( 1 -r- -‘i'.-b -f — -1-

\ Ol" 10
' — 0)2" U)" — 0)4" 0)" — (t)-jr — 2"/

’(
2-62 )

This impedance function represents a series combination of

physical circuits. The unity term, Avhen combined with juH, may
be recognized- as the reactance of a series inductor. The second

term is in the form of the reactance of a series capacitor, and the

succeeding terms are in the form taken by the reactance of an

-.1' ! -

10
" — 0)2

"

A2J/—

tO" — 0)4"
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inductor and capacitor in paraliel_. as can be demonstrated by

^ - j/uC) ^ M-l'C) ^ M-l/Q
‘‘ — l/a-C) 6)” — 1/LC &) — uit~

where w*- = l/LC. Tlie partial fraction expansion as in Eq. 2-62

represents a pln'sical circuit as at (a), Fig. 2-14.

Determination of the At coefficients ma}’- be made if Eqs. 2-61
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and 2-62 are equated and multiplied by w- as

(ti)- — Ci)l*)(cj~ — t06^) . • -

{U- — W2-)(W2 — W4*)(W^ — W6*) •

= Ao -f'

A 203^

0^2^
+

L 4 CO*’

o f>

CO" — C04
^ +

If cd = 0, then

Ad — (
— Wi'^) (

— <|33*)(— (d5^)

(2-63)

(2-64)
“ (— W2^)(— £d4^)(— W6^) .

A similar method, involving multiplication of Eq. 2-63 by (w^ -

and making u = wt, will yield the other At coefficients.

Choice of the other three possibilities involved in S yields three

more equations and their partial fraction expansions as follows.

For S = H/jcc:

7. - E.
(‘^^ ~ m~)(M- - t03^)(co^ - tds'^) . .

ju («- — Cj32‘)(jj}^
— — 03d-) ... ' ^

for which

Z;, = j03H + -r--2 + -2
-
2 + . . .) (2-66)

\w- 03^ — Cd2^ 03^ — cor /

The circuit representative of this function appears at (b), Fig. 2-14.

For S = jcoH;

(2-87)
{^03

^ — C02')(C0- — C04‘')(C0^ — C06^) . . .

for which

= jo3H
^1 -f

C02
”
4-

A,
4~ + •••) (2-68)

— t04" 03 — C08“

and 4he circuit representative of this function appears at (c),

Fig. 2-14.

For S = —jcoif

:

(c0~ — C03*)(c0
- — cos') . . .

Z\n = —JCoH
(c0‘ — C02‘)(c0 - — C04')(c0^ — COe^)

(2-69)
.

for which

^in = j03H (- . 4-
.. 4- 4- . . .)

(2-70)
\W“ — 032^ W" — 034* C06' /

and the circuit for this function appears in (d), Fig. 2-14.
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In all the above, odd subscripts on cc represent ^eros, even sub-

scripts represent poles. The four circuits in Fig. 2-14 represent the

fundamental or canonic forms of Foster’s networks. Four sus-

ceptance dual networks are also possible.

The types of networks discussed above inll jueld all possible

t3'’pes of reactive network frequency performance. Choice of a

particular form bi' reason of its behavior at the origin and at

infinite frequency, coupled with a knowledge of the H value, will

allow reproduction of an.v desired frequencj' performance. These

networks contain the least number of circuit elements needed to

represent a given function. This least number of elements equals

one more than the sum of the internal poles and zeros. The poles

or zeros at the origin and at infijiit}’- are called external poles and

zeros; thus the internal poles or zeros are those hanng the factors

(«- — ccir) present, the e.\ternal poles or zeros involving the term joj.

2-13. Nondissipalive neUvorh desisn, using Foster’s methods

A discussion of the method by which Foster’s circuits may be

designed may aid in understanding the preceding section and is

presented here. It covers onh' nondissipative reactive networ!:s,

but serves as a foundation for a considerable class of circuits. Other

modern methods, emplojdng knowledge ot the complex variable,

are available for network synthesis with consideration of dissipative

elements, but are be3'ond the scope of this text.

The problem of design revolves around the determination of the

circuit parameters in terms of the coefScients of the partial fraction

expansions. Using Eq. 2-62 as an example, it is apparent from the

first term inside the bracket that

Lo = H henrj's (2-71)

Determination of the Co capacitor value can be made from the

second term of Eq. 2-62, which represents a capacitive reactance as

so that

jeeC Cj!

and -4o can be found b3
’' Eq. 2-M.

HA,
jee

(2-72)
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The other Ak coefficients may be found by study of Eqs. 2-62,

2-66, 2-68, and 2-70 at a frequency very close to w*,. For one of

these frequencies the term involving Ak becomes extremely large,

and as Cl)
—> ok, all other terms in the expansion become negligible

in comparison. Thus it is possible to write from Eq. 2-62:

ju>HAk
5 o

0) — (2-73)

At Cl) = ccfc the input impedance has a pole due to the parallel

resonance of an Lk,Ck pair. The impedance of such a parallel pair is

_ uLkj—j/coCk) _ jasj— l/uCk)
’’

Ci)Lt — 1/coCk Cl)^ — COfc®

where uk = l/VZiC*. This expression may then be equated to

Eq. 2-73, since the input impedance at co = cot is due to that of

the LkyCk parallel pair. Then

jccHAk Jco(-l/Ct)
5 *>

0)^ — (2-74)

from which

This result may be substituted in Eq. 2-73, and solved for Ct,

giving

Ct =
-jco

•^m(cO- — COt^)
farads (2-7o)

Values of the resonating capacitors are thus determined. The

necessary inductor values, other than Lo, can then be obtained

from the specification

and completing the design of the circuit, which is shown in (a),

Fig. 2-14.

Example: A two^terminal network is required to have zeros at

<oi = 5000, C03 = 7000, C05 = 9000, and poles at coa = 6000, cui =

8000, and at infinity. The input impedance at co = 1000 is —jlOOO.

Because of the negative sign of the impedance at co = 1000, 01
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below wi, it appears that there will be a pole at zero frequency.

Since a pole is also specified at infinity, the frequency performance

must be of the form of (a), Fig. 2-14, and Eq. 2-61, with S =
applies.

The value of H may be found from Eq. 2-61 as

-jlOOO = - H (1000^ - 5000")(1000= - 7000‘)(1000^ - 9000*)

jlOOO (1000* - 6000*1(1000* - 8000=)

H = 0.0239 henry

To find Co, use Eq. 2-64 and obtain .4o

as

^ (-5000*)(-7000*)(-9000*)

(-6000=)(-8000*)
= -43.04 X 10'

Then

^ 1 - 1

~ HAo 0.0239 X 43.04 X 10'

= 0.097 Mf

To find Cj, use Eq. 2-75 as

3.23^
mfd. L

Fig. 2-15. Network as

signed.

—H (w* — Wi*)(w* — C<J3*)(cO* — t06*)

JOJ 0!* — W4*

with w = W2 and this becomes

Ci =
6000=

-0.0239
(6000* - 5000=) (6000= - 7000=) (6000* - 9000*)

6000= - 8000*

= 6.66 pf

In similar fashion, with « = w«

C« =
8000*

(8000* - 5000*) (8000* - 7000*) (8000* - 9000*)
-0.0239

3.23 ;«f

8000* - 6000*
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By use of the relation ur = l/LtCt it is possible to calculate L;

and Li as Lo = 0.00417 henry, Li = 0.00483 henry. The complete

network is shown in Fig. 2-15.

PROBLEMS

2-1. A series circuit, having a capacitor of negligible resistance

and a 120-Ath coil of 18 ohms resistance, is resonant at 1 megacycle

(10® cycles), and is connected to a generator of = 0, , 1 volt,

1 megac3'cle frerinency.

(a) What will be the voltage acro.ss the capacitor?

(b) What currents will flow at resonance and at 10 kc above

resonance?

(c) What is the band width in C3'cles?

2-2. Plot a curve of current against frequency for the above

circuit over the region from 0.9 to 1.1 megacycles.

2-3. A series circuit is in resonance at 8 X 10® c, and has a coil

of 35 Aih and 10 ohms resistance.

(a) Find the current at re.sonance.

(b) Repeat for a frequency of 8.01 megacycles.

(c) What capacitance is required at resonance?

(d) What impedance will this circuit present to the second

harmonic of the resonant frequenC3’’?

2-4. A series resonant circuit is to act as a frequency-selective

shunt, as in Fig. 2-16, to separate two signals, Ja at 1.5 megacycles,

and /b at 1.51 megacycles. The circuit is to have a band width of

5000 c for /a, the desired signal, and the output Eo for fi must

be 5 V.

(a) Specify the circuit components

required.

(b) If the 1.5 me signal is desired,

compute the ratio of the desired to the

1.51 me signal.

(c) Repeat (b)’ at the half-power fre-

quency bung between /a and fg-

2-5. (a) A series circuit withQ = 10®

is in series resonance at 500 kc. Plot the curve of impedance vs fre-

quency. Repeat on the same sheet if Q = 10.
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2-6. A series circuit of Q = 50 is in resonance at 1 megacycle.

Plot the impedance and phase angle against frequency. Repeat
for a circuit of identical Q at a' frequency of 10 megacycles.

2-7. A coil in series with a 400-/ifrf capacitor is resonant at

0.8 megacycle. If the power supplied to the circuit by a zero-

resistance generator at 0.78 megacycle is half that supplied by the

same generator at resonance, specify the values of the circuit

components.

2-8. An inductor of 180 Aih with a Q of 150 is used in a parallel

circuit with a capacitor, and the circuit resonant at 1200 kc. The
circuit is supplied by a generator of 10 v, 1 megohm resistance.

Plot the magnitude of voltage across the circuit from 1100 to

1300 kc.

2-9. A parallel resonant circuit has a coil of 150 /ih with a Q of

60, and is resonated at 1 megacycle.

(a) Specify the value of the required capacitance.

(b) What is the resistance of L?
(c) What is the circuit impedance at antiresonance?

(d) If the Q is reduced to 4 by adding additional series resistance,

how much resistance is needed?

(e) What is the antiresonant impedance with the new Q?
(f) What is the new antiresonant frequency?

2-10. A parallel resonant circuit has fixed C and variable L. The

Q of the inductor is 4 and constant. Find the values of L and C
for a circuit impedance of 1000 d- jO at / = 2.4 megacycles. What
is the band width?

2-11. A parallel circuit has an inductor of 150 /ih and 15 ohms
resistance, tuned by capacitor to 1800 kc.

(a) Plot a curve of impedance vs. frequency.

(b) Plot fi curve of impedance vs. frequency if 50 ohms is added
in series with L.

(c) By measurements on the curves, check the equation for

band width.

2-12. Since'a parallel circuit is resistive at antiresonance, it may
be used as a load on a generator and the resonant resistance may be

adjusted for maximum power output. Such a circuit, made of a

coil and a 300-/i/if capacitor, is to match a 10-v, 0.5 X 10® c, 20,000-
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ohm internal-resistance generator. Assuming no resistance in the

capacitor, what values of L and R must the inductor possess to

achieve an impedance match? Find the band width of the complete

circuit.

2-13. An inductor of 50 fth is used in parallel with an appropriate

capacitor as a load for a generator of 15 v, 10^ c, and 15,000 ohms

internal resistance.

(a) Assuming no resistance in the capacitor, what are the values

of Q and R of the coil that will cause the parallel circuit to load the

generator for maximum output?

(b) What wdll the generator current be?

(c) What is the inductor current?

(d) Show that the generator power output is equal to the power

dissipated in the parallel circuit.

2-14. (a) In Fig. 2-17(a), C = 100 Muf- If Q = 7, find the value

of L needed for antiresonance, R being the coil resistance.

(a)

Antenna

Ground

(W

Fig. 2-17.

(b) Find the resistance R of the coil.

(c) What value should" Rg have to supply maximum power to

the circuit?

(d) What is the maximum amount of power that may be obtained

from the generator?
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(e) Find the band width of the circuit.

(f) Find the generator current at a frequency of 1.05 X 10® c.

2-16. A voltage induced in the antenna of a radio receiver,.

Fig. 2-17(b), maj’’ be e.xpressed as

c = 0.025 sin (2r X 1.5 X 10®0 + 0.010 sin (27r X 1.510 X 10®0

+ 0.012 sin (27r X 1.550 X 10®0

This emf is applied to a parallel circuit having a Q of 10, L = 100 ph,

and C to resonate the circuit at 1.5 X 10® c.

Find the voltage produced across C for each frequenc}’^ present.

2-16. Two inductors are used in separate parallel circuits, each

antiresonant at 7 megacycles. Inductor A has L = 25 ;ih, Q = 50;

and inductor B has L = 120 /ih, Q = 50. Plot curves of circuit

impedance vs frequency. Find the band width when each circuit

is supplied by a generator of 50,000 ohms internal resistance.’

2-17. Plot reactance curves for the circuits of Fig. 2-18, designat-

ing all resonant and antiresonant points.

Fig. 2-18.

2-18. Develop Eq. 2-62 from Eq. 2-61.

2-19. Develop Eq. 2-68 from Eq. 2-67.

2-20. Design a network to have zeros at 0, 159, and 318 c, -with
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poles at 74,5 and 233 c. At 250 c the input impedance must be

—yi200 ohms.

2-21. Find the Foster network which will respond as follows:

s:ero at « = 1000, no external poles, reactance at w = 5000 is

+j250 ohms.

2-22. Find the Foster network which will respond as follows:

zeros at « == 2000, oj = 6000, poles at a> — 4000, w = 8000, and

reactance at w = 1000 to be —joO ohms.

(0) ( b)

Fig. 2-19. Units are henrys and microfarads.

2-23. Draw reactance plots for each of the circuits in Fig. 2-19,

and write the input impedance expression, including the value of H.

REFERENCES

1. Terman, F. E., Radio Engineering, 3d ed., McGraw-Hill Book

Company, Inc., New York, 1947.

2. Everitt, W. L., Communication Engineering, 2d ed., McGraw-Hill

Book Company, Inc., New York, 1937,

3. LePage, W. H., and Seely, S., General Network Analysis, McGraw-
Hill Book Company, Inc., New York, 1952.

4. Reed, M. B., AUemating-Current Circuits, Harper & Brothers,

New York, 1948.

5. Foster, R. M., “A Reactance Theorem,” Bell Syst. Tech. J.,

April, 1924, p. 259.

6. Shea, T. E., Transmission Networks and Wave Filters, D. Van

Nostrand Company, Inc., New York, 1929.



Chapter 3

IMPEDANCE TRANSFORMATION

AND COUPLED CIRCUITS

In Chapters 1 and 2 it has been assumed tliat a desirable load for

anj' given generator, vith the load value fixed either by heating

limitations of the generator or by maximurn-pover-transfer condi-

tions, may rcadil3' be found. In practice it is hardlj' to be expected

that a specified load will, in general, be suited to the generator which

is to be connected to it, since many other factors enter into the deter-

mination of the impedance of these devices. For example, the

impedance of the usual loudspeaker is of the order of 8 to 10 ohms,

-whereas a desirable load for the A'acuum-tube generator supplying

power to the loudspeaker is usually several thousand ohms. Like-

wise, a radio transmitter, limited bj' internal heat losses to a load

of 4000 ohms, ma}' be required to supply power efficientlj' to an

antenna having a resistance of possibly 70 ohms. Since it is highly

desirable that the maximum possible or permissible amounts of

power be obtained from the generators used in communications

service, methods of transforming impedance values to the desired

values have been developed. Hence it is possible to make the

8 ohms of the loudspeaker appear as several thousand ohms to the

vacuum tube, or to transform the 70 ohms of the antenna so that

to the radio transmitter the load appears as the desired value of

4000 ohms.

In this chapter, methods of transforming impedances are devel-

oped wherein- load and generator impedances ma}' be matched for

maximum power tran.sfcr, or adjusted to the values fi.xcd bj- internal

loss limitations.

3-1. Transformation of impedances with lapped resonant circuits

A parallel LC circuit repre.scnts a resistance at antircsonance and

ma.v therefore be used as a power-absorbing load on a generator of

large internal resistance. The value of antirtjsonant resistance R„,

however, is dependent on the L/C ratio chosen for the circuit.

93
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and may be higher or lower than that needed for the desired power

transfer. In such a case the resistive impedance into which the

generator supplies power ma}- be reduced bj' tapping the e.xternal

generator connections across only a portion of the inductance, as in

Fk. 3-1 (a).

Fig. 3-1. Forms of tapped .antircsonant circuits for impedance
transformation.

Assuming that the mutual inductance between La and Lb is such

that the total inductance is

L = La + Lb + 2M , (3-1)

then antiresonance will be found to occur between terminals 1

and 3 if

o,(La + Lb + 2M) = 4? (3-2)

Considering the terminals 2,3 of (a), antiresonance will occur if

u{Lb + ^ + M) (3-3)

since part of the inductor is now in series with C, but this branch

must still have a net capacitive reactance.

It is apparent that Eq. 3-3 is identical with Eq. 3-2, and that

if a parallel LC circuit is antiresonant at a given frequencj', anti-

resonance will occur simultaneously between an3' two other point.s

in the circuit. Accordingly’^, tapping a circuit as at (a). Fig. 3-1,

does not alter the antiresonance conditions.

The circuit equations for (a) may be written in the form

'e' Rs+jXLBb'-, —{Rn+jXLji+jXii)
= — {Ris+jX L n +jXij) ; (

A

.1 -f /? /}+jXla
0 -^jX Lit+j2XM~jXc) .

L
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and since Zi„ = 2̂,3 = A/An, then

{Rb jXhB){RA + Rb jXt,A jXLB +y2X.V — jXc)

y _ — (/?n + jXvB + J-V.u)"
*’ ^ + i^n + j-V i.t + j.\ 7.« + — jXc

In view of Eq. 3-1
,
and letting R = Ra + Rb,

Rb -\-jXLa ~ (Rb + jxlb

+

jx^^r-

R +j(XL - Xc)
(3-4)

If the circuit is antiresonant and of reasonable Q, then Xl = Xc’,

also Xlb^ Ra, and Rb majf be dropped, giving

^2,3 — jXlb + (XtB + Xit)~

R (3-5)

The magnitude of the first term will be small with respect to the

second, for reasonable Q values, and the reactive term may be

dropped. If the value for impedance ^2.5 is then compared with the

resonant impedance across the 1,3 terminals, where

, I?"- -f <c'L- R’- + Xl-
R R

then
Zi,3 _ (Xlb -}-.X^jf)'

Z,.,
~ R- -t- AV (3-6)

Again, R <SC Xl, for reasonable Q, and

^2.3 (X„ + A',,)- _ (Lb -f- M)-

zTz X? P
For values of Lb considerably greater than M, the effect of tapping

down on the inductance varies as the square of the fraction of the

inductance across which the generator is connected. This would

make the impedance vary approximatel}'^ as the fraction of the

total turns.

If the circuit capacitance is split into two capacitors in seric.';,

equivalent in capacitance to the single capacitor C, and if tlie

c.vtornal generator is tapped between the two capacitors, and since

uL = l/icC,

7 _ (Xc,r-
Zi.t ^

Z<.t
(An -b A’'c2)~

Rand
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The effect of tapping down on the capacitive side of the circuit is

then given by

iTb ~ (Xci + (c-i + c\r-

also shoving a reduction of impedance. These methods become

verj' convenient at high frequencies.

3-2. Reactance L sections for impedance transformation

Two reactances of opposite sign may be arranged as in Fig. 3-2 to

transform at one frequency a load resistance R to provide a desired

load Riu for the generator, where R < R-.n. Such a reactance circuit

as that between the ternainals a,b and c,d of Fig. 3-2 is called an

Fig. 3-2. A reactance L section for impedance transformation

(R < R,).

L section because of its appearance when drawn in the circuit dia-

gram. Operation of the circuit may be readily understood if it is

noted that the circuit to the right of terminals a,h constitutes a

parallel circuit that at antiresonance appears as a resistance load

on the generator. The value of this resistance load is a function

of the LfC ratio chosen for the reactance matchijig section. There-

fore the circuit designer can select values resulting in an anti-

resonant load i?„„ for matching to Rg, or for any other desired value

of load.

Simultaneous conditions to be realized are that the circuit to the

right of a,h he in antiresonance and have an antiresonant impedance

equal to R,,,. These conditions ma3
' be expressed by Eqs. 2-21 and

2-27 as

<a —

R^r = 7?-.n
==

L
CR

(3-9)

(3-10)
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From Eq. 3-10, L = RJiC

which if inserted in Eq. 3-9 leads to

tiw 1

liJtC-

1

uC •—
R,. - R
R,.-R

which gives foi the value of capacitance C needed for the L section;

C
1

uR,
(3-11)

Likewise, from Eq. 3-10,

C = L
RJi

which if inserted in Eq. 3-9 leads to

/?,„/? R-^ coL = VRJi - It-

R (3-12)

where L is the value of inductance needed for the L section to cn.sure

the de.sired value of load 7?,„, where R < Ri„.

For the case in which R > Rg, the L section maj’’ be reversed, as

in Fig. 3-3. It can then be recognized that the equations just

Fig. 3-3. The reversed L section for impedance transformation

(R > Rg).

developed will applj' if 7?,u is substituted for R and R for 7?i„. If

R > Rg, the transforming L section should contain the following
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components:

11 /A-i (3-13)

jr

Lf
— — M

(a
^
/--I (3-14)

the value of /2in normally being equal to Rg, for matched conditions.

It should be emphasized that because of the resonant properties

of the circuits developed, the desired resistive load is obtained only

at the one frequency selected.

3-3. image impedances; reactance matching

Consider a T section of impedances interposed between a genera-

tor having internal impedance Zu and a load of impedance Z^i, as in

Fig. 3-4. It is desired that the impedance at the 1,1 terminals, into

which the generator supplies power, be equal to the generator

Fig. 3-4. Equivalent network showing image impedances.

impedance, and that the impedance looking into the 2,2 terminals be

equal to the load Z^. Under these conditions the impedance at 1,1

looking in one direction is the image of the impedance looking in

the other direction, and Zu is called an image impedance of the

network. Likewise, at 2,2 the impedance looking in one direction

is the same as that looking in the other, so that Z2i is also an image

impedance at the 2,2 terminals. The network is then said to be

matched on an ima'^^ basis.

The values of js image impedances of the T section may be

computed. The impedance Zn„ at the 1,1 terminals is required

to he Zii and is
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Likewise, the impedance looking into tlie 2,2 terminals is ref|uired

to be Z<i and is

L^pon solving for Zu and

+ Z,.)

Z\ Zz Z\i

U-

(Zi + Z-^(Z\Zt -h Z-^Zz -h ZzZi)

Z; + z^

; + Z:s){Z\Z> -t~ Z^Zz “i" ZtZ^
z, -b ^

(3-15)

(3-1 G)

In ('liaptor 1. networks were analyzed in terms of open- and

short-cirenit measurements. Making an impedance measurement on

the T section at the 1,1 terminals with the 2,2 terminals open gives

Z\K — Zi -i- Zz

A similar measurement at the 1,1 terminals with the 2,2 terminals

shoi't-circuited gives

ZlK

V

= z,+ ZzZi'

Z^ -f- Zz

Z\Zz ZzZz -b ZzZ\

Zz + Zz

Observation of the equations for the image impedances then shows

that

Z\i — y/Z\fxZ\x (3-17)

Similar measurements made at the 2,2 terminals would lead to

Zzi ~ *\XZzocZzx (3-1 S)

These equations show that Zu and Z«; are readily obtained by simple

open- and short-circuit measurements on anj' network.

Thus a ’properly designed T network maj' have the propert}’ of

transformation of an impedance to produce matching of a load

and a source. Since the T network is used onl}’’ to transfer power
from the source to the load, it will operate most efficienth- if it be

lossless or be made of pure reactances. By proper choice of mag-
nitude and sign of the reactance arms of- the T section, Zu can be

made to have an.v desired value to match the generator at the 1,1
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terminals. ISIaximum power will then be transferred from the

generator to the reactance T section. Since the T section consists

of pure reactances, no power can be dissipated therein; conse-

quently, the power delivered by the generator must all be trans-

ferred to the load. If the maximum possible power output of the

generator is delivered to the load, then the load must be considered

as matched to the generator. By this reasoning it is possible to

develop a theorem, originally due to Everitt, as follows;

If, in a network of pure reactances, terminated in a dissipative load

and supplied from a generator having an internal resistance, a con-

jugate impedance match occurs at one pair of terminals, the impedances

will have a conjugate match at every other pair of terminals.

It wall frequently be desirable to consider loads and generators

as having wholly resistive impedances. A great many of the most

common generators are resistive (the carbon-button microphone, or

the vacuum tube, for instance), and loads must have resistive com-

ponents if they are to absorb power. That such treatment does not

lack generality is easily seen if it is remembered that any reactance

in either generator or load can be canceled by introduction of a

properly chosen series-reactive element, tuned to resonance. Such

cancellation restricts operation to one frequency; but since reaetdnee

T sections can be designed for proper matcliing at only one fre-

quency, no loss of generality occurs.

3-4. Reactance T networks for impedance transformation

The idea of matching load and source by use of a connecting

reactance T network, as proposed in the preceding section, may
be further developed in terms of the load and source rc.sistances

which are to be matched for maximum power transfer. In Fig. 3-5

b d

Fig. 3-5. Reactance network for impedance transformation.
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is shown a generator of interna! resistance Ri connected to a load

/?; througii a T network of pure reactances. If the generator is to

tran.sfer maximum power to the load it is neccssaiy onl}- that the

image impedance Zu at terminals a,b be equal to Ri, hi' the theorem

of the preceding section. In effect then, the load resistance R^
is transformed bj' the T network to a value, at the a,b terminals,

equal to Ri.

With load connected, the image impedance Zu must be

Zu = Ri = j.V, + j\ 3{R-2 ~I~ JA ;)

Ri d- jA 2 + jXs
(3-19)

where the A' may have either -f or — signs, or may. be either

capacitive or inductive. Then

RiRi+jRXXi + Xz)
= — (A1A2 -f- ATjAs -}- ,YjA 1) -b jRi(Xi -f- A 3)

By equaling the real terms,

RjRi = -(A',A'. -f AVVs + X,Xr) (3-20)

The negative sign on the right appears there as a result of placing

all positive signs on the j terms in the original Eq. 3-19. However,

both Ri and /f-> are real and positive, and the bracket on the right

must be positive. Thus one or more of the terms on the right must
be positive, and the onl3' manner in which the product of two
reactances can be positive is for one of the reactances to be opposite

in sign to the other, that is: jXa{—jXi) = -hA’'aA'5 . To force this

condition, and thus a positive sign on the bracket on the right side

of Eq. 3-20, requires that one reactive arm of the T network be opposite

in sign to the sign of the other two arms. That is, the T network must
actualh' be composed of one capacitance and two inductances, or

vice versa. This fixes one design condition of the network.

Bj' eijuating the imaginarj’^ terms

i?,(A'.. + A',) = Ri{X\ + A'3)

A'-; -f Xi = ^ (A 1 -f- A .i) (3-21)

Eiiuation 3-20 ma}- he rewritten

R,Ri = -[(A^ -f A'3)(A'2 -f A'3) - AV-] (3-22)
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and substitution of Eq. 3-21 leads to

R,R, - - (-Y, -f Y,)- — - Y3='

froin \Yhi(’h tbio vfl.luo fov one of tHc rc3.ct'3,nro jirms is

Y, = -.Y, ±

Substitution of Eq. 3-2-1 into 3-22 "ives

Y, + Y3 - ± .^1; (YV
- RJi,)

X, = -Ya ± (X,- ~ ROU) (3-25)

for the second reactance arm.

Equations 3-24 and 3-25 supply values for the Y'l and A”™ arms

of the T, in terms of the third arm Yj. Since the ± sign of K<[. 3-24

lead.? directly to the ± sign of Eq. 3-25, the choice of + or — in the

expre.s.sion for A'l requires a similar choice in the expression for

A^, and only two matching T networks exist. Since there arc three

unknowns and on!5
' two equations, it is neces-sary to assume' a

value for one of the reactance arms, after which the other two arc

readily determined.

A convenient method is to choose Xz. Another choice is to a.ssunic

Xi or Xz equal to zero, thereby determining A's. The latter choice

is also an economical assumption, since it permits the T to be built

with two reactances instead of three. If Xz is then chosen capaci-

tive, the circuit reduces to the L section of Section 3-2, and it will

be found that Eqs. 3-24 and 3-25 reduce to the equations of that

section. If A's is chosen inductive, the results compare with Section

2-9 with Ri —
0, the load being in series Avith a capacitive Y;.

If reactances have been placed in series with the generator or load

to cancel internal reactance, arms Yj or AA may be cho.sen a.s of equal

magnitude and oppo.sitc sign to that of the reactance with whicli

they are in series. In such a case, although electrically A'l or Yj

is present, yet physically they are absent, since the net arm reactant c.

Avould be zero.

(3-23)

(3-24)
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As a si)iH-ial raso. A*;i may he so chosen tliat

A'3 = ± VNiI{-2

which leads to the condition that

(3-2G)

lA'.i = |A%: = I'A'd (3-27)

tlie sign of the mutual reactance licing opposite to that of the otlier

two. 'I'liis is the condition of critical coupling. I'nder this coinlition

there is only one possible value of

A'l and A';, and only one matching

T section may he huilt. When
AV > RiRi. two T sections are

possible, as mentioned above.

If A'.;- < /fi/?;. the radicals in

Eqs. 3-24 and 3-25 become imagi-

nary. If a value of A',-i less than

that specified by Eq. 3-2G is chosen,

power will lie t ransforred from gen-

erator to load; but it will not be

the maximum possible value of power, or the impedances wll not

be matcheil. and the coupling is .said to be insufficient.

By T to r transformations, the T networks designed by the

equations of this section may readily be transformed to s- sections.

,

If given the form of Fig. 3-0 by choice of Xb as inductance and A'a

and A’c as capacitances, the circuit becomes useful for coupling a

transmitter to its load at radio frcciuencics. Tlie ea.se of tuning

contributed by the two adju.stable ca])acitors and the possibility

of grounding the rotors of the variable capacitors are helpful.

The circuit also has valuable properties in suppre-ssiou of certain

frequencies, as will be considered in Chapter 4.

3-5. Coupled circuits

.•V two-mesh network may be represented as in Fig. 3-7 and the

mesh eejuations written as

E = I,{Z, -f Z,) - LZ,

0 = -hZ, + + Z,)

T'ip. 3-G. The n--.«('ctioii iniiiedanoc-

transforniinR section as used at radio

frequencies.

which, if the definitions of mesh and mutual impedance are intro-
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cluccd as

Zn - + Zz, Zii = Zt + Zz, Zn = —Zz

results in the impedance matrix for the circuit

The determinant of the matrix

is

A = Z\\Zzz Z\z'

(3-2S)

and after application of the rules

of Section 1 -20, the driving point

or input impedance of mesh i

Ki'^. 3-7. -t two-nu'sU coupled circuit, may be determined as

Zl in
==

— Zu — (3-29)

Equation 3-29 show.s that the input impedance of the linst mesli is

modified by the presence of the second mesh because of tlie term

The transfer impedance may also bo readily determined as

Zth — Z\\Zz.z, — Z\z~

^11^22

Z\Z
= ^12

Ai2

(3-30)

The two meshes are said to be coupled the presence of the

impedance Zz common to both meshes. This impedance might take

anj- form, such as resistance, self-inductance, capacitance, or the

mutual inductance common to two coils. Etjuations 3-29 and 3-30

arc perfectly general and apply to all such cases.

3-6. Mutual inductance

If the current through an inductance varies with time, the flu.v

through the coil likewise varies with time and an emf i.s induced in



§3-6] IMPEDANCE TRANSFORMATION; COUPLED CIRCUITS 1 05

the coil. The direction of this self-induced emf is such as to oppose

the circuit emf if the current is increasing or to add to the circuit emf
if the current is decreasing. Experimentally, it has been found that

the emf of self-induction is proportional to the rate of change of

the coil current, or

e = —L ^ volts (3-31)

where L is the constant of proportionality and is called the self-

inductance of the coil. The minus sign expresses mathematically

the statement in the second sentence of this paragraph.

A form of Faraday’s law is
^

e
— (3-32)

which is one of the basic laws of electromagnetics. Equations 3-31

and 3-32 may be combined, giving

= L-
^ dl dt

L = N~ henrys (3-33)

as a definition of inductance in terms of the rate of change of flux

with respect to current, N being constant.

In Fig. 3-8, if current ii varies with time, then flux varies with

time. Flux the portion of 4>i that passes through the second

Fig. 3-8. Two coils, magnetically coupled. Flux <^i is the total flux in

Ni; flux <#> 1 ? is the total flux in A-.
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coil of Ni turns, likewise will vary with time. Flux (#>1 will produce

a self-induced voltage Ci in A*i and flux 4>i 2 will induce an emf in AN.

The emf cu induced in A's is called an emf of mutual induction, since

it is an emf produced in a second circuit by a change of current in a

first circuit. The mutual emf is proportional to the rate of change

of current ii in the inducing circuit, or

gj, = ^ volte (3-34)

The constant of proportionality Jl/u is called the mutual inductance

betrveen coils Ni and N^.

As before, if the rate of change of flux if>i 2 is considered,

Cii = —Ni volte

from which henrys (3-35)
cLt\

which shows the mutual inductance proportional to the rate of

change of flux in with respect to the change in current ii.

The use of mutual inductance in the analysis of a circuit is illus-

trated in Fig. 3-9. Two coils are shown coupled by a magnetic flux

Fig. 3-9. Two coils, magnctie.illy coupled. The core is indic.itcd only

for case of analysis; it is not noces.sary.

path, with currents ii and assumed to have the reference directions

indicated. The emf’s cn and c-i arc fictitious generators to be dis-

cu.sscd below.

A circuit equation for the first mesh may be written in terms of
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instantaneous currents and voltages as

c = Rrir + ± (3-36)

wliere the last term represents an emf induced in the first mesh due
to a changing current in the second mesh.

The sign of the mutual voltage term may be determined readil3^

According to the right-hand rule, magnetic flu.v <f>2 is produced in

the direction indicated by the assumed current ?«. Also, flux 4>i is

produced in the indicated direction b3' the assumed current fj.

If <1)21 is considered the portion of flux <f>2 which couples with or passes

down through coil Ni, then <f)2i must induce an emf c»i in A^i that

will cause a component of current to flow in which produces an
opposite or upward flux, b3'’ Lenz’s law. This induced emf C21 may
be considered as that of a fictitious generator in series in the first

mesh as shown, where the magnitude of e2i is

By the right-hand rule the current produced by the fictitious

generator cji must flow downward in coil A^i to produce an upward
flux. The polarity of the generator must then be as indicated to

produce this current, and C21 will appear as a rise in voltage, or as a

negati^'e drop. To write it as a drop the sign of the mutual volt-

age term must be negative in Eq. 3-36,
as

c = Mill + ^ ^ (3
-37)

In similar manner, the portion of magnetic flux which couples

ivith or passes through N2 ma3’- be called Then flux ^12 in

passing down through coil A'* must induce an emf C12 which will

cause an upward current and an upward flux, opposing <^>12. This

current is produced b3" an emf such as the fictitious generator with

polarit3’’ as indicated. The emf equation for the second mesh can

then be written as

0 = (E2 + RL)i2 + (L2 + ^ ^ , (3
-38)

the mutual emf again being written as a potential drop. The emf
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— il/i- dii/dl ma}' also be considered the source voltage for the cur-

rent flovdng in the second mesh.

From the reasoning given, if the reference direction assumed for ij

-were to be reversed, the right-hand rule would require reversal of

^2 and <i>2u and the polarity of generator e2i would reverse, resulting

in a positive sign for the mutual voltage terms ^21 di^/dt and

^12 dii/dt. If the direction of winding of either coil were reversed,

the direction of flux would change and call for a readjustment of the

sign of the mutual voltage terms. Therefore the sign attached to

these terms, and by convention to M, is a function of the assumed

directions of current and of the manner in which the coils are wound.

It is possible to formulate a convention for read5^.,determination of

this sign as follows:

After assumption of the positive or reference direction of current

in a magnetically coupled circuit, the mutual voltage term is given a

positive sign if the positive currents produce fluxes in the same direction

through the coil; the mutual voltage is given a negative sign if the positive

currents producefluxes in opposite directions through the coil.

That is, if the fluxes oppose, en and en vnll appear as rises in volt-

age: if the fluxes add, ea and ei2 vnll appear as drops in voltage.

It the assumed currents are sinusoidal, Eqs. 3-37 and 3-38 may
be written in terms of effective current as

®1 _ — fuM
I

Oj L R2 + R,.-\-ML2 + Lj)\Yh\

If /i is constant, Mu — M21 and may be represented by M] then it

appears that

Zii = Ri jojLi

= Ri -f- Rl + 3<^{Li + L>l)

Zu ~ —jwM

from which the matrix equation becomes

[t]=[t £:][/:] .

Solution for the two currents follows since A = Zn^ii ~
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(3-41)

(3-42)

It should be noted that the terms in parentheses are the recipro-

cals of Zii„ and Zrn of Eqs. 3-29 and 3-30, respectively, so that the

currents could have been obtained directly by the use of the input

and transfer impedances of Section 3-5. A magnetically coupled

circuit is then seen to fall into the general class of coupled circuits

considered in Section 3-5, with wilf as the coupling or mutual

reactance.

^ X = - z,,)
^

3-7. Coefficient of coupling

From the preceding section

il/i2 Ni dtpis/dii 2 d4>i2

Li * Ni d4>i/dii Ni d<j>i

(3-43)

If all the flu.\' due to I'l in coil iVi also links all the turns of coil N2 ,

or there is no leakage flux, then

4>i = -ind d4)i = d(j>i2

,
illl2 A^2 1 /o I/l\

so that -7— = tt — ~ (3-44)
Li N I a

(3-44)

where a is known as the iur?2s ralio.

If, however, only a fraction ki of the flux <i>i links with the turns

of N2 ,
then (f>i2 — ki4>i and

Mi2 , AA

XT "‘'K (3-45)

Expressions similar to Eq. 3-43 may be written for the second

coil N2 as

21 A^j d<l>2i/dz2 A*i d02 i

Jjo A2 d^z/di-z A^2 d <})2

If there is no leakage flux and <l>zi
—

<j>2 ,

Mzi _Ni
Lz Nz “

(3-46)
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but if only a fraction ks of the flux ^2 links with the turns of Ni,

then <l>2 i
— kiipi and

M2i _ , Nt
Li " Ni

(3-47)

Equations 3-45 and 3-47 may be combined as

kiki
L1L2

As before, if the circuit is linear or n is constant, then Mn = Mn
= M. Then by defining a coefficient of coupling as fc = -s/kiks,

k =
M

'\yL\Li
(3-48)

The coefficient of coupling is usually expressed as a decimal or a

percentage, having a maximum value of unity or 100 per cent. It

can be seen that is a function of the excellence of the magnetic

path between Ni and Ni, being usually small if this path is air,

large if it is of good magnetic steel and the leakage flux is small.

Under conditions of zero leakage flux and ilfi2 = Mn, Eqs. 3-45

and 3-47 may be combined to give

which is very nearly correct for iron-cored transformers of good

deagn.

If two magnetically coupled coils are connected in series, the

total inductance between terminals may be measured as

L — Li i M. -}- Li i M
where the signs on theM terms will be alike, as discussed above, and

will depend on the relative winding directions. The value of M
may be determined by subtraction of the two possible values. La

and Lb, which may be measured, so that

M = (3-50)
4

The leakage inductance Ln is due to the portion of the flux
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1

that does not link the turns of Ni. This leakage flux for the primary
is

<#>u = (1 —

and likewise, the secondary leakage flux is

4‘22 (1 — k)4>2

The primary leakage inductance Ln is then

T _ XT ^[(1 “
L/n — -r;

uZj

and since Li — Ni d<j>i/dii,

Lu = (1 - k)L, (3-51)

Similarly, the secondary leakage inductance is

L22 = (1 - k)Lo = Ls - M (3-52)

relating the leakage inductances to the mutual inductance.

3-8. Equivalent T network for the magnetically coupled circuit

For convenience in circuit analysis it is desirable to be able to

replace a magnetically coupled circuit, such as (a), Fig. 3-10, with

an equivalent T network. Neglecting losses in any iron present,

and vdth /< constant, the mesh equations for a short-circuited

secondary appear as

jS _ Hi -f- juLij —jwM h
0_ _

—jcaM] Ri jtiiLiz
_ .Ts,

(3-53)

Similarly the T section at (b) will have mesh equations as

+ -^3 ir/n
LoJ L z^ + z^Vh]

For equivalence of circuits (a) and (b)

:

(3-54)

Zi Z3 = Ri joiLi

Zi Zi = R2 -|- joiL"

Zz = joiM



112 IMPEDANCE TRANSFORMATION; COUPLED CIRCUITS i§3 8

(b)

Fig. 3-10. (a) A magnetically coupled circuit; (b) a T section equiv-

alent to (a).

It can then be found that the equivalent T network must have

R,+ jco(L, - M)
]

Z-, = + XL, - M)
[

(3-55)

Zz —
)

as values for its arms. Consequently the T network will have the

appearance of Fig. 3-11, and will be equivalent to the magnetically

coupled circuit at a given frer[ucnc3\ Tlic equivalent is of consider-

able aid in analyzing circuits including transformers.

R, wlLj-M) cutLg-M) Rg
j—VSA/—'11500—f—'U55ir'—VW-]

© JtoM

Fig. 3-11. .A T section equivalent for the magnetically coupled

circuit of (a). Fig. 3-9.
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The circuit can be recognized as a form of the impedance-trans-

forming T network, although it will meet the reciuired conditions

full3
' onlj^ if h is relativelj’ large. In that case, since M will be nearlj^

the geometric mean of Lj and L», M will be larger than one of the

inductances, (Li 9^ L2)

;

therefore either Li — M or Ls — M will

result in a reactance of sign opposite to that of the other two arms,

a condition of the impedance-transforming T network.

Before using this equivalent circuit for an iron-cored transformer

an investigation of the magnitude of the core losses should be made.
In manj^ audio transformers these losses are not negligible and must
be considered as a resistance added in shunt to M.

3-9. Irori-core transformers,- the ideal transformer

At audio frequencies it is customary to use an iron-core trans-

former for transformation of impedances. It is possible to design

these transformers with h large, usuallj' 0.97 or higher. In that case

jw(L|-M) jcoCLg-M)

Fig. 3-12. (a) The ideal transformer and load; (b) the equivalent T
network for (a).

the argument in the next to the last paragraph of Section 3-S holds,

and a T section is obtained that will appro.ximate the requirements

of Eqs. 3-24 and 3-25 without the use of capacitors. Since, all arms

of the equivalent T network of Fig.' 3-12 change in like fashion with

frequency, an approximate impedance match with the iron-core

transformer is possible over rather wide frequency ranges. The
frequencj’^ range is limited by edd}' current and hysteresis losses in

the iron at the higher frequencies, and also by the effect of various

winding capacitances.

The analysis of the iron-core transformer for impedance trans-

formation use is customarily carried out bj'^ the use of the concept
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of the ideal transformer. An ideal transformer is assumed to have:

(1) Zero losses.

(2) Primary and secondary Avinding reactances very large Avith

respect to any connected impedance.

(3) No leakage flux, or fc = 1.

In AdeAv of the ease Avith Avhich transformers closely approaching

these conditions can be built, the assumptions are reasonable. With

values of k above 0.97, condition (3) is easily met; and Avith effi-

ciencies of 90 per cent or better in many transformers, (1) is satisfied.

Item (2) is entirely Avithin the range of choice of the designer.

Given an ideal transformer and load as in (a), Fig. 3-12, with the

T network equivalent draAvn at (b), the winding resistances being

considered zero. The mesh impedances may be Avritten

Zii = 04- ju>L\ (3-56)

Zzz = Rl 4* 4' Ll) (3-57)

Ziz = jccM (3-58)

The driAung-point impedance of a coupled circuit is

= Zn —

Since k — 1 for the ideal transformer.

= L1L2

and substitution of this condition and the above equations into the

expression -for driving-point impedance gives

^lin — jashl

Upon rationalization, this yields

(i}^LiL/2

Rl + jio{Lz 4- Li)
(3-59)

V _ 03^IjiIj2Rl
I T

CO^LlLzioiLj -k wLl)

Rif + (aLz -{- uLl)^ * Rif {coLz -j-

•Neglecting Rif in comparison to {aLz + wLt)®, since the require-

ment is for uLz to be large,

Z = -f- eihi)

(fijLz -{-
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However, it is also required that toLs uLl, so that

Zixt, — (iJz, -h jciiLz.) -jj- (3-60)

Since /: = 1, by Eq. 3-49

gi'dng Zx = a-Zt. (3-61)

This series of operations shows that the ideal transformer changes

the magnitude, but not the phase angle, of an impedance. The trans-

formation is proportional to the square of the turns ratio of the

transformer.

Since the transformer is assumed to have no losses, the power
input equals the power output, or

Ii’Ziia COS B = I^Zl cos B

from which the ratio of currents is obtained as

Then since

(3-62)

the voltage ratio is (3-63)

Iron-core transformers are used extensively for impedance trans-

formation in audio-frequency apparatus.

3-10. Singly tuned air-core transformers

In radio-circuit design the air-core transformer network of Fig.

3-13 is frequenth' employed. Because of the air path for the mag-
netic circuit, the leakage flux is large, making the value of h small.

In radio practice this circuit may be emplo3’ed either for obtaining

the greatest transfer of power to the load E: or for developing the

greatest possible value of secondary' voltage

For anal3'sis, the circuit can be replaced b3’^ its equivalent T
network. Since, for the T network to achieve an impedance match,

both magnitude and phase angle of the load must be transformed,
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two adjustable T-section parameters are necessary. Equations 3-24

and 3-25 also demonstrate that two adjustable elements are neces-

sary for an impedance match.

Usually, for simplicity of operation, X„ is fixed and only one

adjustment, Xa, is available. Adjustment of phase is then possible

(b)

Fig. 3-13. (a) Singlj'-tuned air-core transformer with parallel tuning;

(b) equivalent network for (a).

(making the circuit appear resistive to a resistive generator), but a

simultaneous magnitude transformation is impossible. The con-

dition is then referred to as 'partial resonance.

The secondary-tuned circuit of Fig. 3-13(a) may be analyzed for

greatest power-transfer conditions under the assumption that C2 is

the only available adjustment (although M may be chosen during

design). By Eq. 3-29, the input impedance at terminals 2,2 in (b),

and looking to the left is

if Zii is taken as applying to the mesh and Zu as applying to the

/i mesh. The impedance looking to the left at 2,2 is then

Zn ia
=

-f- -f

To give /j its greatest value, and thus to transfer the greatest power
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to Ri, the reactive term maj' he made zero b}-- adjustment of C«. To
cancel the circuit reactance, the reactance of C« should be made
equal to

R\~ d” o}’£ji~
ciiLi (3-64)

A much more common usage of the circuit of Fig. 3-13 is as a
coupling between vacuum-tube amplifiers in radio receiver circuits.

In such applications no appreciable power need be transferred, so

that maximum power conditions need not be considered. Instead,

Fig. 3-14. Singly-tuned circuit as applied to radio-frequency coupling

in a vacuum tube circuit.

it is desired that the maximum possible secondar3’- voltage iSj be

developed. In this application, resistance Ri ma5
’’ be considered

as the plate resistance of the preceding vacuum-tube amplifier. The
resistance of coil Li maj’" be added to Ri or neglected, since the jilate

resistance Ri is usually large. The resistance of the secondary

winding constitutes the resistance i?2,
although at high frequencies

the input admittance of the grid-cathode circuit of the vacuum tube

should be placed in shunt with the circuit, as indicated bj-^ the dashed

lines of Fig. 3-14.

The vacuum-tube grid voltage is

E. = -Jh
C*)C*2

(3-65)

The secondarj”^ current h can be obtained as

j _ E —jbiME

u-M- -b {Ri -{- jwLi) -by {wLi —
j

_ —jwME

-b R1R2 ~ ca~LiL2 "by j^coLiUj -b Ri (^L2
J

(3-6G)
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The secondary current, and therefore the voltage E^, will have its

largest value if C2 is so adjusted as to neutralize the reactance term

in the denominator. Then

+ (8-67)

The term (Ri/Ri)Li may be considered as the effect of the primary

circuit in altering the secondary circuit inductance. Since in

vacuum-tube amplifiers Ri Ri, Eq. 3-67 states that the secondary

circuit is nearly in resonance. This condition is often assumed in

such circuits and will be so assumed here, thus:

0)L2 —

Equation 3-66, under the assumptions and the condition of Eq.

3-67, then becomes

—jo}ME
h =

RiRz

which lags the source E by 90°. The secondary voltage is then

-ME -^muE

(3-68)

£2 = (3-69)

(3-70)

C2(coW=' -1- R 1R2) CoW* + RlRi

By maximizing the expression with respect to osM, the largest value

of Ez is found to occur when

uM = -s/RiRi

which is the condition for critical coupling.

Since the coefficient of coupling k may be written

,
o)M

k = =—
CO Z/iZ/2

the coefficient for critical coupling is

K = "s/R 1R 2

CO *\/LiLz

The secondary voltage for critical coupling is then

p oiEjE —

E

'v/Z/2/i'i

2 VSA 2fc^

(3-71)

(3-72)
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The designer may maximize this voltage through choice of the value

of M. In addition the voltage is' a function of the ratio Lz/Li and
this ratio may be varied within limits.

Thus Eq. 3-69 represents the situation when only one adjustment

Ca is available in the equivalent matching T network; that is, the

phase angle has been made resistive, but a magnitude match
between generator and load has not been achieved. Equation 3-72

shows the secondary voltage obtainable if a second adjustment,

that of Xm, has been made to achieve a magnitude match as well.

3-11. Doubly-tuned air-core transformer

If both primary and secondary circuits have adjustable capacitive

reactance, as in Eig. 3-lS(a), then it is possible to design the circuit

Fig. 3-15. The doubly-tuned transformer.
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so that an impedance match is obtained if the coupling is sufficient,

or critical or above. The capacitive reactances may be used to

adjust the phase angle, making the impedance facing the generator

resistive, and the mutual inductance adjusted to the critical value

to achieve a magnitude match. The maximum power transfer

conditions of Section 3-4 are then fulfilled, and it is said that opti-

mum resonance occurs.

Resistance is that of the primary winding Li, Rz is that of the

secondary inductor Lz, or 22z may include resistance introduced as a

load. The circuit of (a) may be simplified by using Thevenin’s

theorem on the portion to the left of terminals a,a. The circuit

reduces to that of (b), where the equivalent generator potential E'\%

E' = 3 p
uCiRp — 1

However, usual values in electronic circuits make l/aCi so

that to a very good approximation

E' =
juCiRi,

The internal impedance of the equivalent generator would be

_ Rg{l/j0}Cl) _ Rg

Ra + 1 juCjRg

and under the same inequality this becomes

(3-73)

Z' ^ -J- (3-74)

thus making the generator internal impedance that of Ci. The

series equivalent circuit so obtained appears in (b). Fig. 3-15,

and at (c) with the equivalent T network replacing the transformer.

Maximum secondary current lo will give both maximum power

transfer to the secondary load Ri, and also maximum secondary

voltage El. Use of the transfer impedance Ztu allows the current

to be obtained as
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where

Zii — juM

— Ri + j

for the circuit of (c), Fig. 3-15. Current h ^vill be greatest if \Zii\

and l^ool are reduced b3' resonating primary and secondarj'^ such

that ojrRi — 1/wrCi and 03rLi2 “ I/gji-Ca. Then

-juiME'
RlRi + Ur-M-

(3-76)

which for critical coupling or oiM = -s/RiR^, becomes

/= = -=€L
2 -s/RiRi

as the value of h giving greatest power transfer.

The first mesh current, at resonance, is

I
Zi\a Zii — Zy^/Z^i

RnE'

RlRi + COrW-

which, for critical coupling, reduces to

E’
h =

2Ri

(3-77)

(3-78)

(3-79)

(3-80)

It is apparent from Eqs. 3-77 and 3-80 that at resonance current J;

lags h by 90°. This fact has led to several applications in radio

circuits.

If considerations of secondary output voltage are dominant,

it may be more convenient to write the general result of Eq. 3-76

in terms of the secondary voltage = —jlz/oirC^ as

-E'M/C2
- u>r-M- + RiR.

Since UrLi = l/urCi,

_ ~<^r-MUE’ _ -u^mh^E'/RiRi
+ R 1R2 0>r’lP/RiR2 + 1

(3-81)
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If Qi for the primary circuit at resonance (which is equal to the

Q of the primary coil since Rg was neglected as large) is written as

~ Rx

and Qi for the secondary circuit at resonance as

« COrLs
^2 ~ 7?/V2

(which is the Q of the secondary coil if 122 is the resistance of that

coil). Then since k = M/-\/LiLi,

k^LiLi =

A Tin nand k^QiQi = -

ltllh2

which allows Eq. 3-81 to be written in terms of the Q of the circuits

as

-kQxQi^/L^iE'
k^QiQi + 1

(3-82)

Maximizing this expression with respect to k shows that maximum

Ei win occur for

k = kc
1

v/Q 1Q 2

(3-83)

Use of the definitions for k and Q reduces this to wM = wR}Ri,

showing that maximum Ez will occur for k equal to k^, the value of

critical coupling. Hence maximum secondary voltage and maxi-

mum power both occur at critical coupling. Using Eq. 3-83 in

3-82 gives

E,= -92^hE' (3-84)
2 Ij\

as a simplified expression for the TnaviTmim value of Ei. High

values of Qi, Q2 , and L2 are then seen to be important in con-

tributing to a high secondary voltage, with coupling equal to

critical.
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3-12. Band width with insufficient coupling

If the maximum secondary voltage or power is desired, the

coupling should be critical or overcritical, in the latter case being

termed sufficient. However, selectivity considerations frequentty

lead to use of insufficient coupling to reduce the band width. The
band width may be determined by considering that the circuit of

Fig. 3-15(c), to the right of the b,b terminals, constitutes a resonant

resistive load on the generator of internal resistance R\. This

resonant load is

- a. - - 1/0,0.) +

0.97 0.98 0.99 1.0 I.OI 1.02 1.03
•CO

Fig. 3-16. Effect of M on band widtb of insufficiently coupled

doubly-tuned circuit of Fig. 3-15. L- — 200 /ih; Qi = 100; ifi =
10,000 ohms; (a) 2lf = 56.6 ph (critical); (b) M = 28 /ih.

Under the conditions of primary and secondarj'^ resonance this

becomes

(3-85)

Using Eq. 2-49, the band width of the circuit of Fig. 3-14(c) with

insufficient coupling may bo expressed as

A/ _ 1 . 1

fr Q2 Qt RlRi
(3-80)
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The band width may also be written

^ = J_ 4-
/r Qi LiRi

(3-87)

Reduction of M wU reduce the band width, although a more effec-

tive reduction may be made by raising the Q and L of the secondary

circuit. The effect of M on selectivity is illustrated in Fig. 3-16.

The currents and secondary voltage to be expected in this circuit

are those of Bqs. 3-76, 3-79, and 3-81-

3-13. Effects of ovcrcoupling; selectivity curves

The coupling circuits that have been discussed in this chapter

are very frequently employed to achieve certain frequency-selec-

tivity characteristics in radio receivers. In such service the design is

E

R, C,

Ra

-P

Fig. 3-17. Circuit for discussion of Section 3-13; equivalent to Fig.

3-15.

chosen not on the basis of power transfer but to obtain the greatest

possible secondary voltage in a certain frequency band with rejec-

tion of all other frequencies. Coupling maj’- be selected either over or

under the critical value, so that a general analysis is necessary.

The secondary voltage £0 has been determined as

£- =

where is

-3h

h = E' E'
(3-88)

^ri2 Zyi — ZwZ'i-^lZyt

It is convenient to compute the transfer impedance term by term

and to employ certain methods developed in Chapter 2. The term

£11 is
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Bringing in the term 6 from Chapter 2 as

5 =
Wr

W = &)r(l }" Si)

where air is the resonant angular velocity at which

OlfLi = —P7- OlrL; = —77*
WrV 1 OlrL i

(3-90)

it becomes possible to write Eq. 3-89, bj' use of the definition of ,Qi,

as

OlrLl

Qx

, , , [(1 + - ll

OlrLl

Qi
1 + jQiS

Employing the approximation

(3-91)

1

1 + S
^1-5

since 5 <C 1, Eq. 3-91 reaches the form

Zu = (1 + jQiS{2 - 5)] (3-92)
Vi

The second mesh impedance may then be written bj’- inspection

as

^22 = (1 + yQ25(2 - «)] (3-93)

The mutual impedance ^12 can be written as

•^12 = jaiM = joik “s/LiL^ = jairijl "h S)k \/L\L2 (3-94)

[f Eqs. 3-92, 3-93, and 3-94 are combined, the transfer impedance

is obtained as

Zt12 ~ jxilriX "h S)k v/Z/iZ/2

.+ fl + -
5)] (3-95)

Since the frequencies of interest are grouped closelj' about Ur, then
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c is always small and ma3' be dropped mth respect to 1 or 2, so that

Zrx2 = + (1 + i2QiS)(l +mM (3-96)

The current 1% will be a maximum when Ztm is a minimum, and

vice versa. Since phase angles are not now of interest, the square

of the absolute value of may be differentiated with respect to 5

and maximized;

\Zti2\^ = [4(Qi -1- Q2)n^ d- {QiQJc^Y +

+ 1 + 2Q,Q^k^ - 8Q,Q,5^ -

= 8S(Qi + Q2y + 64QiW5=' - I&Q 1Q2B - IGQYQym = 0

Obviously, a maximum or minimum occurs at 5 = 0. Upon further

reduction,

= _j__. 4. ^ _ (Q» + Q^y
4Q1Q2 4 SQYQ 2

^

d = + i L
,

1 (Qi + Q.)^
- 2 V Q,Q, 2QYQY

(3-97)

Frequently the circuits are designed so that Qi = Qa- If this

•equality does not exist but Qi does not differ too greatly from Qt,

then it is possible to assume that

(3-98)

That is, the geometric mean is approximately equal to the arithmetic

mean. Equation 3-97 then becomes

I

This equation shows two possible values of 5 at which l^nzi" is a

maximum or a minimum. |[t may be discovered that the above two

values are minima and the S = 0 point is a maximum. Thus two

maxima or peaks of current h occur ndth a minimum value between.

These peaks are spaced an equal distance each side of the center
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resonant frequency /r, or the distance between peaks is given by

fi fi
QQ^ (3-99)

The frequencies of the individual peaks are

The general shape of such a resonant curve is shown in Fig. 3-18.

Fig. 3-18. Resonance curve for an overcoupled circuit of the form of

Fig. 3-17, indicating various reference frequencies and voltages.

If A- is varied, the frequency difference between peaks changes

and at a value of k such that

k = fee =

the radical becomes zero and only one peak will be found. By refer-

ence to Eq. 3-83 it is seen that this is the value of critical coupling

ke. Equation 3-99 may then be simplified to

VQ1Q2
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For values of k less than critical, only a single peak will exist, with

the amplitude of the current at the peak decreasing with lower k
values.

Since

E. _ -~Jl2 -jh
osCi WrC;(l “f* I -j- S

after neglecting 5 with respect to unity it is possible, bj'’ use of

Eq. 3-9G, to write Es as

(3403)

-2(«1 + Qdi + KQ^Q-.k’ - 40,Q,6= + 1)

In view of the approximation of Eq. 3-98 and the value for kc, the

above equation simplifies to

Et = -j E'
k

kc^).l-Uh+j(k- -A6^ + k,

This equation may be better understood if it is rearranged as a

function of b/k^. Thus

h

E. = Ln E
El kc

u. ^kc^^Kkc- 7.

(3-104)

The absolute value of the term in brackets is plotted as a function of

b/k'c in Fig. 3-19, for various values of the parameter k/kc, or the ratio

of actual coupling to critical-coupling coefficient. These curves then

serve as a family of universal response cur\'es for the circuit.

The two peak frequencies, /i and ft, are readily available from

Eqs. 3-100 and 3-101. The secondary voltage E^^ at those points

is obtainable bj' substitution of

(3-105)

from Eq. 3-102 into Eq. 3-104. The value of Ezm.x at either peak

then is

E2 mar —

1 +j2
(3

-100)
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Fig. 3-19. Universal response cun’cs for the circuit of Fig. 3-17 in

terms of the parameter k/kc. The curves are plotted in terms of the

magnitude of the bracketed term of Eq. 3-104. The parameter k/kc

shows the effect of change in coupling.

The secondary voltage .Esmm at the dip or frequencj" /r can be

readily found by substitution of 5 = 0 in Equation 3-104, giving

E --7^2 min-

Ttvo additional points on the resonance curve can also be found.

These are the frequencies /i' and/*', down each slope of the curve, at

which the voltage has fallen to Equating the value of

. k

(3-107)
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£2 mm from Eq. 3-107 to the general value of from Eq. 3-104;

gives

k k

fc.
fc.

. b , .fk"'- . 5^
. A— -b 1 ^ 3

~
^^ f' f

)

This may be solved for 5 — B', the value of 5 at frequencies// and

fi, leading to

KfJ' - 5 +

1

»

S' = ± A.
V2

(3-108)

It has already been determined that at the frequencies /i and ji,

5p « + 2
K

so it can be seen that

S' = V2 6p (3-109)

,

Thus frequency and voltage data for five points near the top of a

resonance curve are readily obtainable.

It may be observed from Fig. 3-19 that for values of k/kg less than

unity, a response curve with only one peak is obtained, and a true

impedance match is not achieved. The condition of critical coupling

or k/kc = 1 does lead to an impedance match and maximum power

transfer with but one frequency of response. The selectivity of this

curve is not so good as for k/kg = 0.5 or other values less than unity,

which confirms the statements of Section 3-12. For values of k/kc

greater than unity, the circuit is overcoupled. The same value of

maximum voltage is reached as for critical coupling, but response

occurs at two frequencies with a dip between.

If S had not been neglected with respect to unity in the denomina-

tor of Eq. 3-103, it would be found that the voltage £2 given by

Eq. 3-106 at the low-frequency peak; (
— 5p) would be higher than

that developed at the high-frequency peak (-fSp). In circuits

ordinarily used, this difference would be very slight because of the

smallness of 6p. It is also found in such cases that the gain at critical
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coupling as given by Eq. 3-84 is approximately the mean between
the gains at the low- and high-frequency peaks. Since these differ-

ences are so small, it is customarj' to assume the voltages at both
peaks equal, as was done here, and equal to the voltage developed
at critical coupling.

3-14. Design of ovcrcoupled circuits

If the magnitude of the dip in the top of the response curve could

be held to any desirable minimum, it might not affect circuit opera-

tion adversel}' and the overcoupled circuit could then be used where
response over a wide frequency band is desired, as in intermediate-

frequency ampUfiers of radio receivers. The ideal response curve

would be a rectangle with vertical sides and flat top, to which the

overcoupled-circuit curs'e furnishes a reasonable approximation.

A means of controlling the magnitude of the voltage dip in the

response cur\’e may be readil}' found. Computing the ratio of

to Esaio from Eqs. 3-106 and 3-107, this ratio appears as

1

- H-j2

Taking the absolute value and calling the ratio X,

fcVfcc- + 1
^

2fc/fcc

from which ~ ^

Solving for k/kc, p = X + a/X- — 1

(3-110)

The plus sign should be chosen, since for overcoupled circuits k/kc is

always greater than unity. Then

1- = x-b
Kc

(3-111)
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Thus for any desired ratio of voltages at the peaks and at the dip,

the ratio hlk^ may be determined.

The frequency band in which the voltage deviation remains less

-300 -200 -100 0 100 200 300
Kilocycles

9.7 9.8 9.9 10 lO.l 10.2 103

Megacycles

Fig. 3-20. Response curve as plotted for the example of Section 3-14.

Center frequency 10 megacycles.

than X is, from Fig. 3-18, equal to

A/=// -U
But ^ = 25' = 2 V2

A/ = V2/./r, - 1 (3-112)

The frequency band A/ is ordinarily fixed, so that by use of Eqs.

3-111 and 3-112, values may be found for and

circuit. This circuit will then produce the desired shape of response

curve.

As an example, consider a transformer to have a value of A/
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equal to 200,000 cycles, with fr equal to 10 megacycles. The allow-

able variation in voltage over the Af band is taken as X = 1.2.

Solving for k/kc from Eq. 3-111,

^ = 1.2 -f Vl.44 - 1 = 1.865
t\>c

From Eq. 3-112,

A/ = 200,000

0.0141

1.573

Thus k = 0.01675

Since kc = l/'v/QiQ:, then = 111

If Qi = Qi, then the respective values of Q are 111.

Thus by choosing the Q value of the primary and secondary

circuits and setting the coupling to a definite value, any desired

value of frequency band and ratio between and Eg may be

obtained. It should be noted that if the top of the curve is to be

held flat, of if X is small and Af is to be large, then the voltage Eg

will be reduced.

The response curve for the example above is shown in Fig. 3-20.

PROBLEMS

3-1. A parallel circuit antiresonant at 3 X 10° c, with Q = 20 and

L — 100 ^lh, is available as a load for a generator of 20,000 ohms
internal resistance. If the circuit capacitance is changed to twO

capacitances in series, find the capacitances required and specify

across which one the generator should be connected for an impedance

match.

3-2. A parallel circuit antiresonant at 1.5 X 10° c has a Q of 9 and

matches a‘ generator of 10,000 ohms resistance, generated voltage

1 V, 1.5 X 10° c. Find

(a) The values of L and C required.

(b) The generator current and power output.

(c) The currents in L and C and the power delivered to the

circuit.

3-3. You have a generator of 1 v, 0.7 X 10° Cj, 1000 ohms internal

resistance.

= X 10 X 10%-c •\/(1-865)2 - 1

= 0.00899
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(a) Design an L-section network to couple this generator to a
100-ohm load with maximum power transfer.

'

(b) Repeat for a load of 10,000 ohms.

3-4. A given generator of 1 v, 1.5 X 10® c, has an internal

impedance of 500 -}- j500 ohms.

(a) Design an L-section network to couple this to 8000 ohms
resistance for an impedance match.

(b) Find the current and power delivered to the load.

3-5. A parallel circuit, antiresonant at 24 X 10® c, has a Q of 5 and

is used as a load on a generator of 12,000 ohms resistance, generated

voltage 1 V, 2.4 X 10® c.. If maximum power is to be delivered, find

(a) Values of L and C required in the circuit.

(b) Generator current.

(c) Capacitor current.

(d) Power transferred to the resonant load.

3-6. An inductor is to be used with a SOO-^ijuf capacitor as a load

to match a generator of 10 v, 0.7 X 10® c, 20,000 ohms internal

resistance. Assuming no resistance in capacitor or leads, find L,

R, and Q of the coil.

3-7. Design a reactance-matching section to match a 10,000-ohm

generator to a 250-ohm load for critical coupling at a frequency of

7.0 megacycles. State the values of the elements in terms.of micro-

henrys and micromicrofarads.

3-8. Referring to (a), Fig. 3-21, with \M\ === 10 /ih, Li — 30 gh,

L2 = 200 mIi, and uLz = 1/uCi at 2 me, find the voltage developed

across C2 in both magnitude and angle.

3-9. A radio transmitter having an internal resistance of 4000

ohms is to be coupled to an antenna having a resistance of 72 ohms

at 10 megacycles. The mutual impedance is to be a capacitance

and the circuit is to respond at only one setting of the variables.

Design the required tt network to transfer maximum power.

3-10. In the circuit of Fig. 3-21 (b), Ri — 10,000 ohms, Li = 20

ph, Li = 50 ph, Ri — 100 ohms with a frequency of 3.5 X 10® c.

Find the values of M, Ci, and Ci needed for an impedance match,

with response at one frequency only.

3-11. Using an air-core transformer with Ll — 50 ph, R\ — Rt

= 10 ohms, Li = 200 juh, M = 40 ^th, and any values of capacitance
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20-jI000‘

Pig. 3-21.

Fig. 3-22.

needed, design a circuit in terms of reactances, to match a generator

of id® c, 1990 -f- jlOOO ohms internal impedance to a load of 10

-1- j20 ohms.

3-12. In the circuit of Fig. 3-22(b), Li — 200 /nh, Ls == 50 ph,

—M = 10 ph, Ri - Bt = 5 ohms. If coLi = 1/toCi, uLt = l/toCj
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at 1 megacycle, find the effective Q of the primary or generator mesh,

as changed by coupling of the second mesh.

3-13. With Li = 100 Ath, Ri ~ 10 ohms, Li = 50 /ih, ^2 = 5

ohms, M = 20 /xh, what value of Cj will be required to produce

unity-power-factor resonance in the generator circuit at 1:2 X 10® c

in Fig. 3-22(a)?

3-14. The primary winding of a radio-frequency transformer is

connected in series with an antenna. The primary has an inductance

of 30 Aih and resistance of 5 ohms.

The effective series values for the antenna are La = 20 fill, Ca =

200 fifil, Ra = 20 ohms.

'The secondary of the transformer has Li = 200 Azh, Ri = 10 ohms,

with M ~ 10 Ath. Across the secondary is a variable capacitor C' 2 ,

and at 10® c, toLa = l/wCi.

(a) A signal of 1 mv, 10® e, is induced in the antenna. What
will be the voltage developed across Ci7

(b) Without changing the value of C'2 in the circuit above, a signal

of 1 mv, 1.2 X 10® c is induced in the antenna. What is the ratio of

El for the signal at 10® c to Ei for the 1.2- X 10®-c signal?

3-16. You have one variable inductance and several variable

capacitors. Design a network to match a 50-v, . 20,000-ohm gen-

erator at 3.5 X 10® c to a 1200-ohm load. Coupling is to be 20 per

cent above the critical value.

3-16. A certain antenna coupling device matches a GOO-ohm

resistance to a 72-ohm antenna load. This device is built to have a

mutual impedance of 208 ohms. Why was this value selected?

3-17. If the mutual impedance must be 0. 1-Aif capacitor, design a

T network to match a generator of 4000 ohms, 10 v, 796 c, to a load

of 1000 + jl200 ohms. What is the power delivered to the load?

3-18. An air-core transformer has Li = 30 Axff;
~ 200 fih,

M = 10 Aih, Ri — 5 ohms, Ri = 20 ohms. It is supplied by a gen-

erator of 5 V, 10® c, 10,000 ohms.
(a) Compute k.

(b) Find Ii,Ii, and voltage across the load for loads of 0 +
0 ~ jl256, 0 - i2000, 1256 + jO ohms.

(c) What is the band width of the circuit as seen from the gen-

erator if the load is Ci and aLi = l/aCi at 10® c?
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.
3-19. The transformer of Fig. 3-21 (b) has Li = L2 = 100 /ih,

Ri = 1000 ohms, R 2 = 25 ohms, with F = 1 v, 2 X 10® c. Here
ilf is 150 per cent of critical value.

(a) Find values of Ci and Ci required for an impedance match.
(b) Find the maximum secondary voltage, £5.

(c) Plot the frequencj'-response curve.

3-20. A vacuum-tube generator with output voltage of 100 v at

1000 c, and ivith internal resistance of 7000 ohms, is to deliver power
to a 16-ohm load.

(a) Using an ideal transformer for matching, what is the re-

quired turns ratio?

(b) What are the tube current, 16-ohm load current, and power
delivered to the load?

3-21. An ideal transformer is used to couple a generator of 10 v,

1200 c, 7000-ohm internal resistance to a load of 200 — j300.

(a) For best power transfer, what turns ratio should be used?

(b) What amount of power will be delivered to the load?

3-22. Determine the proper design for the windings of an inter-

mediate-frequency transformer having Li = Li and each gliding

tuned to resonance by a capacitor of 100 niii. The secondary voltage

is not to fall below 0.88 of the peak value inside a band of 8 kc, Avith

the resonant frequencj’' at 465 kc. Find k, Lx, Li, Qx and Qi, and

the secondary voltage developed with 1 v, 465 kc applied to the

primary]
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Chapter 4

FILTERS

Resonant circuits that wnll select relatively narrow bands of

frequencies and reject others have already been discussed. Certain

other reactive networks are available that -^vill freely pass desired

bands of frequencies Tvhile almost totally suppressing other bands

of frequencies. Such reactive networks, called jUiers, were first

investigated by G. A. Campbell and O. J. Zobel of the Bell Tele-

phone Laboratories.

An ideal filter would pass all frequencies in a given band without

reduction in magnitude, and totally suppress all other frequencies.

Such ideal performance is not possible but can be approached with

complex designs, if the need warrants. Filter circuits are widely

used and vary in complexity from the relatively simple power-supply

filter of the a-c operated radio receiver to complex filter sets used to

separate the various voice channels in carrier-frequency telephone

circuits. Whenever alternating currents occup3ring different fre-

quency bands are to be separated, filter circuits have an application.

Here analysis of filter circuits is carried out on the basis of certain

definitions from the general field of electric network theory, under

the assumption of symmetrical/network sections.

4-1 . The neper; the decibel

In filter circuits and other electric networks R is frequently

convenient to appraise the performance of a circuit in tenns of the

ratio of input-current to output-current magnitude. If the input

and output image impedances, or the ratios of voltage to current at

input and output of the network, are equal, then the ratios of the

input to output currents, or input to output voltages, may equally

well be written

If several networks are used in succession as in Fig. 4-1, the over-all

138
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performance may be appraised as

which maj’- also be stated as

(4-2)

A i/« X A X ^ j/y X -4 i/b ~ i/l 2^4 3^ ifa -j- -|- T 5

both processes employing multiplication of magnitudes. In general,

the process of ajidition or subtraction may be carried out with

Fig. 4-1. A succession of n networks in cascade.

greater ease than the process of multiplication or division. It is

therefore of interest to note that

€“ X e*" X X ...«"= «“+*'+»+. .n

is an application in which addition is substituted for multiplication.

If the voltage ratios of Eq. 4-2 are defined as

then Eq. 4-2 becomes

Yl
V„

^o+fr+c+ , « . n

and if the natural logarithm (In)* of both sides is taken, then

= a-{-h-l-c-l-...7i . (4-3)
V

Consequently, if the ratio of each individual network is given as e

to an exponent, the logarithm of the current or voltage ratio for all

the networks in series is very easily obtained as the simple sum of

the various exponents. It has become common, for this reason, to

* In this text the abbreviation “In” will be used to indicate the natural

logarithm, whereas “log" will indicate the logarithm to the base 10.
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Yl
V2

(4-4)

under conditions of equal impedance associated with input and out

put circuits. The unit of "N” has been given the name neper and

defined as

N nepers = In (4-5)

Two voltages, or currents, differ by one neper when one of them is e

times as large as the other.

Obviously, ratios of input to output power may also be expressed

in this fashion. That is.

Pi

P2

e2N

The number of nepers represents a convenient measure of the power

loss or gain of a given network. Losses or gains of successive net-

works then may be introduced by addition or subtraction of their

appropriate N values.

The telephone industry proposed and has popularized a similar

unit based on logarithms to the base 10, naming the unit the hel for

Alexander Graham Bell. The bel is defined as the logarithm of a

power ratio.

p
number of bels = log

ĉ 2

It has been found that a unit one-tenth as large is more convenient,

and the smaller unit is called the decibel, abbreviated “db,” defined

as

db = 10 log^ (4-6)

,
^2

For the case of equal impedances in input and output circuits,

db = 20 log ^ = 20 log^ (4-7)

It Vi

Equating the-values for the power ratios,

gZN — JQdb/10
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and taking the logarithm of both sides,

8.686 N = db

or 1 neper = 8.686 db

is obtained as the relation between nepers and decibels.

Most of the energy transmitted through electric networks, hnes,

and filters is ultimately converted to acoustic energy and heard by
the human ear as sound. Further substantiation of the logic of a
logarithmic unit for measurement of energy to be ultimately

delivered to the ear is furnished by an important property of the

human ear. This propert}^ may be stated as “the ear hears loga-

rithmicallj'.” More elaborately, the ear is observed to obey the

Weber-Fechner law, which states, “The change in stimulus necessary

to produce a perceptible change in response is proportional to the

stimulus already existing.” The ear hears sound intensities on a

proportional, or logarithmic, scale and not on a linear one. The
loudness L may be expressed as

L = K log6 S

where K is a constant of proportionality, b is the base of the loga-

rithms, and 5 is the sound power.

A sound of original power Si and loudness Li may be caused to

increase in power to Ss units, with loudness Lj. The change in

loudness is then

AL = Z/j — Li = K log6 S: — K log!, Si

AL = K log^ 1= (4.8)

Upon assigning values toK and b, the change in power is expressed

in

nepers, UK = 0.5 and the base 5 = e

bels, if7v =1.0 and the base 6 = 10

decibels, if If = 10 and the base 6 = 10

The logic of the logarithmic units, the neper and the decibel, is

then apparent.

The use of these logarithmic units may be illustrated by a few

examples. For instance, under one cpndition the output of a net-
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work is 2 -watts. Under a changed condition the output is 3.2 watts.

The output is then said to have changed by

^ 9
10 log~ = 2.04 db

If this -were acoustic power reaching the ear, the change would

appear as a noticeable increase, since 1 decibel represents approxi-

mately the niinimum perceptible audible change.

If instead of increasing the power to 3.2 watts it had been reduced

to 0.5 watt, then

10 log
1^

- -10 log
11

- -6.02 db

the minus sign indicating that a reduction in power has taken place.

Although the decibel as discussed is a power ratio, it can be used

for absolute measurements if a certain reference, or zero level, for

P\ is adopted beforehand and knovm or stated. Various reference

levels which have been used in the telephone and broadcasting

industries are 1, 6, 10, and 12.5 milliwatts. Until a uniform agree-

ment on a single standard for zero level has been reached, it -will

always be necessary to state specifically which level is meant as

reference.

Using the 6-inilUwatt level as reference, the original 2-watt out-

put of the network above is

2
10 log HTwT? = 10 X 2.523 = 25,23 db above reference

u.UUo

After the change to 3.2 watts the output is 27.27 db above zero, the

reduction to 0.5 watt output changing the level to 19.21 db above

the reference. These figures would again indicate that a loss of

—6.02 db had taken place.

When referred to a reference, negative decibel values are powers

smaller than the reference level.

"When the concept of logarithmic power ratios is carried luto

other fields, various standard references are adopted. As an example,

in acoustic measurements sound levels are measured in decibels -with

reference or zero power level of 10~^® watt per square centimeter.
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4-2. Characteristic impedance of symmetrical networks

When Zi = or the two series arms of a T network are equal,

ox Za = Zc and the shunt arms of a x network are equal, the net-

works are said to be symmetrical.

Filter networks are ordinarilj’’ set up as symmetrical sections,

basically of the T or x type, such as shown at (b) and (d), Fig. 4-2.

(c) Two L-Sections (d) TT- Section

Fig. 4-2. Tlic T and x sections as derived from unsymmetrical L sec-

tions, showing notation used in symmetrical network analj-sis.

Attention is called to the peculiarities of notation employed on the

various arms. This peculiarity is largely dictated by custom,

arising from the fact that both T and x networks can be considered

as built of unsymmetrical L half sections, connected together in

one fasliion for the T network, and oppositely for the x network

as at (a) and (c), Fig. 4-2. A series connection of several T or x

networks leads to so-called “ladder networks,” which are indis-

tinguishable one from the other except for the end or terminating L
half sections, as can be seen in Fig. 4-3.

For a symmetrical network the image impedances Zu and Z;,-,

of Eqs. 3-15 and 3-16, are equal to each other, and the image

impedance is then called the characteristic impedance or the iterative

impedance, Zo. That is, if a symmetrical T network is terminated
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in Zn, its input impedance will also be Z^, or its impedance trans-

formation ratio is unity. The term iterative impedance is apparent

if the terminating impedance Za is considered as the input impedance

Z/2 Z,/2 Z,/2 Z,/2 2,/2 2,/2

Fig. 4-3. (ft) Ladder network made from T sections; (b) ladder net-

work built from s- sections. The parallel shunt arms will be combined.

of a chain of sinailar networks, in which case Z^ is iterated at the

input to each network.

The value of Zo for a symmetrical network can be easily deter-

mined. For the T network of Fig. 4-4(a), terminated in an imped-

ance Z^, the input impedance is

Z^ Z2(ZiI2 + Z,)

2 ^i/2 Zi Zo
(4-9)

It can be assumed that if Zo is properly chosen in terms of the net-

work arms, it should be possible to make Zi io equal to Z^. Requiring

this equality gives

7 = -j- ZjZj -h ZnZ^ -h ZiZqI2
° Zi/2 Zi-^ Za

Zo^ = ^ + ZJ.^
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For the symmetrical T section, then,

145

= a/t ^1 -f (4.10)

becomes the characteristic impedance. This result could also have
been immediately obtained from Eqs. 3-15 and 3-16 for the image

i I

(b)

Pig. 4.4. Determination of Zn', (a) for a T section; (b) for a x section.

impedance of a T section, by using the values of the arms of Fig. 4-4.

Similarly, for the ir section of Fig. 4-4 (b) the input impedance is

^lln —
2Zi

+ 2Z,TZ, + 2^2

Requiring that Ziu, = Za leads to

^ Vi + ^i/4^s

which is the characteristic impedance of the symmetrical t section.

In Chapter 1, certain information concerning networks was

developed from measurements of Z„ and Z^. If these measure-
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ments are made on the T section of (a), Fig. 4-4, exclusive of the load

Zo, then

= Y +

'T _ -r _ 1
Z-iZill

“ 2 Zi/2 -j-

ZosZk — "4" ZiZi — ZoT^ (4-12)

Similar work for the ir section leads to

ZaZtc —
4Z2^Zi ^

Zi 4^2

Therefore, for a symmetrical network,

Zq ~ y/ZatZla (4-13)

This result could have been directly obtained from the image

impedance relations of Section 3-3. It is a valuable relationship,

since it supplies an easy experimental means of determining the Zo

of any symmetrical network.

4-3. Current and voltage ratios as exponentials; the propagation constant

In Section 4-1, under the assumption of equal input and output

impedances, which may now be interpreted as a Zo termination

on the network, the absolute value of the ratio of input current to

output current of a given symmetrical network was defined as an

exponential function,* for the purpose of simplifjdng network

calculations. Obviously, the magnitude ratio does not express the

• In the general case of unsymmetrical 4-tenniaal networks, terminated on

an. image hasis, it is customary to define a transfer constant 6, by

Eili _ input volt-amperes

Esh output volt-amperes

or _ 1 T Eyli
2^ Eth

where 5 is in general a complex number. For symmetrical networks Zu “
" Zo, and with a termination of Zo, the above discussion follows, with y cus-

tomarily replacing 6 and implying symmetry and Zo termination.
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Thus the over-all propagation constant is eaual to the sum of the

individual propagation constants.

4-4. Hyperbolic trigonometry

It is assumed that the student is familiar vnth some of the

properties of hyperbolic functions, at least for real angles. Hyper-

bolic angles also have geometric meaning, being related to a hyper-

bola in the same way that trigonometric functions are related to a

circle. This is illustrated in Fig. 4-5, wherein the hyperbola is the

locus for the radius r, and sinh u — a/r, cosh u — h/r, tanh w = a/6.

As they will be used here, hyperbolic func-

tions simplify the writing of certain e,xpo-

nential relations, and knowledge of their

limits is particularly useful. A few proper-

ties are here summarized and extended to

the case of complex angles:

sinh u —

cosh u —

2

e“ + 6-"

tanh u — sinh u 1

(4-17)

(4-18)

(4-19)

Fig. 4-5. Meaning of a

hyperbolic angle.

cosh u coth u

cosh^ u — sinh^ u = I (4-20)

The values of the functions at the limits « = 0, and u'= » are

tt = 0 n = CO

sinh u
cosh u
tanh u

0

1

0

00

CO

1

For « large, sinh u — cosh u. If « is imaginary or w = jw, then

smhjw —

coshjto =

2

-J-
g—;w

= j sm 10

cos w

(4-21)

(4
-22)

Expressions for complex angles, where u = a jb, can be ob-
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tained by expansion. That is

sinh (a + jb) = sinh a cosh jb -f cosh a sinh jb

= sinh a cos 6 + j cosh a sin b (4-23)

cosh (a -{- jb) = cosh a cosh jb -f sinh a sinh jb

= cosh a cos b + j sinh a sin b (4-24)

A few useful half-angle identities, which can be proved from the

above are

:

u li
sinh

^
= .J- (cosh u — 1) (4-25)

cosh
I
= (cosh u -f- 1) (4-26)

sinh M = 2 sinh
^
cosh

^
(4-27)

A considerable number of hyperbolic functions will prove useful

in the sections to follow.

4-5. Properties of symmetrical networks

Use of the definition of y, and the introduction of as the emrent

ratio for a Zo terminated network, leads to further useful results.

;(*)0

I 2

Fig. 4-6. Symmetrical network with generator and load.

In Fig. 4-6, the T network is considered equivalent to any con-

nected symmetrical network, and is terminated in a load Zq. The

mesh equations are

£ = Ii (y + ^2

)
- (4-28)

= - I,Z, -f- ^£1 -f Zo -f Zo^ (4-29)



FILTERS150 l§4-5

The current ratic for the two meshes, which is equal to e* by defini-

tion, can be obtained from the second equation as

h ^ ^i/2 + Z^ + Zo

li Z<i,
(4-30)

After thus introducing the above may be written

^0 = 1) - ^ (4-31)

From Eq. 4-10 for the characteristic impedance,

^0^ = %* + (4-32)

If Za is eliminated by use of Eq. 4-32 in Eq. 4-31, there results

Z^ie - I)"* - Zy€> = 0

eJT _ 2cY -h 1 = ^ £r

2 ^2^2

cosh 7 = 1-1-^ (433)

Equation 433 and its other derived forms will be of considerable

value in the study of filters.

By use of the identity, Eq. 420, that

cosh^ 7 — sinh- 7 ==T

it is possible to write

sinh 7 = ^ (434)

Combining Eqs. 433 and 434 leads to

Zo

Z1I2 -f- Z2
tanh 7 = (435)
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By use of Eq. 4-25 it is possible to write

-^/S

1-0
(4-36)

an expression which will serve to predict filter performance.

The propagation constant y can be related to the network param-
eters by use of Eq. 4-10, for 2ot, in Eq. 4-30 as

^ + ft +

Taking the natural logarithm

7 = In 1 -b + , /

1

7^ I +
V\2Z.

(4-37)

(4-38)

For a network of pure reactances this is not difficult to compute.

For an impedance it may be noted that the logarithm of a complex

quantity = In B -f- Ja.

The input impedance of any T network, terminated in any

impedance may also be witten in terms of hyperbolic functions

of y. Writing

7 — 7 ~^la — ^11 ““ —

and substituting the required mesh relations from Fig. 4-6, with

Zo replaced by then '

y I 7
Zi. - 2 + Zxl2 -h Zj -f Z«

_ ZiV4 -b ZiZ; -b (Zi/2 -f- Z^Zji

Zi/2 -b Zi -b Zr

Use of Eqs. 4-32 and 4-35 leads to

„ Zo' "b ZuZo/tanh y
" Zo/tanh 7 + Zi,

_ 7 ( 7 + Zq sinh 7\~
° \Zo cosh 7 -b Zk sinh y)

(4-39)
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This is the input impedance of a symmetrical T network terminated

in a load Zn, in terms of the propagation constant and of the

network.

For a short-circuited network Zn — 0. The input impedance is

then Zk where, from the above equation,

= Z^ tanh 7 (4-40)

For an open circuit Zn = «> in the limit, and Z^ is then

lim Zs—• <» tanh 7

From these two equations it can be seen that

tanh -y -

and i?o =

which has already been proved from the properties of the charac-

teristic impedance.

In Chapter 1, open-circuit and short-circuit measurements

were used to describe the performance of a network. In this

chapter, two new parameters, the characteristic impedance /o,

and the propagation constant 7,
have been introduced, and the

properties of the network have been developed in terms of these

new parameters. The last few equations are relations between the

two sets of parameters.

4-6. Filter fundamentals; pass and stop bands

Ideally it is desired that a filter network transmit or pass a desired

frequency band without loss, whereas it should sfop or completely

attenuate all undesired frequencies. The propagation constant

y — a + jp, being a function of frequency by Eq. 4-38, can supply

information on the ability of the filter to perform as desired. If

a = 0 or 11 — 12 ,
then there is no attenuation, only a phase shift,

in transmitting a signal through the filter, and operation is in a

pass band of frequencies. When a has a positive value, then h is

smaller in magnitude than Ii, attenuation has occurred and opera-

tion is in an attenuation or slop band of frequencies.

The propagation constant 7 may be conveniently studied by use

(4-41)

(4-42)
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of Eq. 4-36:
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i
=

It first be assumed that the network contains onlj'- pure react-

ances, and thus Zi/AZ^ will be real, and either positive or negative,

depending on the type of reactance used for Zi and Z^. Expanding
gives

sinh
I
= sinh -f

= sinh
^
cos

I
-f j cosh

^
sin

^

as an equation containing much information.

If Zx and Zi are the same type of re-

actance then \Zxl^Z^ > 0, or the ratio

is positive and real. This requires that

sinh 7/2 be real, which means that the

imaginary term in Eq. 4-44 must equal

rero and that

(4-44)

.yg Z,/2

(a)

(b)

cosh
^

sin
^
= 0

. , a /3 / Z\
smh cos ^2 -“2

are simultaneously satisfied

From (a).

Kg. 4-7. Symmetrical T net-

work.

sin 1=0; . /3 = 7?x where n = 0, 2, 4,

From (b), since cos /3/2 = 1, then

sinh
]

“= /ih
2 ^4-?:

and the attenuation will be given by

a = 2 sinh-> (4-45)

Thus the condition that \Zx!^Z^ > tS .implies a slop or attenuation

hand offrequencies.
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If Zi and Zi are. opposite types of reactance then Zx/\Zi is negative,

\Zil^Zf\ < 0, and the radical of Eq. 4-43 is imaginary. The real

term in Eq. 4-44 must then be zero, so that

(c) sinh ~ cos
I
= 0

(d)

must be satisfied.

Two conditions are possible from the above: ^

I. sinh
^
= 0; therefore

« = 0; ^5=^0; sin| = ^A

II. cos
^
= 0; therefore sin

g
= ±1 and

a 7^ 0; 0 = (2n — 1)t; cosh
^

Condition I leads to a pass band, or region of zero attenuation,
a

which is limited b3" the upper limit on the sine, or by sin
|
= 1, or

it is required that

The phase angle in this pass band will be given by

0 = 2 sin-> (446)

Condition II leads to a stop or attenuation band since a 4 0.

The phase angle is tt, and the attenuation is given by

a = 2 cosh~'

Because the hyperbolic cosine has no value below unity, it appears

that the region in which condition II applies is a stop band where

Zi

y CK . B
cosh

2
sm

g -4
Zi

4Z.
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Values of can then be classified into three regions, with

corresponding values of a. and /3, these regions being bounded bj"^

Zxl^Z-i values of + oo, 0, —1 and — «>, as given below:

Zx/iZt = + to 0 Oto -1 — 1 to — CO

Reactance Same Opposite Opposite

type:

Band: Stop Pass Stop

a: 0 2 cosh-^

|S: r T

The frequencies at which the network changes from a pass net-

work to a stop network, or vice versa, are called cxitof frequencies.

These frequencies occur when

A = o or Zx^O

^ = -1 or Zx = -4Zi

(4-48)

where Zx and Zt are opposite types of reactance.

Since Zx and Z, may have a number of configurations, as L and C
elements, or as parallel and series combinations, a variety of types

of performance are possible.

The elements considered above were assumed pure reactances,

and design is ordinarily carried out on this basis. Measurements

of actual performance are then made and adjustments introduced

into the design to compensate for de\dation of the results from the

ideal. In addition to minimizing the losses of physical elements

it is also necessary to reduce stray electric and magnetic couplings

between elements to obtain more nearly the predicted performance.

4-7. Behavior of the characteristic impedance

It has been shown that for a symmetrical T network

Zt>T = ^jziZi (l
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In a network made up entirely of pure reactances this expression

for the characteristic impedance becomes

Z^T = (4-49)

where the X terms will carry their o^vn signs, the minus sign under

the radical being due to

In Section 4-6 it was shown that a stop band exists where Xi
and Xi are the same type of reactance. The ratio X^/A-Xi will be

real and positive, and the characteristic impedance will be a pure

reactance in this attenuation region.

A pass band was sho\TO to exist where Zi and Xi were of opposite

reactance types and — 1 < X1/A.X1 < 0. Placing these conditions

in Eq. 4-49 results in the product being negative, with the

bracketed term positive. The over-all sigh under the radical will

be positive and Zo will be real, and thus able to absorb power from

a source.

A stop band exists with Xj and Xi of opposite types, but with

X 1/4X 2 < — 1, This implies that the product X 1X 1 is a negative

term, and that the bracketed term is negative. When combined

with the negative sign present in Eq. 4-49, the over-all sign under

the radical will be negative and Zo will be a pure reactance in this

stop region.

It has been shown that in a pass band Zo is real and positive.

If the reactive network is terminated with a resistive Zo = j?o,

then the input impedance is Eo, and the network can accept power

and will transmit it to the resistive load without loss or attenuation.

If the netAvork is supplied by a source having Eo as its internal

impedance, the system will be matched at each set of terminals,

and maximum poAver Avill be deliA'ered from generator to load.

In a stop band Zo has been shoAA'n to be reactive. If the netAVork

is terminated in its reactiA'e Zo, it Avill appear as a totalty reactive

circuit and as such cannot accept or transmit poAver, since there

is no resistiA'e element in AA’hich the poAver may be dissipated. The

netAvork may transmit voltage or current, but AA’ith a 90“ phase

angle betAveen the two and AAith considerable attenuation.

Similar reasoning may be applied to the Zo for a w netAA'ork if



§4-81 RLTERS 157

it is noted that

^Or = —
^or

(4-50)

and Z\Z’i is always real for Zx and Z^ as pure reactances. Thus
it is seen that the conditions developed for pass and stop bands for

T sections likewise apply for x sections.

4-8. The constant-fe low-pass filter

If Z\ and Zj of a reactance network are unlike reactance arms,
then

ZxZi = A-=

where fc is a constant independent of frequency. Networks or

filter sections for which this relation holds are called conslant-k

filters.

As a special case, let Zi = juL and Z. = —jluiC, then the product

ZiZ. = I = (4-51)

The term Rh is used since k must be real if Zj and Z- are of opposite

type. A T section so designed would appear as at (a). Fig. 4-8.

Fig. 4-8. (a) Low-pass filter section; (b) reactance cun'cs demon-
strating that (a) is a low-pass section or has a pass band between

Zi = 0 and Zi = —4Z*.

The reactances of Zi and 4Z2 will vary with frequency as sketched

at (b). Fig. 4-7. The curve representing ^4Z5 may be drawn and
compared with the curve for Zi. It has been shown by Eq. 4-48

that a pass band starts at the frequency at which Zi = 0 and runs
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to the frequency at which Zi — —AZ^. Thus the reactance curves

shov/ that a pass band starts at/ = 0 and continues to some higher

frequency fc- All frequencies above /c lie in a stop, or attenuation,

band. Thus the network is called a low-pass filter.

The cutoff frequency fc may be readily determined, since at that

point

Z\ ~ 4^2, joitXj ~ —

^

uScL

1
(4-52)

This expression may be used to develop certain relations appli-

cable to the low-pass network. Then sinh 7/2 may be evaluated as

iw Vie
4 2

and in view of Eq. 4-52 this is

sinh| = /i (4-53).

Then if the frequency / is in the pass band or f/fc < 1, so that

— 1 < Z\/A.Zi < 0, then

j<l, a = 0, /3 = 2 sin“'

fc

Fig. 4-9. Variation of a and /5 with frequency for the low-pass section.
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whereas if frequency f is in the attenuation band or ///„ > 1, so

that Zxl^Zi < — 1, then

^
> 1, a = 2 cosh"' /3 == IT

thereby allonnng determination of a and /S- The variation of a and

d is plotted in Fig. 4-9 as a function oifjfc- This method shows that

the attenuation a is zero throughout the pass band but rises gradu-

ally from the cutoff frequency at ///„ = 1.0 to a value of oo at

infinite frequency. The phase shift d is zero at zero frequency and
increases gradually through the pass band, reaching x at and
remaining at x for all higher frequencies.

The characteristic impedance of a T section was obtained as

which becomes

ZoT = ^jzlZs ^1 +^
(4-54)

for the low-pass constant-i section under discussion. By use of

Eq. 4-52 the characteristic impedance of a low-pass filter may
be stated as

in accordance with the definition of Rk in Eq. 4-51. Values of

Zor/Ri are plotted against f/fc in Fig. 4-10. It may be seen that

Zor varies throughout the pass band, reaching a value of zero at

cutoff, then becomes imaginary in the attenuation band, rising to

infinite reactance at infinite frequency.

A low-pass filter may be designed from a knowledge of the cutoff

frequency desired and the load resistance to be supplied. It is

desirable that the Zo in the pass band match the load; but because

of the nature of the Zo curve in Fig. 4-10, this result can occur at only

one frequency. This match may be arranged to occur at any

frequency which it is desired to favor by an impedance match.
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For reasons which, mil appear in Section 4-13, the load is chosen

as R — Rk ~ y/L/C, which will favor zero frequency for a low-pass

filter.

The design of a low-pass filter may be readUy carried out. From

Fig. 4-10. Variation of ZarlRk with frequency for the low-pass section,

the relation that at cutoff

it is seen that

Zi = -472

4
njj =

Using the cutoff frequency equation changes this to

= 1

and use of the relation R = \/L/C gives for the value of the shunt

capacitance arm

c = 1 '(«7)
•kJcR

By similar methods the inductance for Zi is obtained as

^ (4-58)L =

Since the design is based on an impedance match at zero fre-

quency only, power transfer to a matched load will drop at higher
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pass-band frequencies. This condition may be undesirable in certain

applications, and a remedy -n-ill be discussed in Section 4-13.

A network such as is described here is called a prototype section.

It may be employed when a sharp cutoff is not required, although

cutoff may be sharpened by using a number of such networks in

cascade. This is not usually an economic use of circuit elements,

and introduces e.\cessive losses over other available methods of

raising the attenuation near the cutoff frequency.

4-9. The constant-fe high-pass filter

If the positions of inductance and capacitance arc interchanged to

make Zi — —j/oiC and Z2 = jwL, then Z1Z2 will still be given by

Z1Z2 = k'

and the filter design obtained will be of the constant-/: type. The
T section will then appear as in (a), Pig. 4-11. The reactances of

Zi and Z2 are sketched as functions of frequency in (b), and Zi

Fig. 4-11. (ft) Higli-pnss filter section; (b) rcnctancc cun-cs demon-

striiting that (ft) is ft high-pass section or has a pass band between

2'i = 0 and Zi = —4Z3 .

is compared with —47., shoving a cutoff frequency at the point at

which Zi equals —47., with a pass band from that frequency to

infinity where 7i = 0. The network is thus a high-pass filter.

All frequencies below/, lie in an attenuation, or stop, band.

The cutoff frequency is determined as the frequency at which

Zi — — 47., or

—

^

= —j'iujj, -iUc'LC — 1

Wet

/c-
1

4r VZC
(4-59)
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Using the above expression

i ^ 4Sl " V “ 4^ 2u,VLC
^

The region in which /«// < 1 is a pass band, so that the variation of

y inside and outside the pass band will be identical with the values

for the low-pass filter, and the curves of Fig. 4-9 will apply if the

abscissa be considered as calibrated in terms of /«//, except that the

phase angle /3 will be negative, changing from 0 at infinite frequency

or/e// = 0, to — TT at cutoff or/*// = 1 -

The high-pass filter may be designed by again choosing a resistive

load R equal to Rk such that

R = Rk=^^ (4-61)

From the relation that at cutoff = —4i?2 it was shown that

4We*LC' = X

and again L/C = R^, so that the value of the capacitance for Zi,

the series element, is

C = 1
(4-62)

It should be noted that since Zi/2 is the value of each series arm, the

capacity used in each series Zi/2 element should be 2C. By similar

methods the value for the inductance for Z2,
the shunt arm, is

L = (4-63)

The characteristic impedance for the high-pass filter may be

transformed to

4-10. The m-derived T section

' (4-64)

The constant-A: prototype filter section, though simple, has two

major disadvantages. The attenuation does not rise very rapidly

at cutoff, so that frequencies just outside the pass band are not
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appreciably attenuated with respect to frequencies just inside the
pass band. Also, the characteristic impedance varies widely over
the pass band, so that a satisfactory impedance match is not possi-

ble. In cases where an impedance match is not important, the

attenuation may be built up near cutoff by cascading or connecting

a number of constant-/: sections in series.

It is more economical to attempt to raise the attenuation near

cutoff by other means. Consider first the eircuit of (a). Fig. 4-12.

The reactance curves sketched at (b) show that this circuit is a low-

pass filter. However, it can be seen that the shunt arm is a series

Fig. 4-12, (a) Derivation of a low-pass section having a sharp cutoff

action; (b) reactance curves for (a).

circuit resonant at a frequency above fe. At this resonant frequency

,

the shunt arm appears as a short circuit on the network, or the-

attenuation becomes infinite. This frequency of infinite or high

attenuation is called and by reason of the requirement that

below fc the shunt circuit appear as a capacitance, the frequency

of resonance, /«, will always be higher in value than fc. If, then, f„

can be chosen arbitrarily close to/e, the attenuation near cutoff may
be made high.

The attenuation above /«, will fall to low values, so that if high

attenuation is desired over the whole attenuation band, it is neces-

sary to use a section such as in Fig. 4-12 for high attenuation near

cutoff, in series with a prototype section to provide high attenua-

tion at frequencies well removed from cutoff. For satisfactory

matching of several such types of filters in series, it is necessary that

the Zo of all be identical at all points in the pass band. They will

consequently also all have the same pass band.
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The network of Fig. 4-12 may be derived by assuming that

= mZx (4-65)

the primes indicating the derived section. It is then necessary to

find the value for Z^' such that Zf>' = Z^. Setting the characteristic

impedances equal,

7o' = Zo

4
mZiZi = —

1
- Z1Z2

,
1 — 771

=

^2 — —
-im 4m (4-66)

It then appears that the shunt arm Z-l consists of two impedances

in series, as shown in Fig. 4-13. As required, the characteristic

impedance and /« remain equal to those of the T section prototype

containing Z\ and Z^, values.

mZ, /2 mZ,/2

Fig. 4-13. The 7n-derived low-

pass filter.

be chosen so that

Since tti is arbitrary, it is possible to

design an infinite variety of filter net-

works meeting the required conditions

onZoand/c. However. Z2 will be oppo-

site in sign to Zi, and it is desired that

this relation continue in the two series

impedances given by Eq. 4-66 for the

Zz arm. Equation 4-66 then indicates

that (1 — must be positive,

forcing the terms \ — m- andm always

to be positive. Thus m must always

0 < 771 < 1

Filter sections obtained in this manner are called m-derived sections.

The shunt arm is to be chosen so that it is resonant at some

frequency/„ abovefe. This means that at the resonant frequency

1 — „
m 4m

(4-67)
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1

2irf^mC

1 — m-
4jn

2Tf^L

1

X \/(l - m^)LC

Since the cutoff frequency for the low-pass filter is

/c =
• 1

ttVLC

the frequency of infinite attenuation will be

from which

/« =”
-v/l —

m = Vl - (/c//„)
=

(4-68)

(4^69)

This equation determines the m to be used for a particular

Similar relations for the high-pass filter can be derived as

/«. = /c Vl - m= (4-70)

and m = Vi “ (/«//c)“ (4-71 )

The m-derived section is designed following the design of the

prototype T section. The use of a prototiTje and one or more
m-derived sections in series results in a composite filter. If a sharp

cutoff is desired, an m-derived section may be used with near f^,

followed by as many m-derived sections as desired to place fre-

quencies of high attenuation where needed to suppress various signal

components or to produce a high attenuation over the entire attenua-

tion band.

The variation of attenuation over the attenuation band for a

low-pass m-derived section in the stop band is dependent on the

sign of the reactances or

0 = 2 cosh“^ A
Zi

4Z2
or a = 2 sinh“^ -y

/c < / < /« U<f
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For Zi = ;»L and Zs == ~j/(oC for the prototype, then

mouL

|4Zo

so that for fc< f < f<

4[l/m(o(7 — (oL(l — 7n2)/4m]

a = 2 cosh-I-
w///c

(4-72)

Fig, 4-14. Variation of attenuation for the prototype and nz-derived

sections, and the composite result of the two in series.

and for /« < /

a = 2 sinh^^
mj/U

(4-73)

The value of a may be determined from this expression. Figure

4-14 is a plot of a against ///c for m = 0.6, which gives a value of /«

equal to 1.25 times the cutoff frequency /c. The great increase in

sharpness of cutoff for the m-derived section over the prototype is

apparent. The higher attenuation over the whole attenuation band

obtained by use of a prototype section and an m-derived section in

series as a composite filter is also readily seen.

Again following the procedure of Section 4-8, the phase shift
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constant /3 may be determined, in the pass band, from

(4-74)= 2 sin-i - (4-74)Vl - (P/mi - m=)
^ ^

In the attenuation band, up to /„, /S has the value tt. Above the
value of /8 drops to zero, because the shunt arm becomes inductive

above resonance. The phase shift of the 7n-derived section is plotted

as a function of f/fc in Fig. 4-15.

Fig. 4-15. Variation of phase shift p, for the 7«-derived filter.

This material demonstrates the ability of the m-derived section

to overcome the lack of a sharp cutoff in the simple prototype filter.

Although it may be noted that the sharpness of cutoff increases for

small values of m, the attenuation beyond the point of peak attenu-

ation becomes smaller for small m. This emphasizes the necessity

of supplementing the ni-derived section with a prototype section in

series to raise the attenuation for frequencies well removed from

cutoff.

4-1 1 . The m-derived tt section

An m-derived tt section may also be obtained. The characteristic

impedance of the ir section is

^
V'/i^=(l + ^1/4/2)
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The characteristic impedances of the prototype and m-derived sec-

tions are to be equal so that they may be joined without mismatch.

By use of the transformation for the shunt arm,

h
m (4

-75
)

(a) tb)

Fig. 4-16. (a) Usual symmetrical x section; (b) the m-derived r filter.

it is possible to equate the characteristic impedances as

Z\ Zj/m _ ZxZ-i

sfZx{Z^lm){\ -f ZM/4:Z^) VZiZ^il + Zx/iZi)

from which

Zx' = -j j
(4-76)

—— -j i

mZx 4m _

It is apparent that the series arm Zi' is represented by two imped-

ances in parallel, one being mZi, the other being 4m/(l — m-)/j

in value.

Equations 4-75 and 4-76 thus give the values to be used in design-

ing the m-derived w section. The circuit is drawn in Fig. 4-16.

4-1 2. Variation of cfiaracteristic impedance over the pass band

It has been shown in Section 4-8 that for a low-pass T section



§4-12] FILTERS 169

The characteristic impedance for a ir section is

_ 2iZ2

Since Z\ = jcoL and Z^ = —j/uC for the low-pass filler, use of the
cutoff frequency expression permits the characteristic impedance of

Fig. 4-17. Manner of variation of Zo over the pass band for the T and
r networks.

the low-pass x section to be expressed as

L/C

VL/C[1 - if/m

VI - mr (4-78)

The T-section characteristic impedance is plotted over the pass band
in Fig. 4-17 as a function of f/fe and is compared with the curve for

the T section, reproduced from Fig. 4-10.

The curves show that the characteristic impedance of neither
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section is sufficiently constant over the pass band that a load erjual

to Rk will give a satisfactory impedance match.

4-13. Termination with m-derived half sections

In Chapter 3, reactance L sections were designed that would

transform a given resistance to a more desired value. The problem

(c)

Fig. 4-18. (a) m-derived T section; (b) r section formed by rearrang-

ing constants of (a)
; (c) circuit of (b) split into two L sections.

of satisfactorily terminating or matching a T or tt filter to a given

load could be performed by an L-section network at one frequency.

The real problem, however, is that of causing an L section to change

its characteristics with frequency in such' a way that the filter is

approximately matched to its load at all frequencies oyer the pass

band. Zobel discovered that an m-derived half section or L section

could be made to have the desired properties over most of the pa-ss

band.

Consider the w section in (b), Fig. 4-18, formed by use of the ele-

ments of the m-derived T section of (a). This t section can be split

into two half sections, wuth values as at (c). The image impedance

of the left half section at the 1,1 terminals is given by Eq. 3-17 as
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^ /[(I - in^Zi/2m -f 2Z;/m]2(m7i/2)

VCI - m^}Zi/2m + 2Z.Jm + viZ-,/2

_ A - m- ^ 2ZA / (7nZi/2)=

\ 2m * 7re / V (1 - -f + m=ZiV4

. [l + (1 _ „=) ./ISZ (4.S0)

By Eq. 4-11, the above is recognizable as

1 + (1 - m=) A (4-81)

Equation 4-81 shows the 1,1 image impedance to be a function of

Ztir modified b3'’ the factor 1 -{- (1 — m") Z1/4.Z2 and thus to have

possibilities of variation of image impedance with values of m.

For the low-pass filter, Eq. 4-81 may be written as

‘

ig.[l - (1 - mWc-]
(4-82)

The variation of Zu, or the image impedance at the 1,1 terminals of

Fig. 4-18, is plotted over the pass band for several values of m in Fig.

4-19. It can be seen that, by use of the value m = 0.6 for the hah

section, a nearly constant value of image impedance equal to Rt is

obtained at the 1,1 ternainals over 85 per cent of the pass band. A
sourceimpedance equal to E* then could be matched satisfactorily on

an image basis at the 1,1 terminals over most of the pass band.

A similar variation with m can be developed for the high-pass

filter.

The image impedance of the left half section of Fig. 4-18(c) at the

2,2 terminals may be written

^s» = -^0 :

(4-83)

(4-84)
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Fig. 4-19. Variation of Zu of the L section of Fig. 4-18 (c) over the

pass band, plotted for various m values.

Fig. 4-20. Manner of use of wi-derived L sections to terminate a T-

section filter. The value of m should be 0.6.
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Thus the image impedance looking to the left at the 2,2 terminals,

Fig. 4-18(c), is that of a T section. By the same reasoning, the image
impedance looking to the right at the 3,3 terminals is also Zot] and
that looking to the left at the 4,4 terminals is the modified value of

Zor given b}'- Eq. 4-81.

Thus a generator of internal impedance i?jt may be connected to

the 1,1 terminals of such a half section and a satisfactory image
impedance match obtained over the pass band e.\cept close to cutoff.

Likewise, a load of value Rk may be connected to the 4,4 terminals

with a satisfactory match. Betw'cen the 2,2 and 3,3 terminals may
be inserted prototype and m-derived T sections designed for a value

Fig. 4-21. Use of L sections to terminnto a r-section filter, with

VI = O.C.

of i? = Rk. These sections will be working into terminals of the

half sections that have image impedances equal to the Zo of the T
sections, and thus will be matched. The over-all characteristic

impedance will be very nearly constant except near cutoff, at a value

equal to Rk, and all sections will be closcl}’’ matched for ma.ximum

power transfer over at least 85 per cent of the pass band. The
general arrangement will be as in Fig. 4-20.

The twm half j/!-derived sections, know'u as teminaiuig half-

sections, are normally added to the design of anj' filter to provide

uniform termination and matching characteristics. IMorcover, they

pro\ide a point of high attenuation at a frequency 1.25 that of /„
thus improving the attenuation characteristics of *the filter. If

additional attenuation is needed in the stop band or if the cutoff

must be made sharper, then additional full m-dcrived sections with

different m values may be added in series with the prototype T
sections. Derived sections mai' be used alone, with nothing between,

if attenuation at / = “is not important.

The mismatch at frequencies near cutoff tends to Blightl3
’’ decrease
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the sharpness of the change in attenuation at the cutoff point, pro-

ducing a small amount of attenuation inside the pass band near

cutoff.

Prototype or Tu-derived sections of the tt type may be analyzed

in a similar manner. It is then found that if an m-derived r section

is rearranged as a T section and split into half sections, these half

sections, with m = 0.6, will give similarlj’^ satisfactory matching of

impedances. These half sections are shoum in Fig. 4-21.

4-1 4. Band-pass filters

Occasionally it is desirable to pass a band of frequencies and to

attenuate frequencies on both sides of the pass band. The action

Pig. 4-22. (a) B.',nd-pass filter network; (b) reactance curves showing

possibility of two bands.

might be thought of as that of low-pass and high-pass filters in

series, in which the cutoff frequency of the low-pass filter is above

the cutoff frequency of the high-pass filter, the overlap thus allowing

only a band of frequencies to pass. Although such a design would



FILTERS§4-1 4j 175

function, it is more economical to combine the low- and high-pass

functions into a single filter section.

Consider the circuit of (a), Fig. 4-22, with a series-resonant series

arm and an antiresonant shunt arm. In general, the reactance

curves show that two pass bands might exist. If, however, the

antiresonant frequency of the shunt arm is made to correspond to

the resonant frequency of the series arm, the reactance cun^es

become as shown in Fig. 4-23 and only one pass band appears. For

Fig. 4-23. Reactance cun’es for the band-pass network when resonant

and antiresonant frequencies are properly adjusted.

this condition of equal resonant frequencies,

wo'FiCi = 1 = (4-85)

or Ij\C\ “ L/2^2

The impedances of the arms are

7 - f T 1 V_Zi - 3 {uLi 3

- 1 )

Z, =
—
3/uCj) _

y (cribs — I/CCC2) 1 — w~Ijz^2

(4-86)

(4-87)

That a network such as (a). Fig. 4-23 is still a constant-k filter is

easily shown as

_ _ LziurLjCi — 1 )

“
Ci(l - co^LsC.)

and if LiCi = L2C2 ,
then

(4-88)
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Thus the previously developed theory still applies.

At the cutoff frequencies,

Zx ~ — 4.^2

Multiplying by Zx gives

zc- = -AZxZ, = -45*2

from -which the value of Zx at the cutoff frequencies is obtained as

Zx = ±i25* (4-89)

so that

Zx at lower cutoff jx~ —Zx at upper cutoff

The reactance of the series arm at the cutoff frequencies then can be

written by use of the above as

1

a\C\
— uiZii — uiLtx

1 — COx^LiCx {^2^LiCx — 1)W2 '

1

UiCx

Now from Eq. 4-85,

LxCx =
wo

(4-90)

(4-91)

so that Eq. 4-90 may be written as

i-m--)
fo^ifl+f^) -flMfx+f2)

/o = Vfj2 {'i-92)

or the frequency of resonance of the individual arms should be the

geometric mean of the two frequencies of cutoff.

If the filter is terminated in a load R = 5*, as is customar}', then

the values of the circuit components can be determined in terms of

R and the cutoff frequencies /i and/2 . At the lower cutoff frequency,

1

wiCi
— wjZ/i — 25

1 -^ = AtR/xCx
/o”
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In idew of Eq. 4-92, the expression for Ci becomes

177

Cl — /- ~/i
4ivRfifi

It follows, then, from Eqs. 4-91 and 4-92, that

(4-93)

= R
ij

''

(4-94) mL,/2 2C,/m 2C,4n mL,/2
’!(/: - ji) o

—

nsiHRP—I (
f

I

—

0

From Eq. 4-88, it is possible to ob-

tain the values for the shunt arm
as

L. = CiR^ = (4-95)
uTTy 1*2

n — -^1 —^2 — tt;;
—

l-m^
4m
mfL.

4m
I—m*

Mi '"Ca
m p

_ ^6- 4-24. t72-derived band-pass

R- vR(fi - /i) section.

This completes the design of the prototjTpe band-pass filter.

An m-derived band-pass section is also possible. Use of the

transformation relations developed in Section 4-10 leads to a net-

work of the form of Fig. 4-24. The shunt arm then consists of series-

resonant and antiresonant circuits in series. Plotting reactance

curves for these two circuits and adding to obtain the reactance

variation of the shunt arm, Z2 of the filter, gives the dashed curve

of Fig. 4-25. The antiresonant frequency of the arm as a whole

must, by- previous reasoning, be fo of the filter. The reactance

curve for Zj then shows that the shunt arm becomes resonant at a

frequency below fo and again at a frequency above fo. At these

Fig. 4-25. Reactance curves for the shunt arm of the m-derived band-

pass section.
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frequencies the network is short-circuited, and thus they are fre-

quencies of high attenuatidn, f„. These frequencies of high attenua-

tion are placed on each side of the pass band, and the jn-derived

section may be used to increase the attenuation near cutoff, as for

the high- or low-pass cases.

At one the reactances Xr and Xor are equal and opposite, so

that

i ^ (yco^La/w) ( —j/o3jnCi)

[4m/(l - m-)]Ci jil/u^mC2 - u^Lz/m)

\ ~ vn?

In view of the fact that

- 1)
=

— 1
(4-97)

LiCi = LzGz =
COo

Eq. 4-97 becomes

(fp - ly = i-,rJJLzCy (4-98),

The term LzCi can be evaluated as a function of fi and fz from Eqs.

4-93 and 4-95;

LzCi =
' 4rE/i/;

Equation 4-98 then reduces to

ir(^-fi)g i _ (/2-/i)==

2 1 47r/j/2

(1 - m^XfJ - f^zy = fj(f2 - fiY (4-99)

L (h ~ /i)/«
/l/2 = 0

Solving for the values of the frequencies of peak attenuation,

2 Vl — TO-

ih - hr
4(1 - m2)

+ /1/2 (4-100)

It is apparent that the radical is larger than (fz
— /i)/2 Vl “

and thus one root would appear as a negative frequency that has no

physical significance here. Thus the expression for should be
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reversed so that the tivo frequencies of peak attenuation
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are

fcol

ycol

4

4

- hr
, f f

4(1 - m')
~

4(1 - m'-)
+

ft — fi

2 Vi

ft — fi

2 -\/l — 771-

(4-101)

(4-102)

Equation 4-99 may be solved to determine the value of m, giinng

m

V(fJ-fr^)LfJ-m
fj-flft

(4-103)

The value of to may be chosen to place either one of the two fre-

quencies of peak attenuation at a desired point, the other frequency

of peak attenuation then being definitelj’’ fixed. That this is true

may be chosen byforming the product for/„i/„2 from Eqs. 4-101 and
4-102:

f f _ /r + 2hh + /r - im^fift - ft-+ 2M, - ^
JcoUcoS AfT — f^- (4-104)

Vf^t = fo (4-105)

Thus/o is the geometric mean of the frequencies of peak attenuation

and, by Eq. 4-92, of the cutoff frequencies as well. If tn is selected

to place/„i at a desired point, then by Eq. 4-105, is automaticallj'

fixed, and ^'ice versa. It is possible to fiix both f„i and bj* the

use of two to’s or an ima'-derived filter, as shown by Zobel (Refer-

ence 2).

An TO-derived T section, rearranged as a s-, maj* be split into two
half sections and used as terminating half sections. If j?: is given

the .value 0.6, then satisfactory impedance matching conditions are

naaintained over the pass band. This usage follows the pre^nously

developed theory for low- or high-pass sections.

4-15. Band-elimination filters

If the series- and parallel-tuned arms of the band-pass filter are

interchanged, the result is the band-elimination filter of (a), Fig.
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4-26. That this circuit does elituinate or attenuate a given fre-

quency band is shown by the reactance curves for Zi and — 4^2 at

(b). The action may be thought of as that of a low-pass filter in

parallel with a high-pass section, in which the cut-off frequency of

the low-pass filter is below that of the high-pass filter.

Fig. 4-26. (a) Band-elimination filter; (b) reactance curves showing

action of band-elimination section.

As for the band-pass filter, the series and shunt arms are made

antiresonant and resonant at . the same frequency /o. Again, it is

possible to show that

^ ^ (4-106)

and that /o = V^j/a (4-107)

At the cutoff frequencies,
y

Z\ — — iZi, ZyZi ~ — 4.^2^ = R}?

72 = +^ (4-108)

If the filter is terminated in a load R = Rn, then at the lower cutoff

frequency,

Since L2C2 = l/(do^

l-^ = 7r/iC?2B

(4-109)
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then

/o — ‘s/fifi —

Li =

2ff V^LjC;

R
(4-110)

By use of Eq. 4-106, the values for the series arm are obtained as

L>1 T7

C = 1

4-R(fi-f,)

Sections of the m-derived form may also be obtained.

(4-111)

(4-112)

4-16. Filter-circuit design

As an e.\ample of the manner in which a complete filter may be
designed, it will be convenient to carr3' out the calculations on a
typical filter to meet the following specifications:

A composite low-pass filter is to be terminated in 500 ohms
resistance. It must have a cutoff frequency of 1000 cj'cles, with

very high attenuation at 1065, 1250, and “ cycles. The prototype

is designed first as

500

C =

jt/c jt X 1000

1 1

jr/cfl T X 1000 X 500

= 0.159 henry

= 0.636 microfarad

This prototype section meets the specification for high attenuation

at infinity. The assembly of the section is illustrated in the circuit

of Fig. 4-27, with inductance ofL/2 in each series arm.

The ni-derived section to pro\ide lugh attenuation at f„ = 1065

cycles maj' then be designed:

m

= Vl - 0.S82 = 0.343
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wL 0.343 X 0.159 = 0.0273 h

= --- --4"^ X 0.159 = 0.102 h
4m 1.3/'2

mC = 0.343 X 0.636 = 0.218 xnicrofarad

.047
,

.079 .079
,

.027 .027
,
.047

.126 .106 .074

Fig. 4-27, (a) Filter as designed; (b) as it would be' combined.

These values are then assembled as in Fig. 4-27.

The section providing high attenuation at 1250 cycles will have a

value of 771 given by

^ ^
(lis)

^ v'r^rao = o.g

and this will be appropriate for use in the terminal half sections.
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Then the circuit elements should he

viL 0.6 X 0.159 = 0.0474 henry

2m
^ L — X 0.159 = 0.086 henry

mC 0.6 X 0.636 = 0.191 microfarad

These sections are all shown individually in Fig. 4-27(a). I'or

economy, it is customar3’^ to combine elements wherever possible.

The series inductors may then be added, resulting in the final design

of (b). In making a mechanical assemblj' it is necessary to avoid

electric and magnetic couplings. To aid in this and to improve the

magnetic circuit, the inductors are ordinarily wound as toroids on

ring cores. Magnetic materials of I'ery high permeability are

used, these usually being high-nickel alloys such as permalloy, or

powdered iron or permalloy materials in compressed form. The
values of Q obtained should be as high as possible so that the filter

performance vail closely approximate the performance calculated

for pure reactances.

4-17. Filler performance

To illustrate the sort of approach to the theoretical ideal which is

possible in filter design, laboratory filters ivere assembled in accord-

ance with the designs of Fig. 4-27. The inductors used were

toroids on compressed molybdenum-permallo}'^ dust cores, and had

Q values of approximately 40. These inductors would not be

considered as having very high Q by commercial standards, /as

values of 100 to 300 are available. The filters were designed

for 500 ohms resistance termination, and were so used for each

measurement.

Attenuation measurements w'ere made over the pass and stop

bands on each of the filter sections. The attenuation of the proto-

tjrpe section, terminated in 500 ohms, is shown in (a), Fig. 4-28.

The presence of resistance and the insertion loss of the section causes

a rounding of the attenuation curve near cutoff, but otherwise the

shape of the curve reasonably fils the theoretical curve of Fig.

4-9. Calculation of attenuation, based on pure reactances and the
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Fig. 4-28. (a) Attenuation of the prototype: jc
— 1000 cycles,

Rk — 500 ohms, (b) Attenuation of the m-derived section: m — 0.346,

/c = 1000, /« = 1065, Rk — 500 ohms, (c) Action of composite filter

of Fig. 4-27(b).

theoretical equations of Section 4-8, gives 16.7 db attenuation at

1500 cycles or f/f^ = 1.5. The measured curve shows 15.5 dl),

which
,
is a reasonable check. Calculated values of a for a pure
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O lOOO 2000 3000
Frequency

(cl

Fig. 4-28. (conL).

reactance network are shown as marked points for a few frequencies

in Fig. 4-2S(a), for comparison with the measurements.

Figure 4-2S(b) illustrates the measured attenuation for the

771-derived section alone, with in = 0.343. This section was

designed to have/„ = 1065 cycles and a cutoff of 1000 cycles, and a

peak of attenuation of —34 db is obtained at the frequency specified.

The usually undesirable low a values above /„ are also found, the

slight rise at 3000 cycles probably being due to increased losses in

the coils used.

Figure 4-2S(c) shows the over-all attenuation of the complete

filter of Fig. 4-27, when the prototype and m-derived sectons of (a)

and (b) are combined with terminal half sections having m ~ 0.6

and terminated in 500 ohms. The terminal half sections give an

additional value of high attenuation at = 1250 cycles.
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Due to probable slight mismatches and losses, there is a small

irregularity in the pass band, but reasonably sharp cutoff character-

istics are obtained.

4-1 8. Crystal filters

The lattice structure can also be shown to have filter properties.

Considering the network of Fig. 4-29,

(4-115)

Thus if the section elements are reactive, Zol is real, or a pass band

exists for frequencies for which and Zi are of opposite sign. Over

ranges where Z^ and Z^ have the same sign, an attenuation band

exists.

Propagation can be investigated further by noting that

“i- Z\/^Z’i,
(4-1 IG)

It may be noted that depends on the product of Z\ and Zj,

whereas 7 depends on the ratio of Zx to Z^. This feature permits

somewhat greater versatility in design of the lattice section over the

T or TT section, especially for filters in which certain of the elements

are constructed of piezoelectric crystals. These crystals have a reso-

nant frequency of mechanical \nbration dependent on certain of their

dimensions; and because of the very high equivalent Q of the crys-

tals, it is possible to make very narrow band filters and filters m
which the attenuation rises very rapidly at cutoff.

The equivalent electric circuit of a quartz mechanical-filter
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crystal is shown in Fig. 4-30(a), which shows a possibility of both
resonance and antiresonance occurring. The inductance Li is very
large, being in henrys for crystals resonating near 500 kc, so that
while Rx may approximate a few hundred or few thousand ohms, the
effective Q may be in the range of 10,000 to 30,000. Considering the

properties of resonant circuits, such as Q would provide a band
width of 20 to 50 cyeles at 500 kc.

Lx Rx Cs—'Tnnnp—vw
1
(

Cp

(a)

Fig. 4-30. (a) Equivalent electrical circuit for a piezoelectric crystal;

(b) reactance curves for the circuit of (a).

The resistance of the crystal is due largely to mechanical damping

introduced by the electrodes and by the surrounding atmosphere.

By placing a crystal in an evacuated container, the value of Q can

be notably increased. The electrodes are normally electroplated

onto the crystal faces and need not introduce much damping.

Capacitance C, is the equivalent series capacitance of the crystal

forming a resonant circuit with Lx. Capacitance Cp is the parallel

capacitance introduced by the crystal electrodes. The values of C,

and Cp are such that Cp » C„ so that the resonant and anti-

resonant frequencies of the circuit lie very close together, differing

by a fraction of 1 per cent of the resonant frequency. The reactance-

curve sketch of Fig. 4-30(b) shows the resonant frequency below the
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antiresonant one. By placing adjustable capacitors in parallel

with the crystal, Cp can be increased, resulting in the antiresonant

frequency being moved closer to the resonant point.

Since the crystal represents either a resonant or antiresonant

circuit, it may be used to replace the normal elements of the band-

pass or band-elimination filter. As previously shovm for band-pass

action, the resonant frequency of one arm must equal the anti-

resonant frequency of the other arm. The pass band with crystal

Fig. 4-31. (a) Circuit of a lattice crystal filter with series inductors and

parallel capacitors; (b) the electrical equivalent of (a).

elements will then be found to extend from the lowest crystal

resonant frequency to the highest crystal antiresonant frequency,

or a width of pass band equal to ttvice the separation of the resonant

and antiresonant frequencies of one crystal. This, range will result

in a pass band a fraction of 1 per cent wide. The band width can be

reduced by putting adjustable capacitors in parallel with the crystal,

furnishing a means of adjustment of the width of the pass band.

By the addition of coils in series with the cr3rstals the pass bands

may be widened. Since the added coils have Q values very much

below those of the crystals, there will be some loss in sharpness at

cutoff. A circuit including series coils is shown in Fig. 4-31 (a), with

its equivalent drawn at (b). The reactance cur^^es for the A and B

portions of this circuit are drawn in Fig. 4-32(a), which shows how

the resonances and antircsonances are arranged. The presence of the

series coil 'adds an additional rc.soilanco, and the pass band exists

from the lowest resonance of one cry.stal to the highest re.sonance of

the other. If fi and /2 arc the frequencies of resonance of one of the
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circuits and is that of the antiresonance, then
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The separation of/i and/j represents two-thirds of the pass band and
is seen to depend on the s/CjCp ratio. Since C,/Cp may be of the

order of 0.01, it can be seen that the separation of/i and/j may be of

Rg. 4-32. (a) Reactance curves for the circuit of Fig. 4-31 (a); (b)

attenuation curves for that circuit.

the order of 0.10 /b, or 10 per cent of the resonant f^equenc3^ By
placing coils in series with the crj-stals, it has been possible to widen

the pass band considerably. By adjustment of Cp it is then possible

to narrow the band to any desired amount.

Thus the use of coils permits the bands to be widened to pass

speech frequencies, and crystal filters are quite generally used to

separate the various channels in carrier telephone circuits, in the

range above 50 kilocycles.

PROBLEMS

4-1. (a) A generator with output of 0.0025 w supplies power to an
amplifier which in turn supplies a 600-ohm load. If the power level
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in the load is to be +16 db above 0.001 w reference, what power

gain in decibels is required of the amplifier?

(b) If a transformer of 65 per cent efficiency is placed between

amplifier and load, what amplifier power gain will be needed, in

decibels, to maintain the same load power?

4-2. A radio receiver has an input impedance that is 200 ohms

resistive. The signal picked up and applied to this input is 400 fiv.

The electric output to the loudspeaker is to be at +32 db level

(6 mw reference). Find

(a) Input power level in decibels.

(b) Decibels gain in the receiver.

(c) Output power in watts.

4-3. The output of a certain vacuum tube is 5.2 w.

(a) Find the decibel level (O.OOl w reference).

(b) How many decibels will be added to the output level if the

power is made 4 times greater?

(c) A transformer of 70 pet cent efficiency is used between the

output and the load. What is the decibel loss in the transformer?

4-4. The output of a certain amplifier is at a level of +37 db

(0.006 w reference). It is applied to a telephone line of 60 per cent

efficiency, followed by a transformer with josses measured at 2.4 w.

(a) Find the power delivered by the transformer, in watts and

decibels.

(b) Find the line loss in decibels and nepers.

(c) Find the decibels transformer loss.

(d) Find the current in the load if it is 20 ohms, resistive.

4-6. A T section having Z\I2 = jl25 ohms, = —j600 ohms,

is used between a 10-v generator of Zo impedance and a Zo load.

(a) Find the pow'er transferred to the load,

(b) Find the values of y, a, and 0.

(c) If Zi is changed to +^600 ohms, repeat (a) and (b).

4-6. A TT section has the series arm made up of a 100-mh coil, each

shunt arm consisting of a 0.15-/[2f, capacitor. Plot the magnitude

and angle of Zo, from zero frequency to 2500 c.

4-7. If the inductor in Prob. +6 has a resistance of 50 ohms, and

neglecting the resistance of the capacitors, calculate by means oi

operi- and short-circuit impedances, the Zo at 0, 500, 1000, 1500,

and 2000 c.
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Fip. «
4-8. In Fig. 4-33(a), find the values of a and the power deliv-

ered to the Ze load, and the nepers and decibels Joss in the network,

between 1,1 and 2,2 terminals.

4-9. Repeat Prob. 4-S, using Fig. 4-33(b). F = 10 v.

4-10. Design a low-pass T section ivith cutoff at 2500 c to work in

an audio amplifier between a TOcuum tube of 10,000 ohms plate

resistance and a 10,000-ohra load.

(.a) Compute the attenuation in nepers and decibels at 3000 c,

and at the second harmonic of the cutoff, 5000 c.

(b) Find the phase shift at 500, 1000, 1500. and 2000 c.

4-11. Find the values of circuit elements needed for a high-pa.'s

T section filter with cutoff of 1500 c, to work into a 1000-ohm load.

Draw the circuit diagram.
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4-12. For the networks of Fig. 4-34, determine Zu and Z^.

4-13. Compute the elements of a constant-fc low-pass network

having fc = 2000 c and load of 5000 ohms. Compute a and

for the network over the range of 0 to 6000 c, and plot the results.

4-14. The series arm Zi of a filter consists of a 0.5-;if capacitor

in series with an inductor of 0.35 h. If Rk — 500 ohms, determine

the elements for the shunt arm and their manner of connection.

4-16. A filter on the input to a telephone line is to attenuate al!

frequencies above 1500 c, mth particularly large attenuation at

2000 c. The input resistance of the telephone line is 550 ohms.

Design and dra'w the resultant circuit diagram, assuming a reason-

ably constant Za is desired. Plot the attenuation characteristic

in the stop band.

4-16. Determine the propagation characteristics of the circuit

shown in Fig. 4-35 by use of reactance curves.

4-17. A power-supply filter for a radio receiver consis'ts of a t

section with a 20-h series arm and 20-fii capacitors as shunt arms.

(a) Calculate the cutoff frequency.

(b) Find the decibels attenuation at 60 and 120 c.

(c) If a voltage

e = 400 -f 320 sin 27r60^ + 160 sin 2xl20«

is applied to this filter, find the current of each frequency flowing

in a 4000-ohm resistive load.

(d) Find the ratio of 60-c power to d-c power in the load, in

decibels.

4-18. A composite low-pass filter has two T prototype sections
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and an w-derived section with m = 0.4. For the filter Rt = 600
ohmSj and fc = 796 c, plot a and /5 for the range from 0 to 5000 c.

,

4-19. Design a low-pass filter to work into 1250 ohms, with cutoff

at 600 c and with high attenuation at 900 and 1200 c. Terminate it

properly and draw the complete circuit. Plot the attenuation char-

acteristic over the attenuation band, in decibels.

4-20. A filter to pass the band between 1250 and 2000 c, with high

attenuation at 2500 c, is desired to work into a 4000-ohm load.

Design the circuit and find the second frequency of high attenua-

tion. Use proper terminating sections.

4-21. An antenna filter in a 3-megacycle radio transmitter is

needed to suppress the second harmonic of the output frequency.

Choose and design a section to be used, keeping economy of equip-

ment in mind. The load may be considered as 100 ohms.

4-22. Set up the basic circuit for the T type m-derived band-

elimination filter.
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Chapter 5

TRANSMISSION-LINE PARAMETERS

The networks which have so far been discussed are called circuits

of lumped parameters, wherein the resistance, inductance, and
capacitance are individuallj' concentrated or lumped at discrete

points in the circuit, and can be identified definitely as representing

a particular parameter. The electric line used for transmission of

telephone messages or for the transmission of power is a common
example of an electric circuit with distributed parameters. Tliis

term implies that the resistance, inductance, and capacitance are

distributed along the circuit, each elemental length of the circuit

having its omi values, and concentration of the individual param-

eters is not possible.

The first few sections of this chapter nill treat the inductance

and capacitance of two special forms of line, namely, the open-wire

and the coaxial line. The later sections will develop methods for

calculation of the parameters of more general forms of multicon-

ductor lines.

5-1 . Line parameters

A common form of transmission line is knowm as the open-wire

line because of its construction. The ordinary telephone line,

strung on cross arms on poles, or the power transmission line on

towers, are examples of the open line. The conductors of such

lines maj’- be considered parallel and separated by air dielectric.

Another form of line construction is the cable. For telephone

use this consists of hundreds of indixdduaUy paper-insulated con-

ductors, twisted in pairs, and combined inside a protective lead or

plastic sheath. Power transmission cables vull emplo}’^ onty two or

three large conductors, insulated with oil impregnated paper or

other solid dielectric, inside the protective sheath. In either case

the conductors may be considered again as parallel, with a solid

dielectric.

A different form of construction is employed with the coaxial

195
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line, in which one conductor is a hollow tube, the second conductor

being located inside and coaxial with the tube. The dielectric

may be solid or gaseous, but if the cable is gas filled, occasional solid

dielectric disks are employed to maintain accurate spacing and loca-

tion of the central wire.

Knowledge of the values of electric circuit parameters associated

with these forms of line is necessary to understanding and design.

These parameters include resistance, which is uniformly distributed

along the length of the conductors. Since current will be present,

the conductors will be surrounded and linked by magnetic flux, and

this phenomena wfll demonstrate its effect in distributed induciance

along the line. The conductors are separated by insulating dielec-

tric, so that capacitance will be distributed along the conductor

length. This dielectric, or the insulators of the open-wire line,

may not be perfect, and a leakage current will flow and leakage

conductance will exist between the conductors.

These four parameters, all distributed along the line, are known

by the symbols R, L, C, and <?, where usually quantities per unit

length of line are meant. Thus for resistance, both wires are

included in the value of B for a unit of line.

Methods of calculating resistance will be discussed later. Calcu-

lations for inductance and capacitance will be presented here,

starting from fundamental relations.

5-2. Inductance of a line of two parallel round conductors

Self-inductance was defined in Chapter 3 as

II (5-1)

Permeability y is defined as

y = (5-2)

where nv is the magnetic permeability of space and has the value

4it X 10“’^ in MKS units, and is the relative permeability of the

particular material.

In a material or region where pr is independent of flux density, as

in air and most dielectrics,

d<p <j)

di i
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and ^ henrys (5-3)

where \ = Nifi, or is the Jhix linkage of the current.

The open-wire telephone line, or the cable pair, may be considered

as two parallel, round conductors immersed in air or a solid dielec-

tric, and if the flux linkages N^if> — X can be calculated, Eq. 5-3 will

compute the inductance. For this purpose a unit flux linkage is

defined as a surrounding or linking of one weber of flux with the

Fig. 5-1. A section of a long round wire with a hypothetical cylinder

of length 1 motcr and wall thickness dr shown.

entire conductor current. Thus one weber of flux linking one-half

the current in the conductor produces one-half of a flux linkage,

whereas one weber of flux entirely linking the same current in n

turns of a conductor gives rise to n flux linkages. Inductance of

a conductor in a region of constant permeability is then stated as

flux linkages per ampere of current flowing in the circuit. This

will also apply for conductors of magnetic material if p is assumed

Constant or independent of flux density.

The flux paths surrounding a current in a long, straight, round

wire are concentric circles, as in Fig. 5-1. The magnetic field

intensity at any distance r from the center of the conductor is, bj’-

definition

(5-4)

where 7, is the current enclosed bjr the flux path around which His
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measured. In the figure, the length of the path at any distance r is

the circumference of the dotted circle, or Z = 2irr. The mapetic
field intensity at any point inside or outside the conductor is

(64)

since only one turn or current path is linked.

For a flux path inside the conductor, as shown hy the dashed

circle at radius r in Fig. 5-1, the current enclosed is

(5-6)

where I is the total conductor current, assumed to flow uniformly

distributed over the whole cross section of the conductor. Then

'
27rc^

and since B = fiH,

Br
ftrl

2^0 ^
(5-7)

This is the flux density ai any point inside the conductor. The

conductor may be magnetic, that is nr may have a value other than

unity, the only requirement on later use of this expression being

that Hr is independent of flux density.

The flux present in the wall of the hollow cyhnder of elemental

thickness dr, and 1 meter in length as sho^m in the figure, is

d<h = BrdA^ dr (5-8)

This flux in the elemental cylinder wall links the fraction r'^lr^ o!

the total current I, so that each weber of flux produces the fraction

r^/a^ of a full flux linkage. Thus the linkages d\ due to the flux

passing in the wall of the cylinder of radius r, and elemental thick-

ness dr, in length 1 meter, is

d\ = ^-dr
2;ra*

(5-9)

The total internal linkages Xint due to all the flux inside the conductor

are obtained by integrating from the center of the conductor to tie
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~ jo
^ It (5-10)

where n is that of the conductor material.

It is then necessary to determine the external flux linkages.

Fig. 5-2. Cross section of a parallel-wire line.

Referring to Fig. 5-2, the flux density in the space outside the con-

ductor is

Br = ttvHr = ^ webers/m® (5-11)

The flux present in the dashed hollow cylinder, drawn at radius r

about conductor ilf with thickness dr and length 1 meter, is

d<i>

iij dr

2tc r

Flux passing in the space between the two conductors, and around

the current in M, or having a radius between a and d — a, therefore

contributes full linkages of the current in ilf, and these linkages are

given by

Xi =
2-k Ja r

(5-12)

Flux due to the current in ilf, that passes through wire N, or has a

radius between d — a and d + a, links values of current varying

between -f-f for a flux element having a radius just greater than

d — a, and zero current for a flux element haAong a radius of d -f a.

An average value may be obtained by integrating to the center of

wire N, thus counting as full linkages that flux passing through the
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left half of N, and as zero linkages the flux passing through the

right half of N. The contribution by the flux cutting wire N is

Bd r ±
2ir jd—a r

(5-13)

Flux due to the current inM that has a radius greater than d -j- a,

or that surrounds conductor N, links both -1-J and —I currents or

zero net current, and contributes zero flux linkages.

The total external flux linkages about wire M are then

^ y " ^ H
linkages/m

The total inductance of both wires or of the circuit is then ob-

tained from the definition:

Rearranging and using the value of Mr'-

L = IQ-’' (— -f 4 In - )
henrys/m (5-15)

Vr o/

= 10“'^ {^r + 9.210 logic henrys/m (5-16)

= O.ieOOAtr + 1.482 logic - mh/mile (5-17)
Of

The first term on the right of each .of these four expressions is

called the internal inductance of the line, since it is due to the internal

flux linkages in the conductors. The second term on the right is

the external inductance due to linkages ^with flux external to the

wires. It should be emphasized that this relation was derived under

the assumption of uniform current distribution over the conductors.

This can be true only if d a, or the wires are widely spaced vith

respect to the radius of a wire; otherwise the magnetic fields force a

nonuniform distribution knovm as proximity effect. With alternat-

ing current, the current also crowds toward the .surface, and at radio
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frequencies the current flows so near the surface that the internal
inductance becomes negligible.

5-3, Inductance of the coaxial line

Figure 5-3 represents a cross section of a coaxial line, in which
there is a central conductor enclosed by an outer conducting sheath,

the two separated by a dielectric. It is assumed that the current is

uniformlj'^ distributed over the conductor

cross section, or that the frequency is low.

A current of -b/ amperes will be carried

on the inner conductor and a current of

—I amperes on the outer conductor. A
flux path surrounding the outer conductor

encloses zero net current, and therefore

there is no flux external to the outer con-

ductor. The flux linkages of the inner and

outer conductors may be added to obtain

the total inductance.

The flux linkages internal to the central

conductor are obtained from Eq. 5-10 as

Xi = ^ linkages/m (5-18)
OTT

Fig. 6-3. Cross section

of a coaxial line with flux

paths at radius r.

The linkages of the central conductor current +1, due to flux in the

dielectric between conductors, is given by Eq. 5-11, as

Xj = ^ f ^ In - linkages/m (5-19)
27r Ja ^ 2x0

Flux surrounding the central conductor and passing within the

outer conductor material is produced by a net current that varies

from +I at the inner surface to zero at the outer surface of the

outer conductor. The current enclosed by flux at radius r, where

6 < r < c, is

/ + xr^ —
ire" — irb^

(-/)
((,2 _ ,.2

)

(c* - b^)

and the flux density Br at radius r within the outer conductor

material, due to the above current, is

_ ^ (c^ - r^)

'
2xr (c^ - b^)

(5-20)
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A flux line at the inner surface of the outer conductor at radius b

makes a complete linkage of current I, whereas a flux line at the

radius c hnks zero current. The fractional part of a linkage con-

tributed by a flux line at radius r between b and c is

j _ Trr* — Trb* _ — r*

TTC^ — irb^

The linkages due to the flux passing through the outer conductor,

between b and c, are

\ r* (c^ — r=) (c^ — r^) dr

27r jb - b^) (c^ -b^) r

""
2^(c^-

'

b^y
cMn

I
- c2(c* - b^) -{- i (c< - b*) linkages/m

(5
-21

)

The inductance of the line may be found as the sum of Xi, h,

and X 3 ,
divided by the current I. Ordinarily the materials of a line

are nonmagnetic, so that pii = /is = /i,. The inductance of the

coaxial line can then be found as

j- Xi X 2 -b XsL

Inserting the value of /ir and rearranging gives

, 2c^ in ^ j

L - 10-> [2 In 1 henrys/m (»)

as the value of the inductance of the coaxial line.

At high radio frequencies, the current crowds to the outer surface

of the inner conductor and the inner surface of the outer conductor,

as explained qualitatively in the next section. There is then no

flux inside the inner or outer conductors, eliminating Xj and Xj

from the above. All flux then exists in the dielectric between radu

a and b, and only the linkages Xa contribute to the inductance, so
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L = ~ln^ = 2 X 10-^ In - henrys/m (5-23)

~ 4.60 X lO”'' logio
^

henrys/m (5-24)

= 0.741 logio ~ mh/mile (5-25)

In order to produce a flc.\ible coaxial cable the outer conductor is

frcquentlj' braided from small wires. The assumption of uniform

current flow in the outer conductor is then upset, and because of the

discontinuities contributed by the braiding, some flux will leak out

and appear c.xternal to the cable. This may be undesirable in some
applications where extreme shielding is desired. Doubly shielded

cables arc available to reduce this leakage of flux, if solid outer

conductors cannot be used.

5-4. Qualitative discussion of shin effect

Consider a conductor made up of a large number of fine strands of

wire, all strands carrying the same current. A strand at the center

is linked by all the internal flux in the conductor, whereas a strand on

the surface is not linked by the internal flux. The inductance and

reactance of the strand at the center is greater than that of the

strand at the surface. If the current is permitted to varj"^ with time

and all strands still carry the same current, then the voltage drop

along the center strand will be greater than that along an outside

strand. This effect, however, is a direct violation of Kirchhoff's law.

Therefore the currents carried by the strands cannot be equal in

magnitude, since the impedances are unequal. The interior strand

thus carries less current than the outer so as to produce equal

impedance drops along the strands. This phenomenon is known as

skin effect. Though causing some deviation from uniform current

distribution even at 60 cycles, it is so effective at radio frequencies

that essentially the whole current flows in a layer a few thousandths

of an inch thick on the conductor surface.

The decrease in effective conductor cross section at the higher

frequencies increases the conductor resistance. The increase in
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resistance can be shovm to be proportional to the square root of the

frequenc5'.

A more fundamental trea'tment of the subject is given in Chapter 8.

5-5. Capacitance of two parallel round conductors

In order to arrive at a means of calculation of the capacitance

between the two conductors of a transmission line, it is desirable to

start with consideration of the very long (infinite) round conductor

of Fig. 5-4. This conductor is given an electric charge of q coulombs

Pig. 5-4, A section of a long round conductor of radius a. Inscribed

about a 1-meter length is a hypothetical cylinder of radius r.

per meter of length. According to Gauss’s law, the electric flu-t

passing outward from the wire is equal to q lines per meter of vrire

length. By reason of the specification that the wire be long, no

net flux emerges from the two drumhead surfaces of any section of

the wire. If a section of wire one meter in length be considered, the

area of an enclosing cylinder of radius r meters is

A = 2s-r - 1 (m*)

The electric flux density D at P,& point on the enclosing c}'linder,

is

D = — coulombs/m^
Zttt
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Table 1

Properties of Dielectrics

1 '

Material
Dielectric

constant

Dielectric

strength

v/metcr

Volume
resistivity.

ohm-meters

Vacuum . . . 1.00000

Air ' 1.00059 3 X 10'

Bakclite, pure resin 4.5 20 X 10' 2 X 10'*

Celluloid . . . 7 12 X 10' 2 X 10»

Cercsin wax.; 2.2 5 X lOi'

Fiber, \’ulcanized 2.5 7 X 10' 2 X 10'

Glass, Pyrex. ; 4.8 13 X 10' 1 X 10'»

Mica ; 7 90 X 10' 2'X 10“

Mycalcx 8.0 14 X 10' 5' X 10'»

Paper, kraft 3.5 3 X 10'

Polyftthvienft ... . . 2.3 30 X 10'

Poly5?tyrnnft 2.5 20 X 10'

Quartz, fused 4.2 80 X 10' 5 X IC'

Rubber, hard 3 17 X 10' 1 X 10'»

Steatite.... 5.9 2.5 X 10'*

Sulphur. ... 4 1 X IC'

from which the electric field intensify at radius r is

The 'pcrmitiivity e is defined as

« = (5-27)

where tr is the diclcclric c.oiislant or relative pcrmittintij, and is

the permittivit3' of space, whicli in IVIKS units is given the value

lO'VSOir = 8.S5 X Properties of some common dielectrics

are summarized in Table 1.

The potential at pointP, in Fig. 5-4, with respect to the conductor,

is then obtained as the negative of the integral of the field from

a to r:

Vr= - dr = -g
2r«

In - volts
a

(5-2S)
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A parallel-wire transmission line is ordinarily constructed so that

the spacing d between wires, Fig. 5-5, is large ydth respek to the

radius a of a conductor. With that condition established it is

permissible to consider the charge as uniformly distribute around

Fig. 5-5. Section of parallel-wire transmission line.

the periphery of each conductor; and then Eq. 5-28 obtained from

the single isolated mre of Fig. 5-4, becomes valid for the parallel-

wire case.

The potential difference between the two conductors of Fig. 5-5,

when the left wire has a charge of -J-g and the right wire a charge of

— g coulombs per unit length, and with the negatively charged

wire as reference, is

V = -2.|"— -^In—

.

2x6 a 27re a

= In volts (5-29)
irre o

The capacitance C is defined as the charge which may be held on

the electrodes per volt of potential difference, so

C 9

Tre a a

farads/m

It has already been assumed that d is large with respect to a so

that the term d — a in the logarithm may be reduced to d, giwng

C = farads/m (5-30)

In-
a

12.07e.

T
^

logic -
farads/m (5-31)
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For the telephone line, capacitance per mile is more useful, and
since 1 mile = J 609.4 meters,

C = 1.943 X 10<e.

, d
log.o-

/i/if/mile (5-32)

If the wires are located such that d is not large with respect to

a, then the charge is not uniformly distributed around the peripherj'-

of the wire, because of the attraction of unlike charges. A more
detailed analysis in which this effect is considered gives, for the

capacity of two round wires,

C = farads/m (5-33)

cosh~*
2̂a

Equations 5-30 and 5-33 give equivalent results within better than

2 per cent for values of d/a above 5.

5-6. Capacitance of the coaxial line

A cross section of a coaxial line is shown in Fig. 5-6. If the inner

conductor is given a charge of -Fg coulombs per meter of length, and

the outer conductor an equal negative charge, the charges will

distribute uniformly on the outer surface of the inner conductor and

on the inner surface of the outer conductor. The field at point P
will then be identical with that of the isolated round conductor of

Fig. 5-4, because of symmetry and because no field contribution

Fig. 5-6. Cross section of a coaxial transmission line.
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comes from the outer charge. The field intensity at P is, from

Eq. 5-26,

S = g

2irr€
(v/m)

and the potential difference from outer to inner conductor, with the

negative outer conductor as reference, is

' - r

V

dr = ^ \n~ volts
27rre 27r€ a

(5-34)

xial line then is

farads/m (5-35)

In-^
a

(5-36)

logic -

3.886 X , , .,

^— /i^tf/mile (5-37)

a

The dielectric of the coaxial line may be a solid or a gas. In the

use of air or nitrogen it is necessary to maintain the position of the

central conductor ^Yith frequent solid dielectric spacers. These

spacers raise the average value of the dielectric constant or permit-

tivity above that of space. The effective value of the permittivity

can be computed as

e/ = 1 -f (e. - 1) I
(5-38)

where €r is the relative permittivity of the dielectric spacers, I

the thickness, and 5 the center-to-center distance of the spacers.

This expression applies •where S is small wdth respect to a wavelength.

5-7. Flux linkages in a system of multiple parallel conductors

For systems involving more than two conductors, a more genera!

method than that employed in Section 5-2 is required for computa-

tion of flux linkages and inductance.
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Assume that Fig. 5-7 shows a cross section of a group of N round
conductors which constitute a complete circuit, that is, the net
current perpendicular to the page is zero, or

•fx -1- /b + /c -f . . . -h /jT = 0 (5-39)

The conductors of the system will be labeled from A to AT, and these

letters as subscripts will designate conductor radii and currents.

\

o
B

Fig. 5-7. Arbitrary arrangement of conductors A, .. . N, showing

point X.

The letter D with appropriate subscripts will indicate center-to-

center distances for the various elements of the system.

Let wire A be the conductor under immediate consideration, and

whose flux linkages are to be computed. Select a point in the plane

of the page of Fig. 5-7, much more distant from A than any other

wire of the group of conductors, and label this point X as in the

figure. By use of Eqs. 5-10 and 5-12, wdth appropriate limits, the

total linkages about wire A due to its own current Ia, produced by'

flux surrounding A and having a radius less than the distance

Oxx is

and after using the value of fiv,

X ' 10-^J., -f- 2 In linkages/m (5-40)

Now consider the flux due to a current h in any other conductor J,

Flux produced by this purrent and which links A, but does not have

/

/
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a radius greater than Djx, (X chosen so Djx » D/a), is given by

X = P"- = 2X10-nn§^^
'STT Jdja T Dja

All the other conductors likewise produce similar linkage terms, so

that the total linkage around conductor A, due to flux not having a

radius greater than D/x is

Xa = 10-^ + 21A In + 21B In^ -f 21c In

• • • + 21X In
)
linkages/m (5-41)

L'an/

Because of Eq. 5-39 it is possible to write

Iff = Ig Iff ... Ix—1

This expression may be used to replace the last term of Eq. 5-41,

giving a number of negative logarithmic terms. These may be

combined with their companion positive terms as ratios, so that

= 10-’ ^
\2 fiv

-f 2/a In^^ -f 2Ib In
rA Uxx

Dbx Dan
Dab Dnx

+ 2/„ln^^+ . . . + 2;,_. In
i-'AC UHX

X DaA
1) Dffx/

If the distances from all the wires to point X be made very large by

allo'vsdng X to approach infinity, all the ratios such as Dax/Dsx,

involving distances to X, will approach unity as a limit. In this

manner all flux from each wire to infinity is considered in calculating

the linkages. Because of the way point X was chosen, and since

the result is finite and independent of any distance to the point X,

it is proved that flux which links all the conductors, or zero net

current, does not contribute to the linkages or to the inductance.

Then rewriting Eq. 5-42 as

\2 n.
-)- 2/a In Dan — 2/a In ta -{- 2Ib In Dan

— 2Ib In Dab -f" . . . 2Iif~\ In Dan — 2/.v_i In Da<.n-
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The terms involving In may be collected and Eq. 5-39 may
again be applied, finally leading to a single term replacement as

—2In In D^ti-

If nonmagnetic conductors are assumed, then u/v-v — 1, and the

linkages about wire A can be written

Xx = 2 X 10-a
^ 4- In - 4- /b In -f 7c In

•D^b

4- . .

1

Dxc

4- h In (5-43)

The first two terms inside the parentheses involving Ia, may
be combined as

i

so that
;

Xa =' 2 X 10-^ ^7/ In

4-...+7yln^) (5-44)

The linkages about each of the other wires of the group could then

be written by inspection, through following the same pattern with

respect to subscripts. The inductance of each of the conductors of

the group could then be calculated by use of the known currents

and the relation L = X//.

Now consider the two groups of conductors a ... n, and

1 ... iV, of Fig. 5-8. It will be assumed that these conductors in

On

aO Od

Oc

+I -I

Fig. 6-8. Cross section of parallel conductors.
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each group share the current equally, each conductor of the group

a ... n carrying +I/n amperes, and each conductor of the group

1 . . . iV carrying —I/N amperes, where n does not necessarily

equal N.
Following the pattern of Eq. 5-44 it is possible to write the flux

linkages about any conductor, a for example, as:

Xa = 2 X 10-'
n 2),

^ + . . . + In
Da D,

(545)

This is the linkage about one conductor carrying 1/n of the current

+/, and therefore each such linkage represents 1/n of a linkage

about the total current 7, or about the group a ... n. Similar

expressions may be written for the linkages about any conductor of

the group a ... n. The-sum of these linkages, when divided by n

to weight properly the fractional linkages, will give the total con-

ductor linkages about current +7, from which the inductance of

the a ... n system may be determined. This inductance, when

multiplied by df/dt, will give the inductive voltage drop in the

a ... n group of conductors.

A similar method would lead to the inductance of the 1 ... N
return group of conductors. In the case of polyphase circuits each

of the other phase conductors may be considered as return circuits,

xvith appropriate current values.

The total linkages about the conductors carrying the total current

+7 amperes is

X = 2 X 10-7

\ Tot
'
+ In -j-—{- In j:—f-

X/ac
+ In

Da

+ In In — -4- In —h • • • + in j—
Dba Tbt Dba An

In TV" + r:—h In hiA + ^ —f- - • • + InA D. r-e Dei Dc

-j- ... 4- In jz h In jv—j- . . . + In
Daa Dab Tai

L.)
;-l/4

j

~ 2 X 10-^
nN -Mn~ -f In -f ... + In 5;;

al Va2 -^aZ
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+ In 1 +ln 1 +ln^
-t-'fcl lJb2 JJbZ

-f In
Dc +>'’£+>"k

+ In

-f . . . -f In

1

1

Dcif

+ . -f In-^
-^nl X/n2

+ In^ +
LfnZ

+ In J-)
X»nA-/

(5-46)

It , should be noted that the first parenthesis involves distances

from conductors in the a ... n group to other conductors in the

same group, and these miglit be referred to as self distances. The
second parenthesis involves distances from all the conductors in

the a ... n group to all the conductors in the \ ... N group.

By combining the various logarithms, it is possible to write

A = 2 X JO-V

iDaiDaZ . <. . DaS'^blDbi . . DbK

J . . . Dn\Dni . ' * • -On.V

lrcier''^DcbDcc • • . Da„Dt^rit-^*Di>c

. . . D6„Z)„Dd,rce-V4 . . . Z>^

. . .

(5-47)

There are nN terms under the numerator radical, for which the

niVth root is to be taken, so that a geometric mean is involved.

This is the geometric mean of all the distances between the con-

ductors or elements of the system carrjdng the total current -f-/,

and all 'the return current conductors. The numerator is called

the geometric mean distance of one conductor set to all other con-

ductors, and is abbreviated GMD and given the symbol D.v. This

is a mathematically derived concept, which has no relation to the

electrical problem at hand except as a useful tool.

It is then possible to write

X ~ 2 X 10~Tln
. . . r„e~^*Dab . . . DanDba

I ... JDbnd^ca . . . Hen - - . Hna
... Hn(n—1)

(5-48)

There are n- terms under the denominator radical, for which the

n'^ root is to be taken, so that this is again a geometric mean.
This may be further axplained. Mathematically, the geometric

mean of the distances between all possible pairs of points in an area
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is called the geometric mean radius of the area, abbreviated GMR.
For a circular area of radius r the geometric mean radius can be

sho-wn equal to Thus it is- recognized that the radical above

contains terms having the GMR of each of the a ... n conductors,

times the n(n — 1) distances of each wire of the group to every other

wire of the group. The denominator radical may be considered as

the self-geometric mean distance among the elements of the conductor

group carrying current +/, and is symbolized by Ds.

A simplified expression for the inductance of a conductor group

carrying a total current I, with the return current —I in one or

more other conductors, may be written as

1/ = 2 X 10~^ In^ heniys/m (5-49)
Us

where Du and Ds have the meanings given in Eqs. 5-47 and 5-48.

It should be noted that the denominator of Eq. 5-49 relates to a

conductor and to its size and shape, using the word conductor in a

general sense as a group of wires carrying equal portions of a com-

mon current. The numerator is determined solely by the distances

between the various wires of the several conductors, again using the

latter term in a general sense.

The method may be extended to lines having indi'vidual con-

ductors of irregular cross section as in Fig. 5-9. Each conductoi

Fig. 5-9. Parallel conductors of irregular cross section.

may be di'vided into many elementary areas, each area carrying tha

same fractional current —I/N. To compute the induc-

tance of the left conductor of the figure, its elementary filaments

may be considered as identical to the group of -svires a . . • « of

Fig. 5-8. Like'wise the elementary filaments of the right conductor

are identical te the conductor group 1 ... of Fig. 5-S. ^
expression for the flux linkages about the left conductor of Fig. o-

can be written in accordance with Eq. 5-47. The number of ele-
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mentary conducting areas or filaments in each conductor may then
be allowed to increase without limit. The radical of the numerator
then approaches the GMD of the two conductor areas as a limit,

and the denominator radical approaches the GMR of the conductor

whose inductance is being calculated. Equation 5-49 will then

apply to the case of the irregular conductors.

As an example, the two wire line of Fig. 5-2 may be used. The
GMD of the two conductors is obviously the center-to-center

distance d = Du. The GMR of a round conductor of radius a is

ae-i/4 Therefore for both wires

L = 2 X 2 X 10-Mn
Vs

= 4 X 10“' In henrys/m (6-50)

However, Eq. 5-15 gave

L = 10“' -f 4 In0 henrys/m

This may be rewritten for nonmagnetic conductors as

L = 4Xl0-'Q-Mn^)

and by combining the constant mth the logarithm as In this

becomes ^

L = 4 10“' In henrys/m (5-51)
ae

which is identical -vvith the result by GMD methods in Eq. 5-50.

Further examples for multiconductor circuits will follow.

5-8. GMR and GMD of various conductor arransements

It has been stated that the GMR of a circular area of radius r

is given by = 0.7788r. It may be reasoned that the GMR
of a circular line is equal to the radius of the circle. Another useful

theorem, derived purelj' on a mathematical basis, is that the GMD
between two nonoverlapping circular areas of any size is equal to

the distance between their centers, this appljdng to two wires.

For computation with rectangular bus bars, the GMR of a
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rectangular area of sides a and h is closely equal to

Ds = 0.2235(a -f h) (5-52)

Other theorems are available in Reference 1,

Stranded cable is most frequently used in the large conductor

sizes for reasons of flexibility, and the GMR value is not quite the

same as that of a solid conductor of equivalent radius. Three-we
cables are used, but other common types start with a central strand

surrounded by a spiraled layer made of six more strands as in Fig.

Fig. 5-10. Seven-strand cable. Fig. 5-11. Three-strand cable.

5-10. The next larger size is made by adding another oppositely

spiraled layer which will require 12 more strands, the next layer

would require 18 to fill the annular space, and so on increasing in

each layer by multiples of six. The total number of strands in such

cables is then 7, 19, 37, 61, 91, and so on.

Successive layers are spiraled oppositely to prevent untwisting,

and also to prevent one layer from settling into the interstices of the

layer below. It is desirable to illustrate the GMR calculations for

several cables:

1. Three-strand cable of Fig. 5-11. If the radius of an individual

strand is S, then the area of each strand is 45®, and the cable cros5

section A = 3 • 45® = 125® in circular measure. The GMR value

may be found by application of Eq. 5-48. First write the GMR

value for a strand as 5e~®''^, and repeat this three times, once for

each strand, giving (5e~^^)®. The distance from the center of one

strand to another is 25, and this is repeated six times, since there

are sis such distances, giving (25)®. CoUecting these nine terms
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gives

Ds = •^(5e-l/4)3(25)6 = 5 -^(^-1/4)326

= 1.465

Since the radius Rc of the cable is equal to 2.155, then

Ds = O.Q77Rc

2. Seven-strand cable of Fig. 5-10. The area A of such a cable is

A = 7 • 45^ = 285= in circular measure. To find Ds, first write the

GMR value for each strand as 5€~*'''', and repeat this seven times

for the seven strands, giving (56~>^'')=. The distance from the center

strand to the sLx outer strands is 25, and this will be repeated six

times, or (25)®. The distances from one outside strand to the six

other strands are shown in the figure, and their product is

25 25 25 • 2 5 • 2 -v/S 5 • 45 = 2= • 3 • 5®

and this quantity will be repeated six times, gi\dng (2= • 3 • 5®)®.

Collecting these 49 distances gives

Ds = •^(5«-‘''-')’(25)®(2= - 3 • 5®)®

= 5 -^(e-V4)’2«3® = 2.185

in terms of the radius of one strand. Since the radius Rc of the cable

is 35, then

Ds = 0.726Rc

for the seven-strand cable.

Similar methods can be followed for cables with larger numbers

of strands, leading to Table 2.

Table 2

GMR Values for Stranded Cable

Strands Ds Strands Ds

3 O.G77Rc 61 0.772Rc

7 0.7267?c 91 0.7741?c

19 0.7587fc solid 0.778ff.

37 0.76SR.
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Some conductors are essentially tubular in shape, the long line

from Hoover Dam to Los Angeles being of this form. This is desir-

able to provide a large outside diameter to reduce the external

electric field and corona loss at the high voltage of operation. The

calculation of the Ds value for a tube is complicated, but Table 3

supplies values for various ratios of outside radius c and inside

radius 6.

Table 3

GME. Values for Tubular Conductors

Ratio b/c Ds Ratio b/c

0.0 (Solid wire) 0.7788 0.6 0.879

0.1 0.781 0.7 0.908

0.2 0.791 0.8 0.938

0.3 0.806 0.9 0.967

0.4 0.826 1.0 1.0

o.s 0.850

Aluminum is frequently employed in transmission lines as con-

ductor material. When so used, it is customary for the central

strand, or the central strand and one or more of the first layers,

to be made of steel for increased mechanical strength. - Such a cable

is known as aluminum cable steel reinforced or ACSR. Because of

the disparity in conductivities between aluminum and steel, a

reasonable assumption is to consider that the aluminum strands

carry all the current, and to compute Ds as if the steel were absent.

Accurate calculations which include the effect of the steel are

diJBBcult because of the necessity for knowledge of the permeability

of the steel strands. For accurate work it is best to consult tables

of inductance values prepared from experimental data by the cable

manufacturers.

5-9. Inductance of a symmetrical three-phase line

The simplest three-phase transmission line arrangement is the

equilateral spacing of Fig. 5-12. The conductors are indicated as

«, b, c, and have a center-to-center spacing D. If the currents are

designated h, h, D, then by Eq. 5-45 the linkages about phase a are
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^ ~ 2 X 10 ^ (^a In -g- /i Id ^ -f- Ig In (5-53)

since Doi = — D-

Now in a balanced three-phase system the currents are related as

so that Eq. 5-53 becomes

Xa = 2 X 10-N„ ^In - In

= 2 X 10~No In linkages/m
Vs

(5-54)

Diidding by /<, gives the inductance

of phase a as

La = 2 X 10~^ In henrys/m
Vs

(5-55)

where Ds is the GMR of conductor a. It can be noted that the

GMD between a and conductors 6 -.and c might have been written

as -\/W ~ P, and thus use of Eq. 5-49 would have lead directly

to the above result.

When used in a series reactance term as uLa, and multiplied by
the effective line current, the series voltage drop in the phase would

be obtained. When this voltage drop is subtracted from the sending

end line-to-neutral voltage the result is the receiving end line-to-

neutral voltage.

Because of the symmetry of the conductor arrangement of Fig.

5-12, the same result would be obtained for all phases, and balanced

operation would result.

5-1 0. The unsymmctrical three-phase line; transposition

Unsymmetrical conductor arrangements are most commonly

employed for three-phase transmission, since they allow cheaper

and more convenient tower and line construction. Several arrange-

ments appear in Fig. 5-13.
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Use of the linkage relations of Eq. 5-45 for either arrangement of

the figure, leads to a linkage for phase a of

(a)

Fig. 5-13. Two unsymmetrical three-phase line arrangements,

and under assumed balanced current conditions

= 2 X IQrUa In linkages/m (5-56)

A similar expression could be obtained for phase h as

= 2 X \Qr'’h In linkages/m (5-57)

JJs

and for phase c as

Xe = 2 X 10~Uc In— linkages/m (5-58)

It is apparent that these three linkages "will differ, due to. the

various conductor distances involved. But if the linkages differ,

the inductances will be unequal, unequal voltage drops will app^r

in the three lines, and this implies unbalanced operation tvitb

probable unbalanced currents, contrary to the assumption above.

While there have been constructed some high-voltage lines in

which this condition is perrriitted because of the cost of eliminating

it, it is more customary to correct the unbalance by transposing



§5-10] TRANSMISSION-LINE PARAMETERS 221

the line wires, so that over tlie full length of a line each phase will

occupy each conductor position for an equal distance. A complete

transposition cycle is illustrated in Fig. 5-14. The three tower or

cross arm positions are indicated b3’^

1, 2, 3, and the three conductors

by a, b, c. Each wire or phase occupies each position for one-third

of the cjmle length, and the conductors rotate in position at the

one-third and two-third points in the cycle. Such a transposition

Pig. 5-14. Transposition diagram for a three-pliase line.

is dictated not onlj' to achieve balance of the phases, but also to

reduce inductive interference with nearbi"^ telephone lines. This

latter point even dictates that s^'^mmetrical three-phase lines should

be transposed, as well.

The linkages per meter about conductor a may be computed for

each of the three sections or positions, totaled, and divided by 3

to get the average value over the transposition cycle. Then

Xa = 2 X 10
\/DabDtt

Ds
-f- In

y/DiaDbc s/DcgDci}

Ds

= 2 X 10-’/. In linkages/m
t/s

Ds )

(5-59)

Computations of average Xt, and X. would contain the same loga-

rithm, proving the balance obtained by the method of transposition.

The average inductance per meter of any phase, with transposi-

tions, will then be

L = 2 X 10-’ In henrys/m (5-60)

The numerator is the GMD among the three con-

ductors. The factor Ds is, of course, computed for the particular

cable used by the methods of Section 5-8. Thus the GMD method of

Section 5-7 may be applied and will lead more quickly to the correct

result. It is, as was stated in its derivation, a general method of

solution, and will be further demonstrated in the next section.
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5-11. Multicircuit lines

Occasionally single-phase or polyphase lines are built with

multiple wires, connected in parallel. The four-wire line is an

example at radio frequencies. The calculation of inductance may
be readily carried out by the general methods of Section 5-7.

Consideration of Fig. 5-15, for the four-wire or double-circuit

single-phase case, shows it to be similar

to the common two-wire line, but each

conductor of the simple case is now com-

posed of two wires, a and a', b and b'. It

is assumed that all four conductors are

of the same radius r, and material. The

symmetry of the arrangement indicates

that transpositions are not required for

balance, how'ever in many applications

they are used in any case, to reduce in-

duced voltages in nearby telephone or other

circuits, or to achieve balance of the circuits

to ground or other conductors which hap-

pen to run nearby.

Using the general GMD relation of Eq. 5-49 as

L = 2 X 10“’^ In^ henrys/m
L/s

will give the inductance of a conductor (the pair of wires a and a',

or b and b') which carries the total current of one line I — la-\- id-

Computing Ds for the pair of wires a and a',

Ds = ^r€-^'*r€-^^*DiDi

= ^0.7788rl>i (S-d)

showing the use of the self-GMR of the two round conductors and

the distances Di from a to o' and from o' to a.

Computing the GMD of the one conductor (a,a') to the other

(6,b') by use of all the four distances gives
,

Dm = vWT Di^y = Vz>2 VDo*

The complete expression for the inductance of both conductors, or

a b

O Dg O

D|

o o
o' b'

Fig. 5-15. Double-cir-

cuit or four-wire single-

phase line; a and a' in par-

allel, 6 and b' in parallel.



§5-11j TRANSMISSION-LINE PARAMETERS

of the line of Fig. 5-15 is then

223

1/ = 4 X 10-» In
Vb. •y/DTirD?

•\/0.7788ri)i
(5-63)

where r is the radius of a ware.

Frequently one polyphase line w'ith a vertical arrangement of

Fig. 5-16. (a) Double-circuit three-phase line; (b) transposition cycle

for (a).

conductors vdll be built on one side of a tower, and at a later date

when the electric load has increased, a second three-phase circuit

Avill be added on the other side of the tower, giving a common form
of double-circuit three-phase line shovm in Fig. 5-16.

The conductors are assumed to be alike, vdth spacings as given

in the figure, and transposed. Then using the GMD relations of

Eq. 5-49, the value of Ds for a phase (of two wires) in any position

over the transposition cycle, is

Ds = (r€-*^*re->/%=) (re'i'Vf-i^hi^)

= = •v^(0.7788r)’a=u; (5-64)
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The value of Du for phase a (wires a,a') when in position 1 involves

the distance from wires a and o' to all the other wires, as

Dill — {vxyt)-

When phase a is in position 2;

Dili = (vhjz)-

and when in position 3 : i

Dm3 = {vxzty

The value of Du, taken as a mean over all three portions of the

transposition cycle, is then

Du = ^{vxyi)-{v^yz)-ivxziy = v^xyzt
'

(5-65)

The inductance, over a transposition cycle, is

L = 2 X 10-nn— = 2 X 10"^ In ^ (5-66)
Ds '^(0.7788r)®u%

henrys per meter for a phase of a double-circuit three-phase line

of the construction of Fig. 5-16.

It is desirable to minimize the inductance of a given line. To do

this would require that Ds be large and Du small. Thus the dimen-

sions u and w or the spacing between circuits should be large, and

y and z or the spacing between phases should be as small as elec-

trical clearances under icing and wind conditions permit.

5-1 2. Potentials in a system of conductors

The potential between anj’’ point x and a further point y, in the

electric field of a charged WTre a in space, carrying a charge of

coulombs per meter, can be written by the method of Eq. 5-28, as

V = dr = ~ In- volts
2?rc X

(5 67)

Now consider an arbitrary grouping of isolated conductors as

was shown in Fig. 5-7. If arbitrary charges Qa, Qb, gc, • • • >

placed on these isolated conductors, each will assume a potential

due to its own charge and to the fields from the other conductors.
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The potential difference between two conductors will be due to the

charge on the first conductor, plus that due to the charge on the

second conductor, plus that due to any other charged conductors

in the region. If the charges are known, it is possible to find the

potential and the capacitance of each conductor since C = q/V.
The potential difference between any two conductors, A and B

for example, is then obtained by applying Eq. 5-67, so that

and similar expressions could be written for the potentials of each

of the other conductors, all with A as reference, as

B!ac = =— (qa In -f- qa In -f qc In -f- ... -f- gjy In
ZTre \ Ta aJba Uca Uka/

This method assumes the charges will be known, whereas in the

operation of electric sj'stems it is the voltages which are known and

not the charges. Considering the q as unknowns in the equations

above, it can be seen that there are N unknowns, but only — 1

equations are available for solution. To overcome this difficulty

it may be assumed that the sum of all the charges is zero. That is

+ 9b + 9c + - • • + 9^^ “ 0 (5-69)

and this is true for any ordinary line under normal operating con-

ditions. Solution for the charges with knovm potentials is then

possible, from which the capacitance value will follow.

Several special cases will be considered.

5-1 3. Capacitance of the symmetrical three-phase line

Assuming a balanced set of voltages apphed to the equilateral

three-phase line of Fig. 5-17, with each wire of radius r, equations of

the form of the set of Eq. 5-68 may be written for the charges. If
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Fig. 5-17. Symmetrical three-phase Uae.

the line to neutral voltage is Ef(f, then

“ a; («' ”“7 + «* '“5 + ’”1)

and also

qA + qB + qc + . . . + = 0

From these equations it is possible to solve for as

27reB
q^ =

1
^

In —
r

(5-70)

(5-71)

and since .E is a line-to-neutral potential, the line-to-neutral capaci-

tance is given by C = q^/E or

2')re
C =

In
D farads/m (5-72)

This is equivalent to

C = jT farads/m to neutral (5-73)

18 X lOMn-
r
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However, it otII be found that an expression based on the GMD
value for the given conductor arrangement will give verj- good

agreement with the precise relation, while being simple. Such a

GIMD relation for the capacitance of the line of Fig. 5-18, over the

transposition cycle, is

In
^ AitPbcDca

r

2~e

In
D,r

farads/m to neutral (5-75)

It should be noted that while the numerator of the logarithm

is the Dyt value computed as in the preceding sections, tiie denomina-

tor of the logarithm is the radius of the conductor. The Dg value

used for computation of inductance appeared because of the internal

flux linkages of the conductor. However, in electrostatics the charge

resides on the conductor surface and there arc no internal elTects;

thus the appearance of the radius term is logical.

The expression above for an unsymmetrical conductor arrange-

ment will agree with the precise relation, obtainable by use of the

method outlined, within 1 per cent. For cases with symmetry the

result will be exact, and this is illustrated by Eq. 5-72, in which the

GMD of the three conductor's was D, so that use of Eq. 5-75 would

have lead directly to Eq. 5-72.

Thus for any arrangement of conductors, over a transposition

cycle, Eq. 5-75 may be written with e = as

C = 1

18 X 10® In
r

farads/m to neutral

0.0388

logic—
r

pf/mile to neutral

(5-70)

(5-77)

5-1 5. Effect of sround

Tho presence of the conducting ground near an overhe.ad trans-

mission line causes a slight change in the capacitance value. The

effect raa}' be studied by the mclhod of images, illustrated in Fig. 5-19.
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K two parallel Avires haA'e equal and opposite charges, there will

be a zero-potential plane halfway between the ndres. This field

configuration -will be identical to that between a wire and an equi-

potential ground plane, so that the wire over a conducting ground
problem may be studied by use of the two-Avire configuration.

9
f

0
1

1

o
' 1

I i

Ground
| I

/TTTTTTTjvTTTTTTTTTqvTTTTTTTTTjvTTTTTTTjrTTTTTT"

I I

4.

Images A,

I

I

I

Fig. 5-19. Illustrating the method of images.

The charges maA' then be computed as due to the potentials between

lines and images, but in terms of potentials from lines to ground.

The effect on the capacitance is of the order of 1 or 2 per cent,

and is of the same order as other uncertainties in the capacitance

value due to the presence of toAA'ers and other objects near the line.

Because of these uncertainties in actual capacitance A’alue, the

effect of ground is usually neglected.

5-16. Relation between L and C values

It is interesting to note that if the capacitance for a two-Avire

line in space, from Eq. 5-30,

a

is multiplied by the external mdiictance of the same two-Avire line,

from Eq. 5-14, as

there results a constant

LeC =
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Since fiv and e, have space values of 47r X 10"^ and lO'VSGir in the

rationalized MKS system, this product is

1

9 X 10'“ (5-78)

Actually this is universally true, regardless of the arrangement or

number of line conductors. Thus if the value of the external induct-

ance of any line be computed by the GMD methods given in detail

in previous sections, the accompanying value of capacity may be

immediately found by Eq. 5-78.

It should be noted that the external inductance is found from

any of the GMD relations by use of the Du term only in the loga-

rithm, since Ds is concerned with the internal inductance. If the

line is surrounded with a dielectric, appropriate values and change

of constant in Eq. 5-78 will still 3deld useful results.

PROBLEMS

6-1. A line is made up of two No. 8 (0.1285 in. diameter) copper

vdres with a center-to-center spacing of 6 in. in air. Find the

inductance, capacitance, and d-c resistance per mile of line. Specify

separately the inductances due to internal and external linkages.

6-2. A telephone cable pair of No. 16 (0.051 in. diameter) copper

wire is insulated with 0.006 in. of paper on each wire and tMsted.

If the dielectric is entirely of paper, find the capacitance and

inductance per mile of line. If the frequency is 796 c, what shunt

susceptance and series reactance are represented by the line?

6-3. A coaxial cable is made ivith a central conductor of No. 8

(0.1285 in. diameter) copper wire with the outer conductor of

copper tubing 0.435 in. outside diameter and 0.032 in. wall thick-

ness. The dielectric is polyethylene. Compute the shunt sus-

ceptance and series reactance per meter for a frequency of 1000 me.

6-4. What is the inductance per loop mile of a line spaced . 5 ft

on centers, and having one conductor with a radius of
,

0.075 m.

and the other of 0.15 in?

6-6. Find the Ds value for a copper cable of 6 strands of radius a,

surrounding a central nonconducting core. Give the answer in

terms of the radius of the cable.
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6-6. A' double-circuit' single-phase line has the four conductors

at the corners of a square 12 in. on a side. The conductors are

No. 8, B & S copper -wire. Find the voltage drop per thousand feet,

when the line is carrying 30 kva at 2300 v. Paralleled conductors

are at adjacent corners of the square, and the frequency is 60 cps.

6-7. If the paralleled conductors are on diagonall3'- opposite

corners of the square, repeat Prob. 5-6. Which arrangement gives

the more desirable form of connection?

6-8. Bj' approximating the rectangular

area of Fig. 5-20 'with inscribed circles,

show that as the number of circles in-

creases, the Ds value of the rectangle ap-

proaches the theoretical value of Eq.

5-52. Trj’- at least 2 and 8 circles.

6-9. Find the Ds value for a stranded

cable of four strands in terms of the cable area.

6-10. A rectangular conductor has a cross section of 1.5 mi l lion

cir mils, and length to v\adth ratio of 3:1. What wall be the radius

of a circular conductor ha'vdng the same internal inductance per

unit length? What toU be the ratio of d-c resistances per unit

length?

6-11. A horizontally spaced three-phase line has conductor

spacing of 25 ft, each conductor being 37-strand, 500,000 cir mil

copper cable. Find the inductance and capacitance per. mile,

assuming proper transpositions.

6-12. The above line is operated at 220 kv, for a length of 100

miles, handling 150,000 kva. If equal line currents are assumed,

find the reactive line drop per mile if no transpositions are used.

6-13. A double-circuit three-phase line is hung in the arrangement

O O O O O O
a a' h ¥ c c'

Conductors a and a', b and ¥, c and c' are paralleled. Spacing

between wires of a phase is 15 in., spacing between a' and b, and h

and c is 15 ft each. Each wire is a copper 7-strand No. 3/0 cable of

167,800 cir mils. Assuming transposition, compute the inductance

and capacitance per phase per mile.
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6-14. The Hoover Dam-Los Angeles line has hollow copper

conductors made of interlocking segments, giving essentially a

tube of 1.40 in. outside diameter and 512,000 cir-.mil area. The line

is spaced horizontally, with 32.5 ft between conductors. Assuming

transposition, find the reactance per mile per phase at 60 c.

6-16. The line of Prob. 5-14 operates at 287 kv phase voltage.

Compute the capacitive charging current and kva per phase for the

275-mile line.

6-16. A double-circuit three-phase line is arranged on the points

of a hexagon. If wires on opposite points are paralleled and the

system is transposed, find the inductive reactance per mile per

phase at 60 c. Each wire is 37-strand 500,000 cir mil copper cable.

6-17. If either adjacent wires or opposite wires of the he.vagonaI

arrangement of Prob. 5-16 may be paralleled, specify the arrange-

ment giving the greatest capacitance, phase to neutral.
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Chapter 6

TRANSMISSION-LINE THEORY

Because of the distributed nature of the line constants, special

methods must be developed for the analysis of long lines or circuits

with distributed constants. This chapter will consider the trans-

mission of electric energy over a line, with attention to the physical

phenomena and the terminology associated with the distributed

constant circuit viewpoint. In Chapters 9 and 10 similar phenomena
will be discussed from the electromagnetic field viewpoint, leading

to similar results.

6-1. A !ine of cascaded T sections

It is convenient to approach the study of the line through use of

some of the network theory developed in Chapter 4. Therefore

consider a number of identical and symmetrical T networks con-

nected in series as in Fig. 6-1. If the final section is terminated in

Z,/2 Z,/2

«>AVVJVVvT^A/WVV^^fV\A/^A/\Ar!
j

1

Fig. 6-1. A line of cascaded symmetrical sections of impedance.

its characteristic impedance, the input impedance at the first

section is Zo. Each section is terminated by the input impedance

of the following section; and since the last section has a Zo termina-

tion, all sections are so terminated. The value of the characteristic

impedance has been derived for a T section as

(6-1)

If there are n such terminated sections and if the input and output
233
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currents are I, and respectively, then

(6
-2)

where 7 is the propagation constant for one T section. As discussed

in Chapter 4, 7 is in general complex and is equal to a 4- j’jS. From
Eq. 4-37, e')' can be evaluated as

The above reasoning is not invalidated if the number of T sec-

tions, n, between source and load, is allowed to increase vuthout

limit. A uniform transmission line can be considered as made up of

an infinity of T sections, each of infinitesimal size,- each element

including its proportionate share of the distributed inductance,

capacitance, resistance, and leakance per unit of line length. Thus

certain methods of network analysis, developed for lumped net-

works in Chapter 4, are fundamental

to distributed networks as well.

The constants of an incremental

length Az of a line are indicated

in Fig. 6-2. The series constants

Z = R -{ juL are stated in ohms per

unitlength of line, and Y = G + juC

are in mhos per unit length of line.

Thus one T section, representing an

incremental length Aa: of the line, has

a series impedance Z Ax ohms and a

,

shunt admittance Y Ax mhos. The

characteristic impedances of ail the

incremental sections are alike, since the sections are alike; and thus

the characteristic impedance of any small section is that of the line

as a whole. The characteristic impedance of a line of distributed

constants can then be obtained from Eq. 6-1 for one section as

Fig. 6-2. The constants for an
incremental length of transmission

line.

^0

(64)
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Allowing Ax to approach zero in the limit the value of Zo for the

line of distributed constants is obtained as

It should be noted that since Z and ¥ are defined in terms of unit

length of line, the ratio Z/Z is independent of the length units

chosen.

The radical in Eq. 6-3 may be expanded by the binomial theorem

as

so that Eq. 6-3 may be written

^ + VS KVi) KVS) - (Vi)
‘ '

When applied to the incremental length of line Ax, then Zi = Z Ax,

Z. = 1/Z Ax, and the propagation constant applying is 7 Ax. Writ-

ing the above equation for gives

erA.- = 1 + Viz Ax -f-
i (VIZ)= + I

(VlZ)5 a5»

• (6-6)

If the series expansion is used for an exponential, can also be

stated as

,rAx= i + -^Ax-|-:^^' + ^’+ . . . (6-7)

Equating the two values for and canceling the unity terms,

7i. + 5ip: + 2!^‘+ ...

. . vzFi. + + . .

.

+ . . .

Division by Ax leaves

.

y-
.

.V2r+(V£p!^+(Va!^=+...
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Allowing Ax to approach zero in the limit it is seen that all (erras

but two vanish so that

7 =-
(6.8)

This is the value foi the line of distributed constants, since all 010-

mental lengths are alike. Since Z and Y are in terms of unit length

7 is a value per unit length of line.

6-2. The transmission line—general solution

A circuit with distributed parameters requires a method of

analysis somewhat different from that employed in circuits of

lumped constants. Since a voltage drop occurs across each serie.';

increment of line, the voltage applied to each increment of shunt

admittance is a variable and tlius the shunted current is a variable

along the line. Hence the line current
,
around the loop is not a

constant, as is assumed in lumped constant circuits, but varies

from point to point along the line. Differential circuit equations

that describe this action will be written for the steady state, from

which general circuit equations can be obtained.

The notation used mil be defined as follows:

R — series resistance, ohms per unit length of line (includes both

wires)

L = series inductance, henrys per unit length of line

(7 = capacitance between conductors, farads per unit length of

line

G — shunt leakage conductance between conductors, mhos per

unit length of line

coL = series reactance, ohms per unit length of line

Z = R jwL = series impedance, ohms per unit length of line

wC = shunt susceptance, mhos per unit length of line

r = G -h joiC = shunt admittance, mhos per unit length of line

s = distance to the point of observation, measured from the

receiving end of the line

f = current in the line at any point

E — voltage between conductors at any point

I = length of line

Figure 6-3 illustrates a line that in the limit maj’" be considered as

made up of cascaded infinitesimal T sections, one of which is shoOT.
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'I’liis elemental section is of length ds and carries a current 7. The
series line impedance being Z ohms per unit, the series impedance of

the element is Zds ohms, and the voltage drop in the length ds is

dE = IZds

or ^ (®-9)

The shunt admittance per unit of length of line is Y mhos, so that

Fig. 6-3. A long line, with the elements of one of the infinitesimal

sections shown.

the admittance of the element of line is Yds mhos. The current dl

that flows across the line or from one conductor to the other is

dl = fKcfs

or f=EY
ds

(6-10)

Equations 6-9 and 6-10 may be differentiated with respect to s:

d-E _ _ dl d-1 y dE
ds^ ds ds^- ds

Then ^S^ZYE
ds-

(6-11)

~ = ZYI
ds-

(6-12)

These are the differential equations of the transmission line, funda-

mental to circuits of distributed constants. If JE = JSoe'“‘ and

7 = /„£)•<-( they may also be shown to be forms of the wave equation

which will be discussed in Chapter 9.

Solution by conventional methods follows directly. In terms of

the operator m, Eq. 6-1 1 becomes

(?«= - ZY)E = 0

m = ± VZY (6-13)
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This result indicates two solutionis, one for the plus sign and the

other for the minus sign before the radical. The solutions of the

differential equations then are

E = 4- (6-14^

I = ir De-V^« (6-15)

where A, B, C, and D are arbitrary constants of integration.

Since distance is measured from the receiving end of the Ime, it

is possible to assign conditions such that at

s = 0, I = lit, E — Ex

Then Eqs. 6-14 and 6-15 become

En — A 4- B 1

Ir = C + d]
(6-16)

A second set of boundary conditions is not available, but the same

set may be used over again if a new set of equations are formed by

differentiation of Eqs. 6-14 and 6-15. Thus

~ A VI? - B £-Vz?.

From Eq. 6-9, this becomes

IZ = A ^JZY - B V^ 6-V^«

/ = A
.\||

^

In a similar manner,

ds
= C \/ZY - DV^ e-V5?»

r

; --VFF*
r ^ (6-18)

and 6-18 become

fq1II S (6-19)

(6-20)
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Simulta 2ieous solution of Eqs. G-IG with Eqs. G-19 and 6-20, along

with the fact that Er — IrZr and that ^Z/Y has been identified

as the Zo of the line, leads to solutions for the constants of the above
equations as

« + Er
2

p Er Ir
^ ~ 2 2 ''

K- Er
fl -

2

^ ~ 2 ^ 2 i‘( -S).

D - El
2 2

ly- k(
sjz 2 \

. yj

The solution of the differential equations of the transmission line

ms.y then be written

E--J- )

f-VIft (6-21)

•-* 11 ;(i + |).vr,.+
0-ft)

t-v/2T.j (6-22)

^ Er(Zr -f Zo)
_J_ +

1
^c-Vzr. (6-23)

j
... + -^o)

^
+
1

e-V^.j (6-24)

These are a final and very useful form of the equations for voltage

and current at any point on a transmission line, and are solutions to

the wave equation of Chapter 9.

Equations G-21 and 6-22 may also be arranged as

I ~ Ir
2 ; ^0 \ 2

_ g~Vzr
~2
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and these equations can be recognized as

E — Er cosh \/ZY s + IrZ^ sinh -s/ZY $

I = Ir cosh -s/ZY s-\-~ sinh s
/Jo

Equations 6-25 and 6-26 constitute a second very useful form for the

voltage and current values at any point on a transmission line.

Although these equations are extensively used, it is believed that

the exponential forms of Eqs. 6-23 and 6-24 lead to a clearer physical

picture of the phenomena occuring on a line. They also lead to

easier calculation with complex values of -x/ZF.

6-3. Physical significance of the equations; the infinite line

Equation 6-26 may be written for the sending-end current h of a

line of length I as

If the line is terminated in Zb — Zo, then

Is — Jfifcosh \/ZF I -f sinh -v/ZF 1)

from which ^ = e'ZYri — ^-,1 (6-27)

by reason of the determination that VT? = 7 . The result of

Eq. 6-27 is simply a restatement, for the line, of the basic relation

assumed between input and output currents in Chapter 4. The

propagation constant 7 is defined per unit length of line. As before,

it is complex from the nature of its equivalence to yfZY, or 7 =

« + 3^-

Division of Eq. 6-25 by 6-26 leads to an expression for the input

impedance of the line of length I as

7 _ cosh yl + Zq sinh 7?\ /g.28)
^ ~

Is
°
\Zo cosh yl + Zb sinh ylj

This equation may be recognized as identical with Eq.-4-39 derived

from network theory for a lumped constant circuit. In different

form, this result inay be obtained by division of Eq. 6-23 by 6--^

(6-25)

(C-26)
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and by use of the. fact that Eh/Ir = Zr. Then

Z — — 7As = -s- = Zo
Is

+ (
Zn - ^o\

\Zr Zq)

-(fsl:)-'

241

(6-29)

As a particular case, it is of interest to find the value of Zs, the

sending-end input impedance, when the line is terminated in its

characteristic impedance; that is, when Zr = Zo. Equation G-29

then reduces to

Zs = Zg (6-30)

which conforms to the definition of characteristic impedance for

lumped networks and establishes the validity of the operations in

Section 6-1, in which Zo was identified as “s/ZlY for a T section of

elemental magnitude in a distributed constant circuit.

JJnUy has been established between the lumped-constant and dis-

tributed-constant circuits in that the description of circuit performance

through Zo and y has been foimd to hold for both cases and this is a

truly general method of description of circuit performance.

Even though a line of infinite length seems hypothetical, actuallj'-

much may be learned from a study of such a line. The input

impedance of an infinite line may be found bj’' letting I approach

infinity in Eq. 6-28 or 6-29. The result is

Zs = Zo (6-31)

Thus, by comparison of the results shown in Eqs. 6-30 and 6-31,

a line of finite length, terminated in a load equivalent to its character-

istic impedance, appears to the sending-end generator as an. infinite

line. A finite line terminated in Zo and an infinite line are indis-

tinguishable by measurements at the source. Since the use of

t-
Lengfh

-To oo

b

Fig.'6-4, A length i taken from an infinite line.
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terminations equal to Zo is quite common, the ^o-terminated finite

line may be studied by analysis of the infinite line.

This result may be reasoned qualitatively by consideration of the

line of infinite length of Fig, 6-4. This line may have terminals o,b

placed at a finite distance I from the sending end. The remainder

of the line is still infinite in length, so that the input impedance at

terminals a,b is Zq. Thus the length I of the line represents a finite

length of line terminated in its characteristic impedance.

Restating Eqs..6-23 and 6-24,

;)

F = + -^o) f ,
(Zn- Zi

[' + VIT+T,

- _ Ir{Zr Zo) r (Zr —
22o r \Zr + ZoJ

For a portion of an infinite line, or a finite line terminated in its char-

acteristic impedance,

Zr = Z^

so that these equations reduce to

E = Ener’

I = hey’

(6-32)

(6-33)

It is apparent that the voltage and current values change with

distance s from the receiving end because of the factor

These expressions may be readily written for distance s measured

from the sending end, with E, and I, the voltage and current values

at that point, giving

Er = E.e-y, Jr =

If the terminals a,h be considered as any point on the infinite hne,

then E and I at any point are expressed in terms of E, and I, as

E = E.e-y (6-34)

«•II•»« (6-35)

(6-36)

(6-37)

Since 7 = a -f- jp, then
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Since the sending end values will be functions of time as E, = £„e>"'

and I, = then it is seen that Eqs. G-3f) and G-37 are functions

of both distance and time. This is a property of any solution to the

wave equation.

It is to be seen that as one measures along this line from the

Fig. 6-5. (a) Voltage phasors at -g-wavelength points along a line

at a particular time instant; (b) a plot of the phasors of (a), showing

voltage on the line as a function of distance; (c) voltage phasors one-

eighth of a cycle later than (a); (d) plot of voltage along the line for

the time instant of (c) showing the movement of the wave along the

line.

sending end, the voltage and current become progressivelj’- smaller

in magnitude because of the factor e~“*. The logic of calling a the

attenuation constant is apparent. Also, the current and voltage

phases lag progressively more and more as s increases,' because of the

increasing angle inherent in €~'^* = 4— /3s.

It is essential that the student understand the use of —s or s in

measuring in the direction of, or counter to the direction of, the

incident energy. Free use null be made of both forms as needed.

If uniformly spaced points are selected on the line or if uniformly
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increasing s values, such as Si, si, S3,
,
are chosen, then voltage

phasors may be drawn for each point as in (a). Fig. 6-5. These
phasors may be considered as representing maximum instantaneous

voltage values, and are seen to vary in magnitude as' and in

phase by uniform angle increments. It may then be assumed that

aU the phasors are rotating in the counterclockwise direction vith

an angular velocity w equal to that of the generating source at the

sending end. At a given time h, the rotatioil may be stopped and
the instantaneous values of voltage plotted as a function of distance,

as in (b). Fig. 6-5. This plot shows a portion of an infinite line, with

the instantaneous voltage conditions exdsting at each point along the

line. Such an oscillating and attenuating voltage condition exists

over the whole length of the line.

At (c). Fig. 6-5, the rotating phasors have been stopped at a time

ti, which is one-eighth of a cycle later than time i!i. The instantane-

ous values of voltage are again

plotted as a function of distance

in (d). Comparison of sketches

(d) and (b) shows that the wave

of (b) has moved to the right

and become that of (d). This

movement discloses the exist-

ence of a voltage wave traveling

down the line from the generator.

The student maj' verify this ac-

tion by plotting the waves on

the line for intermediate or later instants of time.

Thus propagation takes place along the fine in a wave motion, the

amplitude of voltage or current being constantly reduced due to

attenuation 6"“’, the phase of the voltage or current constantly

changing because of the phase factor The phasors may be

thought of as rotating in space, in which case the locus of the ends

of the phasors appears as a tapering corkscrew. The projection of

this corkscrew on a plane then constitutes the wave pattern at any

instant.

This discussion has been in terms of instantaneous values. If

instruments reading effective values are connected along the line,

they will not show the phase angles, and thus their readings along

Fig. 6-6. Voltage along an infinite

line as measured by an effective-read-

ing meter.
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the line would correspond to the curves for

245

E = 1 = 7,6-®’

as shown in Fig. C-6.

Although the analysis has been given here in terms of current

and voltage, it should be remembered that actually energj’^ is being

propagated along the line, its transfer taking place in the electric

and magnetic fields in the region surrounding the line. The waves

of current and voltage are merel3' convenient means of observ'ation

of the fields present, A discussion of the line from the field view-

point is given in Chapter 12.

6-4. Wavelength; velocity of propagation

The distance the wave travels along the line while the phase angle

is changing through 2t radians is called a wavelength. In Fig. 6-5(b),

the distance from the sending end to point 8 is thus one wavelength.

From the definition above, if the wavelength is represented by the

sjunbol X, then at a distance such that s = X,

/3X = 2ir

and ^ ^ (6-^8)

Since the change of 2r in phase angle represents one cycle in time

and occurs in a distance of one wavelength, then

X ~ vl

and ^ “ 7 (6-39)
j

From this and Eq. 6-38, the velocity can be e.\-pressed in terms

of the line constants as

(6-40)

This is the velocity of propagation along the hnq, based on observa-

tions of the change in phase along the line. It is measured in miles
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per second if is in radians per mile, or in meters per second if /3

is in radians per meter.

If it be remembered that

£" = i? + jwL

y = G +
then 7 = a + id = ZY

= VRG - + iw(L(? + CR) (6-41)

Squaring both sides,

+ i2ad - = RjG~ u^LC + MLG + CR)

Equating the reals and solving for a® gives

a* = d" + EG ~ cc^LC (6-42)

Equating the imaginaries and squaring yields

= £o2(LG + CR)^

after which substitution of Eq. 6-42 gives

d^ + d-(EG - a^LC) ~j(LG+ CR)^ = 0

A solution for d, neglecting the negative values, follows as

^
- EG + V{RG - co^LG)^ + u,^-{LG-+ CR)^-

« 2

und use of Eq. 6-42 leads to a value for

a = RG - co-LC + ViRG - ic^LCy- + + GRY

(6
-43)

(6
-44)

In a perfect line E = 0 and G = 0. Equation 6-43 then would be

d = wVW (6-45)

and the velocity of propagation for such an ideal line is given by

1
' (6-46)

<j}

V = - = m/sec
d y/W

thus showing that the line parameter values fix the velocity of
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propagation. Using Eqs. 5-14 and 5-30 for L and C values for an
open-wire line, the LC product becomes

LG =
In {d/a)

For a line of nonmagnetic material with air spacing

LC = Mrfr

Then V =

4 In {d/a)

1

+

/^rtr
1

m/sec

+ 1

(6-47)

(6-48)

4 In {d/a)

It should be noted that the first term on the right of Eq. 6-47 and

the first term in the bracket under the radical of Eq. 6-48 are present

because of the internal inductance of the conductors. If this internal

inductance is reduced, as by skin effect, the velocit}' increases and

reaches the limiting condition of

V = —j==. m/sec

which in space becomes

3 X 10® = c m/sec (6-49)

which is identified as the velocity of light in space. The velocity of

propagation in an actual line is slowed below this value by the effect

of internal inductance, resistance, and leakage of the line.

The above substantiates the method of calculation of C presented

in Section 5-16, and shows the constant in Eq. 5-78 to be equal to

c\

6-5. An example

The relative magnitudes of quantities to be encountered in line

calculations are indicated in the following example:

A generator of 1.0 volt, 1000 cycles, supplies power to a 100-mile

open-wire line terminated in Zo and having the following parameters:

R = 10.4 ohms per mile

L = 0.00367 henry per mile

G = 0.8 X 10~* mho per mile

C = 0.00835 fif per mile
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The line constants then are

m

Z = R+jwL = 10.4 + i23.0 = 25.2/66°

F = G + jaC = (0.8 4- y52.5)10-® = 52.6 X 10-V90°

25.2/66°

52.6 X 10-V90°
= 692/-^ 12° ohms

7 = = V25.2/66° X 52.6 X IQ-yOO” = 0.0363/78^

a = 0.0363 cos 78° = 0.00755 neper per mile

)3 = 0.0363 sin 78° = 0.0355 radian per mile

V =

\ =

~

0 0355
~ 177,000 miles per second

= 177 miles

Since the line is terminated in Zo, then Z, = Zo, so that

t == ^/4 12°
= 0.00145/^ amp

— = = g-a(e-J/5I = g-0.T5Sj-j3.55

7*

But is equivalent to an angle of —3.55 radians, or -203.8

deg from the tables in the rear of the book. Then

Ib = 203.8°

= 0.00145/12° X 0.472/ -203.8°

= 0.000685/— 191.8° amp {E, reference)

The received voltage is

Er = IrZo

= 0.000685/- 191.8 X 692/- 12°

= 0.474/— 203.8° volts (Z, reference)

Tb,s» received power is

Ps = ErIr cos B = 318 X 10'« watts
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6-6. Wave-form distortion

The value of the attenuation constant a has been determined in

Section 6-4 as

« =
“xl

RG -
-f V'(/?G - <s>-LCy- + u-(LG + CRy

o

In general, a is a function of irequency. All frequencies transmitted

on a line will then not be attenuated equally. A comple.x applied

voltage, such as a voice voltage containing many frequencies, will

not have all frequencies transmitted with equal attenuation, and the

received wave form will not be identical with the input wave form

at the sending end. This variation is known as frequency distortion.

The phase constant /3 was shown in Section 6-4 to be

A
u-LC ~ RG + V(RG - 0,-LCy- + o>-(LG + CR)-

and can be seen to be a complicated function of frequency, in gen-

eral. Since the velocity of propagation has been stated as

(0

it is apparent that cj and A do not both involve frequency in the same

manner and that the velocity of propagation will in general be some

function of frequency. All frequencies applied to a transmission

line will not have the same time of transmission, some frequencies

being delayed more than others. For an applied voice-voltage wave

the received wave form will not be identical with the input wave

form at the sending end, since some components will be delayed more

than those of other frequencies. This phenomenon is known as

delay or phase distortion.

Frequency distortion is reduced in the transmission of high-

quality radio broadcast programs over wire lines by use of equalizers

at the line terminals. These circuits are networks whose frequency

and phase characteristics are adjusted to be inverse to those of the

lines, resulting in an over-all uniform frequency response over the

desired frequency band.

Delay distortion is of relatively minor importance to voice and

music transmission because of the characteristics of the ear. It can
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be very serious in circuits intended for picture transmission, and

applications of the coaxial cable have been made to overcome the

difficulty. In such cables the internal inductance is low at high

frequencies because of skin effect, the resistance is small because of

the large conductors, and capacitance and leakance are small

because of the use of air dielectric with a minimum of spacers. The
velocity of propagation is raised and made more nearly equal for all

frequencies.

6-7. The distortionless line

If a line is to have neither frequency nor delay distortion, then o

and the velocity of propagation cannot be functions of frequency.

In view of the fact that

then /3 must be a direct function of frequency.

Consideration of Eq. 6-43,

^ L^LC - RG+ V(RG - u^LCy + (o%LG + CR)'^
^ = V ^ 2 ^

shows that if the term under the second radical be reduced to equal

(RG -f o,^LCy

then the required condition on j3 is obtained. Expanding the terms

under the internal radical and forcing the equality gives

R2Q2 _ 2cc^LCRG -h + 2W-LCRG +
= {RG + cc^LCy

This reduces to

a^r-G- ~ 2u,^LCRG + = 0

{LG ~ CRy = 0

Therefore the condition that Avill make )3 a direct function of fre-

quency is

LG ^ CR (6'50)

A hypothetical line might be built to fulfill this condition. The

line would then have a value of /? obtained by use of Ea. 6-50 in
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/5 = Cl) s/LC

The velocity of propagation is then

'' Vlc

which is the same for all frequencies, thus eliminating delay dis-

tortion.

Equation 6-44 for

jRG - cd^LC + V{RG - -f co=(L(? + CRy-

may be made independent of frequency if the term Pnder the

internal radical is forced to reduce to

(RG -f

Analysis shows that the condition of Eq. 6-50, LG = CR, will

produce the desired result, so that it is possible to' make a and the

velocity independent of frequency simultaneously. Applying the

condition of Eq. 6-50 to the expression for or gives

or = "v/RG

which is independent of frequency, thus eliminating frequency

distortion on the line.

Unfortunately, such a hypothetical line is not practical wdth

distributed parameters, but the analysis points the way to the solu-

tion of Section 6-9. To achieve the condition

LG = CR

or ^ = I (6-51)

requires a very large value of L, since G is small. IfU is intentionally

increased, a and the attenuation are increased, resulting in poor

line efficiency. To reduce R raises the size and cost of the conductors

above economic limits, so that the hypothetical results cannot be

achieved.
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6-8. The telephone cable

In the ordinary telephone cable the 'ndres are insulated with

paper and twisted in pairs. This construction results in negligible

values of inductance and conductance so that reasonable assump-
tions in the audio range of frequencies are that

^ = R (6-52)

Y == juC (&.53)
Equation 6-41 stated that

7 = VRG - to^LC -bMW -f CR)

With L — G — 0, this equation becomes

T - VjICB -

7 ~ + Jj3 - (1 + .11)

Therefore
jwCR

“ ~
\ 2

(6-54)

(0-55)

Hence the velocity of propagation is

w |2w
(6-50)

It should be observed that both a and the velocity are funcliosJ

of frequency, such that the higher frequencies are attenuated more

and travel faster than the lower frequencies. Very considewhk

frequency and delay distortion is the result on telephone cable.

6-9. inductance loading of telephone cables

The analysis of Section 6-7 concerning a distortionless line "iU

distributed parameters suggests a remedy for the severe frequenf.r

and dela}’’ distortion experienced on long cables. It was indicate;

that it w'as necessary to increase the L/C ratio to achieve disto'"

tionless conditions. Heaviside suggested . that the inductance e
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increased, and Pupin developed the theorj’- that made possible this

increase in the inductance by lumped inductors spaced at intervals

along the line. This use of inductance is called loading the line.

In some submarine cables, distributed or uniform loading is obtained

by winding the cable with a high-permeability steel tape such as

permalloy. This method is emplo3md because of the practical

difficulties of designing lumped loading coils for such underwater

circuits.

For simplicity, consider first a uniformly loaded cable circuit

for which it may be assumed that G = 0 and for which L has been

increased so that uL is large with respect to R. Then

Z = R jouL

Y = jwC
Since,

Z = \/Wn̂ /|
- tan-'~ (6-57)

then 7 = ,-\/^

+ (6-58)

In view of the fact that R is small with respect to wL, the tenn

R^/u^L^ may be dropped, and 7 becomes

For a small angle,

R
sin 0 = tan 0 = 0, so that cos 0 =
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Likewise, sin 6 = sin

Equation 6-59 may then be written

7 = CO VZC (cos e + j sin. 0) = CO \^TC + jj

Therefore, for the uniformly loaded cable,

(6-60)

(6-61)

It is readily observed that, under the assumptions of (? = 0 and wL
large with respect to R, the attenuation and velocity are both inde-

pendent of frequency and the loaded cable will be distortionless.

The expression for a shows that the attenuation may be reduced by

increasing L, provided that R is not also increased too greatly.

Continuous or uniform loading is expensive and achieves only a

small increase in L per unit length. Lumped loading is ordinarily

preferred as a means of transmission improvement for cables. The

improvement obtainable on open-wire lines is usually not sufiScient

to justify the extra cost of the loading inductors.

An analysis for the performance of a line loaded at uniform

intervals can be obtained by considering a symmetrical section of

line from the center of one loading coil to the center of the next,

where the loading coil impedance is Zc. The section of line may be

replaced with an equivalent T section (see Section 6-17) having sym-

metrical series arms. Adopting the notation of filter circuits, one of

these series arms is called .2^i/2 and is

y = tanh

where N is the number of miles betw'een loading coils and 7 is the

propagation constant per mile. Upon including half a loading coil,

the equivalent series arm of the loaded section becomes

Zi' Z, . „ ^ , Ny

and

R IC
“ 2 \L
/3 — a y/UC

_ w _ 1

Vlc
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The shunt arm of the equivalent T section is

sinh

An equation relating 7 and the circuit elements of a T section was
derived as Eq. 4-33, wliich may be applied to the loaded T section as

cosh Ny' = 1 -{-
Z,'

2Z.

= 1 +
Zf/2 + Zg tanh (N'y/2)

^o/sinh N^y

By use of exponentials it can be shown that

^ , Ny cosh A’^7 — 1
tanli -

7j-
=

r ,,
2 smh Ny

80 that Eq. 6-62 reduces to

(6-62)

2
cosh Ny' — ^ sinh Ny -t- cosh Ny (6-63)

This expression is known as Campbell's cqtiaiion and permits the

determination of a value for y' of a line section consisting partially

of lumped and partially of distributed elements. Campbell’s

equation makes possible the calculation of the effects of loading coils

in reducing attenuation and distortion on lines.

For a cable, Zj of Fig, 6-7 is essentially capacitive and the cable
'

capacitance plus lumped inductances appear similar to the circuit of

the low-pass filter. It is found that for frequencies below cutoff,

Fig. 6-7. Equivalent T section for part of a line between two lumped
loading coils of impedance, Zc.
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given by

the attenuation is reduced as expected, but above cutoff the attenua-

tion rises as a result of filter action. This cutoff frequency forms a

definite upper limit to successful transmission over cables. It can

be raised by reducing L but this expedient allows the attenuation to

rise. The cutoff frequency can also be raised by spacing the coils

closer together, thus reducing C and more closely approximating the

distributed-constant line, but the cost increases rapidly.

In practice, a truly distortionless line is not obtained by loading,

because R and L are to some extent functions of frequency. Eddy-

current losses in the loading inductors aggravate this condition.

However, a major improvement is obtained in the loaded cable over

the unloaded cable for a reasonable frequency range.

6-10. Reflection on a line not terminated in Zo

Returning to Eqs. 6-23 and 6-24 for the voltages and currents on

the line, with s measured as positive from the receiving end,

it may be observed that for the most general case in which Zn is not

equal to Zo, each equation consists of two terms, one of which varies

exponentially with -j-s, the other with — s. It has been shown in

Section 6-3 that a wave travels from the sending end to the receiving

end of the line, decreasing in amplitude as it approaches the receiv-

ing end. In a direction back along this wave from the receiving end,

the amplitude of the wave would increase as s increases, so that the

wave that travels from the sending end to the receiving end can be

identified as the component varying with e'*'*. This wave of voltage

or current is known as the incident wave.

Hence the second term, varying with must represent a wave

of voltage or current progressing from the receiving end toward the

sending end, and decreasing in amplitude with increased distance
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from the load. Such a ivave of voltage or current is called the re-

flected wave.

The situation may be more clearly seen in Pig. 6-8. The incident

voltage values, TOth Ze chosen as an open circuit for convenience,

Incident

Voltages

42^

Open- Circuit

Reflected

Voltoges

2

Fig- 6-8. Rotating voltage-phasor Bystems for incident and reflected

waves for an open-circuit termination. The incident wave (solid

curve) and reflected wave (dashed curve) are shown for four succes-

sive time instants.

are plotted as solid curves, as derived from the rotating maximum
value phasors at the left. The waves are plotted over the last wave-

length of line adjacent to the recdving end and are for four instants

of time, each separated by one-eighfti of a cycle. It can be seen that
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the voltage component varying as (s measured from the load or

receiving end) is really a wave progressing from sending end to

receiving end of the line. The dashed wave is derived from the

rotating vectors at the right, varying in amplitude as and it can

be seen that this component is

Open-Circuit
truly represented by a wave pro-

t-0

• I I I !* I

grossing from the receiving end to-

ward the source, with initial value

equal to the incident voltage at

the load (for open circuit). This is

the reflected wave.

Therefore the total instanta-

neous voltage at any point on the

line is the vector sum of the volt-

age of the incident and reflected

waves.

From Eq. 6-23 it may be seen

that the only difference between

the curves for voltage and current

(uith Zit infinite or as an open

circuit) is in the reversed phase of

the reflected current wave. The

waves of instantaneous
,

current

are plotted in Fig. 6-9. It may be

seen that the two current waves

Fig. 6-9. Curves of incident (solid

curve) and reflected (dashed curve)

current waves for an open-circuited

line, at successive time instants.

are equal and of opposite phase at

the open-circuited recehdng end,

the total instantaneous current at

that point always being zero as

required by the open circuit.

The relative phase angles of the

incident and reflected waves at

the load are determined by the

term {Zr — Zo)/{Zr -f Zo)-^ There-

fore both angle and magnitude of

Zr and Zo enter into the determination of the phase angle between

the tyfo waves. ,

In the case of an infinite line (s = «=), or for Zr ~ Zq, the secon

term in the brackets of Eqs. 6-23 and 6-24 becomes zero and the
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reflected wave is absent. This effect seems reasonable, since in the

case of the infinite line the traveling waves of energy continue in

one direction indefinitelJ^ Along such a uniform line of infinite

length there is no source of energ}' or discontinuity to send back a
reflected wave along the line. The line terminated in Za behaves in

e.\actly similar fashion, the waves traveling smoothly down the line

and the energj'^ being absorbed in the Zo load without setting up a
reflected wave. In fact, the characteristic impedance may be looked

upon as a measure of the natural rate of absorption of energy.

Such a fine is frequently called a smooth line.

It has been mentioned that the quantity actually being trans-

mitted is energy. This energj’’ is conveyed by the electric and

magnetic fields traveling or guided along the line. A line terminated

in Zd shows this value of impedance at all points along the line. For

an ideal line vdth R = G ~ 0 and so terminated, the ratio of voltage

to current is a constant given by

and the distribution of energy between the electric and magnetic

fields is fixed. The energy conveyed in the electric field is

IF, = ~-joules/m*

and that conveyed in the magnetic field is

TFm = ^ joules/m’

It will be shown later that for such an ideal line Zo = L/C. Using

this condition for the Zo-terminated line where E/I = Zo every-

where, it appears that

1F« = TF„

(or the electric field energy equals the magnetic field energy)

is the physical relation existing everywhere along the ideal line

terminated in Zo.

At a load where Zb Zo, a different ratio of Er toh
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is required and a redistribution of energy between the two fields is

called for. This redistribution of energy acts as a source to send a

reflected wave back along the line.

When the field waves strike an open circuit, for example, the

magnetic field must become zero because the current is zero. The
energy that was conveyed by the magnetic field cannot be dissi-

pated, so it will appear as additional energy in the electric field,

causing an increased voltage to appear. This increased voltage

then sets up a returning current wave down the line. At a short

circuit it is the electric field that is forced to zero by the condition

of zero voltage. The transferred energy causes an increase in the

magnetic field, which in turn induces a returning voltage wave down
the line.

Any discontinuity in line parameters, such as the junction of an

open-wire line to a cable of different Z^, requires a redistribution

of energy between the fields and thus sets up a reflected wave. A
long line has an impedance of Zt, at all points, which then determines

the energy distribution in the fields. If the load is also i?o, the voltage

to current ratio is the same in the line and in the load, no energy

interchange is required between the fields, and there is no oppor-

tunity for reflection to occur.

Reflection is ordinarily considered as undesirable on a trans-

mission line. If the attenuation is not large, the returning wave

appears as an echo at the sending end. Also, if reflection is present

there is a reduction in efliciency and output because a portion of the

received energy is rejected by the load. In passing back down the

line as a reflected wave, additional energy is lost because of the R

and G of the line. If the ipnpedance of the generator is not Za, the

reflected wave is reflected again at the sending end, becoming a new

incident wave. Energy is thus transmitted back and forth on the

line until dissipated in the line losses. Hence a termination in 7o

with no reflection is desirable.

6-1 1 . Reflection coefficient

The ratio of amplitudes of the reflected and incident voltage waves

at the receiving end of the line is frequently called the reflection coeffi-

cient. From Eq. 6-23 with s = 0, this ratio is

^ _ reflected voltage at load _ Zb — Zp
~ incident voltage at load Zb Zo



§6-12] TRANSMISSION-LINE THEORY 261

Equations 6-23 and 6-24 then may be written

B - (,« + JC,-) (6-65)

/ -= (.’• - &-) (0
-66)

The sign of K, and hence the polarity of the reflected wave, is

dependent on the angles and magnitudes of Zx and Zo. For a
termination of Zo the reflection coefficient is zero.

The reflection coefficient will be found to be extremely useful.

6-12. Line calculation

The example of Section 6-5 may be chosen as an illustration of

calculation using the transmission line equations with a load other

than Zo. The problem may be stated as follows:

A generator of 1.0 volt, 1000 cycles, supplies power to a 100-mile

open-wire line terminated in 200 ohms resistance. The line param-
eters are

R = 10.4 ohms per mile

L = 0.00367 henry per mile

G - 0.8 X 10“* mho per mile

C = 0.00835 /if per mile

The line constants as computed in Section 6-5 are

Z = 25.2/66° ohms per mile

Y = 52.6 X 10~^/90° mho per mile

Zo = 692/— 12° ohms

7 = 0.0363/78°

a = 0.00755 neper per mile

/5 = 0.0355 radian per mile

al = 0.755 neper

/3l = 3.55 radians = 203.8°

The reflection coefficient K is

^ Z„-Zo 200 - 692/-12°

^~Zx + Zo 200 -1- 692/- 12° 0.558/172.8°
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From Eqs. 6-29 and 6-64,

[§6.12

Z, = + Ke-y^\

so that values of e"''* and e~y‘ are needed.

These values may be readily obtained as

e^l = == £0-755/203.8°

= 2.12/203.8°

Then

e-yi = = 6
-d . 755

/
_ 203 .8

°

= 0.4727-203.8°

Z, = 692/ -12°

692/ -12°

2.12/203.8° + 0.558/172.8° X 0A72/-203.8\

2.12/203.8° - 0.558/172.8° X 0.472/ -203.8°)

1.975/210°

2.285/198.5°)

= 692/ -12° X 0.864/11.5° = 597/ -0.5°

The input current then is

= 0.00167/0.5° amp, E. reference
oyf/— u.o

The received current Ir then is obtainable from

/. ^ + _ re-yi)
2Zo

Most of the terms in the above equation have already been com-

puted, so that

0.00167/^ = (2.285/198.5°)

2.31/-11.5°
""

2030/189°
'

= 0.00113/ -200.5° amp, E. reference
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The load voltage En then is

263

Er = IrZr = 0.00113/ -200.5° X 200

= 0.2267-200.5° V, E, reference

The power delivered to the load is

Pr = Ir-R = 0.00113= X 200 = 0.000255 watt

The power input to the line is

P. = B.I, cos e = 1.0 X 0.00167 cos 0.5° = 0.00167 watt

If the efficiency of transmission is of interest; it is

_ 0.000255
’’ “ 0.00167

X 100% = 15.2%

6-13. Input and transfer impedance

The input impedance of a transmission line has already been

obtained as

„ fZr cosh yl -1- Zo sinh yi\
‘ “ VZo cosh yl -f- Zr sinh yl/

(6-67)

In terms of exponentials, this is

, ^ -1- K.-A
A - ^0 \^yl _ (6-68)

If the voltage at the sending-end terminals is known, it is con-

venient to have the transfer impedance so that the received current

can be computed directly. The sending-end voltage E, is

E, = (e7» -j-

Ir{Zr -f Zo) ^
2

(6-69)

for which the transfer impedance is

= ^ = (err + ^e-^i)
Ir ^

(6-70)

By substituting for K, Eq. 6-70 becomes
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•which is recognizable as

Zt — Zr cosh 'yZ -{- Zo sinh yl (6-71)

if the expression is desired in terms of the h3T)erbolic functions.

6-14. Open- and short-circuited lines

As limiting cases it is convenient to consider lines terminated in

open circuit or short circuit, that is, with Zr = oo or = 0. The

input impedance of a line of length I is

^ ^ cosh yl + Zo sinh y(\- /Jo ^
and for the short-circuit case Zr = 0, so that

Z« = Zq tanh yl (6-72)

Before the open-circuit case is considered, the input impedance

should be written

Z, — Zo
cosh yl -f (ZqIZr) sinh yl

(Zo/Zb) cosh yl -f- sinh yl_

The input impedance of the open-circuited line of length I, vnth

Zr = «J
,
is

Zo. = Zo coth yl (6-73)

By multiplying Eqs. 6-72 and 6-73 it can be seen that

Zo = VzX (6-7^)

This is the same result as was obtained for a lumped network. Equa-

tion 6-74 supplies a very valuable means of experimentally deter-

mining the value of Zo of a line.

Also, from the same two equations.

tanh yl = (6-75)

or yl = tanh~^

Use of this equation in experimental work requires the detenninatios

of the hyperbolic tangent of a complex angle. If

tanh yl — tanh (a + jP)l = U + jV
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then it can be shown that

tanh 2ttl = 2U
(6-76)

1 + U- + F=

and tan 2pl = 2F
(6-77)

1 - £7' - F=

The value of /3 is uncertain as to quadrant. Its proper value may be
selected if the approximate velocity of propagation is known.

6-15. Reflection factor and reflection loss

If Zi is not equal to Zi, Fig. 6-10, the impedance mismatch causes

a change in the ratio of voltage to current, or of energy transmitted

Fig. 6-10. Generator of impedance Z\ connected to load Zt,

by the electric field to that transmitted by the magnetic field, and
thus a portion of the energj'- is reflected by the load. The energy

delivered to the load may be less than would be delivered if imp^-
ances were matched; it is said that a reflection loss has occurred.

The magnitude of the reflection loss may be determined by com-

puting the ratio of the current actually flowing in the load to that

which would flow if the impedances were matched at the terminals

in question. Image matching between a given generator and load

might be obtained by insertion of an ideal transformer and a lossless

phase shifter between source and load. According to the theory of

the ideal transformer from Section 3-9,

'i

-
a/I

For image matching the magnitude of Zz may be adjusted to that of

Zi by choosing the proper transformer ratio, and the phase angle of

Zz may be adjusted to that of Zi by operation of the phase shifter.

Under these theoretical conditions Zz is image matched to Zi, and
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the current which would then flow through the generator .would be

r _ ^
2Zi (6-79)

Then the current h' that would flow in the load, or secondary.of the

transformer, under image matching, wmuld be given by use of Eqs.

6-78 and 6-79 as

A /^1 _
2Zr\Z^ 2^ZxZ^

(6-80)

whereas without image matching this current would have been

i/2!
i^i

\Zi -}- ^2!
(6-81)

Hence the ratio of the current actually flowing in the load to that

which might flow' under image matched conditions is

|gl

^2 _ i^i ~1~ ^al _ 12 V"ZiZi\
V ~

i^i
~

|2 's/Z\Z'^

(6-82)

This ratio indicates the change in current in the load due to reflection

at the mismatched junction and is called the reflection factor, given

the symbol k, where

2 '\/Z1Z2
(6-83)

It should be noted that Zi and Z2 are the impedances seen looking

both ways at any junction.

The reflection loss is defined as the number of nepers or decibels 5t/

which the current in the load under image matched conditions would

exceed the current actually flowing in the load. Thus the reflection loss

involves the reciprocal of k, or

reflection loss, nepers = In
^2

2 Z1Z2

Zi -f- Zi

2 y/ZiZi

(6-84)

reflection loss, db = 20 log (6-85)
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The use of the word reflection here is unfortunate, and mis-
matching loss would be a better choice, since the factor k measures
the relative gain or loss of actual terminations with respect to image
matching.

The reflection loss maj'- be plotted in terms of the impedance ratio

Fig. 6-11. Reflection loss due to mismatch between source and load

impedances. The angle S is the angle of Zi/Zt. Note that curves are

symmetrical about unity' on the abscissa.

\2\IZ^ or \ZilZ-i\ as in Fig. 6-11. It should be noted that on the

logarithmic scale used, the curves are symmetric about tie axis

\ZxlZ^ = 1. The angle 6 represents the angle of Z1/Z2 . It can be

seen that for certain conditions a negative reflection loss or a reflec-

tion gain is obtained.

6-16. Insertion loss

The insertion of a four-terminal network or a line between a

generator and a load may improve or diminish the impedance

match between source and load, and may also introduce dissipative
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elements. The net effect maj’- be to improve or reduce the impoiisiic?

match and thus to increase or decrease the power delivered to th<--

load, resulting in a positi^’e or negative insertion loss, due to insertion

of the network. The insertion loss of a line or network is defined as Ik
number of nepers or decibels by which the current in the load is chongd
by the insertion. Occasionally the insertion of a netAvork causes an
increase in load current, and this would be expected from the match-

ing networks of Chapter 3, if made of Ioav dissipation olemcnb.

Such an increase in load current represents a negative loss, or an

insertion gain.

Therefore the insertion loss is the resultant of several individual

losses. In Fig. 6-12, if Z, is not equal to Z, at the 1,1 terminals, then

Fig. 6-12. Illustrating insertion loss.

a reflection loss occurs at that point. The line or network also may

introduce an attenuation loss. If the impedances are not matched

at the 2,2 terminals, then a second reflection loss occurs there. Tne

over-all insertion loss due to insertion of a line or network behveen e

generator and a load can be calculated from the ratio of the load

current that would flow if the load were directly connected to the

generator to the current actually flowing in the load.

The insertion loss due to a line introduced between source and

load in Fig. 6-12 can be calculated from the line equations as sn

example. The sending-end current can be written

+
(6-S6)

, E
Z, + Z.

The input impedance Z, has been obtained as
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so that I,
- re-T')

ZpCe-J' - ^6-’") -f Zoie^'- + Ke-yf)

Substitution of Eq. 6-S7 in 6-86 and solution for Ir gives

(6-87)

T 2Zt>E

(Zr

+

Zc)lZA^y - Ke-y^) -f -f Ke-y')]

Introducing the value for K, the reflection coefficient, permits this

equation to be -written as

" (^B + Z,)iZ, + Z,)ey‘ + (Zo - Z,KZr -

This is the value of current actually flowing in the load Zr.

Without the line present, the current // flo-ning in the load

would be

The ratio of the current that would flow in the load, if generator and
load were directly connected, to that flowing •^^uth the line inserted is

B
h' Z, + Zr

Ir
~ 2Z^

(Zr + ZoXZ, + Zahy‘ -i- {Zt ~ Z,)(Zr - Zo)t“v'

(Zr + Zo)(Z, + + (^0 - Z,)(Zr - Zo)e-^e-y-^

2Z^(Z, + Zr)

(6-90)

If a is large or the line is sufficiently long, the second term in the

numerator may be neglected with respect to the first, leaving

V _ (Zr + Zo)(Z, + ZD)e"V^

Is 2Zo(Zg -h Zr)

Greater physical meaning may be given to the expression if both

numerator and denominator are multiplied by 2 -y/Z^s, giving

II ^ 2 VzXn (Zr + Z^{Z, + Zo)i'^y^^

Is 4 VZ,ZrZ^- (Z, + Zr)

The insertion loss is to be calculated as a function of current magni-

tudes onljq so that after taking absolute values and rearranging, the
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above expression becomes

[{6-16

Jr _ 4~
^
\Zr -j- Zt\ 2 -y/Z^Zr

Jr 2 * 2 ‘ \Z<, + Zn
\

;

The coefficients on the right side may be recognized as reflection

factors, where

2 \/ZgZo 1

1^. + ^ol

“

and may be considered as the reflection factor at the 1,1 terminals

where the generator may be mismatched at its junction voth the line.

The line has been assumed long, or a large; thus its input impedance

appears to be Zo. The second term is another reflection factor

2 "v/ZitZo _ j.

and can be seen as the reflection factor at the 2,2 terminals, or the

junction between line and load. The third term is

2 "X/ZgZft ,

\Zg + Zn\ “

and may be considered as a reflection factor occurring if the gen-

erator were directly connected to the l^ad. The fourth term is e”' the

loss in the line.

The current ratio then is

Jjt kikn
(6-93)

The insertion loss may then be obtained by taking the logarithm

of the current ratio:

insertion loss, nepers = In-^ + ln^^^— InA-fa^ (6-9^)
K, Kr k,r

insertion loss, db —
- 20 ^log i + log log^ -{- 0.4343al^

The presence of the term In l/k,R may be perplexing. This loss

has been identified as the reflection loss that would occur if the
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generator -R-ere connected directl3" to the load. As such, it was
eliminated by definition, since it is not due to insertion of the fine,

and accordingly the equation shows this loss as subtracted.

If the line conditions do not justifj' the assumptions concerning

a or I, the insertion loss maj' be determined bj’ direct computation

of the current in the load, with and without the line or network

present.

The expression above maj' also appl5’' directly to a single section

network, by use of ? = 1, and the proper value of a applying to the

network.

6-17. T and sections equivalent to lines

In Chapter 1, relations were developed permitting the design of

an equivalent T section from measurements on a network. These

relations were

— Zix ~ '
s/ZtxiZi^ — 2'ik)

Zi = Z^x — •%/Zix{Z\ac —

Zz “ '\/^2oe(^loe ^Ise)

The input impedances of open- and short-circuited lines were devel-

oped in Section 6-14 as

Z\x —

ZiK = Za tanh 7/

0 _ 7
1 yl

~

Since a line is a S3'mmetrical network,

ZltK ” Z^oC

The Z3 or shunt element of a T section that will be' equivalent,

in so far as external voltages and currents are concerned, to the long

line can then be readil3’’ obtained as

""
>/taiih

~ ^0 tanh 7^^

sinh yl
(6-96)
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The series elements for the equivalent section then are

l§6-17

- z. =

_ 7 r^ — e-T''''2)(er*^2 ^ e-rJ/z)

Zi — Zz — Zo tanh^

^71/2 _ j-vI/2'^

e7i/2 _}. ^-iinj

(6-97)

The T-section equivalent for the long line, made up of these ele-

ments, is shown in Fig. 6-13(a). It is useful in certain types of line

calculations.

Zotonhri/2 ZotonhTT/a ZoSinhyi
-AAA

—

I Is-
< sinhYl

^

(a)

Zo <
tonh il/ZS

(b)

i

Zo

fonhtl/Z

Fig, 6-13. (a) T-seotion equivalent circuit for a transmission line;

(b) same as a or section.

A TT-section equivalent for the line may likewise be determined

from the terminal measurements as in Chapter 1. Because of

symmetry,

Za — Zo —
ZlocZl2oc^l»c

^2oc *%/^2oc(^loc ^Ibc)

2Zo

[ey^ - 6-^7 e-^*-

(g7t/2 _ ^

^0
2a ^ 2c —

tanh iyl/2)

(6-98)
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The Za arm can be easily obtained as

Z^ncZ\i*
Za =

Za' = Zosinh7Z
Zo/sinh 7 !

The equivalent r section for a line is shovm at (b), Fig. 6-13.

6-18 . Distance to a line fault

The input impedance of a line is

-h Ke

(6-99)

, , /e^' -h Ke-A
\ey^ - Ke-^^)

Upon substituting for e’^‘ and

^ ^ [ («“' + i^e““') cos -f- j(e“’ — J?re~“‘) sin fil

* “
° [(«“' -

(6-100)

“') cos fil -f j(«“' + Ke~‘‘') sin /SZ]

- 7 r + Ke-^) + y(€“' - Ki-‘“) tan

Ke-”') + J(«"' + Ki-”') tan |8f J

This expression shows that the input impedance magnitude of the

line is periodic and of period ~ w. Thus the input impedance

oscillates between maximum and minimum values as the length of

line is increased. Measurements

of input impedance magnitude

against length of line appear as in

Fig. 6-14.

Since it is /3Z or the electrical

length that is important, the value

of /3Z may also be changed by in-

creasing the frequency applied to

the line. The variation of imped-

ance will appear as in Fig. 6-14,

with length replaced by frequency.

By the above reasoning, the differ-

ence between two maximum im-

pedance points represents a change in electrical length of one-half

wavelength. For the lowei' of the two -frequencies of maximum

Fig. 6-14, Variation of input im-

pedance of a line not terminated in

Zo, as the electrical length of line is

increased.
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impedance, the distance s to the reflecting point in terms of wave-
lengths is

® ==
(6-102)

For the next higher frequency at which maximum input impedance
occurs, the distance s is the same, but electrically the line is one-half

wavelength longer, so that

Using Eq. 6-102,

Since v = X/,

(6-103)

VjVs

2(01/2 - Vifi)
(6-104)

The velocities may be determined from v = w/(S by use of the known

line parameters. Equation 6-104 then allows determination of the

distance to a line fault or point of reflection by measurements made

from one end of the line.

In many cases the velocity does not change appreciably for the

frequency range betw'een /i and /2 ,
so that Eq. 6-104 may be sim-

plified by assuming Oi = V2 ,
giving

_ V
(6-105)

as the distance to the reflecting point. This reflecting point may be

a line fault whose location is desired.

PROBLEMS

6-1. A simulated line is composed of T sections of pure resistance,

= Z2 — 50 ohms, Zz = 4000 ohms.

(a) Find a and Zo.

(b) A line composed of 50 such sections in series is terminated m

its characteristic impedance. A generator of 1 v, 400 ohms internal

resistance is at the sending end. Find I, and h.

(c) What is the decibel loss in the line?
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6-2. A 60-mile length of 0.104 in. diameter open-wire line (see

Table 4) is terminated in Za. A generator of 600 ohms internal

resistance and 1 v, 800 c, is connected to the sending end. Find I„ Is

and power output of generator, and power delivered to the load.

Also determine wavelength and velocity of propagation.

Table 4

Charactewstics of Certain Telephone Lines and Cables
(per loop mile)

Tj’pe
R

ohms
L

henrys

C
/f

G
iimhos

Wire

spacing,

in.

0.165-in. diameter open wire. 4.11 0.00311 0.00996 0.14 8
0.128-in. diameter open wire. 6.74 0.00353 0.00871 0.29 12

0.104-in. diameter open wire. 10.15 0.00393 0.00797 0.29 18

19-gauge cable 85.8 0.001 0.062 1.5

16-gauge cable 42.1 0.001 0.062 1 1.5

19-gauge cable, loaded* 92.2 0.078 0.062 1.5 ••

• Coil spacing, 6000 feet; inductance 88 mh; resistance 7.3 ohms.

6-3. Over a range of 100 to 10,000 c, plot the values of a, /S, and

velocity for a mile of 19-gauge cable.

6-4. A line of 0.165-in. open ivire is 100 miles long and terminated

in Zo. Find 7o, a, /3, 7, v, and X for a 500-c signal.

6-6. How much voltage must be applied to the sending end of a

30-mile line having R = 21

A

ohms per mile, L = 0.001 h per mile,

C = 0.062 /if per i^e, G = 0.868 /unlio per mile, and terminated in

Zo, if the received power is to be at —20-db level (reference = 0.006

watt, CO = 5000)?

6-6. A line is one wavelength long and is short-circuited. If it is of

16-gauge cable and 1 v, 800 c, is applied to it, compute values of

incident, reflected, and total voltage at X/8 intervals along the line.

6-7. A line of 16-gauge cable is 60 miles long and is terminated in a

load of 400 -f j300 ohms. The received power is to be at a level of

— 10 db (0.001 watt reference). If the frequency is 796 cycles, find

(a) Sending end voltage, current, and power.

(b) Power loss in the line.

(c) Wavelength and velocity of propagation.
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6-8. How much inductive loading (per mile) is required to maki'

a 16-gauge cable (Table 4) distortionless? Assume no increase in J?

6-9. To what value must the shunt conductance per mile have

to be changed to make the 0.128-in. open-wire line of Table 4

distortionless? How much attenuation, in decibels per mile is

then added?

6-10. If the line of Prob. 6-7 is short-circuited at the receiving

end, find the sePding-end current for a generator of 1 v, 500 ohms
internal resistance, with w = 4000. Find the received current also.

6-11. A 16-gauge cable, 50 miles long, is inserted between a gen-

erator of 2 V, 600 ohms, w = SbOO, and a load of 400 -f j'400 ohms.

Find the decibel loss in power in the load due to the presence of the

cable.

6-12. A 19-gauge cable 32 miles long is supplied by a generator

of 2 V, 400 ohms, 1200 c, and terminated in Zg. Find the insertion

loss of the line, in decibels.

6-13. Thirty miles of 0.165-in. open we is supplied by a gen-

erator of 2 V, 600 ohms resistance, and loaded with 300 -f j400 ohms.

The frequency is 1000 c. Find

(a) Values of Ir, £r, and received power.

(b) Value of the incident and reflected voltages at s = 0, s ~ 10,

s = 20, s = 30 miles.

6-14. A 50-mile line has the following measurements made at

1200 c:

Zioc = 200/-42° ohms; Zi.o = 1890/^° ohms

Find the value of Zo, a, /3, and v for this line. The approximate

velocity is 20,000 miles per second.

6-16. Plot a curve of input impedance magnitude vs length of

line by 20-mile steps up to 200 miles for the 0.104-in. open-wire line

at a frequency of 1000 c. The line is open-circuited.

6-16. A line of 16-gauge cable is to be loaded to improve pe<*

formance with oj = 5000.

(a) Find Zq, a, v, X unloaded.

(b) The line is loaded with L = 0.246 h and i? = 7.3 ohms at

intervals of 7.88 miles. Assume this loading to be distributor.

Recalculate Zo, a, /3, v, X.
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(c) Discuss effects of differences noted in line values calculated in

(b).

6-17. Calculate the decibel attenuation in 100 miles of the cable of

Prob. 6-16, with and Avithout loading.

6-18. Determine the power delivered to a load of 250 ohms resist-

ance by 30 miles of the line of Prob. 6-16 for both the loaded and
unloaded case. The line is supplied bj’’ a generator of 1 v, co = 5000,

zero internal resistance.

6-19. Design an equivalent T section for 40 miles of 0.104-in.

open-Avire line at 1000 c.
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Chapter 7

THE LINE AT RADIO FREQUENCIES

When a line, either open-we or coaxial, is used at frequencies

of a megacycle or more, it is found that certain approximations may

be employed leading to simplified analysis of line performance. The

assumptions usually made are;

1 . Very considerable skin effect, so that currents may be assum^

as flowdng on conductor surfaces, internal inductance then being

zero.

2. That R when computing Z. This assumption is justifi-

able because it is found that the resistance increases because of

skin effect with v7 while the line reactance increases directly with/.

3. The lines are well enough constructed thatG may be considered

zero.

The analysis is made in either of two ways, depending on whether

R is merely small with respect to wL or it is considered completely

negligible compared with coL. If R is small, the line is considered one

of small dissipation, and this concept is useful when lines are

employ’ed as circuit elements or where resonance properties are

involved. If losses were neglected then infinite currents or voltages

wQuld appear in calculations, and physical reality would not

achieved. In applications where losses may be neglected, as in

traifsmission of power at high efficiency, R may^ be considered ss

negligible, and the line as one of zero dissipation. These methods

will be studied separately.

7-1 . Parameters of the open-wire line at high frequencies

.Vs ntentioned above, at frequencies of a few megacycle.^ or mort.

the skin effect is assumed to be nearly complete, or the current i=

considered as floAving essentially on the surface of the conductor ic

a skin of very small depth. The internal flux and internal induefann

are then reduced nearly to zero, so that Eqs. 5-15 and 5-16 for

278
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inductance of an open'-n-ire line become

i' = ^ln^ = 4X 10~" In
^
henrys/m (7-1)

= 9.21 X 10~' log
^
henr3's/m (7-2)

The value of capacitance of a line is not affected by skin effect or

frequency, so that Eqs. 5-30 and 5-31 still apply for the open-wire

line with air dielectric as

C = farads/m

In-
a

= p/^f/m

In^
a

(7-3)

= ppt/m

In-
a

(7-4)

In the case of appreciable skin effect, the current flows over the

surface of the conductor in a thin layer, with a resultant reduction

in effective cross section or an increase in resistance of the conductor.

As ivill be shown in Chapter 9, the effective thickness of the surface

layer of current may^ be considered as

5 = ^-= meters
y/'Spa

(7-5)

where p is the conductor permeability’’, and v the conductivity’’ of

the conductor material in mhos per meter. Foa copper, p is that

of space or p = po — 4Tr X IQ-', and <r has the value 5.75 X 10'^

mhos per meter at 20°C. Equation 7-5 then becomes, for copper,

, 0.0664
5 = 7

=-

v7
The resistance of a roimd conductor of radius a meters to direct

current is inversely proportional -to the area as

K
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while that of a round conductor Avith alternating current flowing in

a skin of thickness 5 is

R&e

K
2TraS (7-7)

Therefore the ratio of resistance to alternating current to resistance

to direct current is

Rnc a \Ar/A'fr

s;
== (7-8)

which becomes, for copper,

= 7.53a Vf (7-9)
ZLdc

where a is in meters and / in cycles per second. This equation shows

that the increase in resistance with increasing frequency is greater

for large-radius than for small-radius conductors.

The resistance of an open-wire line of copper, with spacing greater

than 20a, can be computed as, for copper,

R,c — — —^(2 ohms/meter of line (7-10)

For spacings closer than 20a, the effect of the proximity of the two

currents in crowding to the sides of the conductors further increases

the resistance.

7-2. Parameters of the coaxial line at high frequencies

Just as for the parameters of the open-wire line in the prewous

section, the parameters of the coaxial line are also modified by the

presence of high-frequency currents on the line. Because of skin

effect, the current flows on the outer surface of the inner conductor

and the inner surface of the outer conductor. This phenomenon

eliminates flux linkages due to internal conductor flux, and the

inductance of the coaxial line is given by Eqs. 5-23 and 5-24 as

L = ^ln- = 2X 10“^ In - henrys/m (7*1

Ztt a a

= 4.60 X 10~^ log - henrys/m (7'^^^

a

The capacitance of the coaxial line is not affected by frequencj
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(except as frequency may alter the relative permittivity of the
dielectric), so that

C = farads/m

In -
a

55.56,—
, m/m

In-
a

(7-13)

24.14e,= . ixiii/va (7-14)

log-

By use of the reasoning developed in the preceding section, the

resistance of a coaxial line vdth appreciable skin effect may be con-

sidered as due to current in tvro thin-walled tubes and an expression

for the resistance of a copper coaxial line obtained,

12,0 = 4.16 X 10~® s/f0 + 0 ohms/m of line (7-15)

where a and b are outer radius of the inner conductor and inner

radius of the outer conductor in meters, respectively.

The shunt losses of air dielectric lines are zero, but many coaxial

lines employ solid dielectric materials, and the conductance losses

may have to be considered in some applications, especiallj’- at very

high frequencies. The quality of the insulating material may be

measured in terms of the powerfactor of the material, when employed

as the dielectric in a capacitor C. The shunt susceptance is

y = 9 +
and the power factor is then expressable from the susceptance

triangle of Fig. 7-1 as the cosine of B:

The conductance of usual good insulating materials is very small,

so that g toC, and
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The quality of the dielectric may also be expressed in terms of the

dissipationfactor, Tf-hich is the ratio ofenergy
dissipated to energy stored in the dielectric

per cycle, and is proportional to the tangent

of angle of Fig. 7-1. For good dielectrics

with small power-factor angles, where the

approximation g« uC holds, the dissipa-

tion factor and power factor are equal in

magnitude.

Power factor or dissipation factor values

Fig, 7-1. The loss tri-

angle for dielectrics.

for a few insulating materials are given in Table 5.

Table 5

Dielectric Losses

1

Power factor at frequency of (zj'cles)

60 10’ 10’ 3 X 10'

Quartz 3.78 0.0009 0.00075 0.0002 0.00006

Steatite 5.77 . 4 . 0.003 0.0007 O.OOOS9

Polyethylene 2.26 <0.0002 <0.0002 <0.0002 0.00031

Polystyrene 2.56 <0.00005 <0.00005 0.00007 0.00033

Teflon 2.1 <0.0005 <0.0003 <0.0002 0.00016

7-3. Constants for the line of zero dissipation

For transmission of energy at high frequencies, where the power

efficiency is high, it is possible to assume negligible losses or zero

dissipation in the analysis of performance of transmission lines.

This assumption of a perfect line is justified by the fact that u is

large, making wL large. A line of a few wavelengths may be phiri-

cally short, possibly only a few centimeters, but it is electrically

long. The resistance of such a short line is very small compared with

the reactance; and with G assumed zero because of the small number

of insul&tors, the assumption of completely negligible losses may be

made. The chief advantage of the assumption of zero dissipation is

in the easy analysis and physical interpretation of line performance

made possible by the method. Actually, such an assumption of a

perfect line, though close to fact, may at times lead to absurd or

impossible results, in which case an analysis must be made according
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to the methods at the end of this chapter, using the proper small

value of R.

The line parameters for the line, of zero dissipation are

Z = jctiL

Y = jojC

0

Fig. 7-2. Variation of i?o with d/a ratio for an open-wire line.

BO that the characteristic impedance, Zo, maj' be vmtten

This value is wholly resistive and may be given the symbol Ro where

Zo = Ro='-^ (7-18)

Using Eq. 7-1 for the inductance and Eq. 7-3 for the capacitance of
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the open-wire line at high frequency, the value of the characteristic

impedance of the open-wire line can be found directly from line

dimensions as

22o = 120 In

-

' a
(ohms)

(7
-19

)

2.0 25 3.0 35 4.0 4J5

b/o

Fig. 7-3. Variation of Ro with 6/a ratio for a coaxial line.

Proximity effect has been neglected here, so that these expresdoas

become less exact for d/a less than 10.

The characteristic impedance of the coaxial line can likcuvise b?

computed through use of the line dimensions as

Ro = In - ohms

r, 138 , & , ^
fio = —p. log - ohms

VCr °

(
7-215

(b22;

the value of Cr being 1 for air-spaced lines.
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The values of characteristic impedance arc plotted against line

dimensions in Figs. 7-2 and 7-3.

The propagation constant y is

from which

7 = VI? =

— a + = jo3 y/LC

at — 0, ^ = 0} y/T^ radians/m

The velocity of propagation can then be calculated as

(7-23)

CO 1

y/W.
m/sec (7-24)

With the values of h and C for an open-wire line from Section 7-1,

the velocity becomes

r = 3 X 10® m/sec

Thus the velocity of propagation for the air-spaced open-wire dis-

sipationless line is the same as the velocity of light in space. For

the coa.\ial line

V =
3 X 10®

VT.
m/'sec (7-25)

in which case the velocity maj’ be reduced due to the presence of a

dielectric other, than air between the conductors.

7-4. Voltages and currents on the dissipationless line

The voltage at any point distant s units from the receiving end

of a transmission line is

E = (eT. -i- Kc-y)

For the line of zero dissipation, the attenuation constant a is zero

and Za = J?o, so that

E = ^ (e>(» -f (7-26)
ZZr

The term var3'ing with has previously been identified as a wave
progressing from the source toward the load, and the term involving

as the reflected wave momng from load back toward the source.
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Incident
Wove Vectors

8 2

7 3

T'^\6^
I V
Y5

Fig. 7-4. Incident and reflected voltage-wave phasors and values

along the dissipationless line for successive instants of time, for an

open-circuited line.

The magnitude of the reflected wave is dependent on the value of

the reflection coefficient. The significant difference between this

anal3’'sis and that of Chapter 6 is in the absence of attentuation, t c

rotating vectors that may be considered as generating either t e

incident or reflected waves remaining constant in magnitude at a

points on the line.

The successive positions of the incident and reflected wa\es on an
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Terminus

open-circuited line are shown in Fig. 7-4 for values of time differing

by one-eighth of a cycle. The progression toward or awa3
'’ from the

load is readily seen. The actual voltage at any point on the trans-

mission line is the sum of the inci-

dent and reflected wave voltages at

that point. Tliis sum voltage is

plotted in Fig. 7-5(a) for the open-

circuited line conditions of Fig. 7-4.

It can be seen that the resultant

total voltage wave appears to stand

still on the line, oscillating in mag-

nitude Avith time but haAung fixed

positions of maxima and minima.

Such a waA^e is knoAAm as a stand-

ing wave. If the line Amltages are

measured AAuth an effectiA’'e-reading

voltmeter, the magnitudes AA-ill ap-

pear as in Fig. 7-5(b), since the volt-

meter does not distinguish betAA'een

positive and negatiA^e A^alues.

The standing-wave condition maj'

be better understood if Eq. 7-26 is

reduced to

E =
Zn

+ jRo
2j J Fig. 7-5. (a) Waves of Fig^ 7-4

superposed; (b) voltage values as
= Er cos jSs -j- jliiRi) sin ffs read on line of (a) by an effective-

(7-27) reading A'oltmeter.

A similar derivation may be used for the current on the line, starting

with

/ =
+ Zq)

2Zo
(7-28)

and resulting in the current at any point on a dissipationless line as

(7-29)I = Ir cos Ps -\-j^ sin /Ss
Jlc
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From the definition for velocity of propagation,

U74

it is seen that
X

after which the current and voltage expressions may be written

IP ZP SttS
I ’r T> ' SttSE — Er cos -r—h j/bRo sm—

A A

,
* , 2rs

,
. Er . 2xs

(7-30)

(7-31)

The voltage or current distribution is then seen as the sum of cosine

and quadrature sine distributions. If the line is open-circuited,

Ir equals zero, and

2xs
Eoo ~ Er cos

A

. JEr . 2xs

(7-32)

(7-33)

The voltage and current magnitude distributions for an open-

circuited line 3/2 wavelengths long are plotted in Fig. 7-5(a). The

current and voltage are in quadrature everywhere; thus no power is

transmitted along the line.

If the line is short-circuited, Er equals zero, and Eqs. 7-29 and

7-30 become

E^ — jIrRo sin^ ("'3-‘)

Ik - Ir cos~
and these magnitude distributions are plotted in Fig. 7-6(e) for a

short-circuited line 3/2 wavelengths long. Again the current an

voltage are in quadrature, but the current and voltage waves h.n>o

shifted X/4 from the positions for the open-circuit case. It
^

be noted that although the curves show points of zero voltage o.

current along the line, because of the losses present on even the



X/4 NZ 3M4 * 5W Rr«0

Fig. 7-6. (a) Voltages and currents on an open-circuited dissipation-

less line; (b) same if load Rr = 3 Ro; (c) same if Rr = Roj (d) same

if Rj{ = Ro/3: (e) same if Rr = 0, or a short circuit.
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lines, the voltages and currents do not reach zero but have smaii

minimum values at the usual zero points.
^

Keturning to Eq. 7-26 for the incident and reflected voltage

waves, if the line is terminated in = iBo, the reflection coeflicient

and reflected wave become zero, and the voltage on the line is

expressed by

£ =
^ (7.36)

which represents a constant voltage magnitude (no attenuation)

with continuously varying phase angle along the line. A similar

expression may be obtained for the current as

/ =
(7

-37)

Such current or voltage distributions are represented in magnitude
by the straight horizontal lines in Fig. 7-6(c).

If the line is terminated in a resistance Rr greater than Rd, the

reflection coeflScient K will be positive and the voltage and current

conditions on the line will be intermediate to the open-circuit and

22o-terminated conditions. If, for example, Rr — 3So, the value of

K is ^ and the incident wave has an amplitude twice that of the

reflected wave. The .resultant voltage and current magnitudes are

plotted in (b), indicating that there is a finite value of voltage or

current at all points on the line, the zeros of (a) being replaced with

minima in (b). Since both voltage and current have values other

than zero at the load, some power is being transmitted.

If the load condition is made such that Rr ~ Eo/3, the value of

K is — ^ and the phase of the reflected wave is reversed. The

resultant voltage and current magnitudes are plotted in (d) and

appear as in (b) except for the reversed maxima and minima points.

Power is again being transmitted.

In general, for resistive loads greater than Ro, the current and

voltage distributions somewhat resemble those of an open-circuited

line. For resistive loads less than Ro, the distributions take on some

of the properties of the short-circuited line.

For loads other than resistance, the reflection coeflicient K has

an angle, and the reflected wave is shifted in phase vith respect to

the incident wave. Points of maximum or minimum voltage mil

not then fall at the end of the line but will be moved back up the line

by an amount equal to half the angle of K.
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7-5. Standing waves; nodes; standing-wave ratio

If voltage magnitudes are measured along the length of a line

terminated in a load other than Ro, the plotted values will appear

as in Fig. 7-7. Figure 7-7(a) is drawn for a resistive load of value

not equal to Uo, and (b) is the case for either open or short circuit.

Fig. 7-7. (a) Standing waves on a dissipationless line terminated in

a load not equal to Ro; (b) standing waves on a line having open- or

short-circuit termination.

Current magnitudes might be plotted and would be similar except

for a X/4 shift in position of maxima and minima. Maximum and

minimum values on a line are labeled as in (a), whereas the nodes

and antinodes are indicated in (b). Nodes are points of zero voltage

or current in the standing wave systems, mitinodes or loops are points

of maximum voltage or current. A line terminated in J?o has no

standing waves, and thus no nodes or loops, and is called a smooth

line.

For open circuit, Fig. 7-6(a) shows that voltage nodes occur at

distances X/4, 3X/4, 5X/4, and so on, from the open end of the line.

Under the same conditions, current nodes occur at distances 0, X/2,

X, 3X/2, and so on, from the open teimination. For short circuit,

these nodal points shift by a distance of X/4, and voltage nodes occur

at 0, X/2, X, and so on, wdth current nodes at X/4, 3X/4, 5X/4, and so
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on. For resistive loads greater than Ro, the voltage and current

minima occur at the voltage and current nodal points for an open-

circuited line. For resistive loads less than Ro, the voltage and

current minima occur at the voltage and current nodal points fora

short-circuited line. For pure reactive terminations the staiidin''-

wave patterns are similar to those discussed above but are shifted

along the line by an angle determined by the angle of the reflection

coefficient divided by 2.

The ratio of the maximum to minimum magnitudes of current or

voltage on a line having standing waves is called the standing-mt

ratio, S. That is,

JSmax

^roiu

The maxima of voltage along the line occur at points at whicli

the incident and reflected waves are in phase and add directly. From

the voltage equation,

E = —
at the points where the incident and reflected waves are in phase,

(1 + li^l) (7-39)

Likewise, the voltage minima occur at points at which the incident

and reflected waves are out of phase; thus

\

(1- W) (W«l

The standing-wave ratio then may be defined in terms of the reflec-

tion coefficient as

S - ^ (7-il)

~
1 - 1^1

This relation may be rearranged as

l|EU - |g.i.l

j.©iMij + |Fmin|

{742)

(
743)
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iC— as

4 6 8 10 20

Stonding-wove Ratio

60 80 100

Fig. T-S. Relation between the standing-wave ratio S and the

magnitude of the reflection coefficient.

From Eqs. 7-41 and 7-43 it is possible to calculate values of (iCj

and iS from measurements of maximum and minimum voltages on

the line. Exactly similar relations could be de-

rived in terms of the maximum and minimum
C V )

current values. Figure 7-8 is a plot of Eq. t-42

that permits obtaining the magnitude of 2v

from a knowledge of the standing-wave ratio.
c

Standing-wave-ratio measurements arc read- /y^
ily made on open-wire lines. For coaxial lines

it is necessary to use a length of line in which 1

4

'm
a longitudinalslot, one-halfwavelength ormore

'(I//// ly

long, has been cut. A wire probe is inserted JjJ
into the air dielectric of the line as a pickup

derdce, a vacuum-tube voltmeter or other de-

tector being connected between probe and j'jg_ 7-g_ Diagram-

sheath as an indicator. If the meter prorddes matic of a slotted-Iine

linear indications, B is readily determined. If section and a probe

the indicator is nonlinear, corrections must be ZllTsnrZeT
applied to the readings obtained. A probe

voltmeter is indicated diagrammatically in Fig. 7-9.

The same equipment and techniques may also be used to measure

the wavelength on the line, the distance between successive voltage
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or current maxima or minima being equal to a half wavelength.

Such measurements when made on an open line are called Lecher

measurements, after the man who performed many early high-

frequenc3^-line experiments.

For the special case of a resistive load, Eq. 7-41 becomes ’

, . 1 _L /Re —
1 + 1^1

1

\Rp.T Ro)
1 - li^i

;
(Rn — Ro\

\RpT Ro)

S II (for Rg > Ro) (7-44)

.s II (for Re < Ro) (7-45)

7-6. Directional coupler

For direct indication and measurement of standing waves a device
.

known as a directional coupler is available. Shown diagrammatically

in Fig. 7-10, it consists of a section of coaxial transmission line,

Cooxioi line

Fig. 7-10. A directional coupler on a coaxial line.

having two small holes in the outer sheath spaced by wavelength.

Clamped over these holes is a small section of line, terminated in its

Ro value at both ends to prevent reflections.

Some energy will leak through the holes, and will set up a wave

traveling to both left and right in the second line. If the main line is

transmitting energy to the right, then a wave entering the secondary

line through hole a and traveling to the right will be in phase with
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and reinforce a wave entering at hole b, setting up a wave traveling

to the right in the secondary line.

. Energy entering hole a and traveling to the left will be out of

phase and will cancel the wave which entered at b and traveled to

the left, since the wave reaching a from hole b will have traveled an
additional distance of A/2.

Thus a wave in the main line traveling to the right will produce a
wave traveling to the right in the secondary line, and give an

indication on Vs, but will not produce a w'ave to the left, nor will it

give an indication on T'l. In a similar manner, a wave in the niain

line traveling to the left will give an indication on T'^j, but not on Vi.

In the main line, the wave to the right might be an incident -c’ave,

and that to the left a reflected w'ave. The ratio of the indications of

Vi and T’s -will therefore be the ratio of incident to reflected ware-,

in the main line. For a flat main line, -with energ}"^ travel to the right,

7j w’ould read zero. The derdee then gives a continuous indication

of the flatness or degree of reflection present in a line and due to

any connected load.

7-7. Input impedance of the dissipationicss line

The input impedance of a dissipationless line, a useful quantity,

may be written from Eqs, 7-27 and 7-29 as

„ E. Ek cos fis + jhRa sin 0s

' 1r cos + 7^
and since hZts = Er,

^ jZnt^fs)

It can be seen that the impedance is complex in general and is

periodic with variation of 0s, the period being tt or s = A/2.

Another convenient form for the input impedance may be ob-

tained bj' use of Eqs. 7-26 and 7-28,

Is(.Zr + Eo)

„ Es 2

L ~ + Ro)

(d®* -f-

Ito
(

-M
~ffs)

2Eo

i /0s -f- \K\/ <$> — Ps
(7-47)
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where ^ is the angle of the reflection coefficient K. This may be

further simplified by dividing both numerator and denominator by

1/is, giving

/I + \K\ /4> — 2j3s\

yi - \K\u (7-48)

In effect, the above operation has merely shifted the reference by an

angle —/3s.

The expression above in parentheses is shown as a phasor diagram

in Fig. 7-11, ‘the numeratov and denominator being shown as two

*
-pig. 7-11. Phasor diagram illustrating Eq. 7-47 with jK) = 0.5.

separaitS phasors, the results of adding unity to plus or minus K.

The diagram is arbitrarily drawn for j^Tl = 0.5 or S — 3. Several

interesting conclusions may be drawn. At values of s =

-}- nX/4, the numerator and denominator terms of Eq. 7-48 arc in

phase (n = 0, 1, 2, 3, . . . ). At these points the input of the line is

purely re.sistive, with maximum and minimum values occurring

every quarter wavelength. In view of the measurement of the angle

of the K vector in terms of 20s, half a revolution represents X/4 in

terms of wavelength.

The value of the maximum input impedance (resistive), occurring

at s = 0/2/3 nX/2, or with phasors coincident, can be -seen to be
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The minimum input impedance, also resistive, occurring at s =
<J/2^ + (2n — l)X/4, vitli phasors again coincident, is

72o

'S
(7-50)

7-8. Input impedance of open- and short-circuited lines

The input impedance of a dissipationless line has been obtained in

the section above as

\Ro -b jZn tan fis/

For a short-circuited line, Zr = 0, so that

Zk = jRo tan

Since ^ — 27r/X, this equation becomes

_ . 2-s
= jRo tan

-Y
(7-52)

The variation of Z^/Ro = X/Ra with length of line s may be

plotted as in (a). Fig. 7-12.

Before the input impedance of an open-circuited line is deter-

mined, Eq. 7-51 should be rearranged as

Z, — Ro

1 + i^ tan /3s

jtan/Ss

For an open-circuited line, Zr = w
,
so that

Z^
—jRo
tan fis

—jRo cot
2t5

T" (7-53)

Figure 7-12(b) is a plot of Z^/Ro = X/Ro as a function of the

length of line s.

It can be seen that the input impedance of either an open- or

short-circuited line is a pure reactance. The value of reactance is a

repetitive function of length with a period of s = X/2 as a result of
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Fig. 7'12. Variation of input impedance of dissipationless line as a

function of length: (a) short-circuited line; (b) open-circuited line.

fche presence of the tangent function. For the first quarter wave-

length, a short-circuited line acts as an inductance, whereas an open-

circuited line appears as a capacitance. These reactances rercra

each quarter wavelength.

The similarity of performance of open- or short-circuited lines to

that of series-resonant or antiresonant circuits may be readily noted

by' comparison of the cun^es of Fig. 7-12 with the reactaticc curves o.

the resonant circuits of Chapter 2. This similarity suggests tfee-
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use of lines as reactive circuit elements or as tnned circuits. As can

be seen, a line one-quarter wavelength long or less offers all possible

values of reactance, either inductive or capacitive. The input of the

quarter-wave short-circuited line appears similar to that of a parallel

resonant circuit, and the input of the quarter-wave open line as

that of a series resonant circuit. It should also be observed that the

input impedance of a X/4 short-circuited line appears as an infinite

reactance, whereas the input impedance of a X/4 open-circuited line

appears as a zero reactance or a short circuit. However, the curves

of Fig. 7-12 are for the ideal dissipationless line. In a piactical line

there will alwa3's be a small resistance component of the input

impedance, indicating some power loss; and zero or infinite imped-

ances are never achieved, the actual values tending to minima and

maxima. Further quantitative consideration is given to the subject

later in this chapter.

7-9. Power and impedance measurement on lines

The methods of Section 7-7 maj' be used to rewrite the expressions

for the voltage and current on the dissipationless line as

E = (1 -f \K\ /4> - 2gs) (7-54)

/ = (1 - 1^1 /.^ - 2_Bs) (7-55)

It can then be seen that Fig. 7-11 maj- be redrawn for the voltage

and current phasors as in Fig. 7-13, phasors A and B being propor-

tional to E and I, respectivel3^

Fig. 7-13. Diagram illustrating Eqs. 7-54 and 7-55.
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It has already been reasoned that at a voltage maximum the

incident and reflected voltage waves are in phase. This conclusion

is confirmed if in Fig. 7-13 it is noted that the line 1 /O® is propor-

tional to the incident voltage and \K\ /4) - 2j3s is proportional to the

reflected voltage. Obviously, the in-phase condition is required for

in Eq. 7-54, so that

E^ =_ Ii^Zr 4- Rti\
(1 + 1^1) (7-5G)

Similar reasoning shows that at a current maximum the incident and

reflected current waves must also be in phase, so that

(1 + 1^1) (7-57)

Hence it can be seen that

1==^ = (7-58)
J- fSAX

Since a change to the values at voltage and current minima requires

only the reversal of phase of the reflected waves or a minus sign in

front of jilfl, it can be seen that a similar value for /?o can be derived

as

~ = Ro (7-59)
miD

These relations furnish an easy method of measuring j?o if it cannot

be readily computed.

From Eqs. 7-54 and 7-55, as from Fig. 7-13, it may be seen

that a voltage maximum and a current minimum occur at the same

point on the line. This phenomenon has also been noted in the dis-

cussion of standing-wave phenomena.YFigure 7-13 also shows that

at such a point the current and voltage are in phase; or if the

impedance of the line is measured looking toward the load, the

impedance seen will be resistive. By writing as

/.-.n = (1 - i^l)

the resistive impedance seen at a voltage loop is
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But this is identifiable as by Eq. 7-49. Then

^ (7-61)
*inin

Since the voltage and current are again in phase at a current loop,

the resistive impedance seen there may be identified as R^i^, or

The power passing a voltage loop is the power effectively flowing

into a resistance En>,i at voltage E^, so that

P =
72mix

The same value of power must also pass the current loop, effectively

flowing into a resistance Emm at voltage Emi„, since there is no line

dissipation, so that

Then

P =

p: =

Emin

E- E-

EmxxEmin

and by Eqs. 7-60, 7-61, and 7-62, the expression for power passing

along the line becomes

p =
‘

(7-63)
Eo

The power may also be expressed as

P = (|/m.x| • l/mmDEo (7-64)

These expressions permit easj'- measurements of power flow on a line

of negligible losses.

In many lines, especially those of coaxial construction, the dielec-

tric strength or the voltage breakdown of the line dielectric limits the

voltage on the line and thus fixes the maximum power that may be

transmitted. For a given maximum line voltage, Eq. 7-63 shows

that the greatest amount of power will be transmitted if |Em.v
|

= lEmml, or the line is operated as a smooth line vuthout standing

waves and with an Eo termination. As will be shown in the next
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section, it is also advisable for the greatest transfer of power from

line to load to operate the line with an Ro termination, provided the

line is sufficiently long that the output image impedance is sub-

stantially Ro.

The unknown value of a load impedance Zr connected to a trans-

mission line may be determined by standing-wave measurements
on the open-vdre or slotted line. A line may thus be used in lieu of

some form of bridge circuit for measuring an unknown impedance.

The characteristic impedance Ro of the line must be known or cal-

culated, and measurements must be made of the standing-wave ratio

)S and the distance s' from the load to the nearest point of voltage

minimum.
At the point of voltage minimum it has been shown that

7 p

At any point on a line.

= ^0
Zr + jRo tan (27rs/X)

Ro + jZr tan (2Trs/X)

so that at the point of voltage minimum, distant s' from the load,

Ro _ n Zr + jRo tan (27rs7X)

S “
®

[ Ro + jZb tan {2ws’/X)

Solution for Zr gives

Zr = Ro
1 — jS tan {2vs'/X)

S — j tan (27rsVX)
(7-65)

as the value of the connected load impedance.

The point of a voltage minimum is measured rather than a volk

age maximum because it is usually possible to determine the exact

point of minimum voltage with greater accuracy.

7-10. Reflection losses on the unmatched line

As has been discussed in Section 6-15, if a line is not matched to

its load, the energy delivered by the line to the load is le^ than i

the impedances are properly adjusted. This effect is considered w

due to reflection at the junction and makes its presence knovm }
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estsblishineiit of fl reflected' 'n’ave and a standing-'wave sj’stem. The
voltage at a maximum voltage point is due to the in-phase sum of
the incident and reflected waves, so that from Eq. 7-56:

= IE.-I + (E,| = +
(1 + 1^1)

The minimum voltage is due to the difference of the incident and
reflected waves and is

= |E,i - \Er\ = _̂o) j __

Hence the standing wave ratio is

c _ _ m + (E,i

m - (7-66)

Use of these results and Eq. 7-63 gives for the total power trans-

mitted along the line and delivered to the load

p _ |Enila(

f?0

_ (lE.'l + |E,|)(|E.-i - |£,|) _ |g.'|== - \Er\-

Ra i?o
(7-67)

I 2 4 6 8 10 20 40 60 80 100

Slanding-wave Ratio

Fig. 7-14. Reflection losses as a function of standing'-n-ave ratio.
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But this expression is easily recognized as the difference of two power

flows, one being the power Pi transmitted in the incident wave tie

other being the power Pr traveling back in the reflected wave.'

The ratio of the power P delivered to the load to the power trans-

mitted by the incident wave is

Pi Pi
~ ^ ~

S - iV _ 45
S + lJ (5 + 1)2

in view of Eq. 7-42. The ratio ,of power absorbed by the load to tb

power transmitted is plotted as a function of 5 in Fig. 7-14, furthei

illustrating the desirability of operating a line with a Zq termination

to eliminate reflection, since with proper termination a line has its

greatest power capacity.

7-1 1 . The eishth-wave line

The input impedance of a line of length s * X/8 is

Z, = Ro

Ro

Zr + j'Po tan (w/4)

Ro + jZr tan (7r/4)

Zr + iPo\

JRo + jZn)

If such a line is terminated in a pure resistance Rr,

(7-C9)

and the numerator and denominator have identical magnitudes, w

that

|Z.| - Ro

Thus an eighth-wave line may be used to transform any resistanw

to an impedance with a magnitude equal to Ro of the Ime, or

obtain a magnitude match between a resistance of any value m ®

source of Ro internal resistance.
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7-12. The quarter-wave line; impedance matching

The expression for the input impedance of a dissipationless line

may be rearranged as

Zr
i.

y „ tan (2rrs/X)

^^0
\

_tan (2jrs/X)
“

If the line is made a quarter-wave long, or s = X/4,

=~ (7-71)

That is, the input impedance of the line is equal to the square of Ro of

the line divided by the load impedance. A quarter-wave section of

line may be thought of as a transformer to match a load of Zn ohms
to a source of Z, ohms. Such a match can be obtained if the charac-

teristic impedance lio' of the matching quarter-wave section of line

is properly chosen according to

= WW (7-72)

The Re of the matching section should thus be equal to the geo-

metric mean of the source and load impedances.

A quarter-wave line may be considered as an impedance inverter

in that it can transform a low impedance into a high impedance and

vice versa. This effect is illustrated by the action of the X/4 short'

circuited line in transforming the zero impedance short-circuit ter-

mination to an apparent open circuit, and of the open-circuited X/4

line in transforming the open circuit termination to a low value or

an apparent short circuit.

An important application of the quarter-wave matching sectior^

is to couple a transmission line to a resistive load such as an antenna.

The quarter-wave matching section then must be designed to have a

characteristic impedance Re' so chosen that the antenna resistance

Ra is transformed to a value equal to the characteristic impedance

Re of the transmission line. The line then is terminated in its Re

and is operated under conditions of no reflection. The characteristic

impedance Re of the matching section then should be

Re' — '\/RaRo (7-73)
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It is interesting to note that the value of Ro, the characteristic

impedance of the matching section, is just the value required to

achieve critical coupling and maximum power transfer from the

transmission line to the load, as indicated by the coupled-circiut

theory of Chapter 3.

In cases where physical spacing is greater than can be reached

with a line a quarter waTO in length the same transformation can be

produced by a line three quarter waves long or a line any odd number

of quarter waves in length. Greater lengths reduce the efBciency

slightly due to increased losses in a line of practical construction.

As a practical matter, the range of values of R.^ and j?o that can

be matched satisfactorily is limited roughly to about 10 to 1. The

(a) (b)

Fig. 7-15. Quarter-wave lines as insulators.

transformer is also a single-frequencj’' or narrow-band device. The

band width may be increased by using two or more quarter-wave ecc-

tions in series, each accomplishing part of the total transformation.

A quarter-wave transformer may also be used if the load is not

pure resistance. It should then be connected between points cor-

responding to /n.,1 or at which places the transmission line has

resistive impedances given by R^/S or SR^s. For step down in

impedance from the line value of Ro the matchirtg transformer

characteristic impedance should be

Ro'^^Ro^-Ro^
(

7-74)

Another application of the short-circuited quarter-wave line is

as an insulator to support an open-ware line or the center conductor

of a coaxial line. This application, illustrated in Fig. 7-15, makes

use of the fact that the input impedance of a quarter-wave shorted

line is very high. Such lines are sometimes referred to as coppcT

ins^dalors. They will be given further study later in this chapter.



THE LINE AT RADIO FREQUENCIES

7-1.3. The half-wave line

When a length of line ha^^ng s = 'X/2 is used, the input impedance

Z = U (
° \i?o + jZr tan T/

z. = Zr (7_75)

This result is obvious, since the conditions on the line have a period

of T, or one-half wavelength.

A half wavelength of line may then be considered as a one-to-one

transformer. It has its greatest utility in connecting a load to a
source in cases where the load and source cannot be made adjacent.

A group of capacitors may be placed in parallel by connecting them
with sections of line n half w'aves in length. As a result, insulators

on a high-frequency line should not be spaced at half-wave intervals,

since their effect would then be cumulative, lowering the insulation

resistance of the line.

7-14. The exponential line for impedance transformation

The characteristic impedance of a line is a function of the spacing

and size of the conductors among other factors. If the spacing of a

dissipationless line is made to vary in a uni-

form manner along the length of a line, 7?o
_

vdll likewise vary along the line. Using the

image-impedance concept, such a tapered \ Zouj /
transmission line would not be sj-mmetrical, \ /

the image impedance at the sending end differ-
\ ^ (

ing from that at the load end, for reasonable yj
electrical line lengths. This variation indicates

the possibility of lines of tapered spacing being i i

used as matching sections between a line and a

load. If such a dissipationless linewerematched ,

on an image basis at both ends, it could serve
[2^

as a magnitude matching transformer between
^ ^

some impedance 7, and some other load imped-

ance Zr. ance transformer.

While an}" arbitrary taper may bo employed,

an exponential variation of parameters may be most readily handled

mathematically. Assume that the line parameters are made to vary

Fig. 7-16. The ex-

ponential-iinc imped-

ance transformer.
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in such a way that

L = (7.76)

where L is the inductance per meter of line at any distance 5 from

the source at point 1, Fig. 7-16, Li is the inductance per meter at

the sending end, and 6 is a, transformation function to be defined.

From the properties of lines it is apparent that

C =
(7_77)

where C and Ci are line capacitances per meter at distance s and

the sending end, respectively. The line spacing is small at the send-

ing end and large at the load for positive taper or positive 6.

It is desired that this line operate without internal reflections.

It was mentioned in Section 6-10 that, for a dissipationless line

operating without reflection, the energy in each of the electric and

magnetic fields was maintained constant, but that if a variation of

line constants (Zo) caused an exchange of energy between the fields,

a reflection was set up. It is obvious in the present case that a

variation of line constants does exist. If, however, the line param-

eters are varied in such a way that the energy in the fields can be

forced to remain constant (dissipationless line) and a wave propa-

gated, no reflection will be produced.

If the energy in the magnetic field at any point is equated to that

at the sending end as a requirement of zero reflection,

LP ^ Lih^
2 2

Likewise, for electric field energy,

CE^- _ CiEi^

2 2

Use of these statements and Eqs. 7-76 and 7-77 gives the following

as the required maimer of current and voltage variation on the

exponentially tapered line;

I = E =

Introducing a phase constant p for a moving wave ^ves

E = (7.7S)

(7-79)
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These voltage and current relations indicate inverse variation

of current and voltage with length of line s. For positive 6 the volt-

age increases and the current decreases along the line, transformed

in an exponential manner from element to element.

The variation of voltage and current along the line with the above
distributions is

^ = (e + (7-80)

-(0 -i^)/,
*-(*-/«•

(7-81)

If a propagating wave exists on the lossless tapered line, the line

differential equations must be satisfied or

f - -Z/ - ->17

s being measured from the sending end, and causing the negative

signs. Forcing the line current and voltage to satisfy these traveling

wave relations, thereby ensuring the presence of the desired propa-

gating wave, gives

{e + = -jaLI =

_(0 _ = -jaCE = -jcoCie-=»*£,et«+'-.«*

and cancellation of the exponentials leads to

(0 j^)Ei = —jwLiIi (7-82)

— (0 — j/3)7i = —jwCiEi (7-83)

Eliminating Ei and Ii from the above gives

02 -1- /3= = to^LiCv

from which it is found that the phase constant jS for the propagating

wave must have the value

'

= ± - 02 (7-84)

The phase constant may then be either real or imaginary. For

large values of w or high frequencies, P is real, and the voltage and
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current propagate without attenuation although they may be trans-

formed in magnitude because of the presence of 0, the transforma-

tion function. The positive sign for the incident wave will be chosen

the negative sign merely indicating the possibility of a reflected or

reverse-propagating w'ave.

The above expression can be recognized as the usual form for

propagation on a lossless line, modified by the function 0^ The
value of JS reduces to that of the lossless line if 9 be made small or

the rate of taper very gradual.

For large rates of taper, where 6- > c^-LiCi, the phase constant )3

becomes iraaginarj'^ or

0 = i

and the voltage and current expressions are

indicating attenuation of both voltage and current due to the

factors. The exponentially tapered line then has properties similar

to those of a high-pass filter, Avith the cutoff frequency fe occurring

for /3 equal to zero or

• e

2ir

(7-85)

This indicates that there is a limiting rate of taper for a given fre-

quency, beyond which the tapered line will not propagate a wave, or

acts as a discontinuity. Physically another limit is imposed by the

fact that the greatest rate of taper is reached when the two wires are

directed oppositely.

The impedance at any point along the line is the ratio of £ to / at

that point or

Z = j
(7-85)

If Zn is the load impedance to be matched, then

from which it is possible to develop a definition for 6 as

Zx
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where Zr is the load and Zy the source or uniform line impedance to
which the load is to be matched. Thus the desired rate of taper, for a
given length of line, may be determined.

It is also possible to show that

(7-88)

which indicates that the exponential line is analogous to the ideal

transformer.

The impedance at any point on the line may be found from Eq.
7-86 and the fact that

so (7-89)

where L and C are per meter values of a small section of the line at

the point under consideration. For pass-band frequency values

which make /» fc, this reduces to Z = V'L/C = Zo of a dissipa-

tionless line, so that best operation will occur at frequencies well

above cutoff value.

It is preferable that the tapered section be one-half to one wave-

length long at the operating frequency and it is found that ivith this

length a linear rate of taper may be employed without appreciable

reflection. This simplifies the construction problem. A linear taper

implies that Eq. 7-87 has been written by use of the logarithmic

series and the first term taken. For small ratios of impedance

transformation this is a good approximation.

The exponential line may be designed by use of Eq. 7-76 and the

relation for parallel wire lines, as

k. = ^ ^
26. = ^

Lx In (di/oi) Zi

d

a
(7-90)

for the d/a ratio at the load end of the tapered line.

In construction of open-wire or coaxial lines it is necessary to

avoid discontinuities or sudden changes in mechanical dimensions
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or construction, otherwise distortions will occur in the electric and

magnetic fields present, and ‘ these will set up reflections. The
tapered section prorrides a method of making transitions betivees

line sizes and configurations without serious reflections.

7-1 5. Single-stub impedance matching on a line

For greatest efficiency and delivered power, a high-frequency

transmission line should be operated as a smooth line or with an Rt

termination. However, the usual loads, such as antennas, do not in

Pig. 7-17. Location of the single stub for impedance matching.

general have resistances of value equal to Ro, so that in many case?

it is necessary to introduce some form of an impedance-transforming

section between line and load to make the load appear to the line as

a resistance of value Ro. The quarter-wave line or transformer and

the tapered line are such impedance-matching de\’ices. Another

means of accomplishing the desired result is the use of an open or

closed stub line of suitable length as a reactance shunted acro^ the

transmission line at a designated distance from the load, to tune the

length of line and the load to resonance with an antiresonant resist-

ance equal to Ro. The arrangement is as in Fig. 7-lT.

The theory of the method may be easily stated in general terms.

Since the input conductance of a line is 1/SRo at a voltage inaxinmro

and S/Ro at a voltage minimum, .then at some intermediate point

the real part of the input admittance ma5
^ have an intermediate

value of 1/Ro, or the input admittance at A has a value

P-m
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The susceptance B js the shunt value at the point in question. After
the pointhaying a conductance equal to l/J?o is located, a short stub
line having input susceptance of may be connected across the
transmission line.' The input admittance at this point then is

Y, = i ± jB + jB =

or the input impedance of the transmission line at point A looking
toward the load is

2, = Rc

The line from the source to A is then terminated in Ra and is a
smooth line. From A to the load, reflection and standing waves
occur; but since this distance can always be made less than a wave-
length, the losses are not severe.

Since both the location and length of the stub must be determined,
two independent measurements must be made on the original, line

and load to secure sufficient data. The most easily obtained meas-
urements are the standing-wave ratio S and the position of a voltage

minimum, usually the minimum nearest to the load. A voltage

minimum is chosen rather than a maximum, since its position usu-

ally can be determined more accurately. If the location of the

stub is fixed with respect to an original voltage minimum, no
knowledge of the load impedance is needed. <

Because of the paralleling of elements, it is most convenient to

work with admittances. From Eq. 7-48 the input admittance

Y„ looking toward the load from any point on the line, may be
written as

, ^ i. /I - \K\/4> - 2M
* Eo \1 -f- \K\/^ — 2|3s/

(7-92)

'Writing Go = 1/Ro and changing to rectangular cpordinates gives

F. = G„
1 — |.g| cos (<^ — 2gs) — il.K'l sin (0 — 2j8s)

~

1 -f- cos (<fr — 2/5s) + j\K\ sin ((f>
— 2/3s)_

and upon rationalizing,

r.
1 — jg|° — 23|g| sin (<^ — 2gs)

1 + j^rj" 2|,K1 cos {(f)
— 2/3s)
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Expressing the shunt conductance as a dimensionless ratio G./Ga, or

on a per unit basis,

(?. r 1 - \K\- 1

Go + l^:i- + 2(^:1 cos (<#. ~ 2^s) J

Fig. 7-18. Admittance conditions on a line indicating the proper

location of the stub for jKj = 0.5.

.and the shunt susceptance on a per unit basis is

^ = r -2|Ji:| sin(.^ - 2^s)

Go L 1 + cos (<^
- 2|3s)

.

(7-94)

Equations 7-93 and 7-94 are plotted in Fig. 7-18 for a value of jil

arbitrarily chosen as 0.5. The value of G,/Go can be seen as hanng

a maximum. Inspection of Eq. 7-93 shows that this maxirouia



§7-151 THE LINE AT RADIO FREQUENCIES

occurs for the value S2 at -which the cosine term is —1, or

^ — 2|3S2 = —57

<#> + 71
"

315

S2 =
2/S

(7-95)

The distance S2 is identified in Fig. 7-18. At this distance from the

load,

G. 1 - iA:r-

Go 1 + \Kl- - 2\K\
(7-96)

_ 1 + W _ „

1 - 1^1

Since this equation states that R, = Ro/S, the point of maximum
G,/Go is recognized as a point of minim7tm voltage, at a distance S2

from the load.

At a distance si from the load it can be seen in Fig. 7-18 that-

G, = Go- This is the point at -which the stub is to be connected.

The value of G,/Go is unity there, so that from Eq. 7-93,

1 -
1 =

2/3s,)

from which

Since

1 -f 1X|"- -1- 2|A:| cos

cos (<^> — 2/3si) = — l-K^i

cos'* i-\K\) = -57 -f cos-* \K\

<^ + 57 — cos~* |JC|

Si =
2)3

(7-97)

Hence the distance d from the voltage minimum to the point of stub-

connection is

d ^ S2 Si

which, from Eqs. 7-95 and 7-97, is

cos-* j.K’i

d =

(S-l\\
_ Vg -n/ 4

(7-98)

The stub should then be located at this distance d measured in either

direction from a voltage minimum. Ordinarily the stub is placed

on the load side of that minimum which is nearest to the load.
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The input susceptance of the line at the stub location nearest

the load can be obtained from Eqs. 7-94 and 7-97 as

Bs = Go
~2ljSrj sin (tt + cos~^ l^Tj)

(7-99)

+ 1-^P + 2iiC| cos (tt + cos-' li§:|)J

For an angle whose cosine is l^j, the sine is -y/l — jJCl=, so that

Bs Go
^ J j

The susceptance of the stub required to cancel the line susceptance

must be the negative of B,. The susceptance of a short-circuited

stub is

Bk — —Go cot pL

where L is the length of the short-circuited stub. If stub and line

have equal Go, then

go _ ^ /2|jC| VI - \K\^\

tan PL °\ 1-|B:|2 J

Z, = ^tan-.idZHThen (7-100)
27r''““ . 2\K\

By use of the standing-wave ratio existing hejore connection of the

stub, this equation may be conveniently expressed as

r
X

. j
VS

'•“s'”" (7-101)

This is the length of the short-circuited stub to be placed d meters

toward the load from a point at which a voltage, minimum existed

before attachment of the stub. The susceptance of the line at d is

then canceled, and the line appears to be terminated in a resistance

of value Ro at that point; it will be a smooth line between the gen-

erator and the point of connection of the stub.

It is also possible to place the stub d meters toward the sou''ce

from the voltage minimum. The sign of the reactance is reversed

on that side with respect to the sign for the location nearer the load,

as shown by Fig. 7-18. The stub length L' then should be
t

L' = l-L (7
-102)

for a short-circuited stub.
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A short-circuited stub is ordinarily preferred to an open-circuited

stub because of greater ease in construction and because of the

inability to maintain high enough insulation resistance at the open-

circuit point, to ensure that the stub is really open-circuited. A
shorted stub also has a lower loss of energy due to radiation, since the

short circuit can be definitely established with a large metal plate,

effectively stopping all field propagation. This is especially true

for a coaxial line where the short-circuiting plate can be made to

seal the line completely.

7-16. The circle diagram for the dissipationless line

The diagram of Fig. 7-11 has certain inherent properties valuable

in a qualitative discussion of line phenomena, but it does not present

a quantitative impedance answer. A somewhat similar circle

diagram may be obtained, however, that solves the impedance

equation and simplifies the design of dissipationless lines consider-

ably. The input-impedance equation for a dissipationless line may
be written on a per unit basis as

Z, 1 + \K\ /<j>
- 2gs

R,~ I-

m

/ct, - 2gs
(7-103)

In terms of Z,/Ra the equation is applicable to all lines, regardless

of their characteristic impedance values. Since Z,/Ra is complex,

it is possible to -write

^ = (7-104)
XLO

where To and Xa are values of resistance or reactance per unit of Ro.

Then
1 -

1- ]K\Uj:^
r„ -f (7-105)

The most easily measured line quantit}"- . is the standing-wave

ratio 5, so that it is convenient to replace by its equivalent in

terms of S, or

(r„ -f 1 +'jx<,) /<j» — 2gs
.

= Ta — 1 + jXa (7-106)

Equating the squares of the magnitudes -and after clearing of frac-
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tions, this becomes

rJ —

By adding a term to complete the square, there results,

,
2r„(S= + 1)

“ 2S

from which can be obtained

- (^)]’
This is an equation of the form

+ Xa (V)’ . (7-107)

(s — c)* +
which is recognizable as that of -a family of circles of radius r and
with centers shifted c units from the origin on the positive x axis.

An actual circle will then have a radius

r = S^-1
2S (7-108)

and a shift of the center of the circle on the positive axis (abscissa)

-f- 1 _ S
2S 2

(7-109)

A family of circles may be drami for successive values of S as in

Fig. 7-19. In drawing particular circles it is interesting to note that

for any circle the intercept near the origin is at 1/S, and that far

removed from the origin is at S units on the ro axis.

Since the minimum value for S is unity, Eq. 7-109 shows that ail

5 circles must surrpund the 1,0 point. In fact, the circle for S = 1

is represented by the 1,0 point. The maximum value of S is infinity,

for the case of open-circuit or short-circuit line termination. As

5 increases, the radius of the iS circle increases, and the center moves

to the right; for the limiting case of 5 = infinity, the circle becomes

the Xa axis.

Hence a ^ven constant-jS circle represents all possible values of
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To and Xo for a given value of Z/iJo- The line from the origin, to a
given point on the circle represents Z,//?o in both magnitude
and angle, vith real and reactive components To and respectively.

When Z,/Rq lies on the abscissa with magnitude S, the line imped-
ance has a maximum value, and

I - ^ - T^l
BO that by comparison with Eq. 7-103 it is seen that

^ - 2i3s = 0

Thus the point Va = S, Xa = 0 on the 5 circle represents a resistive

line impedance at a voltage maximum. This point is chosen as the

ffs = 0 condition by convention.

When Z,/Ra terminates at the circle intercept 1/S, the line

impedance has a minimum value, and
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from which it cao be reasoned that for a resistive load {(> = 0),

)3s = — T

2

Thus, moving through /3s = v/2 radians back along the lino has

caused the tip of the impedance vector to travel over a distance on

the circle of —tt radians. Hence it is seen advisable to place a 0$

scale on the S circles. The /3s scale increases clockwise, or in the

direction of increasing negative angles.

RewTiting Eq. 7-106 as

2/3s =
~ 1

ro + 1 -f jXa

and rationalizing the right side gives

/•S' - A . , Oft- _ T*"- - 1 + + j2xa

[s+lj
-

(.,+
-

+ 1 )- + (7-112)

The angle 4i may be made zero in order that the 0s scale may start

at 0° on the abscissa. Then, equating the tangents of the angles

in Eq. 7-112,

• Oy
tan (— 2i8s) = (7-113)

ra= - 1 -b + 2Xa

tan 2/35

Ta

= 0

l+Xo-

After the square has been completed, this may be written

1

tan- 20s

1

sin- 20s

Lines of equal 0s value are then seen to be circles of radius

(7-114)

sin 20s

with a shift of center downw'ard on the Za axis (ordinate)

1

(7-115)

tan 20s
(7-1 IC)
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A family of such circles is drawn in Fig. 7-20. All the jSs circles pass
through the point To = 1, Xa = 0.

Superposition of the fis circles on the 5 circles proi-ides a scale of

fis angles and results in the circle diagram of Fig. 7-21. Although the
constant-/3s circles are computed from Eqs. 7-116 and 7-115 in

Fig. 7-20. A family of constant-/3s circles.

terms of 2(3s, they are labeled in terms of /3s for ease of use of the

diagram.

Per unit admittance ma3'^ be v.Titten

F, 1

Go J'a "b j^a ro b Xa" Ta~ "I" 3^0"

- ga— jba (7-117)

Thus a positive inductive reactance becomes a negative susceptance.

From Eq. 7-103, it is possible to write

y. ..
1 - - 213s

^ - 2Ps
(<7-118)

It can be seen that this appears as if formed from Eq. 7-103 by

replacing Tc by go, la by —he, and -bj^l by — 1^1- MaMng the same
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substitutions in Eq. 7-107 gives

which is an equation of exactly similar form to Eq. 7-107. The
circle diagram obtained for impedance, resistance, and reactance can

be used for admittance, conductance, and susceptance merelj’’ bj'

changing the To scale to g^. The substitution of —ho for need not

be made, since Eq. 7-119 is independent of the sign of the ha term.

The important point to be observed in the use of the chart for sus-

ceptance is that inductive reactance is negative susceptance and

thus plots downward, whereas positive (capacitive) susceptance

plots upward from the axis of reals, with the same scale used as for

Xo.

7-17. Application of the circle diagram

The circle diagram may be used to find the input impedance of

a line oLany chosen length. Compute first the per unil value of the

load impedance as

Fig. 7-22. Application of the circle dia- Fig. 7-23. Illustration of the

gram to obtain the input impedance of a application of the circle diagram to

28 deg line terminated in ZeIRh = 2.6 a problem emploj-ing admittances.

+ il.O.
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Locate the point on the chart having coordinates + jx^. This

point is the end of a line from the origin that represents the per unit

input impedance of the transmission line of zero length (the load

only). Follow the constant-^S circle passing through the point so

located, in a clockwise or negative angle direction through a total

number of degrees corresponding to the value of jSs or the electrical

length of the line, and read the coordinates r^' andjxa' of the point

reached. It may be necessary to interpolate between /3s or S circles.

The input impedance of the length of line is then

z. = Ro{rJ + jxa’) (7-120)

The method is illustrated in Fig. 7-22. For the example chosen, the

load is inductive, of value Zn/Ro = 2.6 + jl; the line is 28° long;

the standing-wave ratio is found to be 3; and the per unit input

impedance of the line is determined as Z,//Eo = 1.58 — jT.35.

The input admittance of a length of line may be found hy a

similar method. An example is given in Fig. 7-23 for a line having

per unit load admittance Yr/Go = 2.25 — yL20, representing an

inductive load component. This value is plotted below the axis of

reals. The standing-wave ratio is found to be 3 ;
and with the line

143° long, the per unit input admittance is Y,/Go = 1.21 + jl.28,

showing a capacitive component.

An open-circuited line has S = <», the corresponding S circle

appearing as the vertical axis. The input impedance is then pure

reactance, with the value for various electrical lengths determined

by the intersections of the corresponding /3s circles with the vertical

axis.

A short-circuited line may be solved by determining its admit-

tance. The iS circle is again the vertical axis, and susceptance

values may be read off at appropriate intersections of the circles

with the vertical axis.

7-18. The Smith circle diagram

A modified form of circle diagram for the dissipationless line has

been developed by P. H. Smith (Reference 5). The Smith diagram

is obtained from a transformation of Eq. 7-112

/d» - 2/3s = \K\ /4> - 2gs = Ta-
- 1 d-

(r;+TFT^
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by introducing new variables, U + jV. Thus

rr -L I'Tr — ~ 1 "b
, fixa^

^ (ra + 1)= + (rr+WT^-
Equating reals and imaginaries,

325

r„= - 1 + x„2

(r„ + 1)^ + x„2

(r« + 1)== + x/-

(7-121)

(7-122)

V

Fig. 7-24. Basis of the Smith circle diagram.

Elimination first of Xo and then of Va from Eqs. 7-121 and 7-122

results in two equations:

{U - 1)= + (v- i (7-124)

The first of these equations represents a famil3’^ of eonstant-ro circles

ha\dng eenters on the U axis at ro/(ra + 1) and radii of l/(ra + 1).

The second equation is that of a family of constant-Xo circles ydth



Fig. /-25. The Smith transmission-line chart. (Reproduced by per-

mis.sion of the Emcloid Co., Inc.)

centers at 1 j/xa and radii equal to 1/jco. The two circle families

are drawn in Fig. 7-24.

The diagram was obtained under the assumption that

- 20s = U-{-jV

Hence the maximum magnitude of 17 -f jV is fixed at unity by the

maximum value of K. Thus all possible values of impedance, are
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contained inside the outer circle of unit radius. The same relation

between polar and rectangular coordinates fixes the /3s angles or

electrical-line-length coordinates at equal increments around the

K = I circle (S = w) as indicated in the figure.

The circle diagram of Section 7-16 was drawn in terms of S with

values from zero to infinity, all lying outside the unit circle, which

appeared as a point at 1,0. The Smith diagram is essentially an

inversion of the other diagram, mapping all points or S values inside

a unit circle. This diagram has achieved considerable popularity.

In a commercially available form of the Smith chart, the fis

increments are indicated around tlie outer edge of the chart in terms

of wavelengths, as in Fig. 7-25. A transparent straightedge is

pivoted at the center to serve as a distance coordinate to any point

on the chart. This straightedge is marked’in terms of K or S, giving

the effect of adding constant-S circles to the chart without com-

plicating the figure with additional lines.

The impedance of a line may be read at any point on the appro-

priate standing-wave ratio or <S circle. The point at the center of

the chart represents the impedance of a line terminated in its charac-

teristic impedance, where Z/Ro = 1 for all distances. The point at

the extreme left of the resistance or Va axds represents zero impedance

or short circuit, the point at the extreme right represents infinite

impedance or open circuit, and the outer circle represents <S = «.

The chart may be used for admittance as well as for impedance,

the To and Xo axes simply becoming ga and ba axes, with the usual

implication that capacitive susceptance is positive or above, and

inductive susceptance below, the U or real axis. The point at the

left of the conductance or ga axis then represents zero conductance

or an open circuit, while the point at the extreme right represents

infinite conductance or a short circuit.

7-19. Application of the Smith chart

The use of the Smith chart is identical with that of the previously

discussed circle diagram, and a number of applications will be

illustrated.

Consider a line ndth load of ZuIRo = 2.6 -f- jl, which is 28° long,

as was discussed in Section 7-17. The input impedance may be

found by entering the chart of Fig. 7-26 at point A, having coordi-

nates 2.6 -f jl, the resistance component scale being along the



Fig. 7-2G. Input impcdanco of a line.

horizontal axis, the reactive component having a scale at the inner

edge of the bounding circle. A constant Ps line throug m er-

the outer distance scale at 0.227X.
_ , ,

Then draw a constant-S circle as through pomt A, using u

center at the point 1,0 as center. This circle is found -

the resistance axis at 3.0, indicating a standing-patera i
.

The line length is 287360" = 0.078X, so that the S - d c

followed in a clockwise direction (toward the gencrato )
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Fig. 7-27. Sending-end input admittance,

line drawn through (0.227 + 0.078)X = 0.305X. Point B at the

source is thus foimd. The input impedance can then be read as

•Z',/J?o = 1.58 — jl.35, indicating a capacitive reactance for the line

input, a result identical to that obtained in Section 7-17.

A similar method jdelds the input admittance of a loaded line.

Assume a line with a load of admittance Yx/Go = 2.25 — jl.20,

representing an inductive load component. The line length is 143°

= 0.396X. Using Fig. 7-27, the load admittance is plotted at A, the



Fig. 7-28. Load and input impedances.

Ps line being located at 0.284X. Using 1,0 as a center the constan^

circle is drawm, showing a standing-whve ratio of 3.0. The §s ms

for the generator end of the transmission line is d^a^vn at (0.281 t

0.396)X = 0.680X, and point B is found. The value of T,/ffo is then

read as 1.21 + il.23, which checks the value from the previous

chart. Since a positive admittance is capacitive, this line wt av

a capacitive input admittance. ,

As another example, assume that a line has S = 2.5, an i



§7-20] THE LINE AT RADIO FREQUENCIES 331

found that a voltage minimum exists 0.15X from the load. Find the

load and input impedances for a line of 0.35X length. A voltage

minimum occurs -where the 5 circle crosses the left half of the resist-

ance axis; for S = 2.5 this -will be at point A at 0.4 in Fig. 7-28.

Drawing the circle for S = 2.5 and measuring 0.15X counterclock-

wise, in the direction a-wa}' from the generator, -will locate point B
as the load impedance. The inner wavelength scale might also

have been used in terms of distance toward the load. The load

impedance at B is read as Zr/Ro = 0.89 — jO.89.

Measurement on tlie S circle in the clock-wise direction for a

distance of 0.35X from B carries to point C which is the location of

the source or generator. The input impedance of the line can here

be read as 2,/i2o = 1-68 -t-jl.OS.

The reflection factor K can be calculated from {S — \)/{S -f- 1)

= 0.428. The angle of K can be read from the j8s line at the load,

gi-\'ing —72° from the innermost scale of the chart.

It maj' be noted that the open-circuited line has K = l/^ or

iS = w
,
and the appropriate S circle is the outer bound of the chart.

Fpr this circle Va = 0, and the input impedance of an open line -will

be pure reactance, as determined by the electrical length of the

line.

A short-circuited line maj' be considered bj’ use of its admittance,

its S circle is then the outer bound of the chart, and the input sus-

ceptanceis determined by the length or jSs angle aroimd the chart.

The Smith chart ma}^ also be used for lossj' lines, and the locus of

points on a line then follows a spiral path toward the chart center,

due to attenuation.

7-20. Single-slub matching with the Smith chart

The solution of the stub-matching problem of Section 7-15 may
be easilj' carried out on the Smith chart, and an example is shown in

Fig. 7-29. Working with admittances, since the tuning stub is to be

connected in parallel -with the line, enter the chart at A, Fig. 7-29,

for a load ha-ving a capacitive component and given as Yr/Go
= 2.75 -f yi.75. Drawing the constant-/? circle shows the standing-

wave ratio before use of the stub to be 4.0, by reason of the inter-

,section of the S circle -with the right half of the real axis.

;
Note that the chart circle for Y/Go = 1 is the locus of all points

for which the real part of the line conductance is unity. This is the



Fig. 7-29. Single stub matching.

desired condition at the point of stub connection, so that the

section of the S circle and the chart circle for Y/Go = 1» as indiee^"'

at B, will locate the stub. Use of the /3s lines through A and B s

that the stub should be located 0.102X = 37° from tiic load.

^

The ba value at B represents the susccptance of the

stub connection, and this is read as —1.5, indicating inductile

ceptance. This value of line susceptance must be resonate

stub line having an input susccptance of -f-l.o. The cecU'
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length for a capacitive (short-circuited) stub may be computed
from

Ps = cot-* (—ba)

or may be readily found on the chart.

The input admittance of a short-circuited stub line having
capacitive susceptance of ba/Ga = -M.5 would plot at the inter-

section of the -{-1.5 susceptance circle and the K = I (5 = oo

circle) or outer bound of the chart at point C. This intersection

occurs at 0.156X on the scale or 0.406X from a short circuit at the

right end of the real axis or infinite admittance point (measuring

toward the load or counterclockwise). A short-circuited stub line

0.406X or 146° in length would then have the required capacitive

susceptance.

It is also apparent that an open stub line 0.166X or 56° long might

^be used, the length of this line in wavelengths being determined

from y3s = 0.156X counterclockwise to zero, or on the = 1 circle

to the left end of the real axis which represents an open circuit or

zero admittance load.

In Section 7-15 similar information was developed; there only

standing-wave ratio before stub connection and the location of the

voltage minimum nearest the load were the available data. This

is the usual information, and the Smith chart can be readily applied.

From the standing-wave ratio the proper S circle is immediately

determined by reason of its intercept on the real or U axis. This

intersection on the ga axis at 4.0 for the above example represents

maximum conductance where F/Go = S, and this is also a point of

minimum voltage. Following the S circle to its intersection with the

Y/Go = 1 circle shows that the stub should be connected (0.324 —
0.25)X = 0.074X = 27° toward the source as measured from the

voltage minimum nearest the load. The length of stub would be as

previously determined. Thus no knowledge of the load admittance

is required.

7-21 . Double-stub impedance matchins on a line

Single-stub impedance matching requires that the stub be located

at a definite point on the line. This requirement frequently calls

for placement of the stub at an undesirable place from a mechanical

viewpoint. For a coaxial line, it is not possible to determine the
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Fig. 7-30. Double-stub

matcluBg.

impedance

location of a voltage minimum -without a slotted line section, so that

placement of a stub at the exact required point is difficult. In the

case of the single stub it -was mentioned that two adjustments -were

required, these being location and length of the stub. Another

^
possible method is to;use4;wo

V*'
'

stubs in which the locations o!

the stubs are arbitrary, the tvo

stub lengths furnishing the r^

quired adjustments. The spac-

ing is frequently made X/4. HaK-

wave spacing should be avoided

because it places the two stubsin

parallel, resulting in only one

effective adjustment being avail-

able. The same difficulty arises

if the stubs are closely spaced.

,

An arrangement of two short-

circuited stubs is illustrated for an open--wire line in Fig. 7-30, X/4

spacing being indicated.

For smooth line operation, the input admittance of the line

looking toward the load at the 2,2 location of Fig. 7-30 should be

y, = (?o

or the line should appear terminated in its chara'cteristic impedance

at that point. Thus the 2,2 point should be at a location on the line

ha-ving a per unit admittance of
,

The Y/Go circle passing through go — ^ 'wiU he the locus of

^
such admittances, and this locus is shown as circle A ® ®

dashes in Fig. 7-31. AH points on this circle can be r^onated by a

stub of susceptance +bo to ^ve the desired per unit admittance

of Y/Go = 1 at 2,2 on the line.

The transformer formed by the quarter-wave of line etween

2,2 and 1,1 -will transform all admittances on the locus cir e

into admittances which -will lie on a second locus circle B, oun

displacing each point of circle A counterclock-wise hy^
^ond

wavelength on the chart (180° rotation on the chart),

locus circle B is indicated in the figure-



Fig. 7-31. Solution of the double-stub problem.

Therefore if stub 1 succeeds in transforming the input admittance

of the line and load to the right of 1,1 into an admittance which will

plot on the circle B locus, the quarter-wavelength line will further

transform the admittance into a value at 2,2 which will plot on the

locus circle A and will have F/Go = 1 + Stub 2 can then

resonate the admittance at 2,2 to the desired value Y/Ga = 1 -f jO

for properly terminating the m.ain line to the left of 2,2.

It is desirable that stub 1 be connected at or near the load. It is
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not always possible to make such a connection at the load, since the

largest conductance component at 1,1 that can be transformed is

Po = 1, or the input admittance to the left of 1,1 when plotted on the

chart cannot lie inside the Qa = 1 circle. If this happens, a point

on the line toward the source having per unit conductance less than

1.0 must be selected for connection of the stub. Such a point •mil

be available, since the per unit conductance varies between S and

1/iS in a X/4 distance along the line.

An example is illustrated by Fig. 7-31. Before connection of the

stubs, the per unit admittance of the line (or of line and bad) at the

desired location for connection of stub 1 is plotted at 0 on the chart

as

^ = 0.4-il.2
(jo

Stub 1 adds a susceptance in parallel, and this must change Y/Gt

to a value Fi/Go which lies on locus circle B. Stub 1 cannot alter

the conductance, so following a constant-conductance circle from

point 0 locates point 1 on circle B, where

^' = 0.4-;0.5
wo

Thus stub 1 must contribute a susceptance of 6o = +0.7 at 1,1 on

the line.

If Y,/Go had a conductance greater than 1.0, a constanbcon-

ductance circle from the y,/Go plot would miss circle B and point 1

could not be established, confirming the limitation on conductance

given above.

The section of line between points 1,1 and 2,2 changes the admit-

tance at 1,1 to that of 2,2 along a constant-B circle, and S along

this circle is found to have a value of 3.15. The admittance at 2,2

on the line, without stub 2 connected, can be read from the chart

at point 2 on locus circle A, giving

^ = 1.0+jl.2
Cro

Stub 2 should then be adjusted to provide an inductive suscepfanK

of bo = “1-2, after which the admittance at .2,2 will be s/ *

= 1, + p0, and the main line to the left of 2,2 will be. proper .T

terminated.
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The required stub lengths may be readily found from the chart.

Since short-circuited stubs are most desirable, because of ease of

construction and adjustment, their lengths will be

Li = 0.348X = 125°, L, = O.llX = 40°

If X/4 spacing is not suitable, the design method may still be
applied by drawing a different locus circle B. The desired circle B
should be drawn by rotating circle A through the wavelength

spacing chosen for the two stubs. That is, if |X spacing is desired,

circle B will have its center lying on an axis rotated 270 space

degrees counterclockwise from the axis of circle A, or the diameter

of B will project vertically downward from the chart center.

7-22. Constants for the line of "small" dissipation

At very high frequencies, of the order of 100 megacycles or more,

open- or short-circuited lines are frequently employed as reactances

or as resonant circuits. The assumption of zero dissipation would

indicate that all such elements have infinite Q values, an obvious

fallacy. Consideration of the small losses present in all such ele-

ments is necessary to give a true quantitative understanding of the

situation. At the frequencies employed, the value of w is so large

that R is always small with respect to uL, and G is assumed zero.

Under such an assumption an analysis for the line constants may
readil}'' be made. The line parameters are

Z = R+ Y =

so that the characteristic impedance Zo is

Zo =
R -f- jooL

j(oC

Expansion by the binomial theorem gives

(7-125)

after neglecting high order terms in R/uL. This equation shows

the impedance Z^ to have an angle

/ r\
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and since R/uL is small with respect to unity, the characteristic

impedance may be written as

(7-126)

and is ess'>ntially resistive, in which case it is again given the sj-mbo!

Ro.

The propagation constant y for the line of small dissipation is

y = -y/Iy = V(^ -f juL)joiC (7-127)

= (-o}^LC + joiCRy^

Since R <3C o>L, a more convenient value for y can be obtained by

expansion by the binomial theorem as

+ I
(-c.^LC)-^'yc^CR -f ~ (-cu'iC)-^-VCT

16

" - sS?) +§&)+ •

The values of a and jS are then seen to be approximately

(7-128)

a

P

(7-129)

(7-130)

Usually the value of RluL will be such that the expressions for a

and /3 may be reduced further to

— 2^1L 2Ko

/S^tdVLC

(7-131)

(7-132)

where all values of parameters are usually per meter.

The velocity of propagation may be found by use of Equation
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7-130 as

^ _
w _ 1~

Vie (1 + i?.V8co=L=)

In Section 6-4 it was found that for the ideal conditions of zero

losses and-zero internal inductance of a line, v = l/VlC, and the

velocity of propagation is equal to that of light in the medium
surrounding the conductors. Equation 7-133 shows that when
dissipation is considered, the velocitj’ is less than that of light by
reason of a factor dependent on line resistance. In Section 6-4

it was shown that the internal inductance of the line is responsible

for slowing of propagation, and here it is seen that the resistance of

the line is also a factor in reducing the velocit3^ below the theoretical

value, that of light in the medium. Thus it has been found that

internal inductance, line resistance, and line insulation with a value

of Cr other than unity all contribute to slowing the velocit}’^ of propa-

gation below that of hght in free space. In actual lines, since R/csL

is small, the reduction in velocit}’- due to resistance is usuallj’- only a

fraction of 1 per cent.

The wavelength on the line is

(3 f -y/LC {I +
(7-134)

The wavelength in free space is

so that the wavelength on the line is reduced slightly below the free-

space value bj'' reason of the line resistance.

7-23. Voltases and currents on the line of small dissipation

Voltage and current e.\pressions on the long line were originally

developed as

E = (e.. -f Ke~r‘)

T ^ ter* - Ke-y‘)
^ 2Zo ' ‘
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Since it has been found that

-A
"

2i2o

where R is the line resistance per meter of length, then if R is smjl!

with respect to 2Ro and the line is short, the ei'* terms may
written

£ir« = ga.jj-fi. = (1 ^ as) (cos jSs + j sin /3s)

f-r* = = (1 — as) (cos /3s — j sin 0s)

the higher-order terms of the exponential series for being neg-

lected as small. After insertion of the value of K, the voltage and

current equations reduce to

iB = .Eb 4- as cos 0s 4- j ^as 4- (T-135)

^ ~ ^ + •?
4- <x& (7*i3C)

If it is desired to start with the conventional hyperbolic rclatioaj

E = Er cosh (a 4- j0)s 4- hZa sinh (a 4* i0)fi

En
I = Ir cosh (a 4- y0)s 4- sinh (a 4- i0)s

-&0

the cosh and sinh may be expanded as the sum of two angles, and

trigonometric functions substituted. If as is sufficiently small,

cosh as may be replaced by unity and sinh as by as, ginng the

same results as obtained above from the exponential expressions.

7-24. Open- and short-circuit impedances when considering dissipjiis'i

The input impedance of a line of length s = Z in which the dh

sipation is small may be avritten from Eqs. 7-135 and 7-130 as

_ _ _ jZn 4- alZo) cos 0f 4- jjZnal 4- ^o) sin n.lST

I,
~

° l(ZBal 4- Zo) cos 0f 4- KZr + alZo) sin 0ij

For a line terminated in a short circuit, Zr = 0, and the iupti'

impedance becomes

7-7 ( COS 0f 4- j sin (T-JSS;

" “
® Vcos0f4-jW BirCW/
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which, after rationalizing and writing Zo = Rq, becomes

7 _ D + j(f “ sin /SI cos /SZl

^
L 1 - (1 - sin= /SI J

It will be found more convenient if ^ is eliminated by writing

2^1
/3Z =

so that

+ i(l - ay) sin (2tI/\) cos (2ffl/X) 1 „

1 - (1 - a5Z=) sin* (2rZ/X) J

Such a short-circuited line may be used as a circuit element ha%dng

components as follows:

p _ Real
“

1 - (1 - a'-R) sin= (2S-Z/X)

_ _ i2o(l — a’l’) sin (2s-Z/X) cos (2ffZA)
“

1 - (1 - aH") sin* (2rZ/X)

(7-140)

(7-141)

For values of I between 0 and X/4 this reactance is inductive; for

values of I between X/4 and X/2 it is capacitive and is seen to oscillate

in sign everj' quarter wavelength. This performance is similar to

that,of the dissipationless line studied in Section 7-8 e.vcept that the

above expression for reactance reaches a maximum but does not

become infinite.

For certain applications it is convenient to have the admittance

of the short-circuited line of small dissipation. It can be obtained

by rationalizing the reciprocal of Eq. 7-138, giving

= Go
ai _ j(i _ aT-) sin (27rZ/X) cos (2rZA)

1 - (1 - a*Z*) cos* (2-Z/X)
(7- 142)

After tne numerator and denominator of Eq. 7-137 are di\dded

by Zb and after Zr has been set equal to «
,
an expressicii for the

input impedance of an open-circuited line is obtained as

/ cos /3Z -b jal sin /3Z\
\aZ cos fsl -j- y sin /SZ/

(7-143)

Upon rationalizing and substituting i?o = Zo and /S = 2jr/X, this



342 THE LINE AT RADIO FREQUENCIES
IJ7.S4

becomes

„ P — i(l sin (2irl/\) cos (2^1/\)
” L 1 - (1 - cos’- (2rZ/X)

The open-circuit impedance has components

Rool
Rcc =

(1 - aH^) cos* (2ttI/\)

Y _ ~'Bo(l — ocH^) sin (2irl/\) cos (2tZ/X)

1 - (1 - a*P) cos* (2rZ/X)

(7-144)

(7-145)

(7-146)

For values of I between 0 and X/4 this reactance is capacitive; for

values of Z between X/4 and X/2 it is inductive and can be seen to

oscillate in sign every quarter wavelength, always being opposite in

sign to the reactance of the short-circuited line.

The input admittance of the open-circuited line is

= Go
al y(l — ovZ*) sin (27rZ/X) cos (2!rZ/X)

1 - (1 - a*Z*) sin* (27rZ/X)
(7-147)

At very high frequencies the distributed inductive reactance of

the leads of a capacitor may be greater than its capacitive reactance,

Fig, 7-32. Use of lines as reactive elements in a filter section. Lengilis

adjusted to give desired capacitive or inductive reactance.

SO that the capacitor may appear as an inductor. An inductor msj

have so much distributed shunting capacitance that it becomes a

parallel-resonant circuit or even behaves as a capacitor. Anaija^

by the methods of distributed-constant circuits has shown a v-sy ^
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avoid these difiBculties by replacing the conventional low-frequency

forms ,of lumped inductors or capacitors -with distributed reactive

elements and resonant circuits.

Lines may be used as efficient impedance matching sections and
as reactive elements in wave filters. At very high frequencies, lines

of appropriate length may be used to replace anj"- reactive element

called for by the circuit design. Such an application is shown in

Fig. 7-32. A wave filter of this nature will be a multiband-pass t3T)e

because of the multiple resouances of the elements. As will be

shown in Section 7-26, the dissipation is lower, or the Q factor

greater, for lines than for equivalent lumped reactances, so that

filter performance more closely approaches the ideal.

7-25. Quarter- and half-wave lines of small dissipation

In the analysis of the dissipationless line it was indicated that the

input reactance of a short-circuited line was infinite at i = X/4 and

zero at Z = X/2. Both such values are obviously impossible, and

it is interesting to discover the more nearly true state of affairs by

analysis of the line of small dissipation.

The input impedance of a quarter-wave short-circuited, line may
he found by insertion of Z = X/4 in the trigonometric functions of

Eq. 7-139, giving

(7-148)

If in general the line is made any odd number of quarter wavelengths

long by setting

Z = (2n - 1) ^
(n = 1, 2, 3, . . .)

XL -T

“ a(2n - 1)X

and upon substitution of the value of a,

7 _
R(2n - 1)X

(7-149)

is obtained as the input impedance of a shorted line an odd number of

quarter waves long.

The result is obviously resistive and represents an impedance

maximum. Because of the factor n present, the highest impedance
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value will be obtained with the shortest line or with n = 1. It has

been shown (Reference 2) that since both Ro and R are functions of

spacing and udre diameter for open-wire lines, or
,

of 6/a for coaxial

lines, the greatest value of impedance will be obtained if d/a =

8.0 for open-wire lines and 6/a = 9.2 for coaxial lines. The per-

formance of the X/4 short-circuited line xvith varying frequency

approximates closely that of an antiresonant circuit near resonana.

For a short-circuited line any number n of half wavelengths hn§

the input impedance may be computed as

(7-150)

This is again resistive and represents an impedance minimum. The

nX/2 short-circuited line behaves in approximately the same

manner as a series resonant circuit when the frequency is varied

near resonance.

For the open-circuited line the analysis starts with Eq. 7-144.

Minima in the impedance characteristics occur xvith Z = (2n - 1)

X/4, or odd numbers of quarter wavelengths. The impedance then

IS

(7-!

for the open-circuited, odd quarter-wavelength line. The performance

of the odd X/4 open line is comparable to a series resonant circuil

near resonance.

The maximum resistive impedance of an open-circuited line occurs

at Z = nX/2 and is

_ IRo ^W (7452)
” al Rn\

Such a line is comparable to the parallel resonant circuit.

It should be noted that the short-circuited X/4 line gives a higher

input impedance than the open-circuit X/2 line for any n. T c

open-circuited X/4 line gives a lower input impedance than the sbor^

circuited X/2 line. That is, that line which is phy'^sically

will usually be the most desirable. The factor n appearing m

equations has the value 1, 2, 3, .... It definitely influence

resistive impedances, lowering the maxima and raising

obtainable as n increases. Physically this is reasonable, since!
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line were very long, its input impedance would be Ro, regardless of

the termination.

A common application of the shorted X/4 line is as an insulator,

as mentioned in Section 7-12. Equation 7-149 permits calculation

of the insulation resistance of such a line. Though not infinite, it

will ordinarily be found to have a value of some hundreds of thou-

sands of ohms, which usually is sufficiently high to be neglected in

comparison with an Ro of only a few hundred ohms or less. The
copper insulator is mechanically rugged and maintains the line at

low potential to ground for all frequencies except the one desired, or

its odd harmonics.

7-26. The tapped quarter-wave line as an impedance transformer

The resistive impedance seen at the open end of a short-circuited

line X/4 long is given by Eq. 7-149 as

— 8Ro~ 4Ro
“ “ 'W ~

The impedance seen at the short-circuited end of the line is obviously

zero. Intermediate points along the line will present impedances

Fig. 7-33. The topped quarter-wave line.

intermediate to the two values. Some line having a resistance Ra

can then be matched to some load having resistance R, by use of a

X/4 line as in (a). Fig. 7-33. The line having Eo impedance is con-

nected at a point distant d meters from the short circuit. The, load

having resistance R. is connected at the open end of the X/4 line.

The line then appears as an autotransformer.
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In some cases neither of the devices to be coupled has a resistance

equal to R,. The two devices having resistances and Ri maybe
connected at appropriate points on the line at which the line

impedance matches that of the connected sources or loads, as in (b)

Fi^. 7-33. Loads or sources having impedances above the value ol

R,, the input resistance at the open end of the line, cannot be

matched by this system.

An expression by which the impedance of an unloaded line at any

distance d from the short circuit can be found, can be obtained by

writing and Foe from Eqs. 7-138 and 7-143 as

1 + jal tan (2ffl/X) 1

al -f j tan (2irl/X) J

od -f j tan 2tI/\ 1

1 -f jal tan 2rl/\\

(7-153)

f7-m)

The admittance Va at distance d from the short circuit is the sum

of two admittances in parallel; one a short-circuited line d meters

long, the second an open-circuited line (X/4 -- d) meters long.

Then

^ r 1 -h jad tan (2xd/X)
“ ~

L + j tan {2iTd/\)

a(X/4 — d) +j tan (2ir/X)(X/4 - d)

1 -H ia(X/4 - d) tan (27r/X)(X/4 - d).

By use of the trigonometric identities

2ir(4
,

27rd
tan -f cot -y-

2

sin {4.ird/\)

the above may be reduced to

Y _ P -j«X/[2 sin (4ffd/X)] ______
“ a{2d - X/4) -f j[tan (27rd/X) -f a=d(X 4 d) cot(2;r(l/X)l

(7-155)

Since a will be small, the denominator terms invohdng a nia.r

considered negligible in magnitude and dropped. In the case of th®

first term in the denominator, this is equivalent to neglecting a

small susceptance component. Inversior- and rationalization t ea
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Fig. 7-34. Variation of resistance with distance d from short-circuit

point.

The coefficient is recognizable as the resistive impedance at the

open end of the X/4 line. Thus
the resistance at any point — Vz—»- —— X/2—»
varies as the square of the sine

of the distance function. The
result is plotted in Fig, 7-34.

A load connected at the open

end of the line will parallel the

line impedance, and if this load

has a resistance 22 thfl resuit- Fig. 7-35. Application oftapped quarter-

ant resistive impedanceseen at wave line as an impedance transformer in.

the tap at any distance d will matching a line to an antenna of length X

vary as

^ _ 41?oRz.

aX(i2i 422o/ckX)
sin 2

X

472o f 1 ^^ Vl + 4i2o/aXi?.£,/ ~r (7-157)



j48 THE LINE AT RADIO FREQUENCIES
(§7-27

The tapped quarter-wave line is frequently employed for imped-

ance matching between an antenna, or several antennas, and a
transmission line, as shown in Fig. 7-35. While an open-line has
theoretical impedance-matching properties it is rarely used because

of radiation losses from the open end, end capacitance effects and
the diflaoulty of a smooth adjustment of length.

7-27. Voltage step-up on the resonant line

A quarter-wave open-circuited line has the property of producing

a voltage step-up between its ends. By writing the voltage relation

of Eq. 7-135 as

\ -U 1 nna -L o f 7 _L“ V tJ J + YJ

and setting = » and l = x/4, there is obtained

En
E.

(7-158)

as the voltage ratio between the ends of the line. Since a may be

quite small, the voltage step-up can be large.

7-28. Q of a line as a circuit clement; band width

As has been pointed out in the preceding sections, lines may be

employed as resonant circuits. WThen they are so used, it is conven-

ient to be able to analyze and proportion them to achieve desired

frequency selection properties. This may be done conveniently in

terms of band width, which was defined in Chapter 2 as the width of

the resonant curve, in cycles, at the point at which the power in the

circuit is one-half the maximum power, expressed as a percentage.of

the resonant frequency.

It was discovered in Chapter 2 that at the frequency /a at which

the power was one-half of the value at the resonant frequency .fr, the

reactance of the circuit was equal to the resistance. In an effort fc

find the frequency at which the power is one-half the maximum

value (current = 0.707 maximum), the reactance and resistance of

an open-circuited line as given by Eqs. 7-145 and 7-146 may be
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equated. That is, at frequency /« or phase-constant value /Sj,

Rool = — f?o(l — a-1-) sin cos P2I

sin _ —al
2 ~ 1 - a-l-

If al is small, its square may be neglected vdth respect to unity in

the denominator, so tdiat

2fiil = sin~‘ (—2al)

Again, since al is small, the sine may be replaced by the angle, so

that

= l + al (7-159)

The frequency /s at which reactance and resistance are equal is then

available by substitution of the value of /3, giving

The chosen open-circuited line behaves like a series resonant circuit

when its length is equal to X/4. The value of the resonant frequency

fr is then available from the fact that, for X/4 length,

2Trfrl

V

(7-161)

There will be a second frequeiiC3’-/i, below /,, at which the resistance

equals the reactance. This frequencj' is

The band vddth is then given by

/g ~ fi = {v/2ttI){-/2 + al — r/2 -b al)

(7.103)

fr fr fr

fr P
Since = 2irf/v, (7-164)
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It has also been shown that the circuit Q is equal to the reciprocal

of the band width, so that the merit factor of the line is given by

(7-165)

Since a is ordinarily small, the value of Q for such a line may be

very high. For the usual line designs it may approximate 1000 to

4000, which is considerably higher than the Q possible for lover-

frequency lumped-constant circuits. The selectivity possible with

lines as resonant circuits is correspondingly greater.

Since Q is increased if a is made small, the design of lines for

minimum attenuation is of interest and will be considered in the next

section.

7-29. Optimum desisn of the open-wire resonant line

In previous sections it has been found that the Q of a resonant

line, the voltage step-up ratio, and the magnitudes of impedances or

resistances available when lines are used as reactive or resonant ele-

ments all depend on the value of a. It is usually desirable that a be

small. Since for a line of small losses

“ 2Ro

and both R and Ro depend on the radius of the wires used, it is

desirable to determine that value of the radius of the wire in an

open-wire line which will make a a minimum.

From Eqs. 7-10 and 7-15 for a copper line, the value of a is

(8.33 X 10-« Vf)/a
2 X 120 In (d/a)

(7-166)

where d is the center-to-center spacing and a is the radius of the

conductors of the open-wire line, in meters. Then

„ (7
.167)

a In (d/a) ^
.

Considering d constant and minimizing a with respect to a gives

d/a = f == 2.718 as the value of the ratio for minimum attenuation

on an open-wire line.
_
However, this value of d/

a

is so small that

the assumption of large d/a ratio used to derive Eq. 5-30 for t e-
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capacity of an open line does not hold. Consequently Eq. 7-167

should be rewritten, giving consideration to the fact that the

charges will not be uniformly distributed around the conductor

periphery, thereby altering the capacitance value to that of Eq.
5-33

cosh~* id/2a)

and adding a proximity factor to the resistance term. With these

considerations the value of d/a for minimum attenuation is approxi-

mately 3.6 for an open-wire air-insulated line.

Fig. 7-36. Variation of a of an open-wire line with d/a ratio of the h’ne.

The variation of a dimensionless factor, derivable by this method

and proportional to a, as a function of d/a is shown in Fig. 7-36.

This curve displays the expected minimum, but it is apparent that

the iTiTniTTiiint is quite broad, thereby permitting considerable lati-

tude in the choice of element sizes for resonant lines.

Qualitatively, the minimum value provides a balance between

Ro and the size of conductor. If the conductor is made smaller in

radius, then Eo increases, thereby reducing the value of current flow-

ing in a given line and reducing the losses. For the same change the

conductor resistance rises, increasing the losses. The value d/a =
3.6 achieves a balance of these opposing actions.
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With a resonant line designedjfor a minimum value of a, the- hid’-

est value of Q and other desirable properties of resonant liiic^ re
obtained.

7-30. Desisn considerations for tie coa;;iel line

For optimum performance, t le dtrign of a high-frequency coarir-!

line is dependent on desirable Talue.i. of the ratio 6 a. v.htie b is tlie

inner radius of the outer conrjuetor and n the radius of the inntr

conductor. If a is written as

I

R
‘2R,

it is found, by use of Eqs. 7-l[) and 7-21, that a for a ropper coansl

line may be written as

. a = 4.16 X 10-«
i h i a I

[2 X 60 In (f a}\ \ i,

= 3.47 X 10-1® V
all dimensions being in me^
written

•- I'l fe) + d o)]

ers. The term in parentheses may t:

1 [I -f (6 a)]

and if the outer conductor

expression for a may be miej

dz

d[\
V.O

ln- = ^
a

b In (b a)

radius b is considered constant, the

imized, giving

.-‘-2('l+b = 0
a b \ 0,

+ 1

(7-170)

This may be solved graphically, giving a. value of 6 o for minimi!!-

^attenuation:
1

b

The variation in attenuatic

shown in Fig. 7-37. The n

= 3.6

n for the coaxial line with the ir. iio 7 '•

inimum occurring at b,a = 3.6 Js ij!i- ••
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80 that the dimensions to produce minimum attenuation are not
critical. The characteristic impedance for an air-spaced coaxial line

with dimensions for minimum attenuation is 77 ohms.
A second factor of importance in the design of coaxial lines

Fig. 7-37. Variation of a of a coaxial line ivith h/a ratio of the line.

required to handle considerable amounts of power is the design for

minimum voltage gradient in the dielectric, or maximum voltage

breakdown of the line. It may be

argued that if o nearly equals h, the

full line voltage appears across a thin

layer of dielectric and the voltage

gradient is large. If a is very small,

the field at the central conductor

surface is also very large. Between

these extremes should be some value

of a that will produce a minimum
voltage gradient.

In a practical case the voltage

betw'een conductors will be held con-

stant, with line charges + r and — r

appearing on the conductors as

shown in Fig. 7-38. The charges in coulombs per meter of length

are related to the voltage between the cylinders according to

r = cr

Fig. 7-38. Cross section of a co-

axial line.
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where C is the line capacitance per meter of length. Insertion ot

Eq. 5-35 for the capacitance of the coaxial line gives

27rtF

In (6/a)
coulombs/rn

(7-171)

According to Eq. 5-26, the electric field intensity in the dielectric IS

S =
2irre

v/m

The maximum value of field intensity will obvdously occur at the

surface of the inner conductor at r = a, so that

max S =^ v/m (7-172)

From these equations, the line charge t may be eliminated, giving

To obtain the dimensions that result in minimum field, the above

expression may be minimized, holding the voltage V and dimension b

Fig. 7-39. Variation of maximum field intensity With b/a ratio for a

coaxial line.
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constant. Then

^ (In 6 - In a - 1) = 0

In
^
= 1 (7-174)

For a minimum value of voltage gradient in the region between the

conductors, the ratio of conductor radii should be

- = 6 = 2.718
a

The variation of field intensity at the inner conductor surface is

expressed in a dimensionless plot as a function of 6/0 in Fig. 7-39. It

can be seen from Figs. 7-37 and 7-39 that the difference between the

values of b/a for minimum attenuation and minimum field intensity

can be readily compromised.

Optimum design conditions for lines are summarized in Table 6.

Table 6

Optimum Design Conditions for Hiqh-Fbequenct Lines

er = 1

1

Coaxial Open-wire

h

a
Zo

d

a
Zo-

Minimum attenuation 3.6 77 3.6 154

Maximum resonant impedance 9.2 HI 8 250

Maximum Q.’ 3.6 HI 3.6 154

Maximum voltage breakdown 2.7 60 5.4 202

Maximum power transfer ' l.G
i

30

PROBLEMS

7-1. A 50-megacycIe open-wire line is to be built of No. 8 copper

wire and to have Zo = 425 ohms.

(a) Find the desired spacing D.

(b) Calculate the total L and C of 5 meters of this line.

7-2. An air-filled coaxial line of copper is to have a capacitance

of 22 tifii per meter. The inner conductor has a diameter of 0.1 cm.

(a) Calculate the inductance of the line.
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(b) Find the inner radius of the outer conductor.

(c) What is the characteristic impedance of the line?

(d) Find the phase constant and wavelength at a frequency of

25 megacycles, neglecting dissipation.

7-3. (a) Find Zq, L, and C of an air-spaced coaxial line having a

No. 12 inner copper conductor and b/a = 10, at a frequency of

40 megacycles.

(b) Repeat (a) if the line is filled with polyethylene as a dielectric.

(c) Find the velocity of propagation and X for (a) and (b), neg-

lecting resistance.

7-4. A line and load have the following values: Ra = 150 ohms,

Zl — 25 + y40 ohms. Plot curves of the magnitude and phase

angle of the input impedance as the value of varies from 0 to 2r.

7-6. (a) Calculate the reflection coeflacient and standing-wave

ratio for a line of open wire having No. 10 conductors spaced

3 cm, if the line is terminated in 50 -H j75 ohms at 7.3 megacycles.

Neglect line resistance.

(b) If the line is supplied by a generator of 100 v, 200 ohms

internal resistance, find the power delivered to the load at 7.3

megacycles if Z = 30 m.

(c) Calculate the power that could be delivered to the load if it

were matched to the lino.

7-6. A transmission line is terminated in Zi.. Measurements

indicate that the standing-wave minima are 102 cm apart and that

the last minimum is 35 cm from the load end of the line. The value

of S is 2.4 and Ro = 250 ohms.

(a) Find Zl in terms of real and reactive components.

(b) What frequency is being transmitted if line dissipation is

neglected?

7-7. A certain line of Ro = 400 ohms is long and open at

both ends. Find the impedance seen by a generator connected at a

point X/4 from one end.

7-8. Find the input impedance of a coaxial line having Rt
~

95 ohms. The line is 20 m long, short-circuited at the far end, and

operated at 10 megacycles. Neglect the line dissipation.

7-9. Given a dissipationless line of Ro ~ 300 ohms, what lengfc

are needed to obtain an inductance of 7 >ih at 75 megacycles, vnl

both open- and short-circuit terminations.
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7-10. (a) Find the b/a ratio for a coaxial line used to match a

load of 300 ohms resistance to a line havdng fio = 95 ohms.

(b) If a coaxial matching section is used as above and made with

a 0.2-cm-diameter internal conductor, find the internal diameter of

the outer conductor.

7-11. A 200-m length of line of No. 8 copper wire is to be used to

supply a load of 100 ohms and is to be operated at 30 X 10® c.

Under short-circuit conditions the maximum voltage on the line is

310 V, and the maximum current is 0.584 amp. Find the spacing of

1-cm-diameter conductors needed for a X/4 matching section to

match this line to its load, neglecting conductor proximity.

7-12. An air-insulated coaxial line has an inside conductor of

3.6 mm copper (No. 7) and a copper outside conductor of 10 mm
inside diameter. Find the input impedance of a quarter-wave

short-circuited line of this material operating at 1500 megacycles.

7-13. An antenna, as load on a transmission line, produces a

standing-wave ratio of 2.8, with a voltage minimum 0.12X from the

antenna terminals. Find the antenna impedance and the reflection

factor at the antenna, if = 300 ohms for the line.

7-14. A lossless line x^X long has an input impedance Z,/i?o =
1.2 -f jO.95. Find the load impedance and the standing-wave

ratio.

7-16. A prototype T-section filter is designed to operate at 10® c.

One inductance of 5.2 ph and two capacitances of 7.8 upl, are

needed. The completed filter is to transmit direct current as well

as the 10®-c signal. Calculate the line lengths required and state

the terminations to be used. Draw the completed circuit, if of

the line is 200 ohms.

7-16. In Fig. 7-40(a), 22 = 50 ohms and 22o = 100 ohms. Find

the length.L of an open stub needed to make the input impedance

at A,B purely resistive.

7-17. An impedance Zr = 41 -}- jT5 ohms is connected as in

Fig. 7-40(b) to a coaxial line of 22o = 100 ohms. Find the lengths

di and di to match the line to the load, by use of the circle diagram.

7-18. Considering dissipation, derive an expression for the

impedance Z„ seen at distance d in Fig. 7-40(c). Plot the variation

of against distance.
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7-19. A coaxial line has b — 0.55 cm, a = 0.10 cm, and poly-

styrene dielectric.

(a) With this line terminated in 100 ohms resistance at 144

megacycles, find the shortest length that will have a reactive com-

ponent of input impedance equal to +i25 ohms.

(b) Find the standing-wave ratio.

Fig. 7-40.

7-20. A standard coaxial line is designed as follows: central con-

ductor No. 22 copper, polyethylene dielectric (e, = 2.25), b =

0.073 in., design Zq = 73 ohms.

(a) Check the Zo by calculation from the dimensions.

(b) If the line is terminated in a reactance of jl50 ohms, find the

input impedance of a section 25 cm long at a frequency of 250

megacycles.

7-21. By use of the circle diagram find the input impedance of

the line in Fig. 7-40(d), if the line and stubs are constructed of

No. 4 copper wire spaced 10 cm. The frequency of operation n

220 megacycles. All dimensions are in centimeters.

7-22. A load ha^nng impedance of Zn = 140 ohms is to bo con-

nected to a line of Ro = 100 ohms by a quarter-wave matching

transformer.

(a) Find the Zo of the matching transformer.
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(b) What is S for tho transformer?

(c) If the input voltage to the line is 100 v, find the load voltage,

(dissipationless line).

(d) Find the location and magnitude of the maximum voltage

on the quarter-wave transformer.

7-23. A line has a standing-wave-ratio of 4. The Ro is 150 ohms
and the ma.ximum voltage measured on tho lino is 135. Find the

power being delivered to the load.

7-24. A line of Ro = 300 ohms is connected to a load of 73 ohms
resistance. For a frequencj’ of 45 megac3"cles, find the length,

termination, and location nearest the load of a single stub to produce

an impedance match.

7-25. The line of Prob. 7-24 is to be matched with double stubs,

one located as near the load as possible. Specifj' length of both

stubs, termination, and location of the second stub, using X/4

spacing.

7-26. For a load of Z^IZo — 0.8 -f jl.2, design a double-stub

tuner, making the distance between stubs fX. Specify the stub

lengths and the distance from load to first stub. Stubs are short-

circuited.

7-27. A load has admittance Fr/Go = 1.25 +.70.25. Find the

length and location for a single-stub tuner, short-circuited.

7-28. A line is made up to have R = 0.008 ohm, h — 2.0 tih,

and C ~ 5.0 fifif, all per meter of line length. Frequency = 8

megacycles.

(a) Find Zo.

(b) Determine the true velocitj' and wavelength.

(c) Calculate the Q and band width of a quarter wave of this

line open-circuited.

7-29. An air-spaced coaxial line is shorted and used as a quarter-

wave resonant circuit. If the line is 1.2 m long and has an outer

copper conductor with inner radius of 4 cm and inner conductor

radius of 0.8 cm, calculate the resonant frequency. Determine

also the impedance, Q, and band width of the line.

7-30. The line of Prob. 7-29 is tapped at a point 0.3 ra up from

the short circuit. Find the impedance seen at the tap.

7-31. What is the maximum value of conductance that can be
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8-1 , Real and reactive power

The flow of real or active power over a transmission system is

measured in terms of an average value over a cycle, and makes its

presence known in the form of an in-phase current component
Active power is computed as the product of Voltage, current, and

the cosine of the phase angle, and is expressed in watts, Idlowatts, or

megawatts. It may be considered as having a direction of flow or o{

moving from a prime mover or energy source to a load or cnerg)-

sink.

In addition there is a transfer or circulation of energy on an

instantaneous basis between electric and magnetic fields present

along a line or in connected equipment, and this transfer makes

its presence known through a quadrature current component, and

thus by the presence of reactive volt-amperes. These reactive volt-

amperes are stated in vars (volt-amperes reactive), hilovars, or

megavars, and may be measured on reactive-power meters or

varmeters.

It is found that these meters will deflect in opposite directions

when connected to capacitive and to inductive loads, and a con-

cept of positive and negative vars, or generation and absorption of

vars, has grown up by analogy to the reversal of a true wattmeter

when indicating real power out of a source or generated, and power

into a load or absorbed. Since this reactive energy merely circulates

and is neither absorbed nor generated, then the idea of positiveness

or negativeness, or of direction, should be carried only as a concept

which may be of aid in system understanding. It is apparent, of

course, that all energy stored in an electric field at the peak of tke

voltage cycle, must be transferred and appear as energy in a mag-

netic field somewhere in the circuit at the voltage zero. Thus the

idea of flow has originated, and vars are frequently considered
^

flowing from or being generated in, devices predominantly capaci-

tive in nature, and flowing to or, being absorbed in, devices which

are predominantly inductive.*

* It is just as logical to assume the vars being absorbed in a capacitive loa

,

and generated in an inductive load. For this reason the algebraic si^ to -

assigned to Q, the reactive volt-amperes, has received considerable dhcuswa

in various standardizing bodies in recent years. The positive sign on Q .

ing positive vars into a capacitor or leading load seems most commonly
emp o.v

by practicing engineers and will be used here.
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It is customary to express system or load volt-amperes in terms

of the sum of the active power P and the reactive volt-amperes Q
as

Vi = 7/(cos 0 -f- y sin 5) = P -f- jQ

where VI is called the vector 'power and 7 represents I conjugate,

and positive Q is in accordance with the assumption of the footnote.

Reactive volt-amperes are then assumed as positive when supplied

to a synchronous capacitor (an overexcited synchronous motor),

a bank of static capacitors, or bj'' the capacitive susceptance of a

transmission line. Negative vars are assumed as absorbed in the

inductive Veactance of a line, or an inductive load such as an

induction motor.

Thus a transmission line takes positive reactive volt-amperes or

vars in its capacitance, and takes negative vars in its inductive

reactance. The amount of positive vars taken is dependent on the

line voltage, the negative var absorption being dependent on line

current. In the case of termination of a line, the energy stored in

the line capacitance is equal to that stored in the line inductance.

Characteristic impedance or Zo termination then represents a

condition in which a line supplies its own vars, that is, the positive

vars taken by the line capacitance are equal to the negative vars

taken by the line inductance, and no external reactive volt-amperes

need be supplied.

The impedance which the terminal load presents to the line is

determined by the output transformer ratio, and this in turn is

controlled by the operating line voltage. With a high line voltage

chosen in the design, the output load impedance may appear in a

range well above Zo, and the line will take or “generate” more

positive vars than the negative vars taken by its own inductance,

and these e.\cess positive vars are available to “supply” or balance

the negative vars taken by an inductive load. With a line voltage

chosen low, the usual load impedance may take on values well

below Zo, causing heavy line currents and consumption of more

negative vars in the line inductance than there are positive vars

taken in line capacitance. The needed additional positive vars

then must be introduced by operation of additional generating

capacity at a leading angle, or by use of s3'nchronous capacitors

on the line.
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Flow of both in-phase and quadrature current components pro-

duces power losses in the line resistance. In addition to this power

loss, the supply of vars to a line requires operation of additional

equipment and this is expensive to operate and maintain. Tims

it is desirable that a line not be loaded too heavily, or that loading of

Zo or above be used, so that a line does not require a supply of

vars, or may actually contribute to the supply of reactive volt-

amperes to the usual inductive loads. Line economics may not

permit such ideal operation, however, and lines of high first cost

must carry heavier loads.

3-2. Resulation of load voltage

The series line inductance and the shunt line capacitance are

in series, and represent a partially resonant circuit, capable of being

Log Load Power Factor Lead

Fig. 8-1. Variation of load voltage with load power factor. I = 100

miles, Zl = 200 (80°), Yl = 0.0013 (90°).

tuned or detuned at the supply frequency, by the addition of a jus

able capacitance in shunt with the line.
• r rjie

The output voltage is found to be a sensitive function o

^

additional shunted capacitance. Voltage regulation at t e oa

end of a line then becomes relatively easy on lines han mg a
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amounts of power, where a synchronous capacitor at the load may
not introduce too much additional cost. Regulation is then supplied

by adjusting the capacitance (or the combined load and capacitor

power factor) by control of the field current of the synchronous

capacitor. Automatic control of the load voltage is then also

possible.

The possible variation of load voltage on a typical line, provided

by shifting of the load-end power factor for constant kilowatts, is

presented in Fig. 8-1. This shows the effectiveness of the addition of

positive vars in controlling the line regulation.

On small-capacity lines whore -the more elaborate equipment

cannot be justified, induction voltage regulators or tapped trans-

formers are used for regulation.

8-3., The equivalent circuit

The transmission line equations maj" be used to compute per-

formance of power lines, employing line currents, line-to-neutral

voltages, and per-phase loads. However it is more usual to employ

an equivalent circuit for the line, this circuit being derived from

the line equations as in Section 6-17 for long lines. For short lines

the circuit is often arrived at by simply lumping the total series

quantities, and introducing half the shunt susceptance at each end

to form a tt section.

The equivalent circuits, as derived from the long-line equations,

are reproduced in Fig. 8-2, and the w section rvill be further dis-

cussed ns an e.vample. While such equivalent circuits are correct

for only one frequency, this is the case for power transmission.

Using Z = R + jioL ohms ns the series impedance per unit

length or per mile, and F = jwC.mhos per unit length, on the
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assumption of negligible leakage conductance, then

-y = = V(^ + = -sZ— m^LC +

Since Zo = V"Z/Y, then

and these are the same values as were obtained for the line of sma'i

dissipation in Section 7-22.

Since a line will be represented by a single equivalent x BectioD,

it is necessary to have the total line parameters for design of tt;

equivalent circuit, . and these %vill be defined as Z = Zf, n/ = 17,

where I is the length of the line in appropriate units.

Referring to Fig. 8-2(b) for the ir network, it is seen that

Zb = Za sinh yl = fesinh \/zy

which may also be written

Zb = Z
sinh y/zy

[U>

Also for the shunt element,

Y. = Yc= Yo tanh ^ = yH
2

which may be written

= Yc

tanh

VW-
2

Computation of sinh and tanh for complex arguments invohe

considerable labor or the use of charts (Reference 2). Because <•

the short electric length of power lines it is permissible to emp.cc

the series forms for these functions, cutting them off after (heseco.,^-

term. Accuracy so obtained is better than 1 per cent for all u--
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line lengths and parameters. Then

sinh Vz-tj _ , ,
z-y (Z-iD^

3! 5!
*

= 1 _ + (W _
V^/2 12 120

(8-5)

(8-6)

The elements of the equivalent v section then become those of

Fig. 8-3 (a), or

(8-7)

(8-8)

The equivalent T network may be obtained in a similar manner
and appears in Fig. 8-3(b).

Networks involving many transmission lines may have the lines

replaced with v sections according to Eqs. 8-7 and 8-8, the method

AAA.
U 1

o VW AAA/—

o

(a) (b)

Fig. 8-3. Equivalent v and T, using line parameters for calculation.

of solution then being that of soltung a complicated network,

although based on the long-lines equations. An alternative method

of arriving at equivalent results is given in the next section.

8-4. General circuit constants

The transmission line equations of Chapter 6 may be written

Es = Er cosh a/z^ -1- IrZo sinh
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which in matrix form becomes

cosh Zo sinh lEn-]

a sinh -v/^, cosh Vz^ (8-9)

In Chapter 1 it was sho%vn that for any linear, passive, bilateral

network it is possible to relate the input and output quantities as

or

Es ~ AEjt BIr

Is ~ CEr “h Din

'Es' 'a B' 'Er

.Is . C D_

(8
-10

)

(8
-11)

(
8-12

)

where A, B, C, D are called the general circuit constants. Direct

term by term comparison of the impedance matrices of Eqs. 8-9

and 8-12 shows that these constants will have values for a trans-

mission line as follows;

A ~ cosh V .ij i)

B = sinh

C = sinh

D = cosh

It should be noted that A — D and this is true in general for sjtn-

metrical networks. Likewise

A=^D-BC=’l (8-13)

is also true in general for linear, passive, bilateral networks, either

symmetrical or unsymmetrical.

Equation 8-12 may be solved for the load quantities so that

En = DEs - Bh (8-1-i)

h = Ah - CEs

or
Br] ^ [D B'

In J [C A_
(
8-10)

and this is the inverse relation.

It is, of course, possible to replace the hyperbolic functions in t e



§8-41 THE LINE AT POWER FREQUENCIES 369

definitions of A, B, C, D b}’ their series expressions. If the first two
terms are taken as an approximation as before, it is possible to write

(8-17)

as the values of the general constants in terms of the total line

parameters Z, and •)).

(a) (b)

Fig. 8-4. Equivalent circuits for the line in terms of the A, B, C, D
constants.

Given the values of A, B, C, D of a transmission line, it is possible

to write expressions for the equivalent symmetrical - network for

the line as

Zb = B (8-18)

(8-19)

and for the equivalent symmetrical T as

73 = C

and these relations are illustrated in Fig. 8-1,

(8-20)

(8-21)
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Example: A ISO-mile single-circuit three-phase line has a rea'st-

ance of 0.133 ohm per mile, series reactance of 0.827 ohm per mile

and shunt susceptance of -5.2 X 10'® mho per mile, ^th con-

ductance negligible. Find the A, B, C, D constants for the line

and the sending end voltage Eg for a total load of 90,000 kw at

0.85 lagging power factor, with E„ = 127 kv, line to neutral.

The line constants are then

Z = 150(0.133 -f jO.827) = 20 + jm = 126/80.8° ohms

y = 150(0 -f jo.2 X 10-«) = 0.00078/90° mhos

Zy = 0.0984/170.8°

By Eq. 8-17,

A = 1+^ = 1/^ + 0.0492/170.8° = 0.953/0.5°

B = Z
(^1

= 125/80.8°(1 -f 0.0164/170.8°)

= 123/81.0° ohms

C = n/ ^1 + - 0.0Q078/90°(1 + 0.0164/170.8°)

= 0.000768/90.2° mho

D = A = 0.953/0.5°

As a check it ma}’’ be found that AD — BC = 1 -f jO as required.

The phase current at the load is

Ip. =
kw 90,000 — = 278 amperes

3En X pf 3 X 127 X 0.85

at an angle of 31.5° behind Ep. Then by use of Eq. 8-10,

Eg = AEp + Bln

Eg = 0.953/0.5° X 127,000 + 123/81.0° X 278

= 143,200 + j25,900 = 145,500/10.5° volts

Thus 145.5 kv must be supplied to deliver 127 kv at the load.

Certain matri.x manipulations in the solution of netnorls ave

been previously discussed in Chapter 1 but will be repeated ere.
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In particular it is helpful to find the A', B', C, D' constants for the
composite line resulting when two lines, having constants B,,

Cj, Di and .42, Bo, Co, Do, are connected in cascade. Writing the
matri.x relations for each line as illustrated in Fig. 8-5, gives

(b)

Fig. 8-5. (a) Two networks in cascade; (b) two networks in parallel.

and making the obvious substitution

5:1 r .12 B2irB,-

L/i J LCi DiJ LCo D2j L/j _

(8-22)

which relates Ei, h and Ez, h, or the over-all input and output

quantities. Performing the indicated multiplication gives

\

El _ AiAz -p BiCo, iliBo -j- BiDo Ez

Ii _
_CiAi -f- DiCo, CjBo -p DiDo_ /j

(8-23)

from which it is apparent that the A', B', C', D' quantities for the

cascaded combination are

A' — AiAz -{- BiCz, C' — CiAz -j- DiCz

B' = AiBz -}- EiJDzj D^ — ^lEz d- EjEs
(8-24)
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The method may be readily extended to any number of networks c-

pieces of apparatus, whose A, B, C, D constants are individuallv

known, Avhen connected in cascade.

It is also common to parallel two transmission lines, in particuis'

when the characteristics of the two lines are identical. Then writing

for each network, from Fig. 8-5(b)

:

and

I

1

!

’

H
1

1

to

Co

1

1

'E,’

J"'.

[Fil \A B'

L/"J LC Z).. 1

1

L-I

1

and solving for the currents

1" 5 BC-AD' 'e:
Jff/f Bb -A

.

r
'

BC-AD 'E{

J”'. bLi -A

Since A = /' + and h — I" + addition of the matrix

equations gives

r -f I" 'h] D BC-AD
i'" j»"

L/2 J B ,1 -A
.

.B:.
{8-2-5)

from which it is possible to return to the original form as

f ^ li
1

£2
2

2C D\
1A.

(8-2o;

so that the A', B', C', D' constants for the parallel combination d

the two identical lines are

A> ^ A, C' = 2C

5' = |, Z?' = Z)

in terms of the constants of a single line.

The methods of developing equivalent circuits for lines.

strated in this and the preceding section, provide means In " !.-

the transmission S3"stem may be represented as a networ', - '
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performance may be calculated by normal circuit procedures.

These equivalent circuits also provide transmission-line models for

use in network analyzer solutions of sj’-stems too complicated to be

solved by direct mathematical computation.

8-5. Receiver power-circle diasram

A graphical method of solution for power and reactive volt-

ampere conditions on a line is also available. It is assumed that the

Q

leading

-Q
lagging

Fig. 8-6. Receiving-end power-circle diagram.

sending and receiving voltages of the line will be constant, but since

this is in accord with usual operating practice, it is not a restriction

on the solution. Consider Eq. 8-10 emplojdng the general circuit

constants:

Es ~ AEr BIr

Multipbung bj' Er/B gives

(8-27)
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If Er is the receiving end line-to-neutral kilovolts and h is line

current, phase quantities are given in megawatts and inegavare

in Eq. 8-27. Total three-phase quantities may be used if the left

side of the equation is multiplied by three.

If <#> is the angle between Es and Eb, with Eb as reference, then

Pn+oQn
\ErEs\/^ a

5 n (^28)

It has been assumed that Eb and Es are fixed, so that the second

term on the right represents a line from the origin to a point in the

plane, the angle of this line being determined by the angles o^'
and B. The first term on the right is constant in magnitude for a

given line but variable in angle. The locus of the right side of the

equation is then a circle, in which the second term locates the

center on the coordinate system, and the first term is the radius.

The circle is the locus of received Pr and Qr values for the fixed

Eb and Es, as the angle ^ varies. A scale of angles representing ^

may be laid off around the circle, starting from the point which

may be found for <f)
= 0.

Figure 8-6 illustrates such an equation by the triangle OO'G.

The line 00' is draxvn as ~(A/B)Eb^ from the origin and fixes the

point O' as the center of the locus circle. The line O'G is the radius

of the circle, proportional to \ErEs\/B. Line OG is then the sum of

00' and O'G and represents Pr -f jQr as \ErEs\/B sweeps around

the circle xvith changes in angle 4> between Er and Fs.

The dimensions for the graph may be readily obtained if

A = g/g, B = h/^

and Eq. 8-28 be written

Pb + jQb + ^
Fb^[cos v/3

— “ j sin {p — g)] = ^

The angles are written as /3 — a because p is ordinarily much larger

than g. Taking the square gives

[Pfi + ^Er^ cos (0 - a) ]' + - I
Eb^ sin (/?

- a)

^ (8-29)
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Since Er, Es, and B are constants, tliis is the equation of a circle

as expected.

The radius is then

_ 1£e£si

|
5

|

Rs = megawatt units (8-30)

where the actual length is measured in megawatts. The coordinates

of the, circle center are

Pro ~ ~ ^
(i®
“ “) megawatts (8-31)

Qro =
I
Er- sin (/3 — a) megavars (8-32)

and are measured along the equal scales of megawatts and megavars

laid out on the abscissa and ordinate.

The position of the reference line for <;> = 0° is found by laying

off angle p from the reference axis as seen in Fig. 8-6. This is

possible since Er was originally chosen as reference but multiplica-

tion of the e.xpression by Er/B rotated the diagram by the angle

~p. A scale of values of 4> can then be added, starting from the

leference line on the circle, and these vdll indicate the angle between

Es and Er for aU possible values of Pr and Qr, at the assumed

voltages.

As a result, the circle shows the required values of Q for particular

desired P values, and indicates the reactive power which must be

available at the load if the desired Er and Es values are to be met.

In particular the circle shows that there is a maximum value of real

'power which may be transmitted over the line for the gi%'^en Es
and Er values, this maximum value being equal to the greatest

abscissa value of the circle, indicated as Prm in Fig. 8-6. This will

be further discussed in Section 8-7.

Example: The line discussed in Section 8-4 is operated at fixed

Es = 145.5 kv, Er = 127 kv, line to neutral. With

A = a/a = 0.953/0.5° and 5 = 6/^ = 123/81.0°



f

376 THE LINE AT POWER FREQUENCIES

the values for the receiving circle diagram of Fig. 8-7 are obtained

as

„ 127 X 145.5
~

151
“ 123

150.3 megawatt units radius

Pxo ~ — I
cos (/3 — a)

123 ^ 127® X cos 80.5° = ~20.7 megawatts

Quo = I
5k® sin (|3 — O')

0.953

123
X 127® X sin 80.5° = 123.0 megavars

Since the voltages used were line to neutral, all Pr and Qr values

will be per phase. The receiving circle diagram for this problem is

drawn in Fig. 8-7.

The results of the example of Section 8-4 may be checked, since

the voltages choseii above are those previously calculated.^Using

the load of 90 megawatts at 0.85 power factor, the Pr and Qs values

per phase are

90
Pr = = 30.0 megawatts

_ yu X sm ^cos~

3 X 0.85
-18.6 megavars

These values are located on the circle at L, and it is seen that the

line will carry this load at the assumed voltages, with the angle ^

between Es and Er equal to 10.5°, which checks the computed

value.

It may be necessary to carry a load of 0.80 power factor laggin?'

under the same voltage conditions. Such a power factor load lu:-'

drawn mth appropriate slope is shown in Fig. 8-7, and is the locus

of all Pr and Qr having the required power factor. The circiC

diagram immediately shows that under the assumed voltage^
ditions, a load of 26 megawatts and 20 megavars lagging nili

carried udth = 8.5°. However it may be desired that the

carry 40 megawatts 0.80 power factor lagging, and this load locsta

point M having Pm -f- jQn = 40 — ^30. If ill is projected up to



§8-5] THE LINE AT POWER FREQUENCIES 377

Fig. 8-7. Receiving circle-diagram for example of Section 8-5.

circle at N, it is found that the coordinates of N' are -h JQn ~

40 — jl4. Thus if 30 — 14 = 16 megavars of leading reactive

power were supplied at the load by a synchronous capacitor, the

specified load condition could be carried at the specified voltages,

with an angle oi <l>
= 14.5°. Thus actual loads can bo made to

meet desired lino operating voltages by providing reactive power

at the load.
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Fig. 8-8. Alterations in the circle diagram for. varying Es.

Since the circle center is independent of Es, but the radius is s

linear function of Es, it is possible to obtain a family of receiver

power circles representing fixed Bn and variable jBs as in Fig. 8-S,

by changing the radius in proportion to the changed value of Es.

This broadens the application of this circle diagram.

8-6. Sendins power-circle diagram

In a manner similar to that of the preceding section, and starting

with Eq. 8-14

En — EEs ~ Els

it is possible to develop a circle diagram showing sending end or

input conditions for fixed En and Es. Multipljdng by Ea/B

EnEs = EsIb = Ps jQs (8-33)

Again these quantities are in megawatts and megavars per p}l2^e,

if En and Es are in kilovolts.

If ^ is the angle between Es and En, with Eg as reference, then

Ps + jQs = ^

and this is again recognizable as a circle with center located bytb.
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first term on the right, the radius determined by the second term
on the right. Defining D = dl^ B = b/Bj then the radius is

with center at

Rs
\B{

megawatt units (8-35)

Pso =
^

cos (/? — S) megd^atts (8-36)

Qso “ ~ ^
sin (p — 5) megavhrs (8-37)

Fig. 8-9. Sending-cnd powcr-circlc diagram.

The reference for </> = 0 is laid off at an angle p from the reference

axis as before, this time resulting in the 0 = 0° point to the right

of the radial line to the circle center. Figure 8-9 shows the sending-

cnd circle diagram.

It is possible to draw the sending and receiving circles on the

same P and Q axes, and obtain additional performance information.

Tliis is done in Pig. 8-10 for the line used as an example in Section

8-0. It was therein found that the lino operated at 0 = 10.5°,

and operating information maj' be obtained by drawing a line
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included, as properly reflected into the line circuit by the transformer

ratios.

For the case of a line connecting two generators or two large

power systems, where the power capacity of both may be considered

very large, and where the voltage is regulated at both ends of the

line, the possible power limit can be obtained from the largest

abscissa value of the receiving end circle diagram. This can be
expressed as

PRii — Rr — Pro

\EnEs'
Pru =

Ifil
— ^

Er^ cos (/3 — a) megawatts/phase (8-41)

which gives the limit as set by the line impedances.

Transient stability of a line or system under transient conditions

of sudden load application or switching is indicated by the abibty

of the system to damp out any oscillations in angular displacement

between the connected machines. If unstable, these transient

oscillations will increase in magnitude to the point where the

instantaneous power flows between machines become so great

as to completely disrupt system operation, and damage equipment.

Stability is thus distinct from power limit in that it includes the

dynamic characteristics of the connected prime movers and syn*

chronous motor loads.

These external stability factors involve the prime-mover torque,

the inertia of the prime mover and generator, and inertia and torque

conditions imposed by motor loads on the system. In addition,

the generated voltages of generators and synchronous motors, and

the line and machine reactances are important. Since the line char-

acteristics are only one element in determination of transient

stability, and since the consideration of machine characteristics is

beyond the scope of this book, the matter will not be gone into

further here.

8-8. Network analyzers

Many complex transmission systems can only be studied by uk

of system models in electric analogue computers known as netw-

analyzers. These devices use the transmission line equivaen

circuit to represent lines, and have power sources and loads to se

up a low-power model of a complete system. They are empioj
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system studies of power flow and generating plant loading of existing

and contemplated future systems, for studies to determine proper

protective breaker settings under short-circuit conditions, and for

determination of stability limits.

A network analyzer employs adjustable R, L, and C networks,

xisually arranged as ir sections, to simulate lines, although short

Fig. 8-11. Partial view of large network analyzer.

lines may be represented just by their series quantities. In addition

there are provided adjustable R and L series or parallel circuits to

serve as inductive loads, capacitors for representation of leading

loads or of series capacitors, variable-ratio transformers, and 1:1

transformers for representing mutual coupling between phases or

parallel lines in short-circuit studies. The generators or power

sources have output voltage controls analogous to field current

adjustments in actual generators, and phase angle controls analogous

to governor settings on driving turbines.

For usual three-phase system studies, a system map is drawn

on a single-phase line-to-neutral basis, with impedance expressed

as ohms to neutral on a common voltage base, obtained by properly

reflecting impedances through any connected transformers. Line
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impedances are obtained by calculation based on the geometry oI

the line as outlined in Chapter 5, although tables are often used to

shorten the work. The analyzer unite are then connected according

to the system map by cords and plugs as in a telephone switchboard.

Voltage, current, watts, vars, and phase angles may be read for

any unit at a central operating desk, where the master instrument

set may be connected to the desired line or load point by push

buttons and relays. To prevent errors due to the electric burden

imposed by the instruments, the latter are usually operated through

precision electronic amplifiers of high input impedance. A partial

view of a large analyzer is shown in Fig. 8-11.

Actual system operating voltages, currents, and impedances are

scaled to small analyzer base quantities. A convenient system

operating voltage, for which the map was prepared, such as

100 kv (line to neutral), is represented by the unit analyzer base

voltage, say 100 volte. The analyzer base current of possibly 1

ampere may be allowed to represent 1000 system amperes. Then

100 megawatts in the system appears as 100 watte on the analyzer,

and 100 ohms system impedance is represented by 100 ohms on the

analyzer. These analyzer base quantities vary in different analyzer

designs, but the principle is the same.

Since the system components are calculated in terms of pure R,

L, and C quantities and ideal transformers, it is desirable that the

analyzer components be equally ideal. In the case of resistors and

capacitors no difficulties are usually encountered, but for inductors

and transformers the specification is not so easily met. This diffi-

culty of pure inductors, or at least very high Q inductors, has lead

to a variety of analyzer designs, each, fostered by an attempt to

provide higher accuracy through reduction of losses in inductors

and transformers; reduced size and cost are also of major impor-

tance. Some of the more interesting of these methods will be

mentioned.

The first analyzer was built in 1929 at Massachusetts Institute o

Technology by H. L. Hazen and others, and employed a 60-cy e

operating frequency. At this frequency, iron losses were hig M

high quality inductors and transformers were large and expeMve.

Soon the Westinghouse Electric Corporation at Pittsburgh an e

General Electric Company at Schenectady constructe^ unis,

operating at 440 and 480 cycles per second, respectively,
to impro
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the Q of reactors by emploj^ent of less copper and less and better

steels. In these analyzers the reactor losses are of the order of

4 per cent, or most reactors have Q values of 25, and for high accu-

racy work it is necessary to reduce series resistor values to com-
pensate for reactor losses. The base values for the Westinghouse
design are 100 volts, 1 ampere, 100 ohms, and 100 watts; for the

General Electric unit they are 50 volts, 50 milliamperes, 1000 ohms,

and 2.5 watts. A number of similar analyzers of both types are in

use elsewhere.

One method emploj’ed to reduce the size, weight, and cost of the

needed reactors was introduced by E. B. Phillips in 1946, and
such a unit is installed at the Universit}" of Kansas. In principle the

reference impedance axes are shifted 5° so that a pure inductor

will then be represented by one having an 85° angle, and a pure

resistor by one having a —5° angle. The resistors are brought to

—5° bj' a parallel capacitor. The inductors, adjusted to 85° by a

series resistor, then appear to have an infinite Q by this method.

Representation of shunt capacitance is not so easy, since this

requires units having —95° angles. However, this is handled by
introduction of a properl3’’ phased au.\iliar3

’' voltage on the capacitor

bus. Proper metering is insured b3" shifting of wattmeter current

and voltage axes. Because of the high inductor Q obtained by this

method, it is possible to operate this anal3'zer at 60 C3'-cles, but

transformers are not improved by this method and some losses are

encountered. The base values are 100 volts, 25 milliamperes, 4000

ohms, and 2.5 watts.

Also in 1946, J. D, Ryder and TV. B. Boast designed and installed

at Iowa State ' College an analyzer operating
.
in conventional

manner but at 10,000 cycles per second. This insured Q values

above 100, or losses less than 1 per cent for all reactors, and trans-

former characteristics extreme^' close to the ideal. No operating

difficulties are encountered due to the high frequency, and size

and cost are materiall3’ reduced. Because of cotnplete electronic

generation and metering, the base values for this anal3'zer are

10 volts, 0.1 ampere, 100 ohms, and 1 w'att. A second unit incor-

porating this design is at the Universit3' of Illinois.

In 1951, E. W. IQmbark, J. H. Starr, and J. E. Van Ness installed

at Northwestern University an anal3'’zer in which the impedance

axes are shifted 180°, and conjugate impedances are used. Thus
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capacitors, easily obtained -with high Q, are used to represent

inductors, and resistors represent resistors. Shunt capacitances

in the system must be represented by inductors, but since such
capacitances have only nominal effect on system operation an
error due to low Q here is not so serious as when it occurs in series

quantities. Base values used are 50 volts, 10 milliamperes 5000
ohms, 0.5 watt, and operation is at 120 cycles.

There are several installations rising other compromise principles.

It should be noted however, that regardless of operating frequency

and base values, the actual employment in system studies is similar

on all. The use of network analyzers to solve system problems is

now very common, and some acquaintanceship with this form of

computer is advisable for anyone studying power systems,

PROBLEMS

8-1. A three-phase 60-c line is 150 miles long. The conductors

are 900,000 cir mil, 37-strand copper, with an outside diameter of

1.092 in. They are equUaterally spaced 38 ft. Find the equivalent x

circuit for the line, and the A, B, C, D constants.

8-2. A power station generates at 13,200 v line to line, and is

carrying a load of 60,000 kva at 0.86 lagging power factor.

(a) Find P, Q, and generator line current to load.

(b) How many kva leading must be supplied to bring the station

to unity power factor?

8-3. The line of Prob. 8-1 with input at 220 kv line to line, sup-

plies a total load of 100 mva (megavolt-amperes) at 0.8 lagging

power factor. Calculate the load voltage, and the input megawatts

and megavars, total.

8-4. A three-phase 60-c line has three 650,000 cir mil conductors

with 61 strands and self-GMR of 0.3586 in., spaced 30 ft each in a

horizontal plane. The line is 150 miles long and has load values of

200 kv line-to-line, 60 mw (megawatts), 0.9 lagging power factor,

total. Find Es, Is, and sending end megawatts and megavars.

What is the efficiency of transmission?

8-6. Compute the A, B, C, D constants for the line of Prob. 8-4.

Find the equivalent constants if two such lines are operated in

parallel. Show that AD — BC = 1 as a check.
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8-6. A 60-c line has total constants of Z = 80/80° ohms and

•y = 500 X 10~V90° mhos. Draw the equivalent tt and T networks.

8-7. Find Eb for the hne of Prob. 8-6, if = 96 kv line-to-

neutral, and the received power is 40 megawatts at 0.85 power factor,

lagging. Use the A, B, C, D constants.

8-:8. Draw on 11- X 17-in. graph paper sending end and receiving

end circle diagrams for the line of Prob. 8-6, assuming sending

line voltage of 125 kv and receiving voltage of 115 kv. If the load

has a power factor of 0.95 lagging, find the reactive kva which
must be supphed at the load, the angle between Es and and
Ps and Qs for loads of 20,000, 40,000, and 60,000 kw total.

8-9. The Boulder Dam-Los Angeles three-phase line has tubular

conductors of 1.40 in. outside diameter and 512,000 cir mils, spaced

32.5 ft horizontally. Draw a large-scale receiving and sending

circle diagram, for E, = 287,000 and Er = 275,000 v. Plot curves

of Ps and Qs, angle between Eg and Er, Qr, and line loss, against

received power.

8-10. What is the power limit for the line of Prob. 8-9?

8-11 . Draw circle diagrams on 11- X 17-in. graph paper in

terms of the ratio of Es/Er for the line of Prob. 8-9.

(a) For Es = Er = 166 kv (line-to-neutral) and load of 120

megawatts, find Qr, Ps, Qs, and hne loss.

(b) "RTiat synchronous capacitance is required at the load to

maintain 166 kv (hne to neutral) and load of 100 megawatts total,

if load power factor varies from 0.80 lagging to unity?
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Chapter 9

EQUATIONS OF THE ELECTROMAGNETIC

FIELD; RADIATION

Up to this point, consideration has been given to the currents

and voltages present in circuits and on lines, and only incidentally

to the electric and magnetic fields with which the currents and
voltages are alwaj's associated. At several points discussion of the

currents or voltages present in the circuit has not provided an

entirely satisfactory explanation, and it has been necessary to refer

to the fields present, without having a groundwork sufficient for

complete treatment.

Obviously, the problem is of “the-chicken-and-the-egg” variety,

since currents and voltages are never found without their associated

fields and vice versa. However, in many problems a knowledge of

the electromagnetic fields present provides a solution that is more

easily obtained and understood than one obtained by consideration

of currents or voltages. Particularly is this true in circuits which

are physically large \\'ith respect to the wavelength or in which the

time of propagation of the electrical disturbance from one part of

the circuit to another is appreciable -with respect to the time of a

cycle. Such circuits are encountered in lines, wave guides, and in

the radiation of electromagnetic energy.
,

The electromagnetic field equations were first concisely stated by

James Clerk Maxwell in 1864, in an effort to show that light is

electromagnetic in nature. His correction of a mistake of the early

experimenters in overlooking the necessity for the displacement cur-

rent, or in fact implying that electromagnetic forces propagate at

an infinite velocity, led to theoretical proof of the possibility of

radiation of electromagnetic energy and- the correlation of such

radiation "with light. Experimental proof that such radiation does

occur from electric circuits was not available until 1886, when

Heinrich Hertz demonstrated the fact and thereby laid the ground-

work for radio, upon which Marconi was to build a decade later.

The electromagnetic field equations, or Maxwell’s equations, as

389
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they are frequently called, are in fact merely restatements of basic

experimental electromagnetic knowledge and may be looked upon as

the basis of all electrical engineering.

9*1 . Multiplication of vectors

Certain mathematical symbolism or shorthand associated uitb

operations on vectors is quite common in the study of electric and
magnetic fields. This vector symbolism will be introduced and
discussed where required.

For instance, if a force F acts on a body of mass m and moves

it through a distance s, the work done is

TT = sF cos 6

where B is the angle between the direction of the force and the

positive direction of movement s. This type of multiplication is

quite common in physical problems, where F and 5 are vectors and

involve direction, but their product IF is a scalar. The operation

is called a scalar product, and the cos 6 is not written but implied

in the dot symbol as

TT = sF cos e = s • F (9-1)

Because of the symbol the result is also known as the dot product

of the two vectors. In general then, the dot product of two vectors

A and B is defined

A’B = AB cos e (9-2)

and the result is scalar.

Another type of multiplication of two vectors arises in other

physical problenis, for example, the force F on a current / in a

path of unit length in a magnetic field of density B. The magnitude

of the result is known to be

F = IB sin B

where B is the angle between direction of I and the direction of S.

The result here, however, is a force with direction- and this is a

vector. It is known, of course, that this force will be perpendicular

to the plane containing I and B, and directed as by the movement

of a right hand screw as / is turned into B.

It is again convenient to employ a shorthand symbol w ic •

in itself. teUs all this, and this is the implication of the X sjun 0
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in the vector product where

F = IX B (9-3)

Because of the symbol chosen, the operation is also called the

cross product.

In general, the cross or vector product of two vectors A and B
is another vector, in magnitude equal to AB sin 6, directed per-

pendicular to the plane containing A and B, and having positive

direction as that of the advance of a right-hand screw as .4 is turned

into B.

Because of this last statement, it is apparent that the order of

statement of the vectors is important and that

BxA = ~(A X B) (9-4)

It. is not correct to write

A X B = AB sin 0

since the right side is a magnitude only, without direction. How-
ever, it is convenient to define a unit vector n, which has a magnitude

of unity and the direction of the cross product result, and then it

is correct to write

A X B — jiAB sin 0 (9-5)

as a general definition for the vector product.

In space, a vector may be considered the sum of three components

along the reference axes. However, to write

A = Ax Ay At

is not correct because Ax, Ay, At are merely scalar magnitudes

measured in the x, y, and z directions, respectively. Again, to

simplify all this language, it is possible to call on the unit vector,

and define as three vectors of unit magnitude, i along the x axis,

j along the y axis, and k along the z axis. It is then proper to write

A as the sum of three vectors

A iAx + jAy + kAt (9-6)

as the expression in terms of rectangular components.

Products of vectors written in the above form may occur, and

it is necessary to inquire into the meaning of terms like i • f, and

i • j. Because the angle between i and i is zero, the dot product i • i
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they are frequently called, are in fact merely restatements of basic

experimental electromagnetic knowledge and may be looked upon as

the basis of all electrical engineering.

9-1 . Multiplication of vectors

Certain mathematical symbolism or shorthand associated vdth

operations on vectors is quite common in the study of electric and

magnetic fields. This vector S3rmbolism will be introduced and

discussed where required.

For instance, if a force F acts on a body of mass m and moves

it through a distance s, the work done is

TF = sF cos 6

where 0 is the angle between the direction of the force and the

positive direction of movement s. This type of multiplication is

quite common in physical problems, where F and s are vectors and

involve direction, but their product IF is a scalar. The operation

is called a scalar product, and the cos B is not written but implied

in the dot symbol as

TF = sF cos 6 — s>F (9-1)

Because of the symbol the result is also known as the dot product

of the two vectors. In general then, the dot product of two vectors

A and B is defined

A- B = AB cose (9-2)

and the result is scalar.

Another type of multiplication of two vectors arises in other

physical problenis, for example, the force F on a current / in a

path of unit length in a magnetic field of density B. The magnitude

of the result is known to be

F = IB sin 0

where 6 is the angle between direction of I and the direction of B.

The result here, however, is a force with direction- and this is a

vector. It is known, of course, that this force will be perpendicu r

to the plane containing I and B, and directed as by the movemen

of a right hand screw as I is turned into B.

It is again convenient to employ a shorthand symbol w c

.

in itself, tells all this, and this is the imphcation of the X sy® ®



§9-3] ELEQROMAGNETIC HELD EQUATIONS; RADIATION 393

B. In fact, if point A is at an infinite distance, the work done on a
unit positive charge in moving it from infinity to B in the electric

field of a charge Q is used as the definition

of the potential of the point B. In Fig. 9-1,

if g is the unit test charge the force on q is,

by definition, equal to S, the electric field

intensity. This force or field intensity is

Q
s = v/m

in the field of the point charge of value Q.

The work done on the unit charge q in mov-
ing a distance dl against a component of 8

along any path in the field of Q is the differ-

ential potential dV

:

dT'^ = —8 cos 6 dl

but this is recognizable as the dot product so that

dF = -£ • dl

Fig. 9-1.

charge q in

field established
charge Q.

B

Motion of

an electric

by

The total work done in moving from ^4 to B is the potential

F„B=-//8.d/ (9-12)

If the integral is taken along any closed path the limits would be

set as .A to A., a condition obviously resulting in a value of zero for

the work done. Hence it is possible to write

F = - ^£-f« = 0 (9-13)

indicating that no net work is done on the charge q in following a

closed path in the electric field of Q.

9-3. Potential in a chansing magnetic field; Faraday’s law

Tn 1831, Michael Faraday discovered one of the basic experi-

mental laws on which all electrical engineering theory rests. This

was the induction law, which states that

V = -
d̂t

(9-14)

where V is the potential induced in a one-tum circuit and is the
'

flux in webers linking the circuit. In words, the induction law stales
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will be a unit scalar. The product i • J involves the cosine of 90’

and the result will be zero. In general, the dot product of like unit

vectors will be unity, the dot product of unlike unit vectors will

be zero. Then

A- (iA, + JA, + M,) • (iB, + JB, + kB,)

= A^Bx + A„B^ + A,Bt

It is also necessary to consider i x i and i X j and similar terms.

The cross product i X i involves the sine of 0° and the result is zew

while the cross product i x j involves the sine of 90° and the result

is a unit vector in the direction of a right-hand screw turned from i

into j, this being in the direction of k, or ixj = k. The cross

product of two like unit vectors is zero, of two unlike unit vectors

the result is the third unit vector, positive if the normal rotation

is used, negative if the rotation is reversed.

A table of such products may be formed, as

i • I = 1, i X i - 0

i’j = 0, ixj-k
I • ft = 0, iX k = -j

The vector product operation may be systematized by use of

matrix notation, since it is found that the product j4 X S can be

written as the determinant of

Ax B =
i J k

Ax Ay Az

Bx By Bf

= i{AyBz - ByAz) \-j'iAxBz - BxAz) + k{AxBy - BzAy)

m
(9-9)

Two other multiple products will be stated as

(A X fi) • C = (5 X C) • >1 = (C X ^) • B = scalar (9-10)

(A X B) X C = B{C- A) - A(B • C) = vector (9-11)

These results may be readily proved by performing the indicated

operations.

9-2. Potential in an electric field

It is a well-known fact that work is done if an electric charge is

moved from a point A through the field of another charge to a poio
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B. In fact, if point 4 is at an infinite distance, the work done on a

xinil positive charge in moving it from infinity to B in the electric

field of a charge Q is used as the definition

of tlie potential of the point jB. In Fig. 9-1,

if q is the unit test charge the force on q is,

by definition, equal to 8, the electric field

intensity. This force or field intensity is

Q
4irr-e

v/m

in the field of the point charge of value Q.

The work done on the unit charge q in mov-
ing a distance dl against a component of 8

along any path in the field of Q is the differ-

ential potential dT^:

dV = —8 cos 6 dl

Fig. 9-1. Motion of

charge q in an electric

field established by
charge Q.

but this is recognizable as the dot product so that

dV= -8 • dl

The total work done in moving from .4 to B is the potential

(9-12)

If the integral is taken along any closed path the limits would be

set as 4. to A, a condition obviously resulting in a value of zero for

the work done. Hence it is possible to write

7 = - j>S-dl = 0 (9-13)

indicating that no net work is done on the charge q in following a

closed path in the electric field of Q.

9-3. Potential in a changing magnetic field; Faraday’s law

In 1831, Michael Faraday discovered one of the basic experi-

mental laws on which all electrical engineering theory rests. This

was the induction law, which states that

(9-14)

where V is the potential induced in a one-turn circuit and
<f)

is the

flux in webers linking the circuit. In words, the induction law states
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that the voltage induced around any closed path is given by the negalue

of the time rate of change of magnetic flux through that path.

It may appear that a fundamental inconsistency exists between

Eqs. 9-13 and 9-14, since the first states that the voltage around a

closed path is zero, and the second states that a voltage exists

around a closed path. The difBculty is readily cleared if it is recog-

nized that Eqs. 9-12 and 9-13 are not entirely general, since they

define a situation existing in a static electric field without providing
;

in any way for the possible simultaneous presence of a magnetic

field. If it is recognized that both tyqoes of fields may be, and -

frequently are, simultaneously present in a region, a more general

expression for the potential rise is i

\

If the path is closed, as it would be by starting at point A and

returning to A, the net rise or work done per unit charge must be

zero and consequently
|

(9-15)

This equation states that an electric field exists around any path

surrounding a time-varying magnetic field. It should be noted

that this electric field exists and is independent of the resistance of

the path chosen. The resistance of the path merely determines the

value of current that may flow as a result of the induced electric

field. Since current flow is not necessary for an electric field to

exist, an electric fleld may be set up even along a path in space.

In a region of static fields, Eq. 9-15 reduces to the form of 9-13..

In the preceding section it was shown that in the electric field oj a

static electric charge, the integral of the electric field around a closd

path is zero. Equation 9-16 states that in a time-varying mgndie

field the integral of the electric field around a path that encloses the

varying flux is not zero.

The two cases are thus fundamentally unlike. For an uMcr-

standing of either case, the moving test charge may be consider ^
constituting a current. Accompanyring this current is a magnetic

field. However, in the first case there is no interaction between e

static electric charge Q and any magnetic field, so that when e
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charge is carried completely around the closed path and returned to

the starting point, no work has been done. Such an electric sj-stem is

said to be conservative. In the second case the magnetic field due

to the mo^'ing test charge adds to or subtracts from the time-varj'ing

magnetic field, thus changing the energi' in the magnetic field.

Since the system is again conservative, the change in energy in the

original time-varying field is exactly the amount needed to equal

the cnergj’’ transferred to the test charge. In this manner the infor-

mation in Faraday’s law may be found to lead to Lena’s law.

9*4. The first ciectromasnelic field equation

Faraday's induction law may be put in a more convenient form

for use in regions of varjdng magnetic and electric fields. Consider

a rectangular path arbitrarily oriented in space and enclosing an ele-

mental area. Through the region passes a magnetic flux of density

Fig. 9-2. (a) Illustrating Far.nday’a induction Law; (b) the electric

field vectors nl point a.

B. The component B, of this flux density passes normally through

a projection of the circuit, parallel to the x,y plane, which may be

considered as the rectangle abed of Fig. 9-2(a). The area of the ele-

mental rectangle is dx dy = dA.

From Eq. 9-15, the emf induced around the circuit abed, 'if

the magnetic field is caused to vary with time, is

(9-16)
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and since B = (iH,

If fi is assumed constant or not a function of time, then

-n^dzdy
(9.17J

Such, an assumption imposes no restriction on possible variation 0!

fx at different space points in a region or in a material.

The .left side of Eq. 9-17 is the summation of all the elemenlal

electric field components times the respective distances through

Fig. 9-3, Relation of field intensity S* at points a and ft, separated a

distance dy.

which they act, and is accordingly the negative of the total emf ris

around the path abed. Consideration of the right-hand rule indicates

the induced emf will appear as a rise in potential in the direction

abed; or as indicated by the arrows in Fig. 9-2(a). By summing the

increments of field contributed by each elemental side of the

rectangle, the"total may be obtained for insertion in Eq. 9-17. Thh

summation should be performed in the direction abed, or in the

direction of the electric field.

The electric field existing in the region is not known in genera!

but at point a may be considered as having some value E with com-

ponents Si, S„, Si, as shown in Fig. 9-2(b). Thus the electric fidl

existing along 6a is — Sy. That existing along be may be readiif

determined from Fig. 9-3 if it is remembered that dy is an infinites

mal distance.

At point o the electric field in the z direction is 61, and if

s-directed field varies along y, then at 6 it may be expected to

some different value. Since the distance dy is infinitesima ,

^

variation may be plotted as a straight line at some angle a or
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a slops equal to tan a. Thus the i-directed field at b can be seen

to have the value G* + dy tan a (if the field decreases, tan a becomes
negative). However, tan « is the slope of the curve of variation of

6x with distance y or is expressible as d&Jdij. The fields acting

along two sides of the ahcd rectangle may then be summarized as

follows:

acting along ha is the field —S„

acting along ch is the field — (G^ + d&z/dy dy)

The field along dc may be obtained by an analysis similar to the

above for that along he, and it may be stated that

acting along dc is the field Gy + d&„/dx dx

acting along ad is the field G*

These 'are simply expressions for the electric field intensity or

voltage per unit length on the various sides of the abed rectangle, all

expressed in terms of a specified set of field components at point a.

If each of these field intensities is multiplied by the appropriate path

length,

along ha — ~Z„dy

along ch ~ — (G* + dZx/dy dy) dx

along dc = (Gy -f d&„/dx dx) dy

along ad = G* dx

The summation of these terms supplies the value for the integral

of Eq. 9-17, so that it is possible to write

-Gy dy - ^Gx +^ dy^ di -f- ^Gy -f-^ dx^ dy -f G* dr

Cancellation of terms gives

dH, j j-y-^dxdy

dx dy ^ d(
(9-18)

This equation states that if a r-directed magnetic field intensity is

given a time variation, electric fields oriented only in the x and y

directions will arise. This is merely a rather elaborate mathematical

way of stating the familiar right-hand rule.
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By consideration of the component of B in Fig. 9-2(a), nonnal

to a projection cf .he oripnal space path parallel to the x, z plane it

is possible to arrive at a similar expression:

ae. _ 88, _ 85j,

dz dx ^ dt

likewise for the component,

88, 88y _ dHx
By

~ ^ (9-20)

These expressions may be summarized as

BSr _ 8^ _ 1 Qj

dy
'

82 ^ Bt

88, __ _
82 Bx ^ Bi

^ -_ BS. _ 1 Q>

Bx Sy
~

^ Bt

(9-21a)

(9-21b)

(9-21c)

and are known as Maxwell’s first eUclromagnelicfield equations. They

are relations between the time rate of change of the components of a

magnetic field at a point and the variation in space of the componenta

of the electric field at the same point. A iimt'

varying magneticfield produces an electricfield. Tfce

electric field is constant if the rate of change d

the magnetic field is constant.

In Fig. 9-4 a magnetic field intensity

with time in the region induces an emf e in a cir-

cular loop of wire placed at a. If the loop of mre

be replaced by an insulated ring, an emf of the

samevalue is stillinduced, although only negligible

current will flow. An electric field 8, produced by

variation of the magnetic field, will exist whether a physical path

for current is present or not.

Fig. 9-4. A time-

vaiying magnetic

field produces an
emf e in a path in

a region.

9-5. The displacement current

Consider the circuit of Fig. 9-5 in which a battery is connected to

a slide wire on which is a sliding contact c. Points a and c^ wn

nected through anuneters At and As to a box mside which is,b

capacitor of capacitance C, with dielectric of penmttivity e.
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Let slider c, starting from a, move toward b so as to increase the

potential difference between the plates of the capacitor, thereby

increasing its charge. A current

t with direction as shown •will flow

through ammeterA i ,
and an iden-

tical current •vs’ill flow through A-.

If the box were closed, all external

evidence would indicate a con-

tinuous circuit between the am-
meters. With the capacitance C
present it is e\ddent, however,

that no current actually flows

between the plates of the capaci-

tor, although the electric field

between the plates has been increasing. It appears that the phe-

nomena that happen in the dielectric between the capacitor plates

are exactly the same as if a current i, called by Maxwell the dis-

placement current, were rcallj’’ flowing between the plates.

If the motion of slider c is stopped, the movement of charge

ceases and the ammeters indicate that the current flow is zero.

Hence the displacement current is seen to flow only when the elec-

tric field in the dielectric is changing. The equivalent (or displace-

ment) current may be readily correlated with the rate of change of

electric field in the dielectric. If the area of either capacitor plate

is A and the charge at any instant is Q, then if fringing is neglected

the electric field S in the dielectric is

Fig. 9-5. Charging current due to

change of potential on a capacity.

The variation with time maj' be obtained as

as J_aQ
dl

""

trl M

(9-22)

(9-23)

The term dQ/dt can be recognized as a current i, the displacement

current. Then

jd = ^
= amp/m» (9-24)

where ja is the equivalent displacement-current density through the

dielectric.
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Thus, if at any point in a ^electric (or space) the electric field is

changing at a rate 98/3t, the phenomena resulting therefrom may
be regarded as identical with what would happen if a current of

density ja were actually flowing through, the saine region.

It may be readily shown that the displacement current concept

is consistent with ordinary circuit theory and that displacement cur-

rent is really intended every time the current through a capacitance

C is written as

For simplicity, assume that C is a parallel-plate capacitor of plate

area A and spacing S with fringing neglected; then

C = ~ farads

Since the plate spacing 5 is constant,

i
.• _ ^ d{e/S}

and since e/S = 8 for the parallel-plate case,

'i i d5 , .

(9-25)

which proves the identity of the charging-current and displacement-

current concepts.

A current must then be considered as flowing in a dielectric

through which an electric field is changing, and this current must be

allowed for in determining the magnitude and direction of the

resultant magnetic fields. If a circuit consists partly of conductors

and partly of dielectrics, a conduction current appears, with a dis-

placement current component also present if the electric field

intensity changes with time.,

A vacuum tube is an example of a device in which both currents

may exist, the conduction component being due to electron Sow sn

the space, with addition of a displacement current due to charge

rearrangement at any time at which the electrode potentials change.

9-6. The second electromagnetic field equation

A current of density J amperes per square meter is flowing w 8

region. This current may be either the conventional conducfien
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current density jc or a displacement current density jd, or both at
once. Therefore, if J is to be the total current density in the region,

J^jc+jd (9-26)

Such a current density may be considered as flo\\dng through space

with a portion enclosed by a prescribed path of which the elemental

Fig. 9-6. (a) Illustrating the magnetic field due to a current density

(b) the magnetic field vectors at point o.

rectangle alcd, Fig. 9-6(a), is the x,y plane projection. The current

I, enclosed by the ahcd rectangle is

/r = Jz dA = Jtdxdy

By definition, the magnetic intensity H along a path of length

I enclosing a current I is related to the enclosed current as

HI = NI ampere-turns/m (9-27)

which, since the abed path encloses one turn, may be written

Hl = Iz^Jzdx dy (9-28)

The term HI represents the magnetomotive force (mmf) and is equal

to the current enclosed. This value of mmf maj’^ be computed over

any path, so long as it encircles the current dx dy. It may be

expressed as

. Hl = j)H-dl

By writing down the value ofH along any part of the path, multi-

plying by the length of the path over which that value ofH exists,

and adding up all these elemental values of mmf, the total mmf is

obtained.
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The magnetic field will not be specified over the whole region in

general but may be defined as having components Hy, //,

point a as illustrated in (b), Fig. 9-6. The fields and magnetomotive
force in the direction indicated around the abed rectangle ms}- be
stated as follows:

acting along ad is the field and the mmf is dx

acting along dc is the field H„ -f dHJdz dx, and the mmf is

(H„ 4- dHy/dx dx) dy

acting along ch is the field -(F, -f dEJdy dy), and the mmf is

~ (Es + dHs/dy dy) dx

acting along ha is the field —Hy, and the mmf is —H, dy

The Gelds along dc and ch are obtained in a manner similar to thst

employed in Section 9-4 and Fig. 9-3. Then

totalmmf = H.dx -j-

But this mmf is, by Eq. 9-28, equal to the current enclosed, or

from which = J,dxdy
'Ihe current-density component Jy may be considered as produdug

a current ly = Jydxdzma projection of the ori^al path on thei,*

plane. By similar reasoning to that above, Jy may be found to be

related to the fields as

^ ^ / (MO)
dz dx ^

Similarly for the component,

dEt _ 5^ _ (
941)

dy dz
^

If the electric conductivity of the elemental region is <r, it is pof-

able to write for the conduction current density in a material

je = amp/m®
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In view of Eqs. 9-24 and 9-32, the total current density in the

region maj' be written as

J == jc + jd = (9-33)

thus eliminating the need for the concept of current flow and
expressing the right side of Eqs. 9-29, 9-30, and 9-31 in terms of

the electric field intensity. Rewriting those equations gives

dH.

djh
dz

aH,
dx

_ p I

dH.
dx

= ffSy -f t

d8.

dt

dt

affr
,

ae.

(9-34a)

(9-34b)

(9-34c)

These areknown as Maxwell’s second electromagneticfield equations.

Consider a number of electric charges in space, near a point P.

If the charges are stationary, there is an electric field at P due to all

the charges, but no magnetic field. Whenever the charges move
: with a velocity v, the electric field atP changes, and simultaneously

a magnetic field is produced at P. From the current viewpoint, the

moring charges constitute a current that sets up a magnetic field at

P, but Eq. 9-34 indicate a direct relationship between E and H,
without need of the concept of current. Viewed from this stand-

point, the production of the magnetic field around a current may be

regarded as due to the change with time of the individual electric

.'fields from the moving charges. Briefly, a moving charge produces

magnetic field.

The presence of both conduction and displacement currents on

the right side of Eq. 9-34 need not be confusing. It is possible

that the area dA enclosed by the line integral path may contain either

dielectric or conductor, or both. If a dielectric is present, <r will be

substantially zero; whereas if a conductor is present, « will usually

be negligible with respect to <r. Generally, then, in conductors only

the term containing tr need be considered, and in dielectrics only the

term containing e is appreciable.

v i Maxwell's equations may be regarded merely as mathematical

jmeans of exactly specifjung information contained in the conven-
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tional right-hand rule. It should be noted that the only materk!
needed in the development was the experimentally verifiaV*

Faraday’s law, and the definition of magnetic field intcnsily

The foundation of the equations is seen to be solid and compleiclr

free of any limiting assumptions. Thus Maxwell’s field cquatioi
are truly fxmdamental,

9-7. Gradient and divergence

In several of the previous sections, derivatives have been take!

of components of vectors, and further study should be given b
these terms which represent rates of change in space or time.

Fig. 9-7. Demonstration of gradient in a scalar field.

Consider the scalar potential field surrounding an isohtf!

electric charge. The potential at any point P is V, and this ks!!'

potential varies with distance from the charge. Equipolcn'k

lines may be drawn as in Fig. 9-7. Since this is a two-dimensraJ.

field, the rate of change of potential from point to point in the -

can be described in terms of two directed components. Considtnr^

A in Fig. 9-7 to represent the greatest rate of change in potentui

point P, this greatest rate has a direction and is a vector.
^ ^

This vector rate of change has been given the more descrip‘i^

name of gradient, which implies a vector directed along sn

magnitude equal to the greatest rate of change of potenfia s-*
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point. Vector A or the gradient of V is abbreviated grad V and
written

gradT^ = f^+y^ (9-35)

in a two-dimensional field. It is apparent that the gradient vector

will be at right angles to the equipotential lines of the field. How-
ever, the direction of the gradient may vary from point to point

Fig. 9-8. Demonstration of divergence.

in the field, and this is apparent from consideration of some other

point P' in the field.

To illustrate, if the page of Fig. 9-7 were a conductor, the current

at point P in the indicated potential field would be along A. Like-

wise if Fig. 9-7 represented a scalar temperature field in a medium,

the flow of heat would be directed along the gradient. This would

also hold true if a three-dimensional field were present, a third

vector component then being added to Eq. 9-35.

It is, of course, apparent that this idea of vector rate of change

in a scalar electric potential field leads directly to the concept of

electric field intensity. In fact electric field intensity, in three

dimensions, may be defined as

+ sg) (9^6)

This expression justifies the idea of gradient at this point.

AJvector field (flux or velocity, for instance) may also have a space

variation at a point, and this is called divergence. The velocity or

rate of flow of water through a pipe is a vector. However, since

water is incompressible, the vector flow into the pipe of Fig. 9-8 (a),

must be equal to the vector flow' out of the pipe, and such a system
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is said to. have zero divergence. If the pipe is filled witli nir, .r ?

momentarily more air is flow-ing out of the pipe than is flouinrV

the divergence of the flow is not zero. Actually, a.s diverpenrf ii

used it applies as if the pipe were infinitesimally small, givin? i

divergence at a point.

An electrical e.xample is also available. Consider a region Iwu-;
electric flux densitj^ D, with an infinitesimal box, of sides dj, s-

and dz, placed at a point P, as in (b), Fig. 9-8. From tlm lan-cf

electric fields, if no charge exists inside the box, the total divirr

flux which enters the box is equal to the total flux leaving; thyk?

then has zero divergence. If a charge density p exists in the rtri''.:;

the flux entering and leaving may not be equal, and the divergirrt

is not zero.

Considering components of flux density as P,, P„, and ])„ sr.l

setting outward flux as positive, the flux entering side ABCDvyl

be —Dr dy dz, and by the reasoning of Section 9-4, the flux Ic-aw.?

side EFGH will be

^Dr + dx^ dy dz

dD
so that the net outward flux due to D* = dx dy dz. Rc.i?orir.f

ox

gives similar terras for the other flux components, so that the tvld

outward flux from the box is

outward flux = ^ dx dy dz

By Gauss’s law the outward flux from a charge is equal in il‘

charge enclosed, and p being the charge density, the charge wc!??-

by the box is p dx dy dz. Then from Gauss’s law

dDz dD,,
,
dD,

IT + IF ‘"sT
“

By definition, the left side of this expression is the divergrrers

vector D, written div D, so that

div D dPz .dD„,^
dx dy dz

and Gauss’s law can be stated as

'div D — p
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Since magnetic flux in homogeneous media is continuous, it is

apparent that

div S = 0 (9-39)

and Eqs. 9-38 and 9-39 are important results in electromagnetic

field theory.

It may be noted above that both gradient and divergence involve

a three-dimensional operator of the form

and this is given the shorthand s3Tnbol V, and the name del, or

nabla. Since it has the sjunbolism of a vector, it may be handled in

dot and cross products. That is, it maj' be found by performing the

indicated operation, that when operating on a scalar quantitj' P,

the result is

.dP
,
.dP

,
,dP , „VP = ,_+j_-}-ft_ = gradP (9-41)

and VP is another expression for the gradient of P.

Likewise performance of the indicated operation will show that

’’the dot product of V and a vector A jdelds

V • A a.4x
,
dA„ dA,

dz
= div A (9-42)

V . A = div .4 (9-43)

This leads to a very important theorem. Flux of an electric

density P passing out through any^ area (the net value) is

fn^da

and the net outward flux passing through a closed surface is

net outward flux = (9-44)

But for any element of volume dv inside the surface, the diver-

gence or net outward flux is V • 2?, and for the whole volume it is

net outward flux = • D dv (9-45)

However, Eqs. 9-44 and 9-45 represent the same quantity, the
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net outward flux from a region, or

fsD'da^ f^V-Ddv

This result, the equating of a surface integral of a vector quarithy

to the divergence of the same quantity within a volume, is of prest

importance and is known as Gauss's theorem, or the (Uixre/u.i

theorem.

9-8. Curl of a vector; Maxwell's equations rewritten

The line integral of a vector field as

<^S-dl or ^H‘di

has already been encountered. Such exprassions are also kriotra

as the circulation of the field since they are the result of a eirc'ii!nti%

around a closed path. However, in arriving at either of the-;

expressions, as in Eqs. 9-1G and 9-28, it was found that the reiuH

was dependent on an area. The circulation per unit area is mora

general and the limit of the circulation per unit area or

A • dl about a closed path

area bounded bj' the path

as the bounded area shrinks tor a point, is called the curl ralu'; st

the point. Thus the curl of a vector field at a point is a vci te;

found by orienting an infinitesimal area norma! to (he (ie<;re!

direction, and finding the value of a line integral per unit encIi.K'1

area. The name should not necessarily be associated m’th a ciir.i-

ture of a field, as will be shown.

Consider Fig. 9-9(a), showing equipotential linos in a field, h

the rectangle is infinitesimal, the line integral of the field, (•}' t.

methods of Section 9-4, for counterclockwise tracing of thep::‘ij--

circulation = Z • dl = S,~ dx + dij

dy /

Dividing b}^ the infinitesimal area dx du gives

/5G„
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' (0) fx (b)

Fig. 9-9. (a) Curl is not zero; (b) curl is zero.

as the value for a two-dimensional field. The unit vector ft appears

because of the orientation of the area chosen for computation of the

line integral, this area being perpendicular to the ft vector. A three-

dimensional form for the curl is

If the rectangle in Fig. 9-9(b) is infinitesimal, and the equi-

potentials are equally spaced as shown, or the field is uniform, the

curl of £ at point P for that situation is zero, since the field com-

ponents on opposite sides of the rectangle will be equal but traced

in opposite directions.

The situation at (a) differs, however, since the field intensity

along side C differs from that along side A, and also that along B
differs from that on D. That is, the curl is a three-dimensional

statement of the space-variation of a, field at a point, and may be

recognized as having a value, or as the field situation due to pres-

ence of a charge or a current, as examples.

It may be easily found that the above expression ^for curl can

be written by taking the cross product of the operator V and a

vector, and also may be written as the determinant of a matrix

form, for example;

i J k

_3 j9

dx dy dz

6x

curl £ = V X £ =
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If Eqs. 9-21 are multiplied by the appropriate unit vectors

Maxwell’s second field equation could be handled in a similar

manner, 3delding

curlH = VXH-(t& + €
dt

(9-51)

These two equations are sometimes combined with Eqs. 9-3S

and 9-39 as

rr v-V X 5 = — fi
dt

V X H g
C7t

(9-52)

(9-53)

V . B = 0 (9-54)

V - D ~ p (9-55)

as the four basic equations of field theorJ^ These equations and the

notation of gradient, divergence, and curl, will be used as required

in what follows.

9-9, The plane wave in space—

I

Maxwell’s equations may now be applied to a simple case o!

combined electric and magnetic fields in space. The equations are

usually employed in specific problems by insertion of knorm

boundary conditions of the fields, Avith one or more field values

usually going to zero as a result. The remaining equations are then

solved simultaneously for the actual field values that must ex!=t

for the specified boundary values.
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The immediate problem is to determine the fields under certain

conditions in space. Maxwell’s first equation, written in the form
of Section 9-8, is

V X £ = (9-5G)

The second Maxw'ell equation is restricted bj' the choice of the

medium, since the conductivit}’ <t of space is zero, so that Eq. 9-53

becomes

V X H = € ^ (9-57)

Consider a very large metal she

placed in coincidence with the x,t/

plane as in Fig. 9-10. The rest of

space in the positive-z direction

is assumed empty. Permit a uni-

formly distributed current to flow

through this sheet, parallel to the

X axis. The current value is to be

I amperes per meter of width of

the sheet, measured along the y
axis. At point P, on the z axis in

.space, there will be produced

some magnetic intensity If.

However, since the current is

oriented whollj* along the x axis

and the current is infinite in ex-

tent, there can be no components

17, or Hi directions. It can then b

thcoretic.allj' infinite in extent.

Fig. 9-10. Fields due to nn infinite eur-

rent sheet in the r,y plane.

of the magnetic field in either the

e stated that

and it follows that

H, = //x = 0 (9-58)

dll, _ dH, _ dll. _ dH, _ dH, _ azfx

dl dl dij dtf dx dz
(9-59)

The magnetic field at P then consists wholly of one component, H^.

The current through the sheet may be permitted to vary with

time at some rate di/dt. Because of the proportionality expressed
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in the relation

there will then be a variation of Hy at some,rate dHy/dt. Variations

of Hy at P will be delayed, however, with reference to those varia-

tions taking place in the current sheet at.the origin, as the result of

an implied assumption that magnetic eflfects travel at a finite

velocity. This assumption is reasonable, since no physical phe-

nomena have been discovered to be infinite.

Because of the infinite extent of the sheet, there can be no varia-

tion of any electric or magnetic quantity with x or y, since any events

that occur at P happen simultaneously at all points in a plane

through P parallel to the current sheet. Point P might exist any-

where on this plane without encountering any change in E or H
due to position. Further boundary restrictions are then obtained as

dHy _ d&y _ as,, _ ds, _ as, ^ Q
dx dx dy dx dy (9-()0

)

The boundary values of Eqs. 9-59 and 9-60 may now be applied

to Eqs. 9-56 and 9-57, or more con-

veniently to 9-21 and 9-34, resulting

in only two equations:

dHy d&z- - = e—
dz

d&r

dz

dt
(
9-61 )

= (
9-62)

for the particular plane of current, all

other field components being zero or

constants in time, the latter not being

of interest. The field components at

P are then seen to be and Hy, aad

these are indicated in Fig. 9-11.

These equations may be solved by first separating the variable-

Differentiating Eq. 9-62 with respect to time gives

Fig. 9-11. Fields at point P
on the 2 axis in front of the cur-

rent sheet.

d'Sr d^y
dt-dz dt

= —p.
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and differentiating Eq. 9-61 with respect to z gives

_ _ a^Sx

bz^
^
5“ bl

Combining the two equations gives

1 bm^
bl^ fie bz^

-which may also be written

fie^^V^H

(9-63)

(9-64)

in a three-dimensional form.

Reversing the differentiation by operating on Eq. 9-62 with

respect to z and on Eq. 9-61 with respect to t gives

bt^ fie bz^
(9-65)

which, in threp-dimensional general form becomes

(9-66)

Equations 9-63 and 9-65 are standard forms, referred to as the

wave equations for a plane wave. Equations 9-64 and 9-66 are the

general wave equations for any form of wave. The reason for the

name of these equations will be apparent shortly.

The wave equations are partial differential equations of the form

b^P _ , b^P

bP “ " bz^
(9-;67)

where v = l/-s/n7- -A- complete solution for this equation is pre-

sented in Appendix A, the method merely being indicated here for

brevity. By a transformation of variable such that, ,

,

‘
. u — z + yt, w = z vi .

' '

Eq. 9-67 niay be transformed to

b^P,

bu bw
= 'o (9-68)
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which is directly integrable. Integrating with respect to w,

du
= Ku)

and with respect to u,

P ~
J/(«) du + /i(w)

An integral of f(u) is some other function /i of w, so that

P = /i(«) + Mw)

is the result of the integration of Eq. 9-68. By comparison, the

solution of the wave equations for and //„ yields

Si = Fi(z -f- vt) + Fi{z - vt) (9-69)

= Fz(z + vl) + Fi{z - vt) (9-70)

Since z is a distance and t is time, it is necessary that d be a velocitr

in order that the equations be dimensionally correct. The parameter

V was introduced as

and in space = /t, == 47r X 10-^

^ 10’ ^ 10'®

' 47rc’ 36t

When' these values are inserted, it is found that in space

V = c = 3 X 10® meters/seo

Because of the presence of i; in the equations, it can be reasoned that

there is motion of some physical entity at the velocity v, which h

equal to that of light and in any medium is given by

V (9-71)

It will be found that this moving physical entity is energy.

Equations 9-69 and 9-70 are in the form of the solution of the

usual vibration equation. It can also be shown that the solutions

previously obtained for the transmission line in terms of the incident

and reflected wave are of this form. Mathematically,
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representB phenomena (a wave) moving in the negative-r direction

in Fig. 9-10, and F»(z — vt) represents phenomena moving in the

positive-2 direction. These waves are analogous to the reflected and
incident waves of line theory.

A wave in which the variation of the field components, S* and Hy,

takes place in a plane perpendicular to the direction of propagation

is said to be a transverse wave. Consequently, the result of the time

variation in the current sheet of Fig. 9-10 is a transverse electro-

magnetic wave moving in the z direction with the velocity of light,

and with the fields £* and Hy, mutually at right angles in space.

This particular transverse wave is called a plane-polarized electlro-

magnetic wave.

9-10. The plane wave in space

—

II

The fields developed in the preceding section in terms of arbitrary

functions may be given a more definite physical form by an assump-,

tion of a sinusoidal time function for the current of the infinite

current sheet. Thus let

i = lo sin cot

be the form of the current variation in the sheet. Because of the

proportionality between t and H, the magnetic field at the surface

of the current sheet will be /

Hy = Ho sin cot

Since a finite velocity of propagation of a magnetic field was assumed

and since this velocity has been found to be that of light, whatever

happens to the magnetic field at the origin. Fig. 9-11, will happen

to the field at P, somewhat later, and the magnetic field at any

pointP on the z axis may then be expressed as

Hy = Ho sin to(« - tp) (9-72)

with the current used as the time reference. The factor ip the

time of propagation of the wave from the origin to P and is

where z is the distance to P and v «= Hence the magnetic
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field at any point P is
^

,

Hu = Ho sin
(9-73)

i 1 ,

Hy m
Fig. 9-12. Electric arid magnetic

sinusoidally varying fields at an
instant in time.

This is obviously a function of (z — vt) and corresponds to Eq. 9-70

^
.

as a solution of the wave equatioD,

representing a wave moving in the

positive-z direction in Fig. 9-11; It

is apparent that the function of

(z -f Vi) is missing, a fact explain-

able by the prior assumption of

infinite space in the positive-2

region,. If there is only space in

that region, there is nothing .to act

as a source, or reflector and to start

propagation in the negative-zdirec-

tion. This condition is analogous

to the, absence of a refllected wave on an infinite line. Hence it is

possible to conclude that for the conditions under discussion, the

function of (z + vt) is zero.

The expression sin — z/v) shows that the field is a sine

function of time at any particular z, or a sine function of z at any

particular time. This statement is explainable as a sine ivave

traveling along the z axis as illustrated in. Fig. 9-12, where the

accompanying electric field wave is also shown, at a particular

time t.
. ,

The equation for.the accompanying electric field may be obtained.

One of the resultants after application of the current-plane boundary

conditions to Maxwell’s equations was Eq. 9-61:

SHy 3^- “
7 dt V .

writing Cr since the point P is in space. Differentiation of Bj-

9-73 with respect to z gives

(Wl
dz V \ v;
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and substitution in Eq. 9-61 leads to

d&x « rr A=-FoCosco(^t--j (9.75)

Integration -with respect to t gives the value for the field S* that
accompanies Hy-.

Si = -^ Ho sin to ( t — -

1

trt) \ v/

The constant of integration may be neglected, since a static field is

of no interest in a study of radiation. In view of the value of v,

this field may be written as

Si = Ho sin w(^ — ^ v/m

Writing Hy for comparison,

= Tfo sininto(t-0 ampere-tums/m

(9-76)

(9-77)

showing that the electric field in space is in time phase with the

magnetic field.

Examination of Eqs. 9-76 and 9-77 indicates that

Hy (9-78)

The two field intensities are thus always proportional, and one

cannot exist without the other. The constant of proportionality is

VM.A»i which for space is found to be

^ = i2(hr = 376.6.

by coincidence equal to the value of w for 60 cycles. From Eq. 9-78

volts/meter

ampere-tums/meter

Since turns is a mere numeric factor without dimensions, it can be

seen that s/MtA. has the dimensions of volts/amperes and there-

fore is rightfully assigned the dimension of ohms.
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The electric and magnetic fields of the radiating wave are in time

phase in space, are proportional to each other, are mutually at right

angles, and are moving outward along z with a velocity equal to that of

light.

From this statement and other physical evidence it is possible to

conclude, as Maxwell did, that light is an electromagnetic wave.

9-1 1 . Energy of the radiated wave

Now that it has been shown that an electromagnetic wave is

radiated outward from the sheet of time-varying current, it is of

interest to obtain a measure of the energy carried or propagated

through space by these waves.

The energy present in a magnetic field is

uH^
joules/m* (9-79)

and that in an electric field is

I .

We = ~ joules/m* (9-80)

It is possible to generalize Eq. 9-78 for any medium by writing

fi and € in place of and €»• Rearranging gives

Vt Si = Vm Hy '

and after squaring both sides and dividing by 2,

= hMjl
(9

-81 )

2 2

By comparison with Eqs. 9-79 and 9-80, it can be seen that these

terms express the electric and magnetic energy per unit volunw

at any point in the wave and indicate that

We =

or the energy carried by one field is equal to that of the other.

Hence the total energy carried by the waves is

W = ^ = €6." = pHy^ = V/H S,H„ joules/m» (9-82)
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Cohsidfer a rectangular volume of dimensions 1 X 1 X dz ’with,

faces parallel to the x,y plane as shown in Fig. 9-13.

The energy in this element of volume is

dW = \/m€ fiiHy dz

The rate of flow of energy is then

— = (9-83)

This energy ismoving withavelocity

dz

'^~di
so that

— vv ye &xHy

and since v = l/\^e, the rate of energy flow or the power passing

through a surface at point P per square meter is

dz

Pig. 9-13. Illustrating energy-den-

sity flow past a point P.

P
dW
dt

= GiHy watts/m* (9-84)

This is Poynting’s radiation vector as applied to a plane electro-

magnetic wave. In more general terms it may be proven as

P = E X H watts/m* (9-85)

In general terms E X H delineates a parallelogram on a surface.

Then 8 sin 6 is the projection of E on a line normal to H, and EH
sin 0 is the area of the parallelogram. An area is a vector quantity,

since it is oriented or faces a given direction. The area vector is at

right angles to the area plane, and directed as by a right hand
screw as S turns into H through the smallest angle. Thus the direc-

tion of energy flow is given by the E X H area vector. This vector

is named Poyntings’ radiation vector after its discoverer, J. H.
Poynting.
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9‘1 2. Poyntins's theorem—the general case

From Maxwell’s equations

V X E = dH
di

V X H = (j£ +
dt

[§9.12

Now by performance of the indicated operations, it may be shown
that

V.(£XH)=if-VX£-£.VXi?
(9-8G)

and inserting the values from the field equations

If (1 and 6 are not variables in time, then

^'dt 2di
^

= I
—

/
z//2

^ di 2 di
^

(9-87)

so that

V • (£ X - -
2 qiY

Taking a volume integral of this quantity gives

From the divergence. theorem of Section 9-7,

^ V • (£ X H) dy =
, ^ (£ X H) • da

dv

~ da -
[|j

(ef-' + f dv (9-89)

so that
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It can be seen that

= increase in stored magnetic energy

= increase in stored electric energy

<rS* = energy dissipated

all per unit time. These three terms represent power supplied to

the system. Thus the term on the left represents the power flow

into the volume through the surface S, and reversing its sign gives

the power outward through the surface or

W = da = j^i£X H)- da (9-90)

Thus the outward flow of energy in an electromagnetic wave is

given by a vector (& X H) which gives both direction and mag-
nitude of the power flow.

Although the concepts of this section have been developed from

the plane wave, not much generality is lost, since, at reasonable

distances from the source, small sections of all waves tend to appear

as plane.

PROBLEMS

9-1. A plane sinusoidal electromagnetic wave traveling in space

has a maximum electric intensity of 1500 /iv per meter.

(a) Find the accompanying maximum magnetic intensity- in

ampere-terihs/meter.

(b) Propagation takes place in the x direction. The magnetic

intensity is directed as Find the direction of 8.

(c) Compute the average power density transmitted in the field.

9-2. A sinusoidally varying electromagnetic wave in a medium of

relative permittivity e, = 3.0, relative pernieability p = p,, is

transmitting power at a density of 1.2 w per square meter. Find

the maximum intensities of the electric and magnetic fields.

9-3. The plane wave of Fig. 9-11 has an electric intensity (rms)

of 100 pv per meter. It passes an antenna 3 meters long oriented

in the x direction.
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(a) Compute the emf induced in the antenna by consideration of

the electric field.

(b) Repeat, using the effect of the magnetic field.

(c) Reconcile your two results. What voltage value appears in

the antenna?

(d) Repeat (a) and (b), with the antenna oriented along the y
direction.

9-4. A plane sinusoidal waye in space has a magnetic intensity of

0.008 ampere-turn/meter rms.

(a) Find the average rate of energy flow in the wave.

(b) This wave enters a block of glass of relative dielectric con-

stant = 3, and ii ~ Find the velocity in the glass.

9-6. The earth receives 20,000 cal per square meter per minute

from the sun at noon. Calculate the maximum electric and mag-

netic intensities in sunlight. The maximum rate is twice the average

rate given. Is sunburn explainable as an electrical phenomenon?

9-6. A field is present in space and infinite in extent having

Ht = A sin ay cos oit

(a) Determine the accompanying electric field and show that

the "wave equation may be obtained, proving the presence of a

propagating wave.

(b) Show that functions of (y — vt) and (y -f vl) are present in

the fields.

Hint: F (y) Fi (t) unless both functions are zero or constant.

9-7. A square circuit of side I is oriented in the x,y plane with

sides centered at some points xo and yo. The field of Prob. 9-6 e.\ists

in the region.

(a) Compute the emf generated in the circuit by integration of

the magnetic flux through the circuit by conventional methods.

(b) Check the result of (a) by use of Maxwell’s field equations.

9-8. (a) Energy must be transmitted across the air gap of an

induction motor if the rotor is to rotate and deliver mechanica

power. Prove that energy flow is present by use of Po3Titing vector

considerations.
.

.

(b) For a core-type transformer with coils on opposite egs.
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show that energy is transmitted through the connecting core legs,

by Poynting vector methods.

9-9. By performing the indicated operations, prove the follownR

identities:

V • (V X s 0

V X (VP) =0
V • VP = V-P

V X V X i4 = V(V • - VM
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Chapter 10

TRANSMISSION AND REFLECTION OF
PLANE WAVES AT BOUNDARIES

Problems incident to propagation and transmission of electro-

magnetic waves involve the study of phenomena arising at the

boundaries between space and the guiding or directing conductors

or dielectrics. An important example of this is skin effect, or the

effect of a field incident on a conductor in penetrating into and

producing a current flow to only a limited depth in the conductor.

The confinement of fields in wave guides and in shields is entirely

due to skin effect or boundary phenomena. The identity between

electromagnetics and optics is well illustrated in such a study of

boundary effects, and many of the relations usually considered as

wholly in the field of optics can be demonstrated from the electro-

magnetic viewpoint.

The use of the plane-wave concept in analyses of electromagnetic

transmission may seem to lack generality. However, in view of the

simplicity of the analysis and the fact that at reasonable distances

from the source small areas of any wave front appear as plane waves,

the concept is frequently employed.

10-1. Conditions of field continuity at boundary surfaces

Let an electromagnetic wave reach a boundary surface beyond

which the conductivity, permeability, or permittivity is different

from that of the region in which the wave has been traveling. This

surface is indicated as dividing region 1 from region 2 in Fig. Iff-l-

Assume a rectangular box ABCD set up so that it is divided on sides

BC and AD by the boundary surface. The electric field intensity in

region 1 may be resolved into components normal to and tangentm.

to the boundary surface, as Si„ and Su. In region 2, any eicctn'i-

field intensity has components Szb and 821 . The surface charge is

assumed to be zero.

Now allow the box dimensions AD and BC to shrink until t cj

424
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become jnfjnitcsjmal. Then aide AB lies along and juat outaide the
surface, side CD along and just inside (lie surface. The work done
in moving a unit charge around the path AUCD, or the line integral

of the field enclosing infinitesimal area, mu.st be zero, so that

afo( + (~a) P-ji = 0

or = r,u (10-1)

since the other two parts of the path arc infinitesimal in Icngtli.

Since the path ABCD would enclose onl\* an infinite.'simnl current,

Fig. 10-1. Conditions in tlic olrctric field nt a boundarj" between two

mcAxa..

the line integral of the magnetic intensity around the path would bo

ecro. By methods similar to the above, it can be shown that

Uu - Uu (10-2)

It consequently becomes a rule of the electric or magnetic field tliat

the tangential components ere eor.tinnous acrofs a boundary. This

statement doc.s not specify the value of the normal components.

At boundaries between diclcctrica at which no free charge exists,

the normal component of electric flu.x density in region 1 must equal

that in region 2, since .an electric flux line may end only on a charge.

Then

If 0 | and Of are the angles between Cj and Gj and the normal#
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to the respective surfaces, then

1510-2

so that

tan ai
tiSit

€iSj„

tan ori

tan aj

tan 02 =

flSllAlSln

tzGjj/6262^

In view of Eqs. 10-1 and 10-3
,
this becomes

tan ai 61

tan a2 €2

Since magnetic flux lines are also continuous across a boundary,

a similar relation that

tan ot! _ fii

Ian 0(2 fi2
I'ln-s)

may be developed for changes in magnetic properties as they affect

the normally directed magnetic field iiitensities at a boundary’.

Refractions of electromagnetic waves in crossing boundaries are

thus indicated; they will be analyzed further in a later section.

10-2. The analogous transmission line for plane-wave propagation

At some particular point in a region of uniform properties, the

plane-wave fields as developed in Chapter 9 may be written

H], = Ho sin ut (iO-6)

Sx - Ho sin u{
e

(10-7)

The field equations relating the existing ffy and 6* fields for this

particular plane wave were found to be

dH^

dz
~ ^ dl

(10-S)

(10-9)

These are simply Eqs. 9-59 and 9-58 with the. restoration of the

conductivity term which was originally dropped, because propaga-

tion w’as to occur in space. It is returned here so as to obtain resuif^

suitable for propagation in anyrmedium.
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Since the fields 8i and have been stated as sinusoidal functions
of time, their derivatives may be taken m

dHy „= (alio cos £ot

as,

'
dt

•X _ Im

l “>/ £
Ho cos cat

and substituted in Eqs. 10-8 and 10-9 as

as.

dz

dHy
dz

= —catiHo cos (at

Ho sin cat — toe cos cat

In terms of the maximum values of the time functions, indicated as

and these equations become

3^1 -— = -Jca^Hy

dz
= — (<r -f Jco£)fi,

(10-10)

(10-11 )

In Chapter 6 relations for voltage and current on a transmission

line were developed as:

^ = ZI, YE
as as

with distance s measured as positive from the receiving end. When s

is measured from the sending end, or in the direction of propagation

of the incident wave as in the field case above, then

^ = -ZI (10-12)

^ = -r£ (10-13)

It can be seen that these equations are of exactly the same form as

Eqs. 10-10 and 10-11 for the field waves. Two differential equations

of the same fdrm will have solutiom of the same form. Thus Eqs.

10-10 and 10-11 will have solutions in the form of those for the

transmission line, predicting in general the presence of waves
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traveling in opposite directions.. The presence of- such waves in the

propagation of fields has already been established in Chapter 9

from field theory. Basic knowledge of -transmission of electric

energy on lines may then be applied directly to the transmission of

energy in electromagnetic field waves through use of the analogy

suggested by the differential equations. In fact, transmission along

wires is merely a special case of electromagnetic field waves guided

by the wires.

The analogy can be more firmly established by differentiation of

Eqs. 10-10 and 10-11 with respect to z and separation of the vari-

ables, giving

+ jue)Iiy

-f yue)6x

which may be written in the form

^ = (10-14)

= ^ (10
-15)

where 7 = vO’w/xfo- -f- jwe). - These equations are of the form of the

differential equations for the transinission line, in which case 7 was

identified as VZY.
j

From comparison' of Eqs. 10-10, 10-11, 10-12, an(i .10-13, and

from dimensionarconsideratiohs, it can be seen that E and 81, and/

and Hy, are analogous variables. Also, it may be noted that Z is
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analogous to jufi. Since for the line

Z = R juHj

then L and n are analogous quantities and there appears to be no
field transmission-line equivalent of R, the series-line resistance.

In a similar manner, Y is analogous to tr -1- jue, so that since

Y = G+jB ^G+jwC

<T is analogous to G and < to C. A transmission-line equivalent for

field waves would then appear as in Fig. 10-2.

The parameters of the transmission line representing conditions

of the wave analogue are readily obtained. The propagation con-

stant y has alreadj' been identified above as

y = y/jutiic + jut)

— y/ -u-tit -{ jufia (10-16)

The characteristic impedance or intrinsic impedance of the medium
furnishes the relation between E and H in an infinite medium and is

given the symbol where

'-4 -
V.-fe

Some manipidation shows that jj and y are related, since

_ y
y (T + jut

(10-18)

For propagation in space where o- is considered zero, these equa-

tions reduce to

nr J— = 120- = 376.6 ohms
\«r

since /i,, = 4- X 10“’, tr = 1/36 x X 10“®. The units of the ratio

are ohms in the rationalized m.k.s. sj’stem. The value of 376.6

ohms is considered the intrinsic impedance of space or the character-

istic impedance of the equivalent transmission line for waves in

space. The subscript v is used to indicate propagation in space.

The propagation constant in space is.

= ar + jPr = -sZ— U-nrer = juVMrf.
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from whicli it is seen that in space

ar = 0 ; /3r = w

In space there is no attenuation of a plane-polarized wave. For a
cylindrical or spherical wave there is, of course, a reduction of power
density in the wave as it propagates due to the constantly expanding

J^v

^ € 'I Cty

Fig. 10-3. The analogous transmission line for a plane wave in space.

surface area of the wave, but there is no dissipation of power in loss

components of the region. Substitution of values for p, and i, gives

Pv =
03

3 X 10«

and the velocity is

c =
03

K = 3 X 10® m/sec

as would be expected.

The equivalent transmission line for plane-wave propagation in

space is shown in Fig. 10-3. No loss elements appear.

The transmission of electromagnetic field waves inside a material

having the properties of an electric conductor may also be a nalyzed

through use of an equivalent transmission line. The intrinsic

impedance and propagation constants as given by Eqs. 10-17 and

10-16 are quite complex, however, so that certain approximations

concerning the relative values of and wcn. for metals are usually

made. The subscript m is used here to indicate values within metal

conductors. The dielectric constant or relative permittivity of

metals is usually taken to be that of free space, or 1/36 rr X 10'’-

The greatest value of the wcm term would occur for large values ofoi.

At present the shortest wavelengths generated by ultra-high- re-

quency electric equipment, as contrasted to optical equipment, are



§10-21 TRANSMISSION, REFLEQION OF PLANE WAVES 431

in the range of one millimeter, representing frequencies of the order

of 3 X 10" cycles. For that frequenc}^ oj is Gjt X 10", and the

greatest value of mm is therefore approximately 16.7. For copper,

the conductivity Cm is 5.75 X 10^ mhos per meter. Consequently,

for any frequency of ordinarj’^ interest in operation of electric

equipment, mm is entirely negligible with respect to (r„ for reasonably

good conductors.

Using the approximation for metals that m„ <5C tr„,

Vm = (10-19)

and 7m - \/jutlm<rm (1 + jl)
2

(10-20)

from which Qfm
luflrntTm. o IrnmO-m

•\/ 2 ’ yj 2

For copper, is 0.144 + j0.144 ohms at a frequency of 3 X 10"

cycles. The values of a„ and /Sm are 8.24 X 10® nepers and radians

per meter, respectively, at the same frequency. For lower fre-

quencies, ijm, Om, and /3„ are all reduced in proportion to the Vw

Fig. 10-4. The analogous transmission line for a plane wave in a good

conductor.

factor. At a frequency of one megacycle in copper, is 0.00026 -b

jO.00026 ohms, = 1.5 X 10‘ nepers per meter (13 X 10< db per

meter), and is 1.5 X lO'* radians per meter. Compared with the

values of attenuation normally e.xpected on wire transmission lines,

this is a huge attenuation, indicating that the wave is reduced to a

negligible tmlue in transmission through a few hundredths of a

millimeter of copper.
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The velocity of propagation in a metal is

which is a function of frequency. For copper, at a frequency of J

megacycle the velocit3^ is only 417 meters per second, and at W
cycles the velocity in copper is only 2.62 cm per second.

An equivalent transmission line for plane-wave, propagation in e

good conductor, shown in Fig. 10-4, consists simply of scries induct-

ance mth a value proportional to the permeability of the metal

and shunt leakance due to the conductivity o-„.

The parameters of equivalent lines for fields propagating in space,

metals, and good dielectrics are summarized in Table 7.

Tab Lie 7

SUMMABT OF PARAMETERS OF EqurV'ALENT TRANSMISSION LlNES

FOR Plane-Wave Propagation

Parameter
General

value
In space

In good

conductors

1

In good

didcctrica

V
’ <r -F Jtiit Vs

Z joifi jufi. ju/lm

Y a Jtiie Jwfp Cm A'«

y y/ —01^fit jufUT jw VMr«r ju Vpi

a 0 0

p W f^vfv
- /w/JmO-n

V 2 1

V
1

1

1

10-3. Reflection from a plane conductor at normal incidence

The concept of the equivalent transmission line

waves has prepared the way for understanding of the c iccts j c
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place when a plane wave moving in space strikes a conducting metal
sheet. Consider the plane wave with field components Sx and Hy
traveling in space in the direction of positive z, as shown at (a), Fig.

10-5. This is the same wave previously discussed e.xcept that the
origin of axes has been moved ahead of the wave to the new position

Uv Uv tjv
I

Urn Ufl) Um

(b)

Fig. 10-5. (a) Plane-wave reflection at normal incidence from a sheet of

good conductor; (b) the analogous transmission line for (a).

shown. The wave will strike at normal incidence on an infinite block

of metal placed with its face in coincidence with the x,y plane and

extending in depth to infinity on the positive-s axis.

The analogous transmission-line situation is showm at (b), Fig.

10-5. At the boundary of space and metal block at the origin, a

source of reflection has been introduced, because of'the junction of

a space-equivalent line with one of entirelj’' different characteristics

corresponding to metal. Consequently, another component wave

must be considered in region 1, namely, a reflected wave traveling

back along the z a.xis, and of magnitude determined by the reflection

coefficient at the boundary discontinuity. The magnitude of tins

reflection discontinuity between space and metal is apparent if it is
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considered that a space line of characteristic impedance equal to

377 ohms is joined to a metal line representing region 2 of char-

acteristic impedance less than a value of the order of 0.144--}- jo 144

ohms. The equivalent metal transmission line appears as very near

a short circuit on the field wave from region 1. As a result there

will be present in space an incident wave, a reflected wave of almost

equal magnitude, and in the metal a small transmitted wave that is

rapidly attenuated. The^ fields present in the incident plane wave
at a point in space are given by

Hy = Hr sin

“^/e
Hr sin ut

The total wave at any point in space may be found by recourse

to the transmission-line analogue. For the condition of an arbitrary

termination, the conventional transmission-line equations indicate

the presence of an incident and a reflected wave, the current being

expressed as the difference between the two waves, the voltage as

their sum. Writing these equations for the field conditions present

on the equivalent line of (b). Fig. 10-5, gives

i?s,
=

2iZq

2Zi
0

since a is zero in space. The signs on the e-xponents are reversed

from previous practice, because 2 is measured positive in the direc-

tion of propagation of the incident wave rather than in the direction

of movement of the reflected wave as in Chapter 6 . The fields are

expressed in terms of maximum values, and £r, of their respec-

tive sinusoidal time variations, and Ar and £« are maximum values

of H and £ at the metal surface at 2 = 0.

The line in space is terminated by the input of the infinite line

• in the metal so that Zr becomes rjm of the line in the metal. Also,

in view of the fact that Zq of the line in space (region 1) is t/t, 1 ®

above equations become

Ay =

=

AR(Tlm + Vv)

2Vv

Ss(r;„ + Vr) _}_

(
10-2

-

2)

(10
-23)

2n,
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Since both Ar and are unknowTi, it is desirable to express them
in terms of the kno^\^l amplitude of the incident wave through use of

the reflection coefficient definition. Since Ar and are the sum
of the incident and reflected waves at z = 0 and

reflected voltage wave = if X incident voltage wave

then the magnetic field (analogue of the current) at the metal

boundary, in terms of the maximum value K, of the original field, is

= (1 - K)H, (10-24)

The maximum electric field (analogue of the voltage) at the metal

boundar3' is

= (1 -f KhM, (10-25)

Since the reflection coefficient K may be written for the terminated

line in space (region 1) as

K =
Vm "f"

the factor (1 -f ^f) and (1 — K) may be modified to

27)m
1 + ,s: =

I - K =

giving for Ar and

Ar =

6b =

Vm "h Vv

27;,

7;m “h V *

27;,g,

TJm “f~ t;,

271,7;mHr

Vm + Vr

(10-26)

(10-27)

and resulting in simplified forms of Eq, 10-22 and 10—23 for the total

maximum fields at any point in region 1 as

(10-28)

t, = 7i,fr,(€-'f- -h (10-29)

The maximum fields at the boundary (z = 0) are directly given

by Eqs. 10-26 and 10-27. Since these fields are -wholly tangential,

they are transmitted through the boundary and become the source
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fields for transmission within the metal. Thus at the boundan-
jxisi inside the metal surface,

= An

ft A
Bx2 — £b —

2TJvffr

Vm + Vv

2VvVmffr

Vm + TJv

amp/m

v/m

(10-30)

(10-31)

Since Vm has an associated angle of 45°, the two fields in the'metal
differ in time phase by that amount. Since the metal is assumed of

infinite depth in the 2 direction, there will be no reflected wave in

the metal; and the fields at any point along the metal equivalent line

in region 2, or the fields present at any point in the metal, are given

in terms of the propagation constant as

AU2

2r]rHx

rjm “
1“ Vv

6.2 =
277m13t.fl’r

,
I £ jnt

Vm “1“ Vv

Substitution of the value *of 7„ for a conductor gives

Vm "1 Vv

.
^
^ 2n,nVJIr

Vm “f~ Vv

(10-32)

(10-33)

as the variation of the maximum values of the fields with the depth

in the metal. These equations show that the fields fall off exponenti-

ally with depth in the conductor. For materials of high conductivity,

the attenuation is greater than for poor conductors. The attenuation

is also proportional to the square root of the frequency, so that

for frequencies in the audio range the fields may not be rapidly

attenuated.

An important application of metal in electromagnetic fields is for

shielding of one circuit or piece of equipment from another circuit or

portion of the same circuit. Circuits may be separated by simple

metal baffle plates or may be placed in complete metal boxes to

prevent fields from one circuit from reaching another, where

unwanted voltages might be induced. The efficiency of shieldingm
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preventing this unwanted interaction of circuits is indicated above

as dependent upon rapid attenuation of the field wave after entering

the metal, so that no appreciable field intensity can reach the

second surface of the metal sheet.

For shielding of audio-frequencj'^ apparatus or circuits, it is cus-

: tomary to use iron with a high value of permeability, tlie increase in

pcrmeabilit}' improving the shielding elTect. This practice need not

be carried out at high frequencies, because the high value of to causes

the field to be attenuated so rapidly that it reaches into or penetrates

only a very small distance into the iron, and therefore most of the

iron volume is unnecessary and might more economically be

replaced with space. The difficulty encountered in shielding for

low frequencies is sliown bj*^ the fact that at 10® cycles a certain

field intensity is reduced to a satisfactorily low value in passing

into 0.0363 mm of copper, whereas to obtain the same shielding

effect at 60 c3’^clcs requires the use of 5.4 mm of copper.

Because of the large value of co, the attenuation is extremely rapid .

at high frequencies. When high-conductivity silver-plated or

copper shields are used, the attenuation is so great that ordinarily

no thought need be given to any appreciable field reaching the space

bej'ond even a verj' thin metal sheet. It is assumed that the shield

: box is almost literally' watertight, since some field may enter the

second space if the shield is not complete or if holes or gaps exist.

10-4. Power flow in the reflected and transmitted waves

In space, where £ and H were in time phase in the incident wave
the instantaneous power density was shown to be

P = SXH
The incident plane wave in space of Fig. 10-5 is found by this rule

•: to give a Poynling vector or power-flow direction resulting from

;
being turned through 90° to or power flow in the direction of

the positive-2 axis in Fig. 10-5. The reflected field wave in space is

• given by the exponential factors with K coefficients in Eqs. 10-28

. and 10-29. For reflection from a metal surface, |i;m| < |j7,|, so that

. K becomes negative. As a result, the fi^d vectors of the reflected

. wave are and — fii. The Poynting vector then indicatesjmWcr
flow in the minus-2 direction, resulting from —8* being turned

. toward thus justifying the name “reflected wave.”
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WithK negative, the value of Ar at the metal surface is the sum of

the incident and reflected fields, and the direction of Hy is mainfained

when transmitted through the boundary as a tangential component

Hence the value of £/j,is the difference beUveen incident and reflected

electric fields; but since the magnitude of K is less than unity, the

resultant £«, though small, maintains the direction of Sj. The

Poynting vector or power-flow direction in the . metal results from

rotation of into Hy, the rightrhand screw moving toward positive

z or into the conductor in Fig. 10-5(a).

However, because of the presence of in the numerator of the

coefficient of the electric field in Eq. 10-33, the electric and mag-

netic fields are found to be at a time angle of 45° in the metal,

whereas they were in time phase in space. Therefore, a method for

determining the average power flow is needed. In an electric

circuit where V and I may differ in time phase, the average power

is given by = ^VI cos 4>, where V and I are peak values and

4) is the time phase angle between V and I. By anabgy the time-

average power density in an electromagnetic field wave is

P»ve = k^A sin B cos 4> watts/m^ (10-31)

where £ and A are maximum values, B is the space angle between

£ and A, and 4> is the time-phase angle between £ and A.

In view of the relation

t = r,A (10-35)

between the cornponents of a plane wave,

Pave = v//-Tj cos

Since is the angle associated with -q, then q cos 4> is actually the real

part of q, or

P,„ = iA^ X real part of j?
.

* , .

For metals, where qm = (1 + yl) -u 2
^'

P„e = watts/m>>

10-5. Current flow in the conductor? depth of penetration; skin effect

The presence of an electric field in the metal indicates that ther

is a current flow, since

J = aS
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which is mcrelj' a restatement of Ohm’s Jaw. This current in the

problem under consideration is a sinusoidal time function because of

its proportionality to S. The maximum value of the current density,

in amperes per square meter, at any depth z in the metal block, is

obtained from Eq. 10-33 as

r
*

Vr. + Vr
^ " (10-37)

showing attenuation of the current density value with depth z in

the metal. The A’ariation of current densitj' with depth in a copper

Fig. 10-6. Vari.ition of current dciisity Avith depth in copper nt a

frequency of lOO megncyclcs.

sheet for a frequenc3' of 100 megacj-cles is plotted in Fig. 10-6. The

greatest current densitt’ occurs at the metal surface or at s = 0, at

which point the magnitude of the current density, signified by Jo,

is given by

Jo =
Ifm -f J?.

(10-38)

At a depth z ~ 5 for which

5 = /_!_
\£op„(r„

meters (10-39)
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the current-density magnitude will be reduced to 1/e of its value nt

the surface. This distance 5, called the equivalent depth of pmctralion

is used as a measure of efficiency of a shielding material. It should

be noted that for a medium possessing high permeability or high

conductivity, or for a high frequency of the incident wave, the

equivalent depth of penetration of current becomes very small. In

copper, at 100 me, Fig. 10-6 shows the depth of penetration to h
only 0.0066 mm, or 6.6 microns, which is the length of a heat wave in

the infrared region of the spectrum.

Since the depth to which the field penetrates is so small at high

frequencies, a thin plating of a high-conductivity material, such si

silver on a base metal, is quite frequently used. A plating of a fes"

hundredths of a millimeter (a few thousandths of an inch) is quit?

sufficient, and the material used for the base will have very little

effect on the over-all conductivity. A copper shield with a thin

silver plating may then be equivalent to a solid-silver sheet, nt a

much lower cost.

For copper at a temperature of 20°C the equivalent depth of

penetration is

0.0664
7=- m

v7
(10

-10
)

where f is in cycles.

The conductivity of a number of common metals and alloys b

given in Table 8.

The time-average power entering into the metal through the

surface of the conductor is given by Eq. 10-36 as

where Hr is the maximum field just inside the conductor Burfsce.

In the infinite metal block, Eqs. 10-30 and 10-31 show that

and it can be reasoned that the electric field is related to the currcsl

density as
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TTabix 8

Properties of Conductors and Semiconductors*

Material
Conductivity,

mhos/meter, 20°C

Relative permittmtj',

Aluminum 3.53 X 10’ 1

Copper 5.75 X 10’ 1

Gold 4.10 X 10’ 1

Iron 1.04 X 10’ 1

Manganin 0.22 X 10’ 1

Nichrome 0.09 X 10’ 1

Nickel 1 . 15 X 10’ 1

Silver 6.10 X 10’ 1

Tin 0.86 X 10’ 1

Water, ocean 3 80
Water, lake 10-’ 80

• From data in Reference Rata for Radio Engineers, 3d ed.,

Federal Telephone and Radio Corporation, New York, 1949.

SO that the magnetic field may be written

^ (10-41)

The average power entering the metal from the wave in space is

therefore

(10-42)

Writing this expression in terms of the depth of penetration 6 gives

? 2s

P.„ *=~ watts/m^' (10-43)
4<rp»

where Jo is the time-ma.ximum value of the current density at the

surface of the conductor. This is the power received by the con-

ductor from the field and dissipated as PR losses in a thin skin of

conductor near the surface.

Equation 10-43 may be more readily given physical interpretation

Jo^

2 <r„ V
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by -writing it as

[§10.5

P =A AT*

where is an rms value,

J_
4 o-„6

= La‘R>q

and

amp/m width

Rtq = ^ ohms/m Avidth/m

(10-14)

(10-45)

The equivalent rms current can be considered a uniformly dis-

tributed current, with a value equal to one-half of the time-maxi-

mum current density at the surface flowing in the positive-^- direction

in the conductor in a skm that is 6 meters deep (see Fig. 10-7). The

resistance R^^ is therefore the resistance of the block of metal of cross

section 1 meter X 6 and length 1 meter, of conductivity Cn = l/p„,

^
where p„ is the specific resistance.

Thus

P _ Pm X 1 meter _ pi

5X1 meter “ A

Thus for physical interpretation the

current in the metal may be con-

sidered as having an rms value on^

half of the surface maximum value,

given by CmS/i, and flowing in a skin

of thickness 5 at the surface of the

conductor.

The failure of the high-frequency

fields to penetrate deeply beneath

the surface of a conductor is the reason for the phenomenon of non-

uniform alternating current distribution in conductors, knoOT as

skin effect.

Using the value of 5 in Eqs. 10-44 and 10-45 gives

Jo

Fig. 10-7. The equivalent current

flows in a skin of depth S.

(
1046)
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showing that the resistance increases and the current decreases with

increasing frequencj^ It is interesting to note that tlie resistance

value given- by Eq. 10-47 corresponds exac% to the real or resis-

tive term of the intrinsic impedance 7)„ of the metal, since

\ -Vm

This serves as a further tie between the fields and the transmission-

line analogy.

For round conductors, if S is small with respect to the conductor

radius a, the a-c resistance may be computed by considering the

effective conductor area that of a ring of thickness 6 at the periphery

of the conductor. The ratio of a-c to d-c resistance for conductors

then becomes just the inverse ratio of the areas, or

E.t _ Tra- ^ _ g \/Trffino-r,

7fac
~

27raS 2d 2
(10-48)

which corresponds to the expression given in Section 7-1. For

conductors in which the depth of penetration is appreciable with

respect to the radius, more complex relations involving Bessel func-

tions are available in Reference (4).

In general, more current will flow in a conductor of high conduc-

tivity, but it will be distributed much closer to the surface than for

a poor conductor. Hence a good conductor has greater skin effect.

Or its resistance changes more with frequency than does that of a

poor conductor. iMoreover, either higher frequenc}' or higher

permeability decreases the current flowing, although these factors

also tend to cause tlie current to flow much nearer the surface.

10-6. The perfect-conductor concept

The conductivity of metals used as electric conductors is of the

order of 10'® to 10'® times better than materials used as dielectrics.

This difference is so great that when comparing wave propagation

at metal boundaries with wave propagation in space or a dielectric

it is frequently convenient to think of the action of the metal

boundary as if it were a perfect conductor, of infinite conductivity.

This perfect-conductor concept is so fundamental in the simplifica-

tion of many field propagation problems that it needs further

consideration.
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Since the conductivity is infinite or resistance zero, no voltage

gradient or electric field can exist in the perfect conductor, so (hat

at a boundary between any dielectric and a perfect conductor the

tangential electric field intensity must be zero. A magnetic field

intensity may be present, however, as can be seen by examination

of Eqs. 10-30 and 10-31. The intrinsic impedance of a conductor

Vm = (1 +il).Jg2ohms

would reduce to zero for infinite. Thus the metal surface would

appear as a short circuit on the equivalent field transmission line,

and no energy could be delivered to the metal. The reflection

coefficient

Vm + Vl

would become negative unity, and the entire wave energy would be

sent back in the reflected wave. In a perfect conductor the velocity

of propagation becomes zero and the attenuation infinite, so that

even were it possible for energy to enter the perfect conductor, it

could not travel; and even if it could travel, it would be attenuated

at an infinite rate.

An anomalous situation arises for the surface current density

Jo =
2r]cT]„Ho(Tm

”
1* Vv

of the perfect conductor, since it becomes indeterminate in view of

7I„ = 0 and o-m = 00 . Resolution of the indeterminate form shows

that for the perfect conductor the surface current density Jo will be

infinite. Reference to Eq, 10-39 for the depth of penetration

5 = 2

shows that the depth of penetration of this infinite current will b.

zero. Thus infinite current density would appear in zero ar^,

resulting in a finite total current, which by definition is equal to -

For normal incidence on a perfect conductor, the fields given y
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Eqs. 10-28 and 10-29 for the space region in front of the conductor

become

fii = — e’^-)

since = — 1. These may be written

it. . 2H. (JT-

+

>•’)

Si = —^jritHv

After insertion of the sine or cosine time functions, these equations

become
= 2H^ cos pz sin ul (10-49)

Si = — 2jjr/fi sin pz cos ul (10-50)

Use of a trigonometric identity allows these equations to be written

= ffrtsin (o}t — pz) -f sin (ut -f Pz)] (10-51)

§1 = Tjrffifsin (wf — pz) — sin {wt -f /Se)] (10-52)

The form is recognizable as that indicating waves traveling in both

directions, giving the incident and reflected wave as predicted by
the theorj' of Chapter 9. Equations 10-49 and 10-50 indicate that

standing waves will be present in the space region in front of the

perfect conductor. The total S and H fields in the standing-wave

system are in space quadrature.

The Poynting energy expressions for the incident and reflected

waves are equal so that as much energ}’- is returned by the reflected

wave as was conveyed to the perfect-metal sheet by the incident

wave.

10-7. Wave incident on a perfect conductor at an arbitrary angle

Figure 10-8 shows a boundary surface between a lossless dielectric

in region 1 and a perfect conductor, with the boundarj-^ coincident

with the x,y plane. A plane wave with the electric vector pointing

out of the page is approaching this surface in the plane of the

page and at an arbitrary angle of incidence 6,- to the z axis. Such a

wave is described as polarized normil to the plane of incidence
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that is taken as the plane of the page. The direction of polarha-

tion is considered as the direction of the eledric field reclor. Forth?

assumed direction of propagation, Poynting’s vector requires that

H be oriented as shown. The incident Hi wave maj’ be resolved

into components, parallel to and

Region 2

(a)

xsin 0i

(b)

Fig. 10-8. Plane wave polarized

normal to the plane of incidence,

incident on a perfect conductor.

normal to the boundary. The total

electric field 8yi exists as parallel

to the boundary and in they direc-

tion. At some point in region 1

the incident electric and magnetic

fields are

Hi = tid sin ut

“ 8
i/0

sin oil

If distance along the path of propa-

gation is given the symbol s, the

maximum values of the two inci-

dent fields in region 1 will be given

by

h^i =

where yi ism general complex and

j-71* indicates propagation of a

wave in the s direction, as has been

previously shown. Since region 1

has been assumed as a good diele^

trie with <ti = 0
,
or with ct verj

small with respect to ua, the at-

tenuation factor ai will be zero or negligible, and

7i =

so that the maximum field values become

J?i = = Hd(cos PiS — j sin Pis)

t^i = 77iFoe-''^“ = yiffoCcos ^is-j sin Pis)

Inserting these maximum values and using

called for by the j factors causes the fields as insta
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functions to become

Hi = Ho{cos PiS sin cot — sin pis cos <ot)

Syi = TjiTfoCcos 0is sin col — sin /3is cos ut)

so that finally the instantaneous fields in the incident wave may be
written

Hi = Ha sin (cot — fiis)

£vi = rjiHa sin (cot — /Sjs)

These may be written

Hi = Ho sin co(^t-^

‘-¥)

and if it is remembered that <o/fi = v, the fields are seen as functions

of s — vt, or are propagating fields as assumed.

In terms of the rectangular coordinates x and e,

s = x sin 6i + z cos Of (10-53)

as shown, in Fig. 10-8(b). The fields in the incident wave may then

be written as

Hi = Ho sin (cot ~ ^ix sin 6,- — ffiz cos 6,-) (10-54)

fiifi = ViHo sin (cot — PiX sin e,- — jSiZ cos 6,) (10.-55)

with components Hx and making up Hi.

The incident wave conveys energy to the perfect conductor, which

is unable to receive it, so that a reflected wave must arise. This

reflected wave must propagate with a component of velocity in the

minus z direction, giving rise to a -f Piz term in the angle. Since

the reflection coefficient for a perfect conductor is —1, the electric

field, being a tangential component, must be reflected with a value

8„ir = —viHo sin (cot — pix sin 6, -f /Siz'cos 0,) (10-56)

the angle 0, being arbitrary as yet, and indicated in (a). Fig. 10-8.

The plane reflecting surface is a perfect conductor, so that the

total tangential electric field must be zero for all points on the metal

surface, or for all values of x and time at z = 0. Comparison of

S„i = rjiH

a

sin “(
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Eqs. 10-55 and 10-56 shows that the total electric field, due to

the sum of S„i and S„ir, can be zero at z = 0 for all values of z and

time only if

/3ix sin Oi = /3ix sin 0,

From this reasoning it follows that the angles 0; and 0, must be

related so that

(10
-57

)

which is the proof of the optical law that the angle of incidence must

equal (he angle of reflection.

The reflected fields may be obtained as an exercise in the appli-

cation of Maxwell’s field equations. The first equation may be

written in general as

V X £ =

Introducing the known field component for the reflected field,

all other electric components being zero, leaves

d&yU _ _ dH^Xr

dz ^ dl

dx ^ dl

{10-$8)

{10-59)

wherein constant fields are not of interest. Taking the derivative 0!

8„ir with respect to z in Eq. 10-56 and inserting in Eq. 10-58 gives

OTT

—ft = ijiHoiSi cos 0,-,cos (uf — flix sin 0{ + cos 0,)

-

Integration with respect to t gives the value of the Hut component

in the reflected wave as

Hxir — —Ho cos 0,- sin (ut — Pix sin 0,- + Piz cos 0,) (10-60)

after neglecting the constant of integration as a constant field.

Use of the value of in Eq. 10-59 gives for the other magnetic

field component H^ir

Hrir = -Ho sin 0,- sin («t - /3iX sin 0i + )3iz cos 0*)
(lO^I)

The field vectors in the reflected wave will appear as in Fig.

and the Poymting vector indicates power flow outward from

plane in the direction indicated, and -with 0.- = 0r.
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A second possible orientation of the incident field is shown in

Fig. 10-9 with the electric field in the plane of the page or the plane

of incidence, or with the wave polarized parallel to the plane of inci-

dence: The fields in the incident wave traveling in the direction

shown in region 1 are

~ Ho sin {at — fiix sin 6,- — /Siz cos 6,) (10-62)

8x1 = ViHo cos 6i sin {at — PiX sin 0,- — 0iz cos 0.) (10-63)

6,1 = —n\Ho sin 6i sin {at — fiix sin Ot — fiiz cos 0.) (10-64)

Region ZBecause of the perfect conduc-

tivity of the plane metal reflect-

ing surface, the tangential elec-

tric field component must be zero

at z = 0 for all values of x and
time. The reflected tangential

electric component S*ir will be

Sxi, = — ijiHo cos 0f sin {at —
fliX sin 0,- -b fliz cos 0.) (10-65)

the positive sign on fliz appear-

ing because propagation of the

reflected wave must occur with a

component in the minus z direc-

tion.

Applying Maxwell's second field equation to the conditions

present in the reflected wave, assuming zero conductivity in region 1,

gives

Fig. 10-9. Plane wave polarized par-

allel to the plane of incidence, incident

on a perfect conductor.

Here Hyi is a wholly tangential component and therefore is the

only source for H fields, so that only Hyi, exists. Consequently

dHylr _ dSrir

dz ^ dt
(10

-66)

dHyir _ dS,ir

dx * dt
(10-67)
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Substitution of the time-derivative of Sxir from Eq. 10-65 givea

QJJ—-Q~ — — eijiffow COS 6i cos (cot — /3iX sin B{ -f /3iZ cos 8,)

Upon integration, the magnetic field in the reflected wave is given by

Hy,\T ~ Hfi sin (ut — PiX sin 6; 4- ^iz cos 6f) (10-68)

neglecting the constant of integration, which is a constant field in

space and not of interest.

That the above value is correct can be shown by use of the trans-

mission-line analogue, which states that the surface tangential mag-

netic field (maximum) is given by

6n = a-
The reflection coefficient K for the perfect conductor is —1, so that

0

which indicates that the reflected magnetic component must be

Hvir = Ho sin (wt — /3ix sin 6i + fiiz cos 0.)

confirming the results in Eq. 10-68.

Use of the x derivative of Hyu in Eq. 10-67 gives

—)3i sin OiHo cos (cot — PiX sin 6i /Sjz cos 0,) = e -~

which, after integration and dropping of the constant, becomes

8xir = ~viHo sin 0,- sin {at — fiiX sin 0,- + /3iz cos 0,-) (10-69)

Collecting the other two components of the reflected field:

8*ir = — 1
J 1H0 cos 0,- sin {at — PiX sin 6i + PiZ cos 0.) (10-70)

Hpir = Ho sra {<i)t — ^ix sin 0,- + PiZ cos 0;) (10-71)

These are the fields shown in Fig. 10-9 in the reflected wave. Tie

Poymting vector indicates power flow away from the reflecting con-

ductor sheet as shown, with angle 0i = 0r.

The field magnitudes involved in reflection at an arbitrary' angle

from a perfect conductor may be collected and expressed in tonaa

of ratios of the magnitudes to that of the incident wave:
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Polarizalion Parallel to Plane Polarizalion Normal to Plane
of Incidence of Incidence

Il^flr Hq
,

- Sylr VlHo -

Ho
'
^

6yl VlHo

6ilr
— ijiHo cos 0i _ j

H,ir —Ho cos 0,-

Sxl tjiHo cos 0. Hxl —Ho cos Oi

Stir -ijiHo sin Bi_ Htir —Ho sin 0.-

6ti — 771H0 sin 0,- Htl Ho sin 6i

In the components cliosen for the two polarizations, all possible

field components of a wave with any arbitrary orientation are repre-

sented, that is, in the two polarizations there are all three possible

£ components and all three possible H components. Thus any inci-

dent wave may be considered as the sum of two waves, one polarized

normal to the plane of incidence and the other polarized parallel to

the plane of incidence. The two polarizations cover all possible

orientations, and therefore the material of this section is general in

scope.

10-8. Wave incident at an arbitrary angle on a boundary between

dielectrics

Consider the plane wave of Fig. 10-8 propagating in a dielectric

(region 1) where the parameters are m and ei, with ci = 0. Let this

wave approach a plane boundary of a second dielectric region with

parameters ju- and eo, with 0-2 = 0. No loss in generality will occur

if it be assumed that mi = Ms = Mpj since no dielectrics are known in

which the permeability is appreciably different from that of space.

Considering the electric field oriented in the y direction or the wave

polarized normal to the plane of incidence, the situation appears as

in Fig. 10-10, wth an incident wave, a reflected wave, and a possible

wave transmitted into region 2, with angles of incidence and reflec-

tion 6

1

and angle of refraction of the transmitted wave 62.

The incident fields are , 1

£yi = Tjijffo sin (ut — sin 61 — fiiz cos Oi)

Hii = —Ho cos 01 sin sin 0i — fiiz cos Bf)

Hri = Ho sin 01 sin (uf — ^ix sin 0i — /SiZ cos 0i)

From the line analogy, the electric field at the dielectric surface will

be the resultant of the incident and reflected waves; and since 8yi is
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Fig. 10-10. Plane wave polarized normal to the plane of incidence,

incident on a dielectric.

•wholly tangential to the boundary, the maximum surface electric

field is given by

ts = (1 + K)r,iHi (10-72)

where K =
Vz + r}i

The electric field component in the reflected wave is then easily seen

as

Stur = Ki}iHo sin — ^ix sin 6i PiZ cos 9i) (10-73)

Ha'vdng one component of the reflected wave and knovring that

8,ir = Sjir = 0, Maxwell’s first field equation may be used. Insert-

ing the zero field values leaves

38„ir _ dHxlr

dz
~ ^ M (10-74)

dS^lr _ _ dHtlr

dx ^
. dt

(10-75)

and upon performing the indicated operations on Eq. 10-73, the

other field components that must accompany Syi, in the reflected

field, if it is to propagate, are obtained as

Hx\r = KHa cos 0i sin (at — 0iZ sin 6i 4- PiZ cos 8i) (10-76)

Hrir = KHo sin Bi sin (at — fiiX sin Oi -}- jSiZ cos 6i) (10-77)

These field components of the reflected wave are shown in Fig. 10-10.

Since the electric field is wholly tangential at the boundary,



§10-8] TRANSMISSION, REFLECTION OF PLANE WAVES 453

Eq. 10-72 may be used to write an expression for the electric field

in the second dielectric as

S„2 = (1 -h lC)r]iHo sin (tof — sin 6s
—

/
3s2 cos 62) (10-78)

showing propagation continuing with x and r velocity components
but with a new phase constant ps and allowance for a changed

direction through an angle of refraction 62 in the second medium.
By reason of the continuity of tangential field components at the

boundary, Eq. 10-78, expressed at z = 0 or at the boundary in

region 2, must give a value equal to the sum of 8yi and at z = 0
or at the boundary in region 1

,
for all values of x and t. Since at

z = 0,

6i/i + fivir = (1 K)r)iHo sin (ojf — ffix sin Bi)

the equality can be seen as true at all values of x and i if

(10-79)

(10-80)

and since jui = ps f= p. for all known dielectrics,

In a good dielectric.

so that

/3ix sin 6

1

= fisx sin 62

sin 6

1

_ ^
sin 62

~

/3 = to "s/pe

sin 61 _ \/p;e2

sin 02
“

sin 01 _ j(^

sin 02 , vci
(10-81)

thus determining the angle of refraction 62 in terms of the angle of

incidence 0 i and the permittiidties. The expression indicates that

when a Avave travels from a medium of low permittivity to one of

high permittivity, the wave path is bent toward the normal to the

surface. The reverse is true when a wave travels from a substance

of high permittivity to one of low. The effect is commonly observed

by noting the path a beam of light takes in passing from space into

water, or vice versa.

Having Eq. 10-78 for the electric field of the traveling wave

in tlie second dielectric, the known conditions may again be applied

to Maxwell’s first field equation and the other field components

determined. These
,
other components must accompany S„«, if a

traveling wave is to exist in region 2 as desired. Since 8,2 = Se2 = 0,
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the Maxwell equation reduces to

dH^2

dz ^ dt

1̂CO 1 dH^i

dz ^ di

from which the magnetic components in region 2 can be obtained as

= -{I + K) cos 02^0 sin (cot - sin 02 - cos Bi)

(m2)

ffrz = (1 + isO sin 02fl’o sin (cot — /32X sin 02 — p^z cos 0s)

(10^)
Field Si,2 may be rewritten for reference:

Sy2 = (1 + K)riiHo sin (cot — P2X sin 02 — piZ cos Bt) (10-84)

These fields of the transmitted wave are shown in Fig. 10-10 in

region 2.

Region I Region 2

Fig. 10-11. Plane wave polarized parallel to the plane of incidence,

incident on a dielectric.

With a field polarized in the plane of incidence, the situation will

appear as in Fig. 10-11, with the electric field vector in the plane of

the page, and the wave approaching a boundary surface between

dielectric regions 1 and 2. The analysis is very similar to that of the

wave polarized normal to the plane of incidence.
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The incident fields are

455

//yi = II 0 sin (uf — fiix sin 8i — )3i2 cos 6i)

fill = cos 6

1

sin (ut — fiix sin 0i /Siz cos 0i)

fill = —villo sin 01 sin (wf — ^ix sin 0i — j3,z cos 0i)

The magnetic field is wholly tangential, and the maximum field
'

at the surface is given by the line analogy as

= (1 ~ K)H, (10-85)

so that the magnetic field of the reflected wave is

Hyir = ~KHa sin (cof - /8,i sin Bi + ^xz cos Bi) (10-86)

Rlaxwell’s second field equation for a good dielectric may be used to

obtain the other wave eomponenta. With — H,ir == 0, the

Maxwell equation becomes

^Hylr 8fijlr

dZ
~ *

"dt

dHyXr ^ d&iir

dx * dl

Performing the indicated operations and neglecting constants of

integration as constant fields,

fiiir = KtjiHo cos 01 sin (of — PxX sin 0i + piz cos Bi) (10-87)

8,ir = KrjiHo sin 0i sin (wt — pix sin 8i + |SiZ cos Bi) (10-88)

and these fields are shown in region 1 in Fig. 10-11.

Because of the wholly tangential magnetic component, the

transmitted magnetic field may be written from the line analogy

and by comparison with Eqs, 10-85 and 10-86 as

ffyi = (1 — IQHo sin (cof — P2X sin Bt ~ /Sjz Cos 82) (10-89)

which can be true for all values of x and t on the boundary plane only

if

(10-90)sm 82 \ €1
'

as foi; the field polarized normal to the plane of incidence. Again
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using Maxwell’s field equation and neglecting constants of Integra-

tion as constant fields, the accompanying components must be

S;,2 = (1 - K)V 2Ho cos 02 sin (at — sin 02 - cos 02) (10-91)

S,2 = -(1 - K)r] 2Ho sin 02 sin sin 02 - cos 02)

(10-92)

in region 2 for polarization in the plane of incidence. These fields

are illustrated in Fig. 10-11.

The field magnitudes for incidence on a dielectric boundary at an

arbitrary angle may be collected for reference and expressed as ratios

of their magnitudes to that of ,Ae incident field component:

Polarization Parallel to Plane Polarization Normal to Plane

of Incidence of Incidence

(a)
H^lr

H,t

-KHo
Ho

-K (g)
Sylr .

8yi

Kn,Ho „
nxHo

Silr _ KriiHo cos 0:1 _ K fh)
ilxlr _ KHo cos 01 = -if

Sxl riiHo COS 01 H.l —Ho cos 01
*X

S*lr _ KriiHo sin 01 _ —K (i)
H,u _ KHo sin 01

=
vc;

S,1
'

—rjiHo sin 0:1 H.x Ho sin 01

(d)
(1 - K)Ho

Ho
= 1.

- K (j)
8y2 _

8j,i

(1 -(- K)rtiHo

rjiHo

. = 1 + ^

(e)
£i2 cos

cos

02

01
(k)

H,2

Ifxl
-d+X)^2 COS 01

1 cos 01

(f)
8j2 sin

sin

02

^1 -
'(1)

H.2

Hn
= (l + iO^ sin 02

sin 01

The symmetry between the two directions of polarization is very

apparent.

It may be recalled that

_ i?2 — vi _ “Vfizhz — V/^iAi

V2 + vi + V
Since the permeabilities are equal, the reflection coefficient is

K =
~ ^ (10.93)

‘ VeiAz + 1
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Dielectric properties at high frequencies are summarized in

Table 9.

Table 9

Properties of High-frequenct Dielectrics*

Material

Relative

permittivity,

«p

Power factor
1

Frequency,

I

cycles/sec

Bakclitc, mineral-filled 4.3 10*

Cellulose acetate 3.4 10*

Glass 4 0 0 0012 10»

Isolantite 6.0 0.0018 10»

Lucite 2.6 0.007 10*

Mica 5.4 0.0003 10*

Myca!c.\, *, 7.0 0.0022 10*

Poly(»thv1enG 2.25 O.OOD3 ID*

Pnl}*stvrenG 2.52 0.0003 10*

3.8
' 0.0002 10*

StpfttitG 5.77 0.0006 10*

2.1 <0.0002 10*

* From data in Reference Data for Radio Engineers, 3d ed., Federal Telephone

and Radio Corporation, New York, 1949.

10-9. Index of refraction; Snell's law; total reflection

Equation 10-80 shows that angle of refraction 0* is related to the

angle of incidence 6i as

sin 6

1

_ /p2t2 _
sin 02 \Pi€i t>2

Dividing numerator and denominator by c, the velocity of electro-

magnetic waves in space, and rearranging,

sin 01 _ c/i'2 _ Ni .

sin 02 c/vi jVi

The fndex of refraclion of a dielectric is defined as the ratio of the

velocity of light in space to the velocity of light in the material, so that

Ni and are the indices of refraction of dielectric regions 1 and 2

of the preceding section. The index is thus always greater than

unity. Since mi = ps = Pp io till knorni dielectrics, the above may
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also be -written

sin 01 __ [el _ N2
sin ^2 ~ vei

”
A''! (10-94)

in -which form it is known as Snell’s law in the field of optics. In th
present case it has been derived by use of the wave equations for

propagation of electromagnetic energy.

Snell’s law may be rewritten as

If €1 > eo, a situation may arise in which sin 62 is required to have a

value greater than unity. Such a condition is obviously impossible.

The critical or limiting value of the angle of incidence 6^ is fixed by

sin 02 == 1 or 82 = 90°, as sho\vn in Fig. 10-12. For this case,

propagation of the wave in region 2 is along the boundary surface

and no energy enters region 2. For angles of incidence greater than

6e there is no propagation in region 2, and total reflection, internal to

region 1, occurs. The critical angle of incidence, 6c, above which

total internal reflection occurs, is

(10-95)

Fig. 10-12. Case of total reflection at Fig. 10-13. Measurement of vrave

a dielectric boundary. velocities.
,
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10-10. Phase and sroup velocities

A wave propagating in the direction shown in Fig. 10-13 has a
velocity v in, the direction of propagation determined by the char-

acteristics of the medium. When the wave is propagating at some
arbitrary angle of incidence, as in the figure, the velocity v along

the path may be considered as having two components, one parallel

to the incident surface known as Vp, and one normal to the incident

surface as v„.

The dashed lines perpendicular to the direction of propagation in

Fig. 10-13 are intended to indicate the position of successive positive

maxima of the wave,, being separated by the distance X. If 4 be

the time of one cycle, then during seconds the wave front or

crest at a will move to b, that at b to c, and so on. Hence the velocity

is

X

At the same time, an observer on the surface of incidence would note

that in time U a given crest at o' would move to b', that at b' to c',

and so on. According to his observations the velocity, which is

that parallel to the incident surface, would be given by

= ^

(c sin 01

because a wave distance a'b' is related to ab as 1/sin 0i. Since the

observer bases his conclusions on observations of points of equal

phase, or on the rate of phase change, the velocity Vp is also called

the phase velocity. It is of importance because of the ease with which

it may be observed or measured, occurring as it does on the bounding

surface.

. If the expression X/sin be considered as defining a new wave-

length X', then by reason of the relationship between frequency and

wavelength

Vp = /X'
fX _ V

sin 01 sin 6i

'

(10-96)

which relates the phase velocity, or velocity parallel to the surface,

to the true velocity v in the medium.

The velocity v„ normal to the surface is not of much interest
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because of the difficulty of measurement in the interior of a regioa
•without disturbing the conditions of propagation by insertion of a
measuring device. It may be readily defined, in a manner similar to
the above, as

Vn = V

cos 6i

It is apparent that the phase velocity will equal or exceed that of

light in the medium. In fact, it becomes infinite for normal incidence

introducing a conflict with modern physical theory, which holds the

velocity of light as a limiting velocity for all motion. This conflict

may be readily reconciled if it is remembered that the true wave
velocity is directed along the path a,b,c with a value equal to the

velocity of light, as expected. This is the velocity at which the

energy of the wave is propagated. No energy propagates at velocity

Vp, and it serves merely as a quantity capable of measurement but

without physical reality, fictitious but convenient.

In the consideration of the general transmission line, the high-

frequency line with dissipation, and wave transmission in con-

ductors, the velocity has been found to be a function of o> or of fre-

quency. Conversely, in dissipationless lines and in wave propagation

in space or lossless dielectrics, the velocity is not found to be a

function of w. A material in which the velocity is a function of u is

called dispersive, whereas a material in which velocity is not a

function of w is nondispersive. The above examples might indicate

that a dispersive medium is also one with dissipation, but this

statement is not necessarily true; it merely implies that up to the

present point no other examples have beeii encountered.

-The phase velocity has been defined in terms of a steady-state

sine wave in which the crests or troughs are readily identified. If s

complex wave form as applied to a dispersive system, since the

various frequencies will travel at different rates- there will be a

change of relative phase and of wave form in transmission through

the system, and identification of crests or troughs may be difiicult.

Actually, many radio Svaves are not sinusoidal but may be group

of closely related frequencies. That this must be true was s ow

by the discussion of the Hartley law in the Preface, which indica

that if intelligence is to be transmitted, groups or bands o re-

quencies must be used, rather than a discrete sinusoidal frequency.
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In the case of modulated waves the whole group of waves conveys

the intelligence. The point of interest is the velocity with which the

intelligence travels through the system, not necessarily the velocity

of a particular phase point as in the case of phase velocity. The
velocity with which the intelligence travels may be shown by an
example.

Consider a wave propagating with distance s and containing a

group of two frequencies differing by 2Aa), where Au is the change

in frequency used to transmit certain intelligence; then

e = S{cos [(u — Au)< — (/3 — Ai3)s] + cos [{u + Aco){

+ A/3)s]}

where Au « w. If the medium is dispersive, /S is a function of

frequency or of u, and A/5 is associated with the change of frequency

Aw. The above equation maj*^ be written as

e = E[cob [(wf ~ /5s) — (Awi — A/5s)J -f cos [(wf — /5s)

+ (Awf — AjSs)]}

By use of a trigonometric identity, this equation becomes

e = 2E cos (Awi — A/5s) cos (wf — /5s)

This may be transformed to

= 2E cos 1 Aw ( t — cos [w
(

L \ Aw /J L '
K w /J

which, taking account of term dimensions, may be written

e ~ 2E cos j^Aw

Equation 10-97 is seen to be a frequencj' w/2r modulated or varied

at a low frequency rate Aw/27r. The high-frequency component is

traveling with a velocity

w

which is recognizable as the ordinarj' velocity of a traveling wave.

The low-frequency component bearing the signal or intelligence

is in turn traveling with a velocity

Vo
Aw
Ip
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which in the limit becomes

_ do)
__ 1

(10-98)

Since /3 may be a function of w, the latter form has more meanine
both mathematically and physically. The term is called the ffroup

velocity and may be considered as the velocity with which a signal

produced by variation of a steady-state wave or by introduction of

a group of frequencies, travels through the system.

For a freely propagating wave in space, the value of ^3 is w vVe.
Taking the derivative,

so that the group velocity in such a wave is

The phase velocity in this case is Vp = v, smce, for propagation

in space without reflection, 61 = 90°. Then

1
Vp = = Vp

V
and therefore the group velocity is equal to the phase velocity and

equal to thewelocity of light in the medium for a freely propagating

wave. ^

The concept of group velocity will be considerably amplified in

the next chapter in connection vdth the study of transmission in

wave guides, wherein a wave guide vdll be shovm to be a dispersive

medium without having dissipation present.

10-11. Elimination of reflections

The transmission-line analogy suggests a method of eliminating

reflections from the boundary surface between two dielectrics by use

of the quarter-wave matching section. If a dielectric section of

quarter-wave thickness is introduced at the boundary as in Fig.

10-14, and if the intrinsic impedance of the dielectric section is

properly chosen, reflections of a single frequency may be eliminated.
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The analogy fixes tlie intrinsic impedance of the matching layer as

’^2 “ -x/viVs

€2 \ Ci€3

and il Hi = fi2 = /13, then

^2 ==

The thickness d of the matching layer must d

be a quarfer wavelength; and since Fig. io-14. Elimination

a = A =
of reflection at a dielectric

boundary by a quarter-

wave matching section.

then meters (10-100)

is the layer thickness in meters. This is the principle employed in the

coating of optical lenses to prevent reflections. Obviously, reflection

can be prevented for only one wavelength present in the light, but

by choice of this wavelength near the middle of the spectral region

to be covered, considerable reduction of reflection is obtained over

a satisfactory spectral band.

Occasionally it is desirable to eliminate reflections from con-

ductors. By analogy, a wave equivalent transmission line ter-

minated in a conducting surface is essentially short-circuited by the

conductor. Standing waves \vill be present in the region in front

of the conductor. At a point a quarter wavelength in front of the

terminating sheet, the line impedance is very high; it would be

infinite if the sheet were a perfect conductor. Essentially, the line

appears to be open-circuited at that point. If a load with impedance

equal to the intrinsic impedance of the region in front of the con-

ductor is connected across the analogous line at that point, as

shown in Fig. 10-15, the line wdll appear to be terminated in its

intrinsic impedance and reflections will be eliminated, or the wave

will be totally absorbed. Essentially, the load is in parallel with

the infinite impedance of the line at the X/4 distance in front of the

conductor.



464 TRANSMISSION, REFLEQION OF PLANE WAVES
(jio-ii

In practice, the load is introduced as a semiconducting shwi
placed a distance I in front of the reflecting surface. For a perfe
terminating reflector, the distance I will be X/4 measured to the bad
of the semiconducting sheet. At this point the impedance of tie

line looking to the right is inanite. Thus
the plane wave approaching from the

left in region 1 enters the sheet, which

represents an impedance dependent on

its thickness d, since the sheet appears

to be an open-circuited line. The imped-

ance that the wave enters is therefore

‘'p«i

Plane
wove

i

Id}-*— 1

'm

tanh yid

I
^

Fig. 10-15. Elimination of

reflection from a conductor

surface.

For elimination of reflection, Z must

equal jji, so that

^
tanh yjd

(10
-101)

Assuming d small so that tanhy^ =
and using the values of 72 and ui for

conducting materials, under the assumptions uem, then

— (1 + j'l) VcJAtm/2o-»

d(l -}- jT) VW/<mO-m/2

1
(Tct
=

Tiid
(10

-102)

Thus the conductivity required for the semiconducting sheet placed

in the wave path is dependent on the thickness of the sheet and the

intrinsic impedance of the medium from which the wave approaches,

Such a semiconducting sheet may be placed in front of a metal

surface and reflections may be eliminated, making a region nith

metallic boundaries appear as a space region. If appreciable ^wer

is present in the incident wave, some means must be provided or

.removing the heat generated due to absorption of the power.

Lossy materials are also availabie to serve as absorbers of ra o-
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frequency energy and prevent reflection from surface. These may
take the form of a loose fibrous material coated with a solution of

carbon black in neoprene. By varying the amount of coating with
depth, a gradual transition is niade from a space condition to a
lossy condition. In effect the wave is attenuated in a lossy tapered

transmission line which transforms the wave impedance from that

of free space to that of the medium. The thickness of the material

should exceed a quarter wavelength of the radiation.

PROBLEMS

10-1. An incident plane electromagnetic wave varying sinus-

oidally at a frequency of 10" c and having an electrio field Bi = 3.0

v/m and accompanying H value traveling on the positive-y axis in

space strikes an aluminum sheet at normal incidence.

(a) Find the direction and amplitude of the magnetic field in the

incident wave.

(b) Calculate the average power density in the incident wave.

(c) Calculate the average power in the reflected wave and in the

wave entering the metal. Check your answer by the law of energy

conservation.

10-2. A plane electromagnetic wave in space is normally incident

on an iron block. The incident wave has a maximum potential

gradient of 1.23 v/m and frequency of 60 c. The iron has specific

resistance of 10~^ ohm-meter, a relative n of 250, and relative

permitti%dty of unity.

(a) Find the resultant electric and magnetic fields at the shield

surface.

(b) Find the depth in the iron at which the magnetic field is

reduced to 0.1 per cent of its value at the shield surface.

(c) Find the total power dissipated in the iron plate.

10-3. Repeat Problem 10-2 with a frequency of 10' c.

10-4. An incident plane wave of 600 megacycles frequency'with a

maximum electric intensity of 500 microvolts (mv) per meter

impinges normally on salt (ocean) water (see Table 8, page 441).

(a) Determine the reflection factor for the boundary between

space and the salt water.

(b) What is the time phase angle between the electric and mag-

netic fields that penetrate the salt water?
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(c) Determine the field intensities (maximum) in the reflected

and transmitted waves.

10-6. (a) For the wave of Prob. 10-4 sketch the incident electric

field, and the resultant electric field back for a distance of ong wave-
length from the boundary surface for a value of time t 0.

•* (b) Repeat (a) for ut = -ir/4.

(c) Repeat (b) for ut = ir/2.

(d) Repeat (c) for wi = 37r/4.

(e) Repeat (d) for at = tt.

(f) Sketch the penetrating electric field for a distance of 0.015 m
inside the water boundary surface for eath. of the wt values specified

above.

10-6. (a) For equivalent shielding effect at 3 X 10’ c, compare

the thickness of aluminum and sUVer shields required.

(b) What is the ratio of the resistance of the aluminum sheet to

the silver sheet for the current induced at the above frequency?

10-7. A plane electromagnetic wave of unit electric intensity in

space impinges at normal incidence on an aluminum sheet of 0.05 cm

thickness. The frequency is 10’ c. Find the percentage strength of

the electric vector in the field reaching the far side of the sheet.

10-8. A plane wave in air strikes a sheet of polystyrene at an

angle of incidence equal to 30°, with polarization parallel to the

y,z plane of incidence. The maximum electric intensity is 50 iiv/m

at a frequency of 3 X 10® c.

(a) Find the maximum values of the fields in the incident,

reflected, and transmitted waves.

(b) Determine the angle of refraction.

(c) Write the expressions for the electric and magnetic field

components in the transmitted wave as functions of time and the

space coordinates, assuming the -polystyrene layer to be very thick.

10-9. (a) Find the critical angle of total internal reflection for

glass, polyethylene, and polystyrene to air surfaces.

(b) Compute the index of refraction for each (rf the above

materials.

10-10. A wave in polyst3’^rene approaches a surface at an angle of

26° incidence. Find the phase and group velocitiea for a wave

frequency of 10® c.
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10-11. (a) If a surface reflects 10 per cent of the incident power

;n an electromagnetic wave falling normally from space, calculate

the value of tr and N, assuming that the material is a perfect

dielectric.

(b) Repeat for surfaces reflecting 20 and 50 per cent of the

incident power.

10-12. (a) Calculate the per cent increase in resistance over the

d-c value for a No. 4 B & S gauge copper conductor at frequencies

of 10®, 10®, and 10‘® c.

(b) Repeat for No. 36 B & S copper wire and explain the differ-

ence in relative per cent change.

(c) Repeat for a No. 4 iron wire with iir = lOO.

10-13. Find the dielectric constant and thickness needed for a

surface coating on a glass of tr = 2.25 to eliminate reflections of a

Avave arriA’ing from air, if the Avavelength is that of yelloAv hght of

5000 Angstrom units (A). (lA = 10~* cm.)

10-14. Explain Avhy placement of the semiconducting film on the

surface of a metal Avill not eliminate reflections.

10-16. For a plane Avave of 3000 megacycles, traveling in poly-

ethylene, find the phase velocity, the intrinsic impedance, and the

attenuation constant.

10-16. (a) For each of the dielectrics of Table 9, compute the

critical angle for AA'avcs passing from the dielectric into air.

(b) Find the index of refraction for each dielectric in Table 9.

10-17. Calculate the reflection coefficient and per cent of incident

energy reflected Avhen a plane waA'e is normally incident on a

dielectric sheet of thickness ^ in., tr = 2.8, with air on both sides,

at a frequency of 30,000 megacycles.

10-18. A quarter-AvaAm matching coating is applied to eliminate

reflections of a 3000-megacycle AA'ave passing from space into a

dielectric of tr = 20. Specify the coating thickness and its tr A^alue.

Plot a curA^e of per cent incident energy reflected for normal incidence

as a function of frequency, for 1000 to 5000 megacycle range.

10-19. A conducting film of 377 ohms impedance per square

meter, is placed a quarter Avavelength at 6000 megacycles, in front

of a perfect conductor. Plot a curve of the ratio of reflected to

incident poAV’er OA^er a frequency range of 2000 to 10,000 megacycles.
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Chapter 1

1

GUIDED WAVES BETWEEN PARALLEL PLANES

Jlaxwell’s equations indicate the most general conditions neces-

sary for propagation of an electromagjietic wa^’e in an arbitrary

medium. In their normal form thej' maj’’ applj' to conditions in a

ladio wave in a free region remote from other media, but for much
transmission it is necessayy to confine and guide the wave energ3'

from point to point as desired. In such applications the fields are

confined or restricted bj' boundaries of materials different from those

of the transmission path, and the waves are said to be guided by
these materials. Hence it is necessary to applj' to Maxwell’s equa-

tions certain mathematical restrictions or boundary conditions in

order to fit the general equations to the particular phj'sical problem

in hand. After insertion of the boundarj’ requirements, it may be

possible to obtain a solution showing the form and type of wave
transmission that can occur in the confined region.

The ordinarj’ coaxial line is an e.xample of such confining of the

fields bj' the conductor boundaries, with transmission of energj'

whollj' within the outer conductor by reason of the traveling fields

that are present. The open-wire line is also a form of wave-guiding

system, with the field guided bj' the two wires. Another example is

the tube or tvave guide, in which the field energy propagates inside a

rectangular or cjdindrical tube, without a central conductor.

The study of the wave guide is most easily approached bj' first

merely confining the fields between two parallel planes of perfectly

conducting material, determining the conditions necessary for propa-

gation and the forms of the fields that may be present. IMost of the

physical ideas and much of the mathematical formulation developed

for such a simple configuration may then be directly applied to the

completelj' enclosed form of wave guide.

It should be noted that the method is that of applying successive

restrictions to the general form of Maxwell’s equations: first,

choosing a particular form of time variation; second, requiring

propagation in the z direction; and third, restricting the wave to

A69
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travel between parallel conducting planes parallel to the y,z plane.

In Chapter 10 parallel conducting planes parallel to the x,z plane

are added to restrict the wave further, forming the complete tube or

wave guide.

For simplicity the planes first will be assumed as perfect con-

ductors and later modified to develop the case of finite conductivity.

11-1. Application of the restrictions to Maxwell’s equations

The wave equations were obtained in Chapter 9 as

at-
V^E,

a^H
af^

= V-H

and these show that time variation of the electromagnetic field is

necessary for propagation of electric field waves to occur. Because

of the wide use of sinusoidal variation with time in electrical theory,

Fig. 11-1. Placement of the conducting planes as wave boundaries.

it will be required here. In a uniform or homogeneous dielectric

medium the £ and H fields will also be in time phase, so that, as

initial assumed field conditions for a propagating plane wave,

E = 6 sm wt

H = Asm ut

Variations in time phase may arise later as these waves are intro-

duced into a nonhomogeneous region.
. ,

It is desired to study the transmission of this electromagnetic e

when it is constricted between twm parallel sheets of a perfect con
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ductor, infinite in extent, parallel to the y,z plane, and intersecting
' the X axis at distance a/2 and —a/2 from the origin.

It is desirable to orient the axes so that propagation, if there be

any, will occur in some desired direction. Thus it is convenient to

require the wave energj’ to propagate in the positive-z direction in

Fig. 11-1, since this will correspond to the direction of propagation

of some of the field waves discussed in the preceding chapter.

This assumption causes no loss of generality in this case, since the

axes may be oriented at will, and the conducting planes of the figure

were assumed infinite in extent in both y and z directions.

If a propagation constant y, possibly complex in nature, is

assumed to determine the manner of variation of the wave in the z

direction, then Eqs. 11-1 and 11-2 become

£ = sin uil (11-3)

H = iJ^e'i^'sin col (11-4)

It may be shown that this is just another way of indicating that there

is a (2 — vt) or (2 -1- vi) function, or that a traveling wave is present.

It should not be immcdiatcl}’- assumed that because of the

2-directed propagation the electric and magnetic fields will lie wholly

in the x,y plane, as was found true in the previous chapter for plane

waves in a homogeneous region. The region under discussion is no

longer homogeneous, as a result of the introduction of the conducting

planes. Therefore it is much safer to permit the solution of the

equations to indicate the direction of the fields present.

Now that the fields have been restricted to sinusoidal time varia-

tion and to propagation of energy in the 2 direction, and have been

bounded in the x direction by infinite perfectl}' conducting planes, it

is time to insert these conditions in Maxwell's field equations and to

determine the field components that may exist in a propagating

wave. Writing Maxwell’s two field equations in terms of the

ordinary values, £ and H of the fields, results in

V X £ = -p^ (11-5)

V Xi3' = <r£-fe^ (11-6)

Because of the infinite extent of the planes in the y direction and to
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the assumed z-propagation it may be reasoned that there will be no
variation of any of the field magnitudes with y. Consequently,

_ dH^
_ dS^

dy dy dy dy

and Eqs. 11-5 and 11-6 become

dH,
dz

dz

dHy as.

-r— = itSj, + e a,dx dt

d&.

d_H,

dx
+ as,

dt

asy _ _ dH^
~

^~dt

as, _ _ dHy

Tx
~

^~dr

dSy _ dHz

Jx
~
~^~W

(11-7)

(II-S)

If the appropriate derivatives of Eqs. 11-3 and 11-4 are taken

and with-S and H as maximum time values, there results

7/?y = (v -f jwe)Sx

-yS~ — = (v + j(^e)ty

dU,

dx

7Sy

- = (o- -f JU6)S,

—JU/j7?s

A as, - fy
-76,

~ ^ —JoiiMliy

dx
= —jcafzHz

{11-9)

(11-10)

These equations are the result of introduction of restrictions C-

time, and on the form and direction of propagation, as limited bj t?

perfectly conducting infinite planes. It remains to find the forni s

the fields and the types of propagation possible under the restriction
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11-2. Types of propasation; TM, TE, and TEM waves

Equations 11-9 and 11-10 indicate that, in general, electric and
magnetic field components may exist along all axes. The equations

maj" be further simplified, without loss of generalit3', b_y orientation

of the fields or b.y appropriate excitation from the waye source, such

that either the magnetic field lies whollj' along the y axis or the

electric field lies whollj’^ along the y axis.

In the first case, = 6^ — 0, and the magnetic field is seen to

be whollj' transverse to the direction of propagation on 2 in Fig.

ll-2(a); hence the electric field has components £x and S., with

Fig. 11-2. (a) Fields in the transverse-magnetic (TM) wave; (b)

fields in the transverse-electric (TE) wave.

t;, = 0, since no electric field can exist in the direction of the mag-

netic field. Such a wave is said to be tra7isvcrse magnetic and is

known as a TM wave. Equations 11-9 and 11-10 then reduce to

= (o- + jw«)8i (a) \

= (<r 4- jcoe)8x (b)
(11-11).

7§i -f^ (c)

In the second case, illustrated by Fig. ll-2(b), 8x = 8x = 0, and

the electric field is made wholly transverse to the direction of propa-

gation on z. The magnetic field has components H. and i?i, and

ffy = 0. The wave so oriented is said to be transverse electric and is

knoTO as a TE wave. For the TE wave, Eqs. 11-9 and 11-10



474 GUIDED WAVES BETWEEN PARALLEL PLANES
1111-3

reduce to

Ti?* + == —(a- (a) \

761/ = (b) \tE waves (11-12)

^ = —jwftjS^ (c)
I

Fig. 11-3. The trans-

verse-electromagnetic
(TEM) field vectors.

A third case may exist in which the

magnetic field is wholly along y while

the electric field is wholly along x, no

fields existing in the z direction. In

this case, which represents a special

form of TM wave with S* = 0, both

the electric and magnetic field com-

ponents are transverse to the direction

of propagation on z, and the wave is

said to be transverse eleciromagnelic ot

of the TEM type.

Equations 11-9 and 11-10 reduce, for

the TEM condition, to

yiiy = (<r -f jw€)8, (a) \

/^ = 0 (b) >TEM waves (11-13)

dX
\

7S1 = juflUy (C) /

11-3. Transmission of TM waves between parallel planes

The three differential equations describing TM waves (Eq.

11-11) may be readily solved for expressions for the three field

eomponents present. Differentiation of Eq. 11-1 1(b) and sub-

stitution of the result and Eq. 11-11(a) into Eq. 11-1 1(c) yields

an expression containing Hy only:

= [— + (o’ + jwejy’wM]

If the space bet-vVeen the parallel planes is considered a good dielec-

tric of properties m and ei, and with ci very small with respect to

coei,

= — (7^ + wViei)l?v
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This equation may be readily solved; and the solution may be
written

where Ai and A 3 are arbitrarj’^ constants whose values are deter-

mined bj'' the source of field excitation.

The two exponential functions of x indicate the presence of an
incident and reflected wave system for the tivo waves propagat-
ing in the plus and minus x directions. This result is not surprising,

because of the bounding of the field in the x directions by the

perfectly conducting planes. The above equation can be put in a
form in which the field may be more easily visualized by use of the

expressions e'® = cos 6 + j sin 6 and = cos B — j sin 6. Then

— Bi sin (\^y- + 03-/ii6i)a: -}- Bs cos (-\/7“ + (11-15)

By insertion of this result in Eq. 11-1 1(a), the value of Si can be
obtained as

= —

—

[Bi sin (\/7- + + Bi cos (V^y- + coVjei)^^]

(11-16)

The t, component of field ma3’' be obtained from Eq. 11-1 1(b) as

g. := [B, cos {VyT^.)x
— j?3 sin (y/y" + w'^iieOa;] (11-17)

For each of these fields it is obvious that the value along tiie x
a.xis is the resultant of two fields traveling in opposite directions, and

that because of the lack of attenuation in this direction, a true

standing-vrave pattern of field distribution in the x direction will

result.

One further bit of boundary information may now be employed

to gain further knowledge of the arbitrarj’- constants Bi and Bj.

Because of the perfect conductivity of the planes, it is known that at

r = a/2 and x = —a/2 the tangential component of electric field

S, must be zero. Examination of Eq. 11-17 shows that this value

nay occur either if J5i = Bo = 0 (w'hich is of no importance since

the field would be zero everywhere), or if the angles have values



476 GUIDED Waves BETWEEN PARALLEL PLANES

of m~l2 at a/2 and —a/2. Accordingly^ it can be said that tl?

conditions at the boundary planes require that

(V7* + I = ^ (^ = 0, 1, 2, 3, . . .)

from which V7- -f wViei =
mrr

a

and the expression for t. may be written

(Tm?z\ . /mTrz\

(11-is;

(13-15;

This expression may be studied further. When the field is exanur.y.

at the planes or at x = a/2 or a: = —a/2, three possible conditicc?

leading to zero field intensity are discovered. These are:

If m = 0, then S. = 0 everywhere.

If m is even, then Bi — 0.

If 771 is odd, then B2 = 0.

Thus the configuration of the fields between the planes bccor3

dependent on the value of the integer rn. To designate the particak'

type of wave under discussion, it is customary to refer to vravs

ha^^dng m — 0, m = 1, m = 2, . . . ,
as TMo, TMi,

waves. These various configurations of the field intensities in tb

guide are called modes of •propagation. The field distributions sr?

sinusoidal or cosinusoidal in the x direction, the number of manzi

depending on the value of m.

As pre'^'iously required, the fields are to propagate in the

z direction according to the relation The constant 7 is cornpk

in general, and it has been customary' to express it in terms 0: Li

attenuation constant a and phase constant )3 as

7 = « + J/5

The value of 7 for the particular field under consideration msyb

found from Eq. 11-18 as

Since all the values under the radical are real, the value of7
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wholly real or wholly imaginary, depending on the relative mag-
nitudes of mjr/a or to-mei. Thus two conditions arise, with a equal to

zero or with /3 equal to zero. It is possible to have propagation with

zero, attenuation or high attenuation with equal to zero. The
angular velocity w or the frequency chosen is the factor determining

whether or not propagation takes place for a given spacing n of the

planes. The critical frequency fc at which the attenuation condition

changes to the propagation condition can be determined from

A value for m/a in terms of fc permits Eq. 11-20 for y„ to be written

as

Eor frequencies bel^w cutoff where / < fc and 7m is real, the fields

are attenuated and 7m = am, Pm = 0. The phase angles will be

constant, and the field amplitudes will decrease very rapidly wth
distance' z, because of the attenuation term = e”""'.

At frequencies above cutoff, f > /«, 7m is imaginary, and a„ = 0.

Thus propagation will occur and

-1 (11-24)

= JOcV^lei - 1 (11-25)

A condition of propagation without attenuation exists in the z direc-

tion; this condition is normally the one of interest. In the practical

case, owing to the finite conductivity of the plates, some attenuation

accompanies propagation at frequencies above cutoff.

The action of the planes in only propagating frequencies above a

certain cutoff value bears a definite resemblance to the operation of
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the high-pass filter. This similarity can be further borne out bv
study of relations for cutoff frequency, Zo, attenuation in the slop
band, as functions of ///«.

The critical frequency of cutoff may be given some physical
significance by writing the expression for as

2a/m .

from which the critical wavelength can be seen as

The critical wayelength is related to the plate spacing a as

mXc
2 ~ ^

.30 that the critical wavelength is fixed as that at which the distance

between the planes becomes exactly m half waves. For waves longer

than this value (lower frequencies), the planes serve to attenuate the

fields. Shorter wavelengths are propagated mthout loss. The

integer m can be interpreted as the number of field maximums

occurring in the x direction between the planes.

The expressions developed above now permit the three field com-

ponents to be written by inclusion of the time and ^-propagation

function 6
“’’'* sin oit as .

sin + ^2 cos
j

sin ai (11-27)

sin + B2 cos
j

sin ut (11-28)

^ - (“) - - (^)]

for the TMm waves under the conditions of propagation. The form

is obtained by jise of the value for 7m = jPm in the propagation region

'g.nd consideration of the meaning of the j coefficient appeanng

before the magnitude function in some cases.
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11-4. Transmission of TE waves between parallel planes

The TE wave equations given as Eq. 11-12 may be eombined
to yield

= -(y- + (11-30)

for the case of a good dielectric between the planes. This equation

is of the same form as Eq. 11-14 for in the TM wave case, and
a similar solution follows directijq giving

^ j£jVT>+uVm I
-f-

As for the ThI case, the two exponential x functions indicate two 8^
field wave components traveling oppositely in the x direction, as

a result of reflections from the parallel conducting planes.

The above equation may be written in terms of sines and cosines

as

8,,
= Bi sin (\/y' + + Bt cos (\/y- -)- (11-31)

indicating a standing-wave form of distribution in the x direction

between the planes.

Use of Eq. ll-12(b) gives for i?i,

J?i = — sin {\/y-'-\- oi-niti)x -f- Bt cos (V^y- + w-fii€j)x]
Ufil

(11-32)

and, after performing the indicated differentiation, Eq. ll-12(c)

gives

J '^'y' +
[TJj cos {\/y" + o}-tiiei)x

tOAti

— Bi sin (Vt" + wVi€i)-t] (11-33)

The three field intensities for the TE waves between parallel planes

are thus determined.

The perfect conductivity of the bounding parallel planes requires

that the tangential electric field, S„, be zero at x = a/2 and x =
—a/2. This condition may^ be satisfied by proper choice of the

angle involved as

(V72 „Vi6 i) I
= — (m = 0, 1, 2, 3, . . .) (11-34)

and by assignment of either Bz or Bt as zero. .



480 GUIDED WAVES BETWEEN PARALLEL PLANES \\\u

The propagation constant y„ for TE transmission may be defir-

mined from Eq. 11-34 as

Since this result is identical with that for TM waves, the conditior«

of propagation are the same and the parallel planes become a higlj.

pass filter with cutoff frequency

2a

and with constants in the pass-band of frequencies as

7. = = urn

CCm = 0

Use of the relations developed above and the time and propagation

function perrnits simplification of the field equations for TEn wave!

between parallel planes to

Sj, = sin + Bi cos
j

^ (T)]

H, cos (=) - B, sin (^)]
cos »I ("-<«

Further consideration of the boundary conditions imposed on tj

indicates that three possible conditions may arise, dependent on I

choice of m:

If m = 0, then Bt = 0 and all fields are zero.

If 771 is even, then B4 = 0.

If 771 is odd, then B3 — 0.

The configuration of tbe fields between the planes is seen as

ent on the value chosen for tti; and for values of w - b ^

. . . , the various field modes designated as TEi, TE2,
. • • »
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11-5. Transmission of TEM waves between parallel planes

The TEM form of field was arrived at in Section 11-2 as a special

case of TM propagation in which 8. was zero. In Section 11-3 it was
found that this condition on 8. was obtained if m were made zero.

Accordingh^, the TEM wave becomes a TM wave with m = 0, and

the field equations may be written from Eqs. 11-27, 11-28, and
11-29 as

Hy = sin at (11-41)

8^ = sin at (11-42)

8x = 0

for conditions of TEM propagation. The same results could have

been obtained from the differential equations for TEM waves, Eq.

11-13, under the good-dielectric assumption. One additional piece

of information may be gained from Eq. ll-13(b), which states

This equation states that Sy is a constant for all values of x or for

all positions between the planes, for a particular z value.

From Eq. 11-13 it is also possible to write that for the good-

dielectric condition,

^ 8x = jutA
JUfll

from Avhich 7* + u-fiiti = 0 (11-43)

which is Eq. 11-18, previouslj’’ obtained for TM waves, with m = 0

With the above equation, the propagation constant y for TEM
waves is

7 = Vwn (11-44)

and a = 0

Sincem = 0, the cutoff frequency given forTM waves becomes zero,

so thatTEM waves propagate without attenuation between the per-

fectly conducting plates for all frequencies aboTC that of zero.
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Use of Eq. 11-44 permits the expression for 8* to be reduced to

sin cot

= sin cat

Comparison with Eq. 11-4:1 for H^,

(1145)

Hy = sin (oi

shows 8 and H to be related by the factor :ji, the intrinsic impedance

of the dielectric, which is a condition analogous to that occurring in

wave propagation in free space. The value of /3 also corresponds to

free-space transmission. Since there is no component of electric field

tangential to the conducting planes, it can be seen that these planes

have no effect except to limit the area of the wave.

Because of the relation of TEM waves to the previously studied

space waves and in turn the analogy of space waves to transmission-

line waves, it would seem possible to deduce an analogy between

TEM waves and transmission-line waves. In fact, it is found that

TEM waves are actually those which would appear in the fields

present along a dissipationless transmission line.

Equations 11-41 and J.1-45 show that for the TEM wave,

Sr = VlHy

The power propagating in the z direction between the planes, per

unit width in the y direction, is given by the Poynling radiation

theorem from field concepts as

P = X a XI watts/meter of width (1140)

the area of the path being a X 1 meter. The Poynting vector direc-

tion confirms the positive-z direction of this power flow. The area

under consideration is outlined in Fig. 11-4. Thie maximum value oi

potential drop between the bottom and top plates is given by the

integral of the electric field as

V = j & cos 6 dl = ^

V = viB.a.volts

The current flowing in either top or bottom plate per unit y "'idth
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may be found by consideration of the path ABCD in Fig. 11-4.

Because of the perfect conductivity, ail current will flow on the plate

surface and a field intensity will exist between A and B in the
dielectric. Since does not vary with x, the exact location of the

path AB is immaterial. Since the magnetic field will not penetrate

into the perfect conductor, no magnetic-field intensity will exist

X

Fig. lt-4. The cross section considered for energy flow in the TEM
wave.

along the path DC in the perfect conductor. Hence the current

flowing per meter of width in the y direction is the current enclosed

by the path ABCD. Consequently,

I = j)H-dl= j^HydyA- // 0 <^3: -f // 0 dy -b // 0 dr

there being no normal H component. The maximum value of

current per unit width of plate then is

? = Bi

Since the planes are lossless, the power being transmitted along the

planes and supplied to the load is

p = If/ = ^iBi^a - (11-48)

per unit width in the y direction. Since the maximum value of

Hy is Bi the power delivered to the load, in terms of current and

voltage concepts, is

P .= ^iHy^a watts/meter of width (11-49)

and this is identical with the power shown to be conveyed bj" the
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dectromagnetic fields by use of Pojuting’s vector, given by Eq
11-46. It may then be concluded that the energy transmitted'along

a lossless conductive path is conveyed by the electric and magnetic
fields in the region, the voltage and current being present merely as
evidence of existence of the fields.

11-6. Manner of wave travel

Propagation of TM and TE vraves has been shown to be similar,

except for polarization of the fields. The presence of the z com-

ponent of field introduces an apparent inconsistency, since propaga-

tion has been assumed to occur in the z direction
; jet Fig. 11-2 wodd

Fig. 11-5. TM field components.

seem to indicate propagation at an angle, because of the presence of

the z-directed field component. This point can be readily clarified.

The electric field components of an arbitrarily' chosen TSI ware

are obtainable from Eqs. 11-28 and 11-29 as

“ s; [®‘™ (^) (^)] ™

S {¥) - *^ (^)]
and the wave is illustrated in Fig. 11-5.

For simplicity, an m — odd mode of operation may be selecicd,

making Bz = 0. The electric field components then become

S- = — sin sin ai (11-50)

.coei o,

—TTIW „ mxx ,

jBie”'"-* cos cos (d
aaei CL

S. = (11-51)
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By use of the trigonometric identities,

sin a sin 6 = 4-[cos (a — b) — cos (a + 6)]

cos a cos 6 = i[cos (a — 5) + cos (a + 6)]

the electric fields may l^e converted to

(11-52)

(11-53)

If the directions of the field components are indicated by unit

vectors, for the z direction and a, for the z direction, then the

total electric field intensity is given by the vector sum of Si and
S, as

Then
£ = fljSi + a,S»

- j^dr/Sm + a, cos (11-54)

The Hj, component of the field may be written from Eq. 11-27

for the TM„ (m = odd) mode as

//„ = sin— sin ooi

a

which may be converted to

= ^ I^cos
- cos

j
(11-55)

Equations 11-54 and 11-55 show that propagation is the resultant of

two waves at an angle in the region between the plates as represented

in Fig. 11-6, one wave at a particular z value having an upward-

directed X component of velocity, cos (cof — mrrx/a) and the other

at the same point having a downward-directed a: component of

velocity, cos {ut m-n-xia).

IVhen the electric field having a magnitude (di/3m — a,mv/a) and
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upward-directed velocity is combined with its companion H term
Poynting’s vector indicates a power-density flow up to the right as

in Fig. ll-6(b). Consideration the electric fleld component haring

a magnitude — -}- a,rtnr/a) and downward-directed x velocity

(c)

Fig. 11-6. (a) Component wave with velocity component in down-

ward X direction; (b) component wave with velocity component in

upward x direction; (c) path of both waves between the parallel

planes.

component combined wdth the appropriate field (which is nega-

tive) gives a Poynting vector indicating a power flow down to the

right as in Fig. 11-6 (a). These field:? represent simultaneous propa-

gation of crossed waves between,the plane guides, the wave paths

making an angle of w — 20 with ea ch other as in (c). Both waves

are propagated equally in the z direction according to

From the figures it is apparent that the angle of incidence 6 on

the guiding planes is related to the magnitude of the field vectors in

the fli and dr directions as ,

tan 0 =
nnr/a mir

(11-5C)

It may be shoyvm that this result, though derived forTM modes «itb

m = odd, is perfectly general for any TM or TE modes. As t 0
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frequencj' is reduced and nears the critical frequency, tan 0 and 6

approach zero. At 0 = 0° there is no transmission in the z direc-

tion, since = 0, and the waves simply bounce back and forth

between the upper and lower planes. For frequencies much above/,
the angle of incidence 0 becomes large and the waves propagate

between the guiding planes by a succession of glancing reflections.

'('1-7. Velocities of the waves

The velocity of propagation of the component waves along their

respective paths in Fig. 1 1-6 is determined by the dielectric material

between the plates and is

Vi = — m/sec
VMi«i

In Eq. 11-56 the angle of incidence of the bouncing waves on the

planes was found to be specified by

tan 0 = — 1

The other trigonometric functions of 0 may be calculated as

sin 0 =

cos0=i.=^' (11-58)
J//c J

In Eq. 10-100 the phase velocity of a wave was found to be

_“ sin 0
(11-59)

By use of the value of sin 0 from Eq. 11-57, this may be written

Vp
V\

VT^=wr-
(11-60)

Equation 11-60 indicates that the phase velocity is above ci, the

velocity of light along the wave path, and that at cutoff the phase

velocity becomes infinite. Since the phase velocity measures the

rate of change of phase along the surface of a conducting plane and
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the wave at cutoff is bouncing back and forth between the planes
with 8 = 0 deg, the phase angle changes simultaneously at all

points along one of the, conducting planes and an infinite phase
velocity is indicated.

,
.

The phase constant j8 is given by

/3

mir If^

The derivative d^/dos may be taken as

u/coc^ )d/3 _ wtt

do}'' a - 1

m
2a/cVl-/cVf

By taking the reciprocal the group velocity is obtained as

(Ibfil)

.

1

dp/dci
1)

m \

fc^

p
(11-62)

Using the expression for fc,

/c =
mvi

2a

the group velocity becomes

Vg ~ Vl^
i

(11-63)

= Vi sin 6 (11-64)

By reference to Fig.Tl-7, the expression Ci sin 0 can be seen as

simply the component of Vi in the s direction, and thus the group

velocity is merely the average rate of travel of energy in the z direction

for the wave guided between the conducting planes.

The wave-front configuration indicated in Fig. 1 1-7 for one of the

crossed waves can be supported through use of the expression for

cos 6

cos 6
m

/ 2a/Vliiti

which, for m 1, becomes

cos 8 =
X/2

a
liIl-65)

a statement for which Fig. 11-7 is' drawn.
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, It should be noted that the dielectric between the planes is a
dispersive medium as indicated by the fact that |8 is a function of

frequency. The region is lossless bj*^ assumption, however, so that

the implications of Section 10-10 concerning dispersive and nondis-

persive media are supported. In general, it may be stated that a

Fig. 11-7, Manner of travel of one wave component between parallel

planes.

dissipationless medium tvill appear dispersive when the phase and

group velocities are measured in directions different from the direc-

tion of travel of the wave.

From Eqs. 11-59 and 11-64 for i>p and p,, it is possible to write

Pi = ^/VpVe (11-66)

showing that Pi is always the geometric mean of Vp and Vp.

11-8. Characteristic impedance of the planes

The characteristic wave impedance or intrinsic impedance of a

traveling electromagnetic field has been defined as n, result of the

transmission-line analogy. In Eq. 10-18 it was found that this

Zo or 7j was related to 7 of the medium as

7
0-

-f- jwei
(11-67)

This result was found to be the ratio between £ andAin the medium.

Reference to Eqs. 11-15 and 11-16 for £* and Hp, the transverse

field components of the TM wave, gives for the ratio of their maxi-,

mum values

t. 7
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which is equivalent to the result of Eq. 11-67, since (r = 0. It

is thus reasonable to define the characteristic impedance of the guid-

ing planes as the ratio of the transverse electric to the transverse

magnetic field. Use of the value of 7r. = from Eq. 11-25 allows

Zo for TM waves to.be modified to

TM waves (11-G8)

where tji = the intrinsic impedance of the dielectric.

For TE waves the transverse fields may be obtained from Eqs.

11-31 and 11-32, giving Zq for TE waves between the planes

and again using the appropriate value for 7 permits Zo for TE waves

to be stated as

Zo = .
TE waves (11*69)

Vl-fcW ‘

The ratio of the transverse fields for TEM waves is easily obtained

from Eqs. 11-41 and 11-42 as

Use of the value p = u VpiTi for TEM waves gives

Zo = 7)1 TEM wavms (11-70)

which is just that of the same waves propagating in an unbounded

medium. This result further confii'ms the previous statement that

the planes merely serve to confine and limit the area of the fields m

transmission of TEAI waves.

11-9. Attenuation with planes of finite conductivity—TEM case

To this point the effects of the guiding planes have been studied

by considering their conductivity to be infinite and the attenuation

zero above cutoff frequency. The conductivities of silver, gold, or

copper, which might be the plane materials, are high; and losses 0

energy that occur in the planes will be small compared with 1 *
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energy transmitted in the dielectric. Because of the smallness of the

losses, it is reasonable to assume that the field intensities near the

conducting surfaces will be essen-

tially unchanged because of the small

component of energy flow into the

planes. That is, the ratio of the power

transmitted between the planes to the

power transmitted into the planes as

losses is very great. Field magnitudes

required to transmit the power along

the guide are large; those required to

transmit the losses into the planes

are very small. Therefore the fields

due to the transmission of power into

the planes will have no appreciable effect on the magnitude of the

fields transmitting the power along the planes.

The magnitude field existing at the surface of the. planes for the

TEM wave has been determined as

UlimillllllllllllllUIIIIIIIIIIIIIIII

%
niiiiiiiiiiiiiiTiTTTiTiiifiiTrTTn

Fig. 11-8. Effect of finite wall

conductivity in adding an 6,

component in the TEM wave.

Hv - Btf-’* sin ut

and this is assumed unchanged in magnitude by the finite plane con-

ductivity. There will now exist a small C, component of field due to

the value of J/v present in the metal. This will cause the wave to

tip and no longer lie entirely in the x,y plane. The 8, component

will be directed on -hz on one plate and —z on the other plate.

The tipping of the wave toward the plane indicates that a com-

ponent of the field is incident on, and entering, the metal plane.

It is this component of field that conveys to the metal the ener^

required to supply the conduction losses.

Since is wholly tangential, it is continuous across the boundary

and represents the magnetic field of the wave entering the metal.

The power conveyed by this field into the metal per unit area at

some value of z is given by the average power expression for metals:

The loss in both planes will be twice this value.

(11-71)
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The power being transmitted in the 2 direction by the T£N[
past some plane was stated in Eq, 11-46 as

Pt =

It is now necessary to restate the definition of the attcnuith

factor a. This factor was originally defined by

where a was given as nepers per meter of line with Jr the cvintrAi*

z, and 11 the current at 2 = 0. For equal impedances a power «!:>

may be stated as

or Pt -

The rate of decrease of power with distance is

(1
!.73 >

and this rate represents the power loss per unit length, where P»i’

the power being transmitted past any point. In the case of

guided wave, Pm is the power loss per unit length in the z directs

per meter of width in the y direction. Pr is the power being trvi-

mitted between the planes per meter of width in the y dirccuo-

Then
Pm = 2aPr

a = nepers/m

Thus a is defined in terms of the ratio of the power lost <0 tlit po^-

transmitted per unit width in the y direction. With j^his dcfimw,^

for a and the values of Pm and Pt from Eqs. ll-H ^

the attenuation for the TEM wave traveling between par.-

planes is found to be
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in terms of nepers per meter in the z direction, per meter of -jridth

in the y direction.

11-10. Attenuation with planes of finite conductivity—^TM case

As an example of attenuation with planes of finite conductmty
confining a TAI wave, consider that m = odd, for which the value

of Hy in the TM„ wave can be written

At the upper plate, for which x = al2, this is

(11-76)

The power entering the metal plane per square meter at some z value

is then obtainable from

as'

2"‘' V2<r„

Ph = I
Bi- watts/m"- (11-77)

The power lost in both planes is twice this value per unit area of one

plane.

The z-directed power flowing in the wave past a point in the

dielectric between the planes is given by

Pr =

= i^Brsin=(~) (11-78)
^ (C6i \ ® /

using the field values from Eqs. 11-27 and 11-28. The total power

flowing in the z direction through a strip extending from top to

bottom plane and one meter wide in the y direction is

Pr = 1/Sr. R
2wei

' sin- dx

^ Pn D 2 5~ 2uei ‘ 2
(11-79)
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Fig. 11-9. Variation of attenuation of TM, TE, and TEM modfs

between parallel planes (w = 1).

The attenuation factor, expressed in terms of power lost, Pn, and

power transmitted, Pt, is

_ 1 P_U _ 2w(l
j
ufim

~ 2 Pt \2ff„

Introduction of Eq. 11-21 for /c and considerable manipulation

give

Vm i
27r/i„ Vf/fc

\ffmMmV'l -JcVP
(ll-SO)

for the attenuation in the pass band for the TM„ mode between

parallel planes of finite conductivity, m being odd. The result, a

ratrier involved function of the ratio ///« is plotted in Fig. 11-9-

It may be shown that a similar result is obtainable with »! even.

11-11. Attenuation with planes of finite conductivity
—

^TE case

Attenuation of the wave for planes of finite conductivity for TE

waves may be investigated for m = odd, for example, in a roannet

similar to that of the preceding section. The tangential component

of magnetic field in 'ho TEm wave is given by Eq. J MO.
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/?.= - thtt

a&j/ii

r, . /inirx\

Evaluation of the fields at the bounding planes and use of the Poyn-
ting radiation vector give, for the power loss per unit area in both
planes,

\aia/ii/
watts/m=

V m

The power flowing through the dielectric at any point is given by

Ft =
and since

S„ = Bt cos
(:¥)

Uftl

„ (rmrx\
Ba cos

I )

the power transmitted through a plane strip extending from plane to

plane and one meter wide in the y direction is obtained by integra-

tion as

1 Pm

4 um
The attenuation then may be written, after some labor,

(11-81)

Vm I

y<ffmarn Vl -fcVf
nepers/m (11-82)

This is also an involved function of f/fc, as well as being dependent

on m and on the metal plane parameters. The same e.xpression is

obtained for 7?i = even.

The variation in value of attenuation with frequency for TM, TE,

and TEM modes is plotted in Fig. 11-9 as a function of ///,. The

minimum in the attenuation curve for the TM mode may be shown

to occur at / = -x/S fc.

It may be noted that

and that the attenuation of the TE mode decreases with increasing

frequency, becoming zero for infinite frequency.
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PROBLEMS

11-1. Sketcl the field distributions for £ and H belwoeri tb
paraUel planes for the TEi and TMi modes, for one waveicnpii.

in the z direction.

11-2. Sketch the field distribution for S and H betucoii {b’

parallel planes for the TE^ and TM^ modes, for one ivavekiipth

in the z direction.

11-3. By analogy between 7o and y for the TMi wave and fora

high-pass filter, find an analogous electric circuit for the TMi wave

between parallel planes.

11-4. A pair of perfectly conducting planes arc separated 8 cm in

air. For a frequency of 5000 megacycles with the Tl\Ii mode excited,

find the following:

(a) Cutoff frequency.

(b) Characteristic impedance.

(c) d.

(d) Attenuation constant for / = 0.95/e,

(e) Phase and group velocity.

(f) Wavelength measured along the guiding walls.

11-6. A parallel plane guide is transmitting an average power cf

1000 kw per meter of width. The plane separation is 4 cm and tlic

frequency is 10,000 megacycles, with TEi transmission. Compute

the maximum values of electric and magnetic intensity in the sp-'iCe

between planes and shoxv where these maxima occur.

11-6. (a) If the planes of Prob. 11-5 are made of copper, find

the values and direction of the total current flowing in the plane,

per meter of xvidth for both TMi and TEi propagation, with poac.

as stated flowing.

(b) Find the pow'er loss per unit area of both planes, for llvi-

(c) Compute the attenuation.
_

(d) What percentage of reduction in power loss may be acIuc'K

by changing to silver planes for the TEi case?

11-7. Prove that Eq. 11-80 is the attenuation for m = even mth

the TM„ mode.

11-8. Prove that Eq. 11-82 applies equally well for attemijtiGP

with m ~ even, for the TE„ mode.
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11-9. Find the frequency of minimum attenuation for the TM
mode, in terms of /c.

11-10. For a frequenc3' of 6000 megac\’'cles and plane separation

= 7 cm, find the following for the TEi mode:

(a) Cutoff frequencj'.

(b) .tingle of incidence on the planes.

(c) Phase and group velocity.

(d) Is it possible to propagate the TEj mode?

11-11. Show that the propagation of the TEi wave takes place

by reason of two crossed waves and find the value of the angle

between the waves.

11-12. Consider the possibilities inherent in the use of an infinite

slab of solid good dielectric, of permittivity ci, oriented parallel
’

to the x,z plane in space and of thickness a, as a wave-guiding

medium. Discover the cutoff frequencj- and expressions for phase

and group velocities.

11-13. A field 8i = .4 sin (iry/6) sin (wt — fir) is the only electric

component in a region. Show that div 8 = 0.
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Chapter 1

2

WAVE GUIDES

Wave guides or hollow' metal tubes are now employed extensively

for transmission of the very high frequencies w'here the attenua-

tion caused by the w’ave guide is smaller than that for any other form

of transmission line. In order to obtain an understanding or physical

picture of electric wave transmission through hollow metal tubes,

the previous chapter analyzed the directing of electromagnetic waves

between infinite parallel metal planes. It is now possible to complete

the picture by adding tw'o more sides to form a complete tube. It

will be demonstrated that the approach of thq previous chapter was

helpful, since many of the w'ave properties ivill be unaffected and

unchanged by the presence of the sides

on the guide.

The guides will first be assumed made

of perfect metallic conductors. If it is de-

sired to determine the attenuation due

to finite conductivity, the methods of the

preceding section may be employed.

12-1. Application of Maxwell’s equations

to the rectangular wave guide

Conducting side planes may be added

to the parallel planes of the preceding

chapter to form a rectangular w'ave guide,

as in Fig. 12-1. Note that the guide is

oriented with twm faces in the planes of

the axes, and that the dimension a is the

height in the x direction, b being the width

in the y direction. The guide is assumed made of perfectly conduc-

ting metal w'alls and to be filled with a good dielectric with constants

fii and €i, and with o-j = 0.

Itis desired that propagation of energy take placeinthezdircction,

as before, with the length of the guide being infinite in the z direction.

498

Fig. 12-1. Cros.s section of

the rectangular wave giiitie.
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Thus it is reasonable to ^ume that all fields which may be present
wifi varj* with time and distance s according to

e~>- sin

where y is again complex in general. Using this farm of variation

the maximum values of the fields, indicated by the carets, may be
written from Maxwell's equations as

3^,
dy

-ylh -

- -f =

dtit

dx

dfiy 3/?-

3x dy

(<ri Ja'£j)E-

(ffi -r-

(tri -r Ja'eOS,

dy
ri- yH,

—A
dx

d̂x dy

—iwfti/?-

(12-1)

(12-2)

After selection of a field configuration having certain field com-

ponents, these equations will give the other field components that

must exist in the chosen configuration for a propagating wave to

e.xist. The result will then be a wave propagating in the z direction

and varj-ing sinusoidally with time as assumed. As in the preceding

chapter, two possible arbitrary field configurations nil! meet the

imposed conditions: one with an entirely transverse electric field

and one with an entirely transverse magnetic field. For the trans-

verse electric wave it is then possible to require that £, = 0, and

for the transverse magnetic wave that H; = 0. Because of lack of

advance knowledge on the effects of the two sides added to the

parallel planes, it is not possible to impose any other field restric-

tions. The boundary restriction that 8 = 0 along any of the per-

fecth- conducting planes is the remaining physical information of

use in defining the fields. To this may be added intuition based

on the analysis of the parallel-plane case.
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^2-2. The TMm.n wave in the rectangular guide

B IteM IS wholly transverse to the a direction ot propasalio,. aa.l ,1,;n. - 0. Maxwell s equations for propagation in the s direction
given in Eqs. 12-1 and 12-2, ma.v then be modified for T.M ttr-t
mission in a good dielectric inside the guide where tr, = o umb-
the assumption H. = 0, and in terms of maximum values, as

yfly ==

—yHx = jw€i8„

aa. an, . .
<'«'

dT “ *r "
/

d&z
,

*
\

^ + 'ySit
= —jujiiHx \

A (

-tSx - ^ \ (12-4)

d&x
I

dx dy 1

These equations indicate the possible presence of field components

Hx, Hy, &x, Sy, 8,, in the TM wave, representing a consistent set of

Fig. 12-2, Possible fields present in the TM wave.

physicalhi- realizable fields that will propagate in the z direction, wiili

sinusoidal variation in time, and with i/j = 0 in the guide. A-ssurnp-

tion of a value for any one field component and insertion in the fihcve

equations lead to values for the accompanjdng field components.

In the previous discussion of parallel conducting planes it 'va?
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found that the fields varied as a sinusoidal function of distance

between the planes. The tangential electric field components were
also required to have zero values at the boundaries. From Fig. 12-2

it can be seen that the requirement of zero values at the boundaries

must be placed on 8, in both x and y directions. If the field is to

vary sinusoidally in the dielectric between the boundaries, it seems
reasonable that 8, may be expressed as

8. = 8o sin (—^ sin sin ut (12-5)

where m and n are integers having values 0, 1, 2, 3, . . . ,
and a and

b are the guide dimensions shown in Fig. 12-1. With the origin

located as in that figure, Eq. 12-5 would satisfy the boundary con-

ditions that 8, = 0 at the guide walls or at a: = o or y = 6.

Equations 12-3 and 12-4 may be manipulated to give

The value assumed for 8, may then be substituted in the above and

found to satisfy the equation and in turn to satisfy Maxwell’s

equations if

(?)’ + (t)’

If these conditions are met, the assumption for 8, is a possible solu-

tion (actually the only one) for the z-directed electric component of a

physically realizable wave propagating as required in aTM mode in

the rectangular guide.

From Eq. 12-7,

and thus the propagation constant for the z direction is determined

in terms of frequency, guide dimensions, and arbitrary integers m
and n. As in the case of parallel planes, 7m.n may be either wholly

real or imaginary, dependent on the value of to. If it is real, the value

of 8, in Eq. 12-5 attenuates according to the factor if it is

imaginary, the field propagates without attenuation in the z direc-'
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tion along the guide according to the factor The rectanpth-
wave guide acts as a high-pass filter, in a manner similar to "lb;

parallel-plane case and in the propagation region

OJm.n — 0

7m.n = i/3m.n = J ^J(cWl “ (12-S}

The cutoff frequency for TM waves occurs when j3„.n = 0 and h

-Wfey+(?y (.12-10)

and the cutoff wavelength may be obtained as

2

The minimum cutoff frequency or maximum cutoff wavelength

occurs fur m = n — 1. As will be shown, values of m = 0 or 7i « 0

are not possible with the TM mode.

It is possible to write 7m.n in the propagation or pass band «

Tfn,

The phase velocity for TM waves can be obtained from

and is

.
vi

(
12-12)

Since it has been demonstrated that the phase and group velocities

are related according to \/vpV„ — Vi, the group velocity can k

readily written as

h
Vt,
= Viyjl - (12-13}

The same result could have been obtained by taking '

analogy mth the case of the parallel planes, it may be reasoned t ist

propagation inside the wave guide takes place by successive glanWh
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reflections of the waves from the conducting side walls, the actual

. wave path being zigzag in form. Another viewpoint may be that

standing-wave patterns are set up on the x and y axes due to reflec-

tions from the conducting side walls and that these standing-wave

patterns then propagate down the guide in the z direction.

Use of the value for £, in Eqs. 12-3 and 12-4 and some manipula-

tion allow the complete field components of the TM„.„ wave to

be written for the pass band where as

i/x =
nr W]

Eo sin cos cos ut

„ mr wti
,

,

Hv —
g

’,— So cos
Ia w.-pitj

0OS tot

= 0

E. . - 21 4-^ E. OOS (liHl sin (HS') SOS „t
a \ a / \ b /

e, = _ ^ S, sin cos fe) cos coi

„ „ . fmvx\ . fniry\
8. = S„sm^_jsin sin coj

(12-14)

(12-15)

(12-16)

(12-17)

(12-18)

(12-19)

It should be noted that if either m or n is zero, all the fields are

zero. Thus a TM„.o or a TMo.n mode of propagation cannot

exist in the rectangular wave guide. This result also rules out a

TEM mode in a guide.

For the parallel planes, a Zo or characteristic wave impedance

was defined as the ratio of transverse electric to transverse magnetic

field. If a similar definition is used for the rectangular wave guide

£ "x/Sx" ri" Sy- Pm.n y
H ~ ^ “ ‘™ (12-20)

Use of Eq. 12-11 for /3m.„ allows the expression for the charac-

teristic impedance of a guide with the TMr,.,, mode existing to be

written

^0(r.v) ~ 71-^1 (12-21)
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The field configurations for the rectangular guide for the TM,,
and TM2.1 modes are shown in Fig. 12-3. The pattern as shown in

the longitudinal section is drawn for the center line of the guide and

parallel to the x,z plane. The field pattern may be %isualizcd as

traveling along the infinite length guide in the z direction. Should

the guide be of finite length and not properly terminated in its Z.

X

(a)

X

(b)

Fig. 12-3. (a) Configuration of TM,.i fields'; (b) configuration of

TMj.i fields.

value, then the pattern will be set up as a standing wave because of

reflection of part of the incident energy.

Consideration of the field patterns will give meaning to t e a

and m subscripts employed. The m subscript indicates the

of maxima of field intensity in the x direction between the vv

whereas n indicates the number of such field-intensity

between the walls in the y direction. Modes in which the su scrip

are complementary, such as TMi,2 and TMj,!, simply imp y ^

guide has been turned on its side.
_

.

,

It is customary to assume the y coordinate coincident

smaller transverse dimension, the x coordinate coincident vn

' Inrger transverse dimension.
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12-3. The TEm.n wave in the rectangular guide

If it be assumed that the electric field is wholly transverse to the

z direction of propagation, the TE mode is obtained in the rectangu-

lar guide. For this case, e, = 0. Considering the dielectric in the
guide to have <ri

=' 0. Eqs. 12-1 and 12-2 become, for theTE mode.

dy
= jbltltz

-7^* -^ = jueity

3^ _^
dx dy

(12-22)

dx

y&s, = \

3y

(12-23)

As before, these equations indicate fields with components ff,,

iTy, H„ 6„ and 8y, representing a consistent set with propagation in

the z direction down the guide.

Fig. 12-4. Possible fields present in the TE wave.

In the previous ThI case it was convenient to assume a value for

£„ ance it was symmetrically affected by both sets of guide walls.

For the same reason it will be convenient to assume a value for

for the TE case. It appears reasonable to assume that
i

H, = Fo cos cos e-r* sm coi (12-24)
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the use of cosine functions being dictated by the physical knowledr-^
that since the currents flow in the side walls, the fields mil be largest

when near the currents. If the intensities for the various componenl?
obtained under this assumption satisfy the bopndaiy requireraenh
set up by the conducting walls, the assumption will have beea
proved correct.

Equations 12-22 and 12-23 may be manipulated to give

dx^ ^ dp* (12-2o)

into which Eq. 12-24 'for may be substituted. The assumed

Hz value will satisfy this equation, and thus will satisfy ^laxwell’j

equations, if

(?) +(t) + (12
-26

)

thus leading to the same propagation condition as for TM waves.

The propagation constant 'Vn.n for TE waves is the same as for

TM waves:

= +(t)
and becomes, in the propagation or pass-band region,

7r..» = " (“) “ (12*27)

with oi„,„ = 0

Obviously, the rectangular wave guide again behaves as a high-pan

filter. The cutoff frequency, cutoff wavelength, and phase and group

velocities will be the same for TE waves as TM waves.

Insertion of the assumed Ht value into Ecjs. 12-22 and 12-23

Fig. 12-5. Configuration of the TEi.i field.
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permits the TE field components to be written for the pass band as

„ rriT Pn,n TT • (vnrx) fTnry\ .

- TEw; “*V—j V-rj (‘2-28)

„ mr fim.n rr I WlTXX . /7«ru\ ..

^ (12-29)

ff, = ffo cos cos e-’ft".-* sin ut (12-30)

= T V~j \-r) ‘ (12-31)

6» = —— — Tfo sin cos cos w^ (12-32)

S. = 0 (12-33)

A field configuration for the TEi.i mode in the rectangular guide

is drawn in Fig. 12-5.

The characteristic wave impedance of the rectangular guide for

TE waves can.be readily foimd as the ratio of the transverse electric

field to the transverse magnetic field;

e _ V + Sy^ _ WMl _ 7
H /5m.n

and substitution for p gives

(12-34)

Zocrz) —
Vi

Vl -fc^P
(12-35)

which is not identical with that obtained for TM waves. In fact,

comparison with Eq. 12-21 shows

iji = "v/^0(riO^0(rj5)

or that the intrinsic impedance in the dielectric in the unbounded

case is the geometric mean of the wave impedance to TE and TM
propagation in the rectangular guide.

it can be seen from these equations that waves of the TE„,o type

are possible except for the TEo.o mode in which case all fields go to

zero. The TEi.o wave is of very considerable interest because of its

simplicity. For this wave, m = 1, n = 0.

Since
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the field expressions for the TEi,o wave reduce to

ffr = ^
/Sn.nffc sin cos td

JTx = -ffo cos £“^°> •' sin a-f

“ (?)
Sy ufiiHo sin cos ut

lilts

(I24w

112-5*;

( 12
-3;.

all other fields being zero. None of the field components van- wiH.

dimension b, so that guides of different b dimensions but Cfiua! s

^ Section ot o-o

0IB1
— n •

v't-

tw

Fig. 12-6 . (a) The arrangement of the TE,.e fields in the rectasr-j’-sf

guide; (b) the TE-.o field.

dimensions will have the same value of cutoff frequency. The

configuration for a TEj.o wave is shown in Fig. 12-G(a), wherein u-i

simplicitj’ of the field may be noted.

The TEi.o critical frequency is given by
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and it can be seen that at the cutoff wavelength the a dimension is

just one-half wavelength, or the value of Xe is

bearing out the physical concept developed for the parallel-plane

cutoff wavelength.

Since a TMi.o wave cannot esist, the TEi.o wave is the simplest

possible form and has the lowest cutoff frequency for a given guide

Pig. 12-7. Variation of attenuation below cutoff, and of the velocities

above cutoff, for the rectangular wave guide.

dimension in the x direction. The TEi.o mode is called the dominant

mode for the rectangular guide, the dominant mode being the only

wave which will convey energy through the guide when the excita-

tion frequency is between the lowest cutoff and that due to the next

higher mode. Ordinarily it is desired that only one mode be prop-

agated, and the guide is so designed that for a TEi.o wave for

example, dimension a is longer than half a wavelength at the

operating frequency, and shorter than two half wavelengths. The

dimension is thus too small to ^pport a TEj.o wave. For dominant-
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mode operation . the frequency range of a rectangular guide is

restricted to less than 2 to 1. Fpr circular guides this is 1.25 to 1 or
less. Ordinarily a rectangular guide is used with the TEj.o mode
and the circular guide with the TEi.j mode excited.

The smaller dimension of the rectangular guide is kept definitely

less than a half wavelength at any operating frequency in order to

avoid exciting the TMi.i or TEi.i mode. Where rotational sym-
metry is required, as in coupling a guide to a rotating antenna,

higher modes may be employed. For the TEi,o mode the lo«-es{

cutoff frequency in a rectangular guide is

f =
2̂a

Since all tangential components of electric field and all normal

components of magnetic field go to zero at the perfectly conducting

guide walls, the derived fields satisfy the boundary conditions and

the original assumption of a value for is proved satisfactory.

12-4. Cylindrical wave guides

In order to determine the conditions for propagation of waves

inside' a hollow, perfectly conducting cylinder as in Fig. 12-8, it is

convenient to employ cylindrical coordinates r, 4>, and z, instead of

the previously used rectangular coordinates x, y, and z. As sho^vn

in Appendix B, Maxwell’s equations may be converted to cylindrical

coordinates, resulting in

1 dH^ dIU _ p ,
58,

dHr dHi _ pi, 5S»

dz dr ^ dt

1 dHr _ p I
58,

r d4> 5t

dS.^ _ _ ^
dz ^ dt

1 ^
r di}}

dz dr
^
dH^
dt

1 d . ^ , IdSr _ dH,

r dr ^ ^ r d4>
^

5t

(12-39)

(12-40)
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Fig. 12-S. The cylindrical wave guide.

If it is required that the waves propagate in the 2 direction and

be a sinusoidal time function, then

£ = £€">" sin lot

H = sin wt

The proper derivatives may be taken, after which hlaxwell’s equa-

tions for a good dielectric (vi = 0), in terms of maximum values,

become

-
r a<p

—7i?r —^
1 d

, ^ 1 .A
- 3- (rHi) J-J-

“
r dr ^ r d<t>

(12-41)
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As before, it is possible to have TE modes witb 8, = 0, and TM
modes "Kith = 0.

Solution of Maxwell’s equations in rectangular coordinates gave

fields in terms of trigonometric functions of the tube dimensions.

Operation on Maxwell’s equations in cylindrical coordinate sj-stems

leads to Bessel’s equation and field solutions in terms of Bessel

functions. After considerable manipulation and the use of an

assumed field value

S* = So/n(r a/y* + «-pi6i) cos an ut (12-43)

it is possible to write as the field values for the TM wave that vi!l

fulfill the boundary conditions of the cylindrical guide:

8r — -p==== 8o/n'(r Vy' + 03-fiiei) cos sin ul

Vr' 4-

(12-44)

, w r SoJ'„(r Vy® + sin n4> sin id

(1245)

S, = ZoJn[r Vy* + wVi«i) cos n4> e~^* sin wi (1246)

Hr = - -
r T So/r.(r Vy- + wViEi) sin n<l> cos d

r(y‘ + wViei)
(1247)

H^ =
/ ,

^ = So/„'(r Vy* + wViei) cos n^i €**>' cos d
'

(
1248)

H. = 0

The fields 8^ and Hr are directed along r. The 8# and F# feli*

have positive directions in the direction of increasing ^

therefore at right angles to the radially directed fields, e r

components are at right angles to both the r and 4> compone^ta

So that shall Pave the same value for cos n<^> = cos n(<? '

that is, that 8^ be single-valued at a given space point, it is '

that n be an integer. Therefore the Bessel function Jr.

^
'

derivative Jn are only of integer orders. That is, n ~ 0, i ; >
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For the TM wave it is necessary that 8, and 8# be zero at the pipe

wall where r — b, because of the infinite conductivity of the wail.

This requirement fixes the value of the Bessel function

Jnib -s/y® + ti>®iuiei) = 0

and a listing of a few of the roots of J„ is given in Table 10. The
manner of variation of Ja, Ji, Ji, and Jz is indicated in Fig. 12-9,

Table 10

Roots of /„ = 0

m 11 o n = 1 3 II ss n = 3 It

1 2.40 3.83 5.14 6.38 7.59

2 5.52 7.02 8.42 9.76 11.06

3 8.65 10.17 11.62 13.02 14.37 .

4 11.79 13.32 14.80 16.22 17.62

which gives significance to the value m as designating the particular

root meant, since there are an infinite number of roots. The sub-

scripts n and m then have definite meaning in terms of the field

Value of X

Pig. 12-9. Variation of the Bessel functions JoC*), Jzix).

configuration and are used to designate the mode of field propagation

as in TM„,„. Thus the root of Jn = 0 for n = 1, m = 2 is equal to

7.02, and this corresponds to a TMi,2 wave. Physically, Eq. 12-43

shows that n is the number of cycles of variation of 8, found

as <j> varies around the complete cylinder, or through 2-x radians.
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The subscript m indicates the number of zeros of electric field alc.'ij

a radial path from the center to the inside surface of the outer

wall.

If T„.„ is a root of J„ = 0, then

and

b V7* + = Tn.n

( 12
-10

)

Following the analysis of preceding sections, for propagation to occur

it is necessary that be imaginary or that

7n,n J^n,m (
12-,00)

which makes the attenuation equal to zero in the pass band.

The critical or cutoff frequency, above which transmission takes

place, is

X 'Tn.mVl

2zb'
(12-51)

and the critical wavelength is

_ 27rb
Ac —

*^n,Tn

Since 27r6 is the inner circumference of the outer wall of the pide,

the critical wavelength is that at which the circumference is equal to

r„,„ wavelengths.

The phase velocity is

CJ Vi

i-’i
and the group velocity is

__l-_ , ITZU.- d0„„
-

, fd0n.v

du

(12-52'

(12-53)

as for the rectangular guide. The characteristic impedances of th-
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cylindrical guide may also be found identical with those of the

rectangular guide for both TM and TE modes.

Choice of an assumed field value

• Ht = HaJnir cos n<l> e“''" sin ut

for H„ a value selected because of similarity to the preceding TM
case, and its use in Eqs. 12-41 and 12-42 permit an equation for

Hr in the TE field to be written as

Hr = ^n,i

\/y + b3^Hl6l

\/ cos n<f) cos oit

(12-54)

It is known that at r = 5, the Hr or normal field value must be zero,

which shows that

Jn'(b = 0

is a condition of propagation for the TE mode. If is a root of

Jn' — 0, the field equations for the TE case in the cylindrical

guide may be written

(12-55)

(12-56)

(12-57)

(12-58)

(12-59)

(12-60)

The values for fc, Vp, and Vg are the same as those obtained

for the TM mode except for the use of t' in place of T„.m.



Kg. 12-10. (a) The TEj.i field in the cylindrical guide; (b) the TMm
field in the cylindrical guide.

The derivative Jn with respect to r of the Bessel function may

be obtained from

- JnM
and a few roots of Jn — 0 are given in Table 11.

Table 11

Values of JJ — 0

m n s= 0 tl = 1 n = 2

1 3.83 1.84 3.05

2 7.02 5.33 6.71

3 10.17 8.54 9.97

Since there is no root ro.o of the Bessel function Jo, TMo.o

cannot exist. Waves of order TMj.o and TEj.o are possible, as w

as higher orders. The field patterns for several modes are shoini

in Fig. 12-10.

1 2-5. The TEM wave in the coaxial line

The TEM mode (sometimes called the principal moii)

^

is

apnroximate form of propagation encountered on parallel-wre an
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cowdal lines at low frequencies. ActuaUy, it exists only in theory

on the dissipationless form of those lines; but since the losses are
small, the true condition closely approximates the TEM field.

To analyze the TEM wave in the coaxial line, it is desirable to

start with all fields varying in time and propagating in the z direc-

tion according to

H — sin (Jit

£ = £e“'f* sin tot

The TEM mode is a special case of the TM mode with £, = £!, = 0.

It may also be established that 8^ = ff, = 0. Under these condi-

tions, Eqs. 12-4:1 and 12-42 reduce to

yA^ = JueiSr (12-61)

II O (12-62)

ySr = josniA^ (12-63)

i-o (12-64)

and it is then possible to write

indicating that

or that

y 7“/*!

y- = —

7=7/3= ju y/niti (12-65)

which is identical with the propagation constant obtained for the

dissipationless line from transmission-line theory. It shows that

under the special TEM conditions, propagation will occur in the

2 direction with a = 0.

The cutoff frequency is found by setting jS equal to zero. Such

an operation indicates that

/c = 0

or that all frequencies are propagated on the coaxial line by the

TEM mode.

The Poyntmg radiation vector resulting from 8, and also

shows that energy will propagate along the positive-2 axis. The
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electric field is totally radial and the magnetic field is concvnui-
the inner conductor. Equation 12-G4 shows that C, docs iiot'v=-
with 4>, or that circular S3'mmetry of radial electric field exist:,

Equation 12-62 indicates that

where k is not a function of r, and thus the field is an inverse

function of r befween the conductors. This is exactly the eiuiatisr;

to be expected from the static field configuration in the coaxii'

cable. However,

i

by Ampere’s law, where i is the instantaneous current cnclo'cd by

the path and is the corresponding component instantaneous

magnetic field. If the circumference of the inner conductor o!

radius a is chosen as a path, then if 7o is the value of instantancour

current in the inner conductor,

= Jo

Evaluating A- at r = a,

k = ^ (124161

2t

and thus the magnetic field intensity is expressible in terms of fe

inner conductor current as

which is certainly true by reason of the definition of //, the ficM

intensity along a path of radius r.

From Eqs. 12-63 and 12-65,

SO that A {12-tS}

/>irr

shovi-ing the electric field also to be inversely proportional to r,

expected from the cylindrical symmetry of the situation.
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The voltage drop from the center conductor to the outer conductor

of the coaxial line may be written in terms of the maximum value

V as

The characteristic impedance of such an infinite length line /is the

ratio of V/I by circuit methods, so that

^0 = ?r~ ’ll 111 - ohms
2Tr a

(12-69)

which, for a dielectric of relative permittivity tr between the con-

ductors, is

Zo = In - ohms

and this checks the value obtained through circuit considerations in

Eq. 7-21.

Inserting the z-propagation and time functions gives the instan-

taneous voltage as

^0 In (6/a) .. . ,V = 111
—— sm cot

2ir
(12-70)

Taking the z derivative of the voltage,

^ In - sin cot

oz a

27r d
(12-71)

in terms of the effective current and voltage. Since Zo = Zoe~^^*

sin ut,

dh
dz

= sin cot

j2irco6i „
In (6/a)

It has been previously shown that

L = ^ln- C =/I
In ^ r-

^^"^a In (6/a)

(12-72)
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in Chapter 7 for the high-frequency line, so that Eos 12-7!
12-72 become

dz
—juLI

(12-73)

dz
= -jtoCF

(12-74)

which, obtained from field theory, are identical with the tran~

mission-line equations as previously obtained for a dissipatioulcs

line by use of circuit parameters and current and voltage concepp.

This analysis then serves to show once more that circuit concop!?

and field concepts are really one and the same thing.

In addition to the TEM w'ave in the coaxial lino, it is possible for

higher-order forms of TM and TE waves to exist with component?

of electric or magnetic field in the direction of the line axis, llorv.

ever, for the usual coaxial lines the dimensions are small enough that

the lines are operating at frequencies far below cutoff for these

modes, and these modes will not be considered here.

12-6, Attenuation in the coaxial line

For the TEM mode in the coaxial line, the tangential tnapeUe

field is

— ~ sin ost

ZttT

from the preceding section. Again it may be assumed that the cur-

rents flowing in conductors of finite conductivity are essentially the

same as those for the perfect-conductor case, or that the losses arc

small and the fields and currents are affected only slightly thereby.

At some particular point of observation along the z axis, the a^erage

power entering through the surface of the inner conductor of t 'C

coaxial cable of radius a, due to the tangential magnetic field U

evaluated at r — a, is by Eqs. 12-67 and 12-68,

Pm — watts/nr

The area of surface of inner conductor is 2na square meters per racte^

of length, BO that the pow'er supplied to the inner conductor pc-
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2 2xa V 2<r„

The power supplied to the outer conductor of radius b per meter of

length is

The total power loss into the conductors, per meter of line, is

The power transmitted past a given point in the guide is readily

obtained bj"- integrating the Poynting radiation vector or product of

the Sr and fields over the space between conductors and is

dr

By use of the field relations of the preceding section, the above may
be written

Pr = ^ iji In
^
watts (12-78)

It has already been shown that the attenuation is given by

_ IPiT
“ ~ 2Pr

so that for the coaxial line, under approximate TEM conditions, the

attenuation due to side-wall, or conductor, losses is

showing that this attenuation is proportional to the square root of

frequency.

Equation 12-77, for the total power conveyed into the metal by
the fields, may be written for a line with copper walls as

P« = ^ [
4.I6 X 10-* V7 (i + J)]

watts
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The term in brackets is the resistance expression for a roaxi*) li').-.

as previously obtained in Section 7-2. Since h is the tnaxim-ir.

value of current flowing in the. conductors, it can be seen tliat tk-.

power delivered from the field to the side walls is e.xacf!v (L&

amount of power which is dissipated as PR losses in the condijcte,-.

It has prexdously been shown that the power transmitted alone a

line to the load is conveyed in the fields; and now it is evident that

as the power is transmitted along the line, the fields supply power lo

the conductors, this power then appearing as the heat losses in the

conductors.

1 2-7. Attenuation in guides due to imperfect conductors

For the TM mode in the rectangular guide tlie Hz field is the

tangential component on the sides of the guide parallel to the

plane, or of length a, and the component is tangential on the side

parallel to the y,z plane, or of length b. For the TM„,„ mode in tko

rectangular guide, the maximum values of these fields at y = 0 or

y — b and at x = 0 or a: = a, respectively, are

0!€i
So sin

05e-giei

miT £>,'€1 „ .

So sm
a 03c-fiiei

imrx\ ..
,. (m-

im 1

\ G

infeV-,-;
\b /

(12-SO;

(12-51)

As previously stated, the power conve}’’ed into a metal of finite

conductixdty by an electromagnetic field is

Assuming that the rectangular guide walls are conductors 0i finite

conductixdty and that since the metal losses are small, the fields ere

approximately the same as for the case of perfect conductixdt.x ,
*i.!

assumption supported by the inequality* o-„ ;S> then the powci

delix*ered to the guide xx'alls by the abox'e TM^.r. fields is

Pi, =
jo

vratis/meter of length

the 4 factor being removed by the fact that there are txiO

acted upon by each field.
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Substituting for the fields gives

523

Pm ~42o-„

/n-a . m-b\

~yl2<7„ 8vr=fc* \6- oV (12-82)

This is the loss in watts per meter of length of guide.

The power transmitted along the guide may be considered as due

to two waves traveling in the z direction simultaneously. One wave
is composed of ‘the S. and fields, the other of the — E„ and
fields. Consequently, the power passing any po'int in the guide is

P = i

and the total power transmitted ma}'- be obtained by integration of

this result over the cross-sectional area of the guide. With the field

values for the TM„.„ wave from Eqs. 12-14 to 12-19, the power trans-

mitted past a given point by each of the two component waves is

^€lPfn,n
^

„ ab
^€lPn,.n

dx dy

(12-83)

dx dy

(12-84)

The total power transmitted through the guide being the sum of Pi
and Pj, it may be written, after insertion of values for /3n.„ and/c, as

this being the value for the TMn.„ mode in the reciangiilar guide.

Similar methods give the following value for theTE mode in the
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rectangular guide:

8 \fj T F
Likewise for the TM mode, cylindrical guide:

P = { T 'r 'iiz {\Jn \rm,n)] I

For the TE mode, cylindrical guide:

watts

^ yjl ~^watts (12-87)

Since the attenuation is given by

“ 2 p,

then the attenuation for the TM mode in the rectangular guide with

side walls of finite conductivity is

noen^

2mf/ Vl _

By the same methods, the attenuations for other forms of guide

are as follows: Rectangular guide, TEo,„ mode:

Rectangular guide, TE„,„ mode, (m 5^ 0)

:

— K/tm 2 V7
V CTm -/cV?

l[l - (7)1 + (1 + s)

Cylindrical guide, TE„,„ mode;

«„= S -
[fr) +

—

fnjxVl
(12-92)
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Cylindrical guide, TM„,m mode:

arjt
~

7^===- nepers/m (12-93)

From these expressions the attenuation due to imperfect con-

ductors in the guide walls can be readily found. Attenuation due to

Pig. 12-11. Variation in attenuation of various inodes in a cylindrical

copper guide of 12,7 cm diameter.

imperfect dielectrics inside the guide may also occur, although most

guides operate with gaseous dielectric of zero conductivity.

The values of attenuation for the TEo.i, TMo.i, and TEi.i waves

in cylindrical metal guides are plotted in Fig. 12-11 for a guide

diameter of 12.7 cm. It can be seen here, and also from Eq. 12-92

that the attenuation of the TEo.i wave decreases indefinitely with

increasing frequency. This statement is true only if the guide cross

section is perfectly circular, a very difficult situation to maintain.

12-8. Excitation of wave guides

The form or mode of propagation is determined by the type and
location of the exciting device. Although either loops (magnetic)

or rods (electric) may be used as excitation sources, the rod antenna
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is nonnally preferred because of its simpUcitv If a m.lHp .
one end by a conductbg wall and an [pp^riiSaTSrod IS through the end or side of the guide, as in lig M
rod and end waU is properly adjusted, the reflected wave arrives at

(0 (d)

Fig. 12-12. Methods of exciting various inodes by setting up

the appropriate electric fields; (a) TEi.o; (b) TEm),- (c) TMm; (d)

TMj.,.

the antenna in phase with the emitted wave, and the two propagate

down the guide as one wave.

It can be seen that the rods should coincide with the positions of

maximum electric intensity in the fields that they are intended to

excite, with attention being given to the proper phasing of the poten-

tials supplied to the rods in accordance with the phasing of the fields

to be excited. If current loops are introduced for excitation, the

plane of the loop will be made normal to the magnetic field and the

loop will be located at a point of maximum magnetic field intensity.

These sources will not usually excite just the waves desired but

toII also excite higher-order modes. By choice of guide dimensions

it is possible to have only the desired wave above cutoff frequency,
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the other waves then being attenuated and not propagated. A set

of customary guide dimensions is given in Table 12.

Table 12

UsTJAL Wave-Guide Dimensions

Dimensions,

in. cm
Useful range, *

X-cm

Attenuation—brass walls,

db per meter

1.5 X3.0 14.4 7.6-11.8 0.038 at 10 cm X
1.0 X2.0 9.6 5.0- 7.6 0.068 at 6 cm X

0.75 X 1.5 6.97 3.7- 5.7 0. 118 at 5 cm X

0.625 X 1.25 5.7 3.0- 4.7 0.164 at 3.6 cm X

0.5 X 1.0 4.57 2.4- 3.7 0.25 at 3.2 cm X

12-9. Guide terminations

A wave guide is a form of transmission line and must be properly

terminated to avoid reflection losses. The termination should pro-

vide a wave impedance equal to that of the transmission mode in the

guide. Since loads are not always of suitable values, various forms
of couplings have been developed for transformation of the imped-
ances to the desired values.

One of the most common forms of loads that are coupled to guides

is free space. That is, it is desired that the energy being conveyed
by the guide be radiated or transmitted as a space wave. Usually in

a narrow, well-defined beam. This requirement involves coupling

the guide impedance to a wave impedance of 377 ohms and is usually

done by expanding the area of the guide in an appropriate direction.

The terminating transformer section thus approximates an acousti-

cal horn and in properties is similar to the exponential line. At the
throat of the horn the impedance approximates that of the guide,

whereas at the mouth the -wave impedance is that of free space. If

the horn is several wavelengths long, good transformation without
reflection is obtained. •'p;.

Dissipative loads or nonrefiecting terl^juations are also available.

They again employ the principle of the tapered or exponential line

and use dielectrics having considerable conductivity to provide the
power-absorbing properties. The simplest form is that of a wave
guide entering a tank of water at a small'angle, the guide then being
partially filled with a wedge of water. The wedge shape provides
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the approximate exponential taper, and the water furnishes dielectris

loss and a ready means for conveying away the generated heat.

Materials consisting of graphite-bearing porcelains, or graphile-

or metallic-bearing plastics, are also available in wedge shapes to

replace the water as other types of power-dissipating or nonreficcliDg

loads.

1 2-1 0, Resonant cavities

If an excited wave guide is closed by a perfectly conducting sheet

at some point, a standing-wave pattern will be set up along the ans

of propagation. Since the tangential electric intensity must be zero

^ at the end-wall closure, it mil

* algo be zero at half wavelength

points back along the guide,

wavelength being measuredalong

the guide wall and thus in tenns

of phase velocity. Since the elec-

tric field is zero at any half-wave

point, a perfectly conducting

plane may be inserted across the

guide at any such point without

changing the field distnbution

present between the plane and

the end wall, the exciting antenna

being considered as present b^

tween the shorting planes. Avot-

12-13. Dimensions of the reso-
^.^vity is then formed an

nant cavity. discovered to have resonant

properties similar to those of

only definite frequencies can produce the
^ configuration

field conditions. The dormnant
cavity has other

having the lowest resonant/jgquency. Si

dimensions also terminatX in

bility of resonance at other frequencies, depending

orientation of the cavity.
. . j rectangular

cavity

Assume that initially there existed m the re
^he

of Fig. 12-13 a TE..„ field propagating m the
^

cavity has walls that are perfect conductors an

Fig.
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good dielectric. The initial electric fields would be

. nir w/n rr fmTx\ . fmry\

Tsis br) « ('2-M)

sin (V^) cos fe) (12-95)
a Uc-ftin \ a J \ 0 J

Sx = 0 (12-96)

Because of reflections at the walls after the guide is closed off to

become a cavity, the field components present will consist of inci-

dent and reflected waves, and

£i, = (1 K)Sx

= (1 -f- K)&ii

For reflection from perfect conductors, K = — 1 so that, after con-

sidering the reversed sign in the exponential for the reflected

wave, the standing-wave fields and S„, are

«” = Tsk «•- {¥) ™ (=r)
- -’-I ('2-^’)

Sin cos fe)
a wxVi«i \ o / \ ^ /

(12-98)

If part of the coefficient is collected as Ho', then

S„ = ^ Ho' cos sin sin (/3m,nz) sin wt (12-99)

Sy, = — ^ Ho' sin cos sin (/3m,nz) sin ut (12-100)

E.. = 0

At 2 = 0 and 2 = c, the boundary conditions require that S„ = 0.

To satisfy this condition it is necessary that

o _
Pm.n

C

where p is an integer and c is the dimension of the cavity in the z

direction.



530 WAVE GUIDES

Maxwell's field equations, as given in Eqs. 12-1 and 12-^
the wave^ equation in terms of S,, or any other comt>onent;'i‘
terms of fi* this might be

d-tr' ,d%
, , ,

,

dx^ ' dy^ (12-101 )

Use of the S„ value in the cavity (Eq, 12-99) in this form of tb
wave equation gives as a requirement for satisfaction of the

equation, and in turn for the existence of the fields, that

+ w'tiiH

It is then seen that for the fields to exist, the value of y must he pvfn

^ a/(v) + (t) + (t)
“

which is closely related to the value for the wave guide. For the

fields to propagate in the cavity, y must be imaginarj', or

Tm.n.p — jPrn.n.p ~~ j

The resonant frequency/, of the cavity is that frequency at whieh

/3 is zero, so from the above radical,

This is analogous to the cutoff frequency in the wave guide.

Use of Maxwell's equations permits the accompanj'iiig magnetic

field components for the TE mode in the resonant rectangular canty

to be wTitten as

- -??S {¥) (?) - (?)
-

I

H„ - ^f cos (C^) sin (2^^) cos (Sj cos «1 (IW® '

H.. = _ |i' eo3 cos (2^)
sin cos nl OM®'"

(12-101)

lOj)
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Any one of the integers m, n, or p may be zero but not two, since

in that case all the fields would go to zero. Because of the form of

the resonant-frequency expression, a wide variety of resonant fre-

quencies are possible, depending on the choice of integers. For a

cubical resonator with all dimensions equal, the resonant wavelength

is equal to a diagonal of one of the cube faces for the TEo.i.i mode.

Exactly similar expressions for y, and fr can be obtained for the

TM mode of oscillation in the cavity. Wlien field expressions are

written it is found that any zero subscript mode is impossible.

Since the cavity behaves and is employed as a resonant circuit or

tuning element, its frequency selectivity is of interest and may be

evaluated in terms of its Q at resonance. The Q value was originally

defined according to

n _ X
stored per cycle

energy lost per cycle

The energy loss is due to finite conductivity of the cavity walls and
is therefore proportional to the area of the walls. The energy stored

is considered as scattered through the cavity volume and conse-

quently is proportional to that volume. If it be assumed that the

tangential magnetic field at the walls is tivice the average value of

magnetic-field intensity in the cavity volume, it is possible to

obtain an approximate and simple expression for the Q of a rectangu-

lar cavity as

Q = tt/mi X volume

X area

Trfffm Pi X volume

fi„ area

(12-107)

Cylmdrical cavities are frequently used because of the ease with
which they may be manufactured, and their ease of adjustment to

resonance by a sliding circular piston. The resonant frequency of

such a cavity is given by

/r = (12-108)

where t means any of the roots of J„{b y/y- -f cii-piti) = 0 for TM
modes and of Jn{b '\/y- coVifi) for TE modes. The mode desig-
nations become TE^.n.p and TM„.„,p. The TMi.o.o mode is the
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Simplest of the TxM type, whereas TEi.o.i is the simplest for the TE
modes, since p cannot be zero.

The Q of a cylindrical resonator in the TM„.o.o, mode is

e = ,12.105,

By careful design and plating of internal surfaces with silver or

gold, it is possible to obtain Q values up to 100,000, far above th^e
obtained by coils at the lower frequencies or by lines at intermediate

frequencies. Tuning means may be supplied by the use of sliding

pistons in one end of the cavity, provided good spring contact h

made between the end and side w^alls at aU points of the periphejj

PROBLEMS

12-1. (a) Find the cutoff frequencies for a TEi.o wave in air in a

rectangular guide measuring 5 cm by 2.5 cm.

(b) Calculate the phase and group velocities for the above wave;

at a frequency of 6000 megacycles.

(c) Find the attenuation to be expected for a frequency at 0.95

times the cutoff value. Neglect conductivity.

12-2. (a) Find the attenuation of a 900-megacycle wai-e ii

applied to a square guide with /« = 1000 megacycles, TE),o mode,

air dielectric.

(b) What would be the dimensions of such a guide?

12-3. A wave guide is 8 cm on a side. Tabulate all modes which

may be propagated at frequencies of 1500, 3000, and 6000 mega-

cycles.

12-4. Find the characteristic wave impedance for the TM and

TE modes in the cylindrical guide.

12-6. In a coaxial line of dimensions a = 0.5 cm, 5 = 3 cm, the

radial electric field in TEM transmission is equal to

centimeter at the surface of the inner conductor. If tbe le cc n-

is air, find the magnetic flux density at the surface of 2 mriv

conductor, with / = 10 megacycles. .

(a) Compute the voltage across the line, the conductor curren

aud the power being transmitted.
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(b) By integration of the value of £ X iJ, or Poynting’s vector,

over the cross-sectional area of the line, check the value of power

transmitted as obtained in (a), above.

12-6. (a) If the line of Prob. 12-5 is made of copper, find the

power loss per meter when transmitting the field intensity S of that

problem, with a frequency of 1.4 X 10® c.

(b) Find the attenuation in decibels per meter.

(c) If the line is silver-plated to a depth considerably greater

than the depth of penetration, compute the attenuation in decibels

per meter.

12-7. Prove that Eq. 12-86 for power transmitted by the TE
mode, in a rectangular guide, is correct.

12-8. Compute the power loss for the TEm.o mode in a rectangular

guide wth walls of finite conductivity.

12-9. (a) A square guide 10 cm on a side is. transmitting a

5000-megacycle signal. If it is of silver, air-filled, find thfe attenua-

tionjn decibels per 100 m of guide.

(b) Repeat, if of copper,

(c) Repeat for iron of relative permeability = 100.

12-10. A cylindrical copper tube of inside diameter 3 cm is air-

filled. Calculate the cutoff frequencies in theTEi.o, TMi.o, TEi,i,and

TMj.j modes.

12-11, If a frequency of 10'® c is transmitted in the tube of

Prob. 12-10 in the TEi.i mode calculate the attenuation m decibels

per 100 ft.

12-12. A metal box is 3 X 4 X 5 cm In dimensions. If it is filled

with air, find the resonant frequencies for TEi.o.s fields in the
various possible directions.

12-13. Show that for all TM„.„ waves in a rectangular guide the
minimum attenuation arising from imperfect side-wall conductors
occurs at a frequency / = V^.
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Chapter 1

3

RADIATION INTO SPACE

In a previous chapter it was shown that it was possible to set up a

traveling electromagnetic wave carrying energy into space. This

chapter will deal with a few of the practical means for coupling

circuits with space, or the antennas for radiating such waves, and

wth methods of calculating the power radiated, the input imped-

ance, the effect of the earth, and methods for controlling the direc-

tion in which the energy is radiated.

A collection of antennas is shown in Fig. 13-1, only a few of

which will be discussed here.

13-1. Vector potential

In static electric fields it is relatively easy to determine the

scalar potentials present, and to obtain the field about a con-

figuration of charges by differentiating the potential, or taking the

gradient. An analogous method is useful in finding the magnetic

fields about currents, since in general it is easier to obtain the

magnetic potentials from the known currents than it is to write

the fields directly.

The static electric potential in a system of charges having density

p is given by

1 f pdv

t Jr 47rr

and by analogy a magnetic vector potential is assumed as

where J is the current density throughout the volume dv. This

expression is a vector because it depends on the orientation of the

current densitj' J.

In a thin filament of cross sectional area da,

dv = da dl

idl = J dv

535

and
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t
(a)

Fig. 13-1. (a) Dipole antenna; (b) grounded antenna; (c) loop;

(d) vee antenna; (e) dielectric rod; (f) horn; (g) p.arabolic reflector;

(h) metal lens.

where i = J dais the total current in the thin filament. Then

A = (13-2)

This magnetic vector potential is in the direction, or cverj’whcrc

parallel to, the current-carrying element dl.

The potential A would obiiously not serve its intended purpose

if it failed to produce the field upon proper differentiation. That

it vnll do so, and is therefore the desired form of potential function,
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can be shown by relating it to the magnetic field intensity as

liH = V X A (13-3)

^ 4^ / ^ (7) " i / ^ (7)

where Qr is a unit vector along r from the current element dl to

the point P at which the field intensity is computed. From this

expression it is possible to wite

dH
i dl sin 6

4:rr^
(13-5)

as the field magnitude due to the current element dl, where 6 is

the smallest angle between dl and the radius r.

The above expression, however, is Ampere’s law for the field

intensity near a current element. Thus the magnetic vector poten-

tial A has been shown to lead to the usual solution for the field, and
the validity of the function A has been established.

1 3-2. Retarded vector potential

The integration of Eq. 13-2 implies the summing up of potentials

due to various elements of current f dl. Let the current in the ele-

ment be a time function

i = /„ sin 0)1

'and reconsider the meaning of Eq. 13-2. This equation expresses

the superposition, at some remote point P, at distance r, of poten-

tials due to different current elements Idl. If these are simply

added up, as by the process that lead to Eq. 13-5, an assumption

is made that 'these field effects which are superposed at time I all

started from the current elements at the same value of current and

time, even though they have traveled varying distances r. Obvi-

ously, this ca.n be correct only if the velocity of propagation is

infinite, whereas it has alreadj' been shown that the velocity of

propagation is actually finite and that of light in the medium.

It is then necessary to introduce the idea of reiardation, or that

the effect reaching P from a given element dl at an instant i is due

to a current value which flowed at an earlier time, or that the

current effective in producing a field from a given element was that
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which flowed at an earUer time, this time being dependent on the
distance travelled from dl to P. The current in the element must
then be written

* = Im sin:m 0, - 0
where c is the velocity of propagation or of light in the medium.

^

The magnetic vector potential A then is called a retarded 'potential,

since it is a potential that appears at a point in space later than the
current which caused it; .4 is written

ht-r/c) ~ J
i(t-r/c) dl

4irr
(13-6)

wherein it is implied that i is a function of (t — r/c). For sinu-

soidal element current the retarded vector potential is

J f
Ht-r/e) = Ml — sin 01 (I

— r/c) dl

47rr
(13-7)

where the function of (i — r/c) introduces the proper retardation

of potential, dependent on the distance r from dl to P.

If r is small with respect to ct, there is no difference between the

retarded and static field functions. This is the case close to a cur-

rent,' or when the changes in current take place very slowly. This

point will be discussed further in Section 13-3.

1

3

-3 . Radiation from a current clement

It is now possible to continue the use of the retarded vector

potential in calculating the £ and H fields surrounding the element

of current i dl. If these dff fields be found, it then follows that

finite-sized antennas may have their fields computed by integrating

over all the current elements present. Thus the simple current

element becomes the building block for larger systems. It is also

the classical charge-separation dipole of electrostatic theory.

Figure 13-2 illustrates the element of current of length dl at tlie

origin and in spherical coordinates, r, 6, and <#>. For element current

with sinusoidal time variation, the retarded vector potential at P is
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Fig. 13-2. A current element at the origin in spherical coordinates.

in the y direction, since that is the direction of the current producii'S

it. By use of

ff = V X A
and noting that Ax — A, = 0

then 11

= 0

ff =
* dx

(13-1-0)

are the magnetic field intensity components present.

From Fig. 13-2, it can be seen that

r = + 2/’ +
X = r sin 6 sin if>

y = r cos 0

2 = r sin e cos <#>

Use of these expressions in the indicated derivatives of Eqs.
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and 13-10 gives

zy Im dl —Z. . . 1^2 1
[TF sin «(£ - r/c) - — cos - r/c)

J
(13-11)

u dl f y ^ mil . 1
[^T sin «(t - r/c) - ~ cos m{l - r/c)

J
(13-12)

Since H- and H, lie in a plane, the only spherical coordinate field

component will be 7/^, given by

= IL cos - H, sin
<f, (13-13)

H, ^
referring to Fig. 13-3. Also noting

/Hf, that

/ - = sm 0 cos (f),

^
= sin 0 sin

' then Eqs. 13-11 and 13-12 may be com-
Fig. 13-3. Componcats of bined to yield 77^ as

„ In dl sin 0 cos^ 4> . ,

,

= -J— -5 sm u(7 - r/c)
L *

*

, w sin 0 cos= <6 .

^ ^ cos w(( - r/c)
cr

,
sin 0 sin* <^ . .. , . ,

oi sin 0 sin- 6 ,, , ^
-1 ; ^ sm m{t — r/c) H cos u(f - r/c)

r- cr
\ /

Writing 6 = co(f — r/c),

77^ =
7„ sin 0 dl fsin 5 ,

w - ] ,,n ,

[-75- + 7 cos
^

I

(13-14)

and this is the total magnetic field intensity at P.

It is interesting to note that the first term yields the Ampere’s

law result of Eq. 13-5, which was derived without consideration of a

finite velocity of propagation. The second term is present because

of consideration of tins finite velocity. Since the first term varies

as 1/r- its effect is felt onlj’^ near the current element, and this is the

field measured near conductors and coils, usually referred to as the

induction field. The second field term is small near the conductor,

but since it varies as l/r it becomes the predominant field com-

ponent at great distances and it is known as the radiation field.

The relations between the two fields may be further explored if
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w/c is replaced with 2t:/\ so that

sin S + cos 5

]
(13-15)

Thus at distances r where the ratio X/r is small with respect to

unity, the induction field term is negligible compared to the mag-
nitude of the radiation term. Equality of the two field magnitudes

occurs at

r = ^ = 0.159X

or a distance of one-sixth wavelength. Beyond this point the radia-

tion field is the greater.

The accompanying electric fields may be found by use of Eq.

13-14 in Maxwell’s equations. These equations must be placed in

spherical coordinates and the results are

1gCO
dHr

\= ar

II

a.
1II

1 [
1 ^ _ 1 (rH«)l = + e ( (13-17)

r Lsin 0 3r ' J dt I
'

1 r 5 , „ dHr] _ p . 58# )

Field components Ht = Hr = 0, and because of s3Tnmetry there

is no variation of any quantity with <#>. Then in space the field

conditions due to the current element will be given by

(13-18)

rsinsias'"*''""']"' 31
(13-19)

(13-20)
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Using in the form

[§13-3

zi _ d dl 0}
, y . sin — r/r^l4^—

J

and performing the operation indicated on the left of Eq. 13-19
gives

e
dSr

dt

21n sin 6 dl

Tir cr-
cos a,(t - r/c) -f

r/c)

Integrating -with respect to time, and again letting 5 = - r/c),

leads to

Sr
_ Im COS 6 dl /sin 6 cos 5^

27r« \ cr®
(13-22)

after dropping the constant field obtained. Since the terms in

brackets vary as 1/r- and 1/r®, the Sr field vill be negligible at any

distance from the current element where r >?> X. Thus no radial 8

component will be present in the radiation field.

Using again, and performing the operation indicated on the

left in Eq. 13-20, followed by integration with respect to time, and

use of 6 = u{t — r/c), gives

. „ sin e dl f a sin 5 cos d\

4s-e \c-r cr- J

Two of the terms in the bracket belong to the induction field and will

become neghgible when r^ X, so for the radiation field Sj is given by

cofm Sin 0 dl r, I \ /i o 0/^^

Sff
= ; ; cos b}{t — r/c) (13-24)

47r«c*r

liewriting for r X

cos «(f - r/c) (13-25)

Equations 13-24 and 13-25 constitute the fields present in the radiat-

ing wave from an element dl carrying a sinusoidal current of maxi-

mum value In- The field intensities increase with frequency, are

in time phase, indicating energy transfer, and vary as the sine of the

angle 6. being maximum at B — 90°.
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Fig. 13-4. Radiating fields in space from an element dl.

The geometry of the situation is illustrated in Fig. 13-4, where it is

seen that is tangent to a parallel of latitude on a sphere, and 6 «

is tangent to a meridian. They both lie on the spherical surface,

and for a small area would appear as a plane wave traveling out-

ward. This is further substantiated by taking

= i = 12(hr =
C€

or the wave has the same intrinsic impedance as was obtained for

the plane wave in space.

13-4. Radiation resistance

Since the radiation field components from the current element,

6b and are tangential to a spherical surface, the Poynting vector

will be radial everywhere, indicating radial flow of power from the

current element. The average Poynting power flow is one half the

product of 89 and

j-j ci3~Ir,~ sin* 6 dl~- rirlm" sin- 8 dl‘P = — watts/m-
32Tr-rVe 8r~K-

The total power being radiated from the current element is given

by the surface integral of the Poynting vector over anj'^ surrounding
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surface, usually taken as a sphere. With an area element as shown in
Fig. 13-5, having an area

da = 2irr* sin 6 dO

then Tf = f^P- da ^

407r*7„^ watts (13-28)

The value of resistance which would dissipate this amount of

power with the same value of current is called the radiation resist-

ance. For this current element

Rb = = Sfk* (13-29)

' Radiation resistance is due to power radiated. The total power

input to an anteima will be increased by the losses, and consequently

the total resistancp of an antenna is madaup- of the radiation resist-

ance plus the resistance due to the other power losses. For' high

efficiency the value of radiation resistance should be large with

respect to the loss resistance.

Fig. 13-5. Area element for Poynting vector integration.
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1 3-5. The half-wave antenna in space

One of the simplest antennas, and one which is frequently em-
ployed as an element of a more complex directional system, is the

half-wave long, thin wire or dipole. To simplify the problem, the

antenna will be assumed as a number of wavelengths removed from
the earth or other obstacle.

Because of the anticipated use of the dl current element, a ihin or

fine wire ^tenna is assumed, this requirement .going back to the

^ ^ToP

Fig. 13-6. The half-wave antenna.

argument preceding Eq. 13-2. The current at the ends of the ^vire

must have a zero value, since there is nowhere for current to flow.

A sinusoidal distribution is found to exist for a thin straight wire,

as in Fig. 13-6, and using the center of the wire as reference, the

current along the antenna is

» = /«coe2r| (13-30)

where x has values from O to ± X/4.

Choosing a point P a long distance away, radius vectors ro and r{

may be drawn at angle 0, and may be considered parallel, with

ri = re — X cos 0

Inserting values for the constants, Eq. 13-25 may be written for

the field at P, due to current i in the element dl, as

Im cos (2ira;A) - A fo — x cos 0\
dff* =^ i emOdleosali — )^ 2X(ro — X cos fi) \ c /
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The term x cos 6 in the denominator -will be small with respect to
ro and may be dropped. However, in the angle the distance x cos 6

may represent an appreciable part of a wavelength and cannot be
dropped, since it may alter the phase of the held contribution from a
given element.

By expanding the time function the total magnetic field atP may
be written

rr _ g f /. ro\ 27rX 2vX COS 6 ,,- 2xr.
“sT ~

A ^TTX . 27rx cos 0- sm 0,
-
-j cos sm dij (13-31)

Using the integrals

/
, sin (m — n)x

,
sin (m -f n)x

cos mx COS nx dc .
' 2(„ - „) + -2

(ir+ n)

f sin mx cos «x dx = T.” "
"Jf _ °°4/? +4)?

(13
-33)

J 2(m — n) 2(m -f n)

it is found that the second term in the bracket of Eq. 13-31 dis-

appears, and the first term leads to

ro^ rsin (hr -h- cos 0)
sm 0 cos 0) I l 1 5

4tito \ c/ L 1 - cos 0

sin (-Jir -f -Jir cos 0)
'

I f y»

Further simplifying and writing Pm. for the effective value of cur-

rent at the antenna center, gives

rms ^ r amp turns/m (13-34)
^ 27rro L sm 0

The accompanying electric field can be found by multiplying by

Vr, or 12(br,

rms Se = 60/n

.
ro

,
cos (^ C(

sin 0

cos 0) v/m (13-35)

These fields are mutually at right angles and in time phase. Both

contain a magnitude terra and a second terra in brackets, which
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states the pattern of radiation as a function of 6, and is called the
diredivity term.

The received signal from an antenna is proportional to the power
radiated in a given direction, or to the magnitude of the Pojmting

vector. The Poynting vector using rms values is

P = MH,\ =
307„

7rro‘

cos (|ir COS 0)1*

sin 6
watts/m- (13-36)

The power directivity function, or the s( of the field directivity,

appears in Fig. 13-7 as a poh.r ilot abi. r t: e antenna. Because of

Fig, 13-7. Power directivity of a X/2 antenna in space.

the symmetry with <#>, the complete space radiation pattern is a
doughnut-shaped figure of revolution, of which the polar plot is a
cross section.

If the X/2 dipole is vertical, the radiation will be predominantly

horizontal. If mounted horizontally, the radiation will be directed

off the sides of the antenna with a null at the ends. The effect

of earth or other obstructions is neglected in these statements.

13-6. Radiation resistance of the X/2 dipole

The radiation resistance of the half-wave dipole may be found

by integrating the Poynting vector over the surface of a surrounding

sphere. Using the band indicated in Fig. 13-5 as an area element,

where

da = 2rrro' sin B dd

the total power radiated from the antenna will be found by use of

Eq. 13-36, as

TF = f P da = 60/,„.= r ^ dB (13-37)
Js Jo sm 6
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This integration is carried out in Appendix C, and by several

changes of variable leads to

FT = 60/rn..® X 1.221 = 73.26/toi* watts (13-38)

The radiation resistance of the half-w'ave dipole far removed from
earth is then 73.26 ohms. Since the current is measured at the

antenna center, this value is the resistance into which a trans-

mission line would supply power, if the line w'ere connected into

the center of the antenna as in Fig. 13-1 (a).

The actual radiation resistance measured for a dipole over earth

will be a function of height, tending to the above value as a limit.

A transmission line with a characteristic impedance of 73 ohms

would be matched by such a load, and various line designs are

available with this impedance.

Because of the complexity of the integrals involved, most solu-

tions for radiation resistance must be'by graphical methods.

13-7. The effect of sround; the vertical antenna above earth

TVhen an antenna is within a few wavelengths of earth, the field

distribution will be altered by the effect of the earth as a conductive

reflector. Assuming the earth is a perfect reflector, then radiation

from an element dl of the antenna will reach pointP over two paths.

Fig. 13-8. Vertical antenna above conducting earth.
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as shown in Fig. 13-8, one path direct along ri, the other by reflection

from the earth over path rj.

The effect of the perfectly conducting earth may be introduced

by use of an image antenna below the earth’s surface and an image
element dZ', situated ~x units below the reflecting plane, where

dl is d-a: units above the surface. For other configurations it is

possible to find the image element located by consideration of the

mirror action of the earth, projected back to the image antenna.

Radiation is assumed as reaching P from elements dl and dV,

over paths ri and rj, these paths differing in length such that

ri = ro — a; cos 6

rj = ro -f X cos 6

As before, these length differentials ivill be negligible in their effect

on elemental field magnitudes, but not on phase angles.

The antenna of Fig. 13-8 is grounded, and of length h > X/4.

The maximum current magnitude !„ occurs at a distance X/4 down
from the top of the antenna, and the current distribution is

i = 7„ sin ^ sin wZ (13-39)
A

In terms of the more easily measured current at the antenna base

^

‘

-

y' sin (27rh/\)

where /q is the maximUth value at the base.

The field at point P due to current in the element dl is then

To — X COS 6
dl (13-40)

Due to reflection of the field from the earth’s surface, an additional

component of field from the element dl' appears at P. This addi-

tional field is

In . 2ir(k — x)
sin d sin — cos

2Aro ^
(13141)
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The magnetic field atP due to both elements is then

iff, - ^Bin 9 am [cos . {,
-

+ COS

Using u/c = 2t/X and

cos (a 4* 6) -f- cos (a — 6) = 2 cos a cos b

it is possible to write for the magnetic field at P, due to the whole
antenna

(, To + a: cos

"v 3

—

JV^

Ha = ~ sin 0 cos
Xro

= r-^ sin 0 cos w
Aro

L

. 2ir(h — x)
sm cos

~ cos

2,trh

‘T
^TTX

i:

sm cos
A

f2Trx cos, 8\ ,,

(1343)

2irx (2irx cos d\ „cos— cos I

^
) dl

Proceeding as in Section 13-6, the rms magnetic field is finally

obtained, in terms of /m. at the maximum current point, as

rms Hi, =
%rro

(2irh cos e\ 27rh

X )
- cos

sin B

amp turn/m (13-44)

The accompanying electric field is

607,
rms Sfl =

To

/27rh cos 6\

X ;

2Trh'\— cos
A

sin 6

v/m (13-45)

The Po3mting vector or pow’er density would then be

12

watts/m^ (13-46)p _ 307rm.*

TiTo-'

(2?rh cos i\ 2irh
cos

X ;
~ —

sin B

Once again, it is possible to state the result in terms of a magnitude

and a directivity function. This power directivity function is

plotted in Fig. 13-9 for values of h = I-, |, and f wavelength. These

are distributions of power density in the vertical plane, and are
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cross sections of figures of revolution in space above the earth’s
surface. The horizontal directivity is circular, centered on the
antenna.

For much broadcasting ser%'ice it is desirable that the power
radiated horizontally, or along the earth’s surface, be a maximum.

h= 7^4 (0)

Fig. 13-9, Vertical directivity pattern for grounded antenna:

(a) h = X/4; (b) ft = 5V8; (c) ft = 3X/4. (Pattern symmetric about

antenna.)

It can be shown that this occurs for h = 5X/8 for this antenna,

greater heights tending to force some power into a high-angle lobe

which is not useful for surface radiation. At some distances and

sonoe frequencies, this high-angle power may be useful for com-

munication by the so-called “sky wave’’ which is refracted from

the ionosphere.
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1 3-8. The grounded quarler-wave anierina

^

A quarter-wave vertical grounded antenna is frequently employed,
since the resistive impedance at the ground end is low enough that
tiansmission lines can be easily matched, the antenna radiation
is at a desirable low angle, and for some frequencies a higher antenna
is prohibitive in cost.

The fields and power density may be obtained from the results

of the preceding section by making h = X/4. The Poynting vector
then has a magnitude

P = 30A
VTo

fcos (!«• cos .. , ,watts/m* (13-47)

and tiiis is recognizable as exactly the expression obtained for the

X/2 antenna in space, pven in Eq. 13-36. Since the antenna with

its image constitutes a X/2 dipole, the result is not surprising.

The radiation resistance may be obtained by the method of

Eq. 13-37, but the reflective action of the earth confines the radia-

tion to only the upper hemisphere; thus the limits of integration

are from 0 to x/2, and the result for power radiated is

W = watts (13-48)

and the radiation resistance of the anteima at the base is 36.6 ohms,

one-half the value for the X/2 dipole in space. Since the resistance

at the end of the antenna is infinite, all values of resistance between

36.6 nhrns and infinity are present at points on the antenna for

feed line matching purposes. In this respect, the antenna and its

image appear as an open-circuited line.

The distribution pattern will be that plotted in Fig. 13-9 (a).

In using any form of grounded antenna, the space pattern will be

distorted by discontinuities in earth conductivity, and if the earth

conductivity is low, the radiation angles will usually be elevated

by a few degrees. Earth conductivity under the antenna can be

increased, and power losses in the groima reduced, if a counterpoise

of wires is stnmg just above the earth's surface, or buried just below,

and connected as the ground element of the antenna. These wires

should be at least X/4 long, and uniformly spaced at 5® to 10° radial

intervals.
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1 3-9. The Iwo-elcmcnt array

One of the simplest antenna systems which may be designed to

have a variety of directive patterns, is the phased array of two X/2
elements of Fig. 13-10. The antennas carry equal currents, are

separated a distance nX, where n is usually fractional, and are

Fig. 13-10. Two-element directional array.

phased such that the current in a leads and that in b by an arbitrary

angle The field at point P due to antenna o tvill be

where

So = 6m cos OJ

- r cos (ItT cos e)

“
To L sin 0

(13-40)

The field due to antenna b, under the usual assumptions regarding

the magnitude of ro and rj, will be

To -f nX sin
t - -2 ^ - -1 (13-50)

Adding the fields at P, and using

o X -p y x — y
. cos X -f cos 2/

= 2 cos—s— cos—s

—

/, To sin
, A

€o -1- 86 = .25m cos u { < - 2^j
cos sm -f
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The rms value of the resultant electric field is

^naa COS sin <)!. +

(§13-9

(13-51)

where angle 4- is measured from the normal to the line of the
antennas, and 6 is positive for the current in a leading that in b.

Fig. 13-11. Power density pattern' for a two-element array spaced

)v/4 and phased at 7r/2; (o leads b). ,

The accompan5dng magnetic field can be obtained by use of

i7„ = 1207r, so that the Poyuting power density is

„ 60Jrm.^ r cos (|ir cos 6)1 *
. f . , ,

S\ . -

Sc J
+ (lS-52)

The terms in brackets is, of course, the directivity as a function of. 6

for one antenna element. The term following the brackets is the

directivity introduced by the’ combination of the two elements.

Thus the over-all pattern of an array or combination of antenna

elements is found as the product of an array directmty function

times the directivity of an element of the array.
If the antenna elements are vertical, the horizontal directi'vity

around the array will be given for 6 = 90°, when the bracket of the
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above equation goes to unity and
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Pr = -P cos* {^i sin ^ + Ij
(13-53)

and this condition is frequently employed to give a vdde variety

of horizontal patterns by choice of n and 6.

In particular, the antennas may be spaced X/4 or n = and
driven with equal currents 7r/2 out of time phase. Equation 13-53

becomes, for this special case

P, = P cos*
1^1

(sin -fl)
j

(13-54)

and this horizontal distribution, for a pair of vertical antennas,

is plotted in Fig. 13-11. It becomes a cardioid, with the radiation

unidirectional in the direction of the antenna Avith the lagging

current.

13-10. Parasitic elements

Only one element of the antenna of Fig. 13-10 need be driven or

supplied with current, it being possible to induce a current of

proper phase in the other element. The magnitude and phase of

the induced current depends on the spacing between the driven

and the parasitic element, and on the length or tuning of the latter.

Close spacing between O.IX and 0.25X is desirable to assure adequate

current magnitude. The length of the parasitic element must be

adjusted for proper phasing of the current, which must be leading

the induced emf for a reflector, and lagging for a director or element

in the direction of the radiation lobe. The input resistance of the

driven element will be reduced by reason of the mutual coupling

between driven and parasitic element, and matching for the trans-

mission line will have to be designed accordingly.

A series of reflectors or directors may be assembled in line with a

driven element to increase the directivity along the line of the

antennas, such an assembly being called a Vagi antenna. ,

13-11. Broadside and end-fire arrays

Additional elements may be placed in line with the simple

antennas of Section 13-9, and Fig. 13-12 represents a view looking
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do'WD on an arrav of Iv uniformly spaced antennas, each, of which
may be considered a X/2 dipole. The field at a remote point P
will be a superposition of the fields due to each antenna, with proper
phase relations introduced due t-o the varying distances traveled.

Assume all antennas with equal current, but that the current in

antenna b leads that in a by some arbitrary angle 5, and that each

Tig. 13-12. An array of antennas.

antenna in the line is similarly phased with respect to the antenna

on its left. This phasing may be achieved by connecting appropriate

lengths of transmission line between antennas. If it is assumed that

To^ nX sin so that the difference in path length toP for different

antennas is negligible in its effect on field magnitudes, the fields

can be written as in Section 13-9.

It is apparent that the field at P due to each antenna differs

from the one before by a phase angle a -f 5, where a = (utiS

sin «^)/c = 2xn sin The total field due to all antennas is then

Sr = 6»{cos /3 -f CC6 (jff -f- ff -h 6) + cos [p -f 2(a -h 5)]

-f- cos \P 3(a -!-§)]+.•
-f- cos [P -f (A^ — l)(a + 5)]] (13-55)

where p = w(t — ro/c). This series has a sum given by

cos P 2— 2

. a -h Ssm-y-

This may be further amplified by expansion of the cosine term and

Sr — Sm
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passing to rms values as

Sr Sit

N' - 1 , , ,, . i\r _ 1
j cos—2— (a + 5) — sm— (a -}- S)

. a 6
sin —

—

sin
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Nja 5)

(13-57)

The power density radiated will be proportional to the square of

this fiuiction so that

Pr^P

. „ N(a -{- S)sm‘—^ '

sm-
(g -b 5)

watts/m= (13-58)

g = 27m sin ^

The resultant directivity pattern is a function of both angle of

observation and of S the angle of lead of the antenna currents.

The result may be applied to several special cases. Assume first

that all antennas are supplied equally and in phase, or 5 = 0. It

is evident that at a great distance on the line of i^) = 0, the fields will

arrive essentially in phase. However, at a distance at 4> = 90°,

the fields will be out of phase by var3dng amounts, depending on the

element spacing, and the sum will tend to zero. Such an arraj’’ of

antennas radiates normal to the line of antennas and is called a

hrobdsidc array. For the in-phase broadside condition Eq. 13-58

becomes

Pr^P sin* {iN-m sin <^)

sin- (^n sin 0)
(13-59)

for which a power densitj' pattern is plotted in Fig. 13-13, for

N = 10 and n — i.

The pattern has a main lobe and several side lobes. The width

of the main lobe is usually stated in terms of the angles at which a

first zero occurs, and this is more easilj' determined from a rectangu-

lar plot as at (b). Calling these angles of zero value <^> 0/2,
then a

zero occurs where

. ^0
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Fig. 13-13. Patterns for a broadside array, N = 10: (a) polar; (b)

rectangular.

But (iV — l)reX is the width w of the array in wavelengths, or

(iV” — l)nX = w. If iV is large, the unity term may be dropped and

Nn S YA
\ o\

so that ^0 = 2 sin"^ — =—w w

for narrow beams or small angles. The beam becomes narrower

for increasing array width. Beam width may also be specified as

the angle between half-power or 3-db points on the directivity

pattern.

As another case, the antennas may be supplied equal currents,

but with each element delayed in phase by the amoimt of propaga-

tion time'from element to element. That is, the spacing will be nX,

with the elements phased at It would be expected that along
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the line of the array the radiation will add up, but that broadside
the field tends to zero for an array of many elements, and the result

is an end-fire array. For the end-fire case, udth 5 = 2Tn, Eq. 13-58

becomes

sin- iy^mfsin «f> -h 1)

sin- xn (sin -]- 1)
(13-60)

It can be seen that the pattern is essentially the same shape as for

the broadside case, rotated by 90°.

The width of the main lobe between zeros can be found by again

calling the angle <^o/2. The first zeros will occur on each side of the

main lobe, or at —~/2 ± dto/2. Then

N-m - sin ± + 1 ±x

, <#>0

1 - cos -2

For small angles the cosine may be replaced

of its series

= J_
Nn

by the first two terms

1 - 1 -f-
8 — Nn

and using l/A^i = X/w, then

is the beam width for the end-fire array.

It is common to place an array of parasitic elements X/4 behind

a broadside arra}', thereby making it unidirectional. Each driven

and parasitic clement then represents a pair whose directivity

function is given in Eq. 13-53. The over-all characteristic of the

array with reflectors is obtainable by multiplying Eq. 13-58 for

the broadside case, bj"^ the directivity function of Eq. 13-53 for

the reflector. For small arrays at high frequencies it becomes

practical to convert the reflector dipoles to a continuous screen.

The above has been developed in terms of uniform current in all

antenna elements. Obviously another parameter is available if the

current is varied, and this is done to further reduce side lobes.

The method is beyond the scope of this book, however.
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1 3-1 2. The colinear array

Another form of array is of the colinear type in which X/2

antennas are arranged end-to-end and in phase as in Fig. 13-14(a).

The in-phase condition can be achieved by feeding the antennas

Fin- 13-15. Power den.sity pattern for a two-element colinear array.

m parallel from a line, as in (a). Another method

whLin one X/2 antenna is supplied at the center, or at its low

rmprnc^oWthroughaX/d transformer and the second^^^

is coupled to the first by a short-circmted

rent directions are indicated by the arrows, with both antennas

^ The field pattern for such an array involving

can be found from the result for the arbitrary eng ,

ground, since the physical picture is the same i

^
made X/2. The power density expression for the tw
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colinear array may then be written from Eq. 13-46 as

. 307r„,^ r cos (ir cos 0 -}- 1)P = t Tins

irro^ sin 6
watts/m“

561

(13-61)

The radiation pattern turns out to be broadside to the line of the

antennas, and use of additional X/2 elements increases the sharpness

of the lobe of radiation. The pattern for a two-element array is

shonm in Fig. 13-15, for a plane through the antenna a.\is.

13-13. Antenna sain

Directional antennas or arrays are used to increase the power
radiated in desired directions, or to decrease the power radiated in

undesired directions. For instance, a radio broadcasting station

located on a sea coast would have little use for a circular horizontal

directivity pattern, but could use a multielement array so spaced

and phased as to produce a cardioid pattern, \vith the null or low-

radiation side toward the ocean. The power in the desired direction

is thereby increased as well.

•The ratio of the Poynting vector produced by an actual antenna

in a particular direction, to the value of Poynting vector generated

in all directions by an isotropic source of equal power, is defined

as the power gain of the actual antenna.* The particular direction

chosen is usually that of the maximum intensity produced by the

actual antenna.

For the isotropic radiator of equal power input T7, the Pojmting

vector is

and the gain of an antenna is

(13-62)

The Poynting vector power density for the half-wave dipole is

maximum at 0 = -/2, and from Eq. 13-36

Pr =
307„

Irr-

* Gain may also be stated with respect to a X/2 dipole as reference, in which

case the dipole must be oriented to produce its inaximuvi in the same direction

Is that of the tc.st antenna.
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The power input to the dipole is and this is TF,
the input to the comparison isotropic source. The power gain of
the half-wave dipole over the isotropic source is then

^ 73.26/^®

in the direction of the maximum field intensity, or at 0 = r/2.
Averaging the area inside the power-density polar chart for a

given antenna gives the power density for the isotropic radiator

of equal power input. The ratio of the maximum power density

from the plot of the actual antenna, to the average value obtained

by measurement of the plot, is the power gain, usually expressed in

decibels.

1 3-1 4. Paraboloid reflectors and lenses

A simple metal reflector behind a dipole may be used to turn

forward the usual backward-directed energy, and to double the

antemia gain in the forward direction, in accordance with the

(b)

Fig. 13-16. (a) Paraboloid reflector with dipole feed; (b) metal lens.

principles of Chapter 10. It is possible to increase further the gain

and narrow the angle of the forward beam by use of a paraboloidal

metal reflector uniformly illuminated by a small antenna or a

wave guide at the focus. Radiation from such a reflector approxi-

mates that from a simple current sheet as previously discxissed.

The paraboloid becomes practical only for very short wavelengths

where the aperture may be many wavelengths, since the sharpness

of the beam depends on the aperture width in wavelengths.

The gain is maximum when the focus and source lie in a plane

[• p-H
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defined by the face of the aperture, and p = a/2 as in Fig. 13-16.

Then

0 - (13.63,

If the illumination of the reflector is not uniform, or if the antenna or

wave-guide feed distorts the field, this value may not be achieved.

The equation shows that the gain is proportional to the aperture

area-to-wavelength ratio. Beam angles of 1° to 2° are possible.

The metal lens of (b). Fig. 13-16 uses wave-guide sections to

achieve focusing through usual optical principles, the outer sections

of parallel-plane wave guide having a phase velocity greater than

the center section, thereby advancing the outer wave components,

just as would a converging glass lens in optics. Very narrow beam
angles are possible.

PROBLEMS

13-1. Calculate the total H and 8 fields at a pointP for an antenna

X in length in space. Compute the Poynting energy density and
plot the space distribution of power in the plane of the antenna

(horizontal pattern for a horizontal antenna).

13-2. Find the ratio of current magnitudes required to radiate

1 kw from the X/2 dipole and from the elemental dipole, of height

O.OIX.

13-3. Compute the gain of the elemental dipole as an antenna.

13-4. Make a rectangular plot of the one-way radiation from a

broadside array of six dipoles, spaced X/2 and fed in phase.

13-6. Plot the polar distribution for two X/2 dipoles spaced

3X/8 and fed 180° out of phase.

13-6. Show the location of the elemental dipoles, and the cur-

rent directions, for horizontal antenna above perfectly conducting

earth, and its image.

13-7. Plot the polar power density pattern for four vertical

X/2 dipoles placed at the corners of a square, with opposite corners

excited in phase, with the two pairs of antennas excited at 180°.

13-8. Find the beam vddth for a broadside antenna with 16

elements spaced X/2, also for the same arrangement with elements

phased at 180°.



564 RADIATION INTO SPACE

13-9. Compute and plot the vertical plane pattern fora vertical
antenna 3X/8 long above a perfect earth.

13-10. By graphical means compute the gain of each of the
antennas of Prob. 13-8, with respect to an isotropic source.

13-11. Compute the vertical pattern in a plane through the
center and normal to the antenna, for a X/2 horizontal dipole

spaced X/2 above a perfect earth.

13-12. Two vertical antennas X/2 long are spaced 5X/8 and fed

out of phase by 45°. Plot the horizontal power pattern.

13-13. PcCpeat Prob. 13-12 but with spacing X/2 and a 90° phase
relationship.

13-14. Two X/2 vertical antennas are spaced X/4, but fed with

unequal in-phase currents such that current in A = 3, in P = 1.

Calculate and plot the horizontal power density pattern.

13-15. An antenna in free space in 3X/2 long. Calculate and

plot the power density pattern in a plane containing the antenna.

13-16. Calculate the gain over an isotropic source of two vertical

X/2 antennas, spaced X/2 and fed at 180°.

13-17. Calculate and plot in rectangular form the power density

pattern of an end-fire array of eight X/2 antennas, spaced 0.2X,

and phased accordingly.

13-18. Calculate and plot the polar distribution for two X/2

dipoles spaced 3X/8 and fed 135° out of phase.
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Appendix A

SOLUTION OF THE WAVE EOUATION

The wave equation, as obtained in Chapter 9 for the plane wave,
is in the form

Q7p ^ 1 Qip

dz^
~

ifi dt-
(A-1)

> where P is any desired field vector, or component, and

This partial differential equation may be solved by introducing a
change of variable such that

P<»«)
=

wherein the transformation equations are assumed as

u = z + vi

w = z — vt

The first partial derivative of V' with respect to z is

dP(,.() _ _ dtp du
,

dll' dw
dz dz

But from Eqs. A-2 and A-3,

‘ _ 1

lz~

^ _ -4- ^ ,

du dz dw dz

dw
dz

= 1

dP _ dll' _ 34'
,

d^/

dz dz du dw
Then

Taking the second partial derivative.

(A-2)

fA-3)

a=P ^ \dzj ^ ,
d'-4' ^ d'4' dw--rd^dw

dz^ dz du- dz du dw dz du dw dz dw^ dz

565



566 SOLUTION OF THE WAVE EQUATION [App. A

which reduces to

d^P

dz^

I 2
9u* du dw dw- (A-4)

It is then necessary to perform the same operations with respect

to t:

dP(t,t) _ d4'(u,v!) _ ^^ I
dw

dt di du dt dw dt

From Eqs. A-2 and A-3,

du dw
lit

= —V (A-5)

dP d\(> d\f/ dyp

dt dt ^ du ^ dw
and so

Taking the second partial derivative,

d(^J\
d^P _ \dt/ d^

^ . M
dt

In view of Eq. A-5, this reduces to

2«*

du
,

d^ dw d^ du

flu* dt ^ du dw dt ^ du dw dt

fl^ ^ •£¥
flf* flu*

4- p*

flu dw dw^

fly dw

flip* dt

(A-0)

Substitution of Eqs. A-4 and A-6 into A-1 gives for the trans-

formed wave equation

du dw

and since 4 obviously is not zero.

fly

flu dw
= 0 (A-7)

This is a form of equation that may be readily integrated. Perform-

ing the operations, and bearing in mind that the arbitrary constant

obtained in integration of a partial derivative is a function of all

variables except the one being operated upon, then integrating with

respect to w,
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and integrating with respect, to u,

4' = //(w) du + fi(w)

But the integral of a function wholly dependent on u is some other

function fi of u, so that

'P = /i(m) + /sH '
(A-8)

Transforming back to the function P {z,t),

P = /i(z + vt) + — vt) (A-9)

which is the solution of the wave equation.



Appendix B

TRANSFORMATION OF MAXWELLS
EQUATIONS FROM REQANGULAR
TO CYLINDRICAL COORDINATES

Using tlie usual transformations,

r = Va:* + y*

X = T cos ^

y — T^ ^

z = z

for coriversion from rectangular to cylindrical coordinates, the

ori^al fields may be Tnitten in terms of the new components in

X

Kg. B-1. Cylindrical coordinate system employed,

directions r, and z by observation of Fig. B-1 as

g- = 8r cos ^ — 6# sin ^

gj, = 6r sin <f> + S# cos I#.

S, = 6,

568
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jffi = i?r COS (j) — sin ^ \

Hv — Hr sin
<l) + cos 4> V ^

Hr = Hr I

Derivatives of the coordinates may be obtained as

dr = sin 4>,

84>

3y

cos 4>

dr j d4> sin <}>

As an example use Maxwell’s first equation

as. as„ dHr
(a)

3y az

as. _d^ _ aH„
(b)

az dx
a.

1

as„ dHr
(c)

ax
‘'

The partial derivatives may be prepared as follows:

^ ^ ar ^
dy dr dy dip dy

d5, • , I
1

,

dz

dSr . , ,— sm ^ cos i#>

dz dz

dSr

dz

dSr ^cos d Sin d
dz dz

as,

ax

as, dr
,
as,^

dr dx dp dx

as, ,
las,

. ^

aSy _ dSy dr . aSjr ai^

ax dr dx dp dx

aSj, 1 aSv . ,

(B-2)

CB-3)

(B-4)

(B-5)

(B-6)

(B-7)

(B-8)
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^ ^^ j-
By dr By B4) By

38. . ^ ,= -^sm,^-f
laSr

(B-9)

aF* BHr BH^ .

Bl
' = -

5^ cos « -
ai

(B-IO)

BH^ BHr • , , SHt
(B-11)

Bt SI

BHr
Bt

<0

1II
(B-12)

The appropriate values may be substituted in Eq. B-3(a):

cn-r, A J. 1 ^ , 56^
a?
™ * + 7 a#

™ ~ sF

= — ;i cos 0 sin ^ (B-13)

and in Eq. B-3(b):

5Sr ^ . .

^ cos ^ - -jJ sm a,

3S» , ,
1 56f . .

cos ^ + - :rr sm <#>

ar ^ rB(i>

BHr . . aH* . /T, ,
.S= —/I sm ^ cos ^ (B-14)

Multiply Eq. B-13 by cos <f>
and Eq. B-14 by sin 4> and add, obtain-

ing:

1 _ as^ ^ _ BHr

r B4i Bz ^ Bl
(B-15)

Multiply Eq. B-13 by sin and Eq. B-14 by cos 4> and subtract,

obtaining

BSr ^ _ BHj,

dz Br ^ Bt
(B-16)

In similar fashion, Eqs. B-8 and B-9 may be combined with

Eq. B-1 as
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55- fdSr ^ 56« A . , , 1 fdS,_ = cos ^ sin .i.

j
sm <;> + - cos ^ - 8. sm ^

— sm ^ ~ 8^ cos ^ I CO

before substitution in Eq. B-3(c) to give:

1 1 as, 88^ _ dH,
r * r 64) dr ^ dt

•which may be written

18, 1 88, _ 8H,
(B-17)

Collecting Eqs. B-15, B-16, and B-17 allows Maxwell’s first field-

equation to be -UTitten in cjdindrical coordinates as

(B-18)

The second field equation may be written, after similar manipula-

tion, as

1 8H, dH^ _ 88, \

r d4> dz ® 8<
I

d&^ a>

r 8(^ dz

_ 88, _ j
dz 8r

1 £ (r8^) - 1^ _ dH,

r dr r d4> ^ dt

dHr BH: ^ . d5t

1 5 , „ . 1 5H, _ - ,
85,

(B-19)
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THE EVALUATION OF THE INTEGRAL

proceeds by writing

whereby

/:

cos^ cos 6)

sin 6
de

cos- e = ^(1 + cos 26)

cos^ cos 6)

sin d

1 1 -f cos (tt cos 6) dd

2 Jo sin 6

(C-1)

(C-2)

The variable is changed to u = cos 6, whence

du = sin 6 d6, 6 = cos~* u

sin 0 = Vl

with limits of 6 — v,

= 0,

dd
du

Vl ~
u = ~1

u = 1

so that Eq. C-2 becomes

1 —(1 + cos iru) du

2 Ji Vl “ Vl ~
1 -b cos TU

1 - du

and since

C-3 becomes

if—
2Vl + «

-f

(C-3)

ii:
1 -f cos -TTU

1 -f «
du -1- i r L±

4J-1 1

-f cos TTU

u
du (C-4;

If a further variable change be mrde in the second integral such

that u = —X, du = —dx, with limits

-1

1

the second integral becomes

1 —(1 cosTTxdx) _ 1 P 1 -r cos yg (fc

4 J1 1 + x ~ i J-i 1 -f a:

572
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and this is of the same form as the first integral of C-4, so that C-4

then becomes

‘Now let

with limits

_ 1 r 1 + (

2 j-i 1

cos TM du

+ u

, ,

V
, dv V — TT

1 + u = —
> du = — > u =

IT IT v

U = 1, a = 2r

u — —1, a = 0

(C-0)

Then Eq. C-6 becomes

_ 1 P' 1 + cos (a — tt) dv 1 P' 1 — cos a dv
^~

2 Jo v/t t ~
2 Jo a

However,

(1 ~ cosa)da 1

n-i:
(1 — cosa)da _

1"°
cos a dv

V h V

(C-8)+
.

-/
cosj^

j

in which In 27r == 1.83788

/:

(1 — cosa)da

a

Jl V

n 1 - (i -
I;
+ -

|j
+ • •

•)

Jo i)

dv

. = 0.239G1

[
" = Ci 1 = 0.3374

jar V

where Ci = cosine integral from tables.

f = Ci 27r = 0.02716
jar V

Therefore

1 P"' (1 -
.
cosjOf/j ^ 1 2^1 (C-9)

2 Jo a

which is the result for Eq. C-1.
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Table A1; Exponentials

Value of e”

n 0 2 3 4 5 6 B 8 9

1.000 1.010 1.020 1.030 1.041 1.051 1.062 1.073 1.083H
0.1 1.105 1.116 1.127 1.139 1.150 1.162 1.174 1.185 1.197
0.2 1.221 1.234 1.246 1.259 1.271 1.284 1.297 1.310 1.323
0.3 1.350 1.363 1.377 1.391 1.405 1.419 1.433 1.448 1.462 1.477
0.4 1.492 1.507 1.522 1.537 1.553 1.568 1.584 1.600 1.616 1.632
0.5 1.649 1.665 1.682 1.699 1.716 1.733 1.751 1.768 1.786 1:804
0.6 1.822 1.840 1.859 1.878 1.896 1.916 1.935 1.954 1.974 1.994
0.7 2.014 2.034 2.054 2.075 2.096 2.117 2.138 2.160 2.181 2.203
0.8 2.226 2.248 2.270 2.293 2.316 2.340 2.363 2.387 2.411 2.435

0.9 2.460 2.484 2.509 2.535 2.560 2.586 2.612 2.638 2.664 2.691

1.0 2.718 2.746 2.773 2.801 2.829 2.858 2.886 2.915 2.945 2.974

.1 3.004 3.034 3.065 3.096 3.127 3.158 3.190 3.222 3.254 3.287

.2 3.320 3.353 3.387 3.421 3.456 3.490 3.525 3.561 3.597 3.633

.3 3.669 3.706 3.743 3.781 3.819 3.857 3.896 3.935 3.975 4.015

.4 4.055 4.096 4.137 4.179 4.221 4.263 4.306 4.349 4.393 4.437

.5 4.482 4.527 4.572 4.618 4.665 4.711 4.759 4.807 4.855 4.904

.6 4.953 5.003 5.053 5.104 5.155 5.207 5.259 5.312 5.366 5.419

.7 5.474 5.529 5.585 5.641 5.697 5.755 5.812 5.871 5.930 5.989

.8 6.050 6.110 6.172 6.234 6.297 6.360 6.424 6.488 6.554 6.619

.9 6.686 6.753 6.821 6.890 6.959 7.029 7.099 7.171 7.243 7.316

2.0 7.389 7.463 7.538 7.614 7.691 7.768 7.846 7.925 8.001 8.085

.1 8.166 8.248 8.331 8.415 8.499 8.585 8.671 8.758 8.846 8.935

.2 9.025 9.116 9.207 9.300 9.393 9.488 9.583 9.679 9.777 9.875

.3 9.974 10.07 10.18 10.28 10.38 10.49 10.59 10.81 10.91

.4 11.02 11.13 11.25 11.36 11.47 11.59 11.71 11.82 11.94 12.06

.5 12.18 12.31 12.43 12.55 12.68 12.81 12.94 13.20 13.33

.6 13.46 13.60 13.74 13.87 14.01 14.15 14.30 14.44 14.59 14.73

.7 14.88 15.03 15.18 15.33 15.49 15.64. 15.80 15.96 16.12 10.28

.8 16.45 16.61 16.78 16.95 17.12 17.29 17.46 17.64 17.81 17.99

.9 18.17 18.36 18.54 18.73 18.92 19.11 19.30 19.69 19.89

3.0 20.09 20.29 20.49 20.70 20.91 21.12 21.33 21.76 21.98

.1 22.20 22.42 22.65 22.87 23.10 23.34 23.57 24.05 24.29

.2 24.53 24.78 25.03 25.28 25.53 25.79 26.05 26.31 26.58 26.84

.3 27.11 27.39 27.66 27.94 28.22 28.50 28.79 29.37 29.67

.4 29.96 30.27 30.57 30.^ 31.19 31.50 31.82 32.46 32.79

.5 33.11 33.45 33.78 34.12. 34.47 34.81 35.16 35.87 36.23

.6 36.60 36.97 37.34 37.711 38.09 38.47 38.86 39.65 40.05

.7 40.45 40.85 41.26

.

41.68 42.10 42.52 42.95 43.38 43.82 44.20

.8 44.70 45.15 45.60 46.53 46.99 47.47 47.94 48.42 48.91

.9 49.40 49.90 50.40 50.91

1

I

51.42 51.93 52.46 52.99 53.52 54.05
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Table A1 (Cont.): Exi'Onentials

Value of c~"

—

n

0 B 2 3 4 5 6 B 8 9

0.0 0.9900 0.9802 0.9705 0.9608 0.9512 0.9418 0.9324 0.9231 0.9139

.1 .9048 .8958 .8869 .8781 .8694 .8607 .8521 .8437 .8353 .8270

.2 .8187 .8106 .8025 .7945 .7866 .7788 .7711 .7634 .7558 .7483

.3 .7408 .7334 .7262 .7189 .7118 .7047 .6977 .6907 .6839 .6771

.4 .6703 .6637 .6571 .6505 .6440 .6376 .6313 .6250 .6188 .6126

.5 .6065 .6005 .5945 .5886 .5828 .5770 .5712 .5655 .5599 .5543

.6 .5488 .5434 .5379 .5326 .5273 .5221 .5169 .5117 .5066 .5016

.7 .4966 .4916 .4868 .4819 .4771 .4724 .4677 .4630 .4584 .4538

.8 .4493 .4449 .4404 .4361 .4317 .4274 .4232 .4190 .4148 .4107

.9 .4066 .4025 .3985 .3946 .3906 .3867 .3829 .3791 .3753 .3716

1.0 .3679 .3642 .3606 .3570 .3535 .3499 .3465 .3430 .3396 .3362

.1 .3329 .3296 .3263 .3230 .3198 .3166 .3135 .3104 .3073 .3042

.2 .3012 .2982 .2952 .2923 .2894 .2865 .2837 .2808 .2780 .2753

.3 .2725 .2698 .2671 .2645' .2619 .2592 .2567 .2541 .2516 .2491

.4 .2466 .2441 .2417 .2393 .2369 .2346 .2322 .2299 .2276 .2254

.5 .2231 .2209 .2187 .2165 .2144 .2123 .2001 .2081 .2060 .2039

.6 .2019 .1999 .1979 .1959 .1940 .1921 .1901 .1883 .1864 .1845

.7 .1827 .1809 .1791 .1773 .1755 .1738 .1720 .1703 .1686 .1670

.8 .1653 .1637 ,1620 .1604 .1588 .1572 .1557 .1541 .1526 .1511

.9 .1496 .1481 .1466 .1451 .1437 .1409 .1395 .1381 .1367

2.0 .1353 .1340 .1327 .1313 .1300 .1287 .1275 .1262 .1249 .1237

.1 .1225 .1212 .1200 .1188 .1177 .1165 .1153 .1142 .1130 .1119

.2 .1108 .1097 .1080 .1075 .1065 .1043 .1033 .1023 .1013

.3 .1003 Bn .0983 .0973 .0963 .0954 Koei BniS * .0925 .0916

.4 Kiia .0889 .0880 .0872 .0863mm HI $ 1 .0837 .0829

.5 Bial Ki K^ .0797 .0789 .0781 .0773 hi' f .0758 .0750

.6 .0743 .0735 .0728 .0721 .0714 .0707 .0699 .0693 .0686 .0679

.7 Klim .0665 .0659 BGIrqM .0646 .0639 EhO .0627 .0620 .0614

.8 .0608 K^ .0596 .0584 .0578 Esso .0567 .0551 .0556

.9 .0550 .0545 .0539
l^j

.0529 .0523 .0518 .0513 .0508 .0503

3.0 .0498 .0493 .0488 .0478 .0474 .0469 .0464 .0460 .0455

.1 .0450 .0446 .0442 .0433 .0429 .0424 .0420 .0416 .0412

.2 Rl : ik .0404 .0400 .0392 .0388 .0384 .0380 .0376 .0373

.3 IRe$ Rc 1 j RuiSfl .0354 .0351 .0347 .0344 .0340 .0337

.4 Bfi tS BukwI .0321 .0317 .0314 .0311 .O.-’OS .0305

.5 H c @ K!! n .0293 .0290 .0287 .0284 .0281 .0279 .0276

.6 K! 1 mm .0263 .0260 .0257 .0255 Kaa .0250

.7 Rl It Bl* r 3R/IU .0238 .0235 .0233 .0231 R S a .0226

.8 .0224 .0221 .0219Km .0215 .0213 .0211 .0209 R S

1

.0204

.9 .0202 .0200 .0198 .0196 .0194 .0193 .0191 .0189 .0185



576 TABLES
lApp. D

Table A2: Degrees to Radians
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Table A3; Radians to Degrees
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Table A4: Trigonometric Functions

Deg Sin Cos Tan

0.0 .oopoo 1.0000 .00000 90
0.5 .00873 1.0000 .00873 89.5
1.0 .01745 0.9998 .01746 89.0
1.5 .02618 .9997 .02619 88.5
2,0 .03490 .9994 .03492 88.0
2,5 .04362 .9990 .04366 87.5
3.0 .05234 .9986 .05241 87.0
3,5 .06105 .9981 .06116 86.5
4.0 .06976 .9976 .06993 86.0
4.5 .07846 .9969 .0787 85.5,

5.0 .0872 .9962 .0875 85.0
5.5 .0959 .9954 .0963 84.5
6.0 .1045 .9945 - .1051 84.0
6.5 .1132 .9936 .1139 83.5
7.0 .1219 .9925 .1228 83.0
7.5 .1305 .9914 .1316 82.5
8.0 .1392 .9903 .1405 82.0
8.5 .1478 .9890 .1494 81.5
9.0 .1564 .9877 ,1584 81.0
9.5 .1651 .9863 .1673 80.5

10.0 .1736 .9848 .lt63 80.0
10.5 .1822 .9833 .1853 79.5
11.0 .1908 .9816 .1944 79.0

11.5 .1994 .9799 .2034 78.5

12.0 .2079 .9781 .2126 78.0

12.5 .2164 .9763 .2217 77.5

13.0 .2250 .9744 .2309 77.0

13.5 .2334 .9724 .2401 76.5

14.0 .2419 .9703 .2493 76.0

14.5 ,2504
.
.9681 1 .2586 75.5

15.0 .2588 .9659 .2679 75.0

15.5 .2672 .9636
1

.2773 74.5

16.0 .2756 .9613 .2867 74.0

16.5 .2840 .9588 .2962 73.5

17.0 .2924 .9563 .3057 73.0

17.5 ' .3007 .9537 .3153 72.5

18.0 .3090 .9511 .3249 72.0

18.5 .3173 .9483 .3346 71.5

19.0 .3256 .9455 .3443 71.0

19.5 .3338 .9426 .3541 70.5

20.0 .3420 .9397 .3640 70.0

20.5 .3502 .9367 .3739 69.5

21.0 .3584 .9336 .3839 69.0

21.5 .3665 .9304 .3939 68.5

22.0 .3746 .9272 .4040 68.0

Cos Sin Cot Deg



App. D] TABLES 579

Table A-1 (Cent.): Tiugon’ometric Functions

Deg Sin Cos Tan

22.5 .3827 .9239 .4142 67.5

23.0 .3907 .9205 .4245 67.0

23.5 .3987 ,9171 .4348 66.5

24.0 .4067 .9135 .4452 66.0

24.5 .4147 .9100 .4557 65.5

25.0 .4226 .9063 .4663 65.0

25.5 .4305 .9026 .4770 64.5

26.0 .4384 .8988 .4877 64.0

26.5 .4462 .8949 .4986 63.5

27.0 ,4540 .8910 .5095 63.0

27.5 .4617 .8870 .5206 62.5

2S.0 .4695 .8829 .5317 62.0

28,5 .4772
1

.8788 .5430 61.5
29.0 .4848 1 .8746 .5543 61.0
29.5 .4924 .8704 .5658 60.5

30.0 .5000 .8660 .5773 60.0
SO.o .5075 .8616

1

.5890 59.5
31.0 .5150 .8572 .6009- 59.0
31.5 .5225 .8526 .6128 58.5
32.0 .5299 .8480 .6249 58.0
32.5 .5373 .8434 .6371 57.5
33.0 .5446 .8387 .6494 57.0
33.5 .5519 .8339 .6619 56.5
34.0 .5592 .8290 .6745 56.0
34.5 .5664 .8241 .6873 55.5

35.0 .5736 .8191 .7002 55.0
35.5 .5807 .8141 .7133 54.5
36.0 .5878 .8090 .7265 54.0
36.5 .5948 .8039 .7400 53.5
37.0 .6018 .7986 .7535 53.0
37.5 .6088 .7933 .7673 52.5
38.0 .6157 .7880 .7813 52.0
38.5 .6225 .7826 .7954 51.5
39.0 .6293 .7771 .8098 51.0
39.5 .6361 .7716 .8243 50.5

40.0 .6428 .7660 .8391 50.0
40.5 .6494 .7604 .8541 49.5
41.0 .6561 .7547 .8693 49.0
41.5 .6626 .7490 .8847 48.5
42.0 .6691 .7431 .9004 48.0
42.5 .6756 .7373 .9163 47.5
43.0 .6820 .7313 .9325 47.0
43.5 .6884 .7254 .9490 46.5
44.0 .6947 .7193 .9657 46.0
44.5

! .7009 .7132 .9827 45.5



Table A5: Htperbolic Functions*

Hyperbolic sines {sinh. x = ^(c- — e“)J

JL!;
°

1
^

1
2

i

3
1

4

on OOOM 0.0100 0.0205 0.(3.30 0.0400
A 0.1002 0.1102 0.1203 0.1334 ai405
2 02013 02115 0.22IS 0.2320 0.2423
3 03045 OJlfO 0..3255 0£3i0 03466
A 0.4IC3 04214 a4325

1

! 0.4434

1

04543

OJ 05211 05324 05433
1

05552 05666
05347 0.6425 t 05405 05725 06346

J 07554 0.7712 07633 0.7966 0.6094
£ 03531 0.9015 0.9J50 0.9236 0.9423
.9 L027 1.041 1 }J0SS

1 1.070 I.C65

1J0 1.175 1.191 1204 1222 1233
A 1334 1352 1369 1336 1.403
2

,

13W .1523 1544 1544 1583
£

! 1593 1718 1733 1758 \J79
.A 1.504 1.924 1.948 1.970 1.992

13 2.129 2153 2177 2201 2225
2374 2401 2423 2.454

;
2431

J 7AA6 2574 2703 2732 2761
£ 2942 2973 3005 3037 3.049
S 3258 3303 3337 3372 3403

2j0 3527 3545 3703 3741 3730
A 4322 AJUiA 4.104 4.143 4.191

£ 4,457 i£ca AM9 4596 4543
£ 4.937 ! 4533 SJ339 sjcm 8142
A SA66 5522 5578 5535 5593

23 4.050 6.112 4174 6237 6300
£ 4495 4763 6J631 4901 8971
J 7504 7481 7557 7534 7711
£ 8.192 8275 8359 8443 8529
? 93£0 9.151 9244 9337 9531

33 10.02 10.12 1022 1032 1053
A 1138 n.i9 1130 1U2 1153
a 1225 1237 12X9 1252 1275
£ t£S4 1357 1331 1395 UJD?

A 1*37 1412 1527 1552 1553

xs MM 1471 1438 1705 1722

i 1629 18.47 1354 1884 1933
3 2021 2041 2052 2083 2Ij04

£ 2234 2256 72J9 2302 2325
3 2459 24.94 25.19 2544 2570

*JO 2729 2754 2734 2812 2840
A J 3014 3047 3077 3158 31.3?

£ ^ 3334 3357 3431 3435 3470
£ 3434 3721 37.59 37.97 3335
A A0J2

,

1

4iA3 4I.5« 4126 42.33

43 4530 <S.A6 4891 4537 4684
A 4924 SOSLA £03* 5125 51J7
3 54.97 5552 5638 £654 £721
£ 6075 61J26 61.93 6260 63.23

.9 67A A 6732 6850 6919 6983

S3 7420 1 1 1

« ’
i

0.05X 0.0(00 08701 0.0301 OJNOl ICO
0.1504 0.1607 0.1703 O.ISIO 01911 lOl
02525 02429 02733 02337 02541 123
03572 03573 03735 03392 0.480
0.4553 0.4764 0.4375 0.4^6 0505= U3

05732 08S97 0.6014 05131 05243 Hi
05967 07090 07213 03336 07461
08223 08353 03434 08615 08743 130
0.9561 0.9700 0.9340 0.9931 1.012 123
1899 UI4 1.129 I.I45 I.I50 IS

1254 1270 1236 13(33 1319 H
1.421 1.433 1.454 1.474 1.491 17
1.502 1521 1540 1559 1579 I?
1799 1820 1841 1852 1833 21
2814 2837 2860 2863 2105 23

2250 2274 2299 2324 2350 25
2507 2835 2862 2590 2617 27
2790 2820 2850 2831 2911 30
8101 3.134 8167 3.200 8234 33
3543 847? 3816 3852 3839 35

3820 3859 3899 8940 8531 37

4234 4278 4322 4367 4.4)2 44

<591 4739 4733 4837 4857 43

5.195 5243 5302 8356 84H 53

5751 5810 5869 8929 £739 55

6345 6529 8495 6861 8427 6A

7.042 7.113 7.135 7268 7332 71

773? 7868 7.948 8023 ano 77

8415 8702 8790 8879 8.969 V
9827 9523 9720 9819 991S

1083 1054 1075 1086 10.97 11

1155 1176 1183 1280 12)2 12

I2S! 1381 1814 1327 13.40 13

;<23 >433 >482 1457 1482 11

1573 1589 1585 1621 1633 IS

173? 1787 1774 17.92 )aio 17

1922 19.42 1951 1981 20.01 19

2125 2156 2158 21.90 2212 21

23.4? 2372 2195 2420 24 45 21

25.94 2522 2653 2675 2782

2359 2893 2927 2986 25JU 2?

3171 3283 3235 3253 3800 32

3585 3840 3575 36.11 35.43 35

3373 37.12 3982 3971 403) 3?

4281 4324 4357 44.11 4485 43

4731 4779 4327 43.75 4924 47

5229 4281 5334 5383 54.42 £2

£779 5337 5376 5985 6015

6387 6481 6816 6581 65.47 64

7088 712? 7201 7273 7345

•

71

If a: > 5, sinh x = i(e=) and logio sinb x = (0.4343)z + 0.6990 — 1, correct

to four significant figures.

• Tables on pages 580-582 reproduced by permission from Reference Dflla

for Radio Engineers, 3d ed., Federal Telephone and Radio Corporation, Isei*

York, 1949.

580
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Hyperbolic, cosines leosb x = + e”*)l

0 t 2 a 5 s 7 ! « 1 9 m
l.OCO 1100 1.000 l.COO 1.001 1.001 1.002 1.002 1.003 1.004 \

1.005 1.005 1.007 1.008 1.0)0 1.011 1.013 l.OU 1.016 1.018 2

J2 l.OM 1.0522 VCC4 1.027 1.029 1.031 1.034 1.037 1.03? 1.042 X
1.W5 1.C43 1.CS2 1.055 1-053 1.062 1.065 1.069 1.073 1.077 4

.4 1.061 1.035 1.C90 1.C94 1.W3 1.103 1.103 U12 1.117 1 122 s

OJ tus 1.133 1,133 1.144 1.149 uss 1.141 1.167 1 173 1 17? 6

l.m 1,192 1193 IXOS 1X12 1X19 1X25 1X33 1X0 1.243 7

3 U5S U53 1X71 1X78 1X37 1X95 1X33 1X11 1X23 ix:? 6

Z 1337 1X45 1X55 1X5S 1X74 1X34 1X93 1,4D3 1,413 1.423 10

9 1.433 1.443 1.454 1.465 1-475 1.455 1.497 1XC9 IXTO 1831 1)

1443 1X55 1XS7 1X79 1X91 1.6C4 U15 U29 1X42 1.655 13

1 U49 1.5S2 1X96 1709 1723 1737 1752 1765 1731 1796 14

3 1411 1.825 1X41 1X57 1.872 1XS8 1.935 1.921 1537 1.954 16

Z 1.971 1.9S3 2035 2.C23 2iWD 2058 2074 2075 2113 2132 18

A XI 51 Zt70 2159 2209 2X29 2X49 2249 2290 2X10 2X31 20

X352 2X74 2395 2.4)7 2439 2462 2484 2507 2533 2854 23
j6 2477 2X0) 2625 2650 2675 2700 2725 2750 2776 2822 25
J 2423 2855 2632 2909 2935 2954 2972 acoi lOi? 2C73 23

JB X1Q7 2137 2167 2197 2223 2259 3X90 3X71 3X53 3L3S5 31

S X41B 2451 2434 2517 2551 2585 2420 3890 3726 34

%o X7i2 2799 2835 2873 2910 2948 2957 4X56 4.065 4.104 35
1 4.144 4.155 4X25 4X47 4X79 4X51 4X93 4.436 4.4$0 4.S34 42

4453 4X13 4.656 4704 4.750 4797 4X44 4871 4.939 4.9!3 47
5437 1027 1137 1165 1259 1290 5X43 5X95 1449 1£C3 53

.4 5457 1412 1«7 5723 1760 1837 1695 1954 8013 8072 53

Z5 5.132 1193 4215 4X17 6X79 1443 8507 8571 8635 67K1 54
4 4759 4135 4.904 4.973 7,042 7112 7153 7X55 7X27 7.<:o 70
3 7.473 7X43 7.623 7X99 7776 7X15 7.932 8011 8C9) 8)71 73
Z 5253 aX35 6.413 6X32 2SS7 8673 E75? 88*7 8935 9.024 86
J» 9113 9704 9X93 9X71 9,454 9X79 9X75 9772 9X6? 9.968 95

3.0 I0.G7 1217 10X7 10X7 1045 1055 1069 1CL77 1890 11.01 ]|
t 11.12 11X3 11X5 11.45 11X7 lU? 1181 11.92 12JM 1215 12
.2 1229 1241 12X3 12X4 127? 1291 1104 1117 13X1 1144 13

1X57 1271 1285 1299 14.13 14X7 IMJ 11X6 1470 U86 14
4 1100 Ills 15X0 1145 15X1 1577 1192 1105 16X5 1841 U

3.S 1157 1674 16.91 17.03 17X5 17.42 17-60 1777 17.95 1813
4 16X1 1150 lies 1687 19.06 19X5 19.44 19

M

1984 2203 19
2024 2)44 20X4 20XS 21.06 21X7 21.4? 2170 21.92 22.14 21

3 22X5 22X9 22X1 2204 23X7 23X1 2374 2193 24X2 24 47 23S 24JJ 24.96 2521 2146 2172 2198 25X4 2680 2677 2784 25

4.0 27X1 27X3 27X5 2114 2SL42 2371 29X0 29X9 2985 2983 2?
1 XX15 3243 307? 31.10 31.4] 3172 32.04 22X7 3369 :S1C2 3333X5 32£9 34.02 34X7 3471 3105 3141 3177 3813 36.4? 353515 37X3 37.40 37.93 33X5 3375 39.13 3?X3 39.93 40X3 3?A 4073 41.14 41X5 41J97 423? 4262 4325 416S 4<I2 4487 43

4101 4147 4192 4iX3 4685 47X2 4783 48X3 4876 4?XS 47M 4?7S 5225 5075 51X5 5178 52X0 5282 55X5 £38? £4 43 573 54.95 £153 5109 56.65 57X2 57X0 56X3 £895 £186 60.15Z £0.75 61X7 61.99 6Z61 43X4 43X7 64X2 6116 6583 66 *3
.M
AJ

.9 47 15 67£2 66X0 69.19 691? 7059 71X3 72C2 7274 73.47 7J

5.0 74X1

If X > 5, cosh X = tCc*), and IcKie cosh x = (0,d3I3)x + 0.6990 - 3. correct

to four significant figures.
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Hyperbolic tangents [tanh a; = (e* — e“*)/(e* + e~*) = sinh x/cosh x]

X 0 1 2 3 S 6 7 8 vis?
0.0 cooo 0100 .0200 .0300 .0400 £500 £599 .0699 .0793 £893 ICO

I 0997 1096 1194 .1293 ,1391 .1489 .1587 .1684 .1781 .1873 93
2 1974 2070 2165 2240 2355 2449 2543 2634 2729 2321 94
3 2913 3004 3095 3185 3275 3364 3452 3540 0627 3714 8?
Ji 3300 3885 3969 £053 .4136 .4219 .4301 £382 .4462 £542 82

OJ 4621 4700 4777 .4854 .4930 £005 £080 £154 £227 £299 75
i 5370 5441 5511 £581 £449 £717 £784 £850 £915 £930 67
7 4044 £107 £169 £231 £291 £352 £411 £469 £527 £534 60
S 4640 £696 4751 .6805 £858 .6911 .6963 .7014 .7064 .7114 52
9 7163 7211 7259 2304 .7352 2393 2443 2487 2531 2574 45

1.0 7616 7658 7499 2739 .7779 2818 2857 .7695 2932 296? 3?
1 £005 £041 £074 £110 £144 £178- £210 £243 £275 £304 33
2 £337 8367 £397 £426 £455 £483 £511 £533 £545 £591 23

3 £417 £443 8468 £693 £717 £741 £744 £787 £810 £832 24

4 £854 £375 £896 £917 £937 £957 £977 £996 .9015 .9033 20

1J 9052 9069 9037 .9104 .9121 .9138 .9154 .9170 .9164 .9202 17

6 9217 9232 9244 .9261 .9275 .9289 .9302 .9314 .9329 .9342 14

7 9354 9347 9379 .9391 ,9402 .9414 .9425 .9436 .9447 .9453 11

S 9468 9478 9488 .9493 ,9508 2518 .9527 .9534 .9545 .9554 9
9 9562 9571 9579 .9587 .9595 .9603 .9611 .9619 .9626 .9633 8

2.0 9640 9447 9654 .9661 .9663 .9674 .9680 .9iB7 .9693 .9699 6

t 9705 .9710 9714 .9722 .9727 .9732 .9733 .9743 .9748 .9753 5

2 9757 9762 9767 .9771 .9776 .9780 .9785 .9789 .9793 .9797 4

3 9801 9305 9809 .9812 .9816 .9820 .9823 .9827 .9830 .9334 4

4 9837 .9840 .9343 .9844 .9849 .9852 .9855 .9358 .9841 .9843 3

23 9866 9849 9871 .9874 .9876 .9879 .9881 .9884 .9884 .9888 2

j6 9890 .9892 9895 .9897 .9899 .9901 .9903 .9905 .9904 .9908 2

7 9910 9912 .9914 .9915 ,9917 .9919 .9920 .9922 .9923 .9925 2

S 9926 .9928 .9929 .9931 .9932 .9933 .9935 .9936 :9937 .9933 1

9 9940 .9941 .9942 .9943 .9944 .9945 .9946 .9947 .9949 .9950 1

3.0 .9951 .9959 .9967 .9973 .9978 .9982 .9985 .9988 .9990 .9992 4

4J0
5.0

.9993

.9999

2995 .9994 .9994 .9997 .9993 .9998 .9998 .9999 .9999 1

If s > 5, tanh x = l.OOOO to four decimal places.
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Table A6

CoppEK Wire—American Wire Gattoe (B & S)

Gauge
Diameter,

mils

Diameter,

mm.
Area,

cir. mils

Ohms/ft.
20° C
D.C.

Ohms/melcr
20° C
D.C.

0000

000

00

0

1

460.0

409.6

364.8

324.9

289.3

11.68

10.40

9.266

8.253

7.349

211,600

167,800

133,100

105,500

83,690

0.00004901

.00006180

.00007793

.00009827

.0001239

O.OOOICOS

.0002027

.0002557

.0003224

.0004065

2

3

4

5

6

257.6

229.4

204.3

181.9

162.0

6.543

5.827

S.I89

4.620

4.115

66,370

52,640

41,740

33,100

26,250

.0001563

.0001970

.0002485

.0003133

.0003951

.0005128

.0006463

.0008153

.001028

.001296

7

8

9

10

11

144.3

128.5

114.4

101.9

90.74

3.665

3.264

2.906

2.588

2.305

20,820

16,510

13,090

10,380

8,234

.0004982

.0000282

.0007021

.0009989

.001200

.001634

.002061

.002599

.003277

.004134

12

13

14

15

16

17

18

19

20

21

22

29

30

31

80.81

71.96

64.08

57.07

50.82

2.053

1.828

1.628

1.450

1.291

45.20

40,30

35.89

31.96

28.46

1.150

1.024

0.9110

.8118

.7229

25.35

22.57

20.10

17.90

15.94

.6439

.5733

.5106

.4548

.4049

14.20

12.64

11.26

10.03

8.928

.3607

.3211

.2860

.2548

.2268

6,530

5,178

4,107

3,257

2,583

2,048

1,024

1,288

1,022

810.1

.001588

.002003

.002525

.003184

.004016

.005064

.006385

.008051

.01015

.01280

.005216

.006571

.008284

.01045

.01318

.01661

.02095

.02611

.03330

.04199

642.4

509.5

404.0

320.4

254.1

.01614

.02036

.02567

.03237

.04081

.05295

.OOGSO

.08422

.1002

.1339

202.5

159.8

126.7

100.5

79.70

.05147

.00490

.08183

.1032

.1301

.168.9

.2129

.2685

.3385

.4268
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Table A6 (Cent.)

Copper Wire—American Wire Gaege (B & S)
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Tabi,e A7

Characteristics of Copper Conductors, Hard Drawn, 97.3%
CONDUCTn’lTT*

Size of

Conductor Xo. Over-
of O’

all

Cir rtjtc Strands Strand,

Mils
'”

Current
capacity GMR,
at 75°C ft-

amperes

Resistance
ohms/mile

d-c 60
25°C cycles
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Table A8

Chabacteetstics of Ceetain Standaed CJoaxial Cables
(American Phenolic Corp., Chicago, HI.)

Attenuation

Db/100 ft at

megacycles



A

INDEX

Active network, 2

Alternating-current bridge, 32

Aluminum cable, ACSIl, 21S

American Wire gauge, table, 583

Ampere’s law, 537

Analysis:

mesh, 3

node, 3

Antenna, 535

beam width of, 557

broadside, 555

colinear, 500

directivity of, 547

director clement for, 555

end-fire, 555

iiain of, 501

grounded ((uarter wave, 552

half wave, in space, 545

lens, 502

paraboloidal, 502

parasitic element, 555

reflector element of, 555

two-clement, 553

vertical, above earth, 548

Yagi, 555

Array, two element, 553

Attenuation of;

coaxial line, 520

filter, 153

parallel planes;

TE waves, 494

TEM waves, 490

TM waves, 493

wave guide, 522

Attenuation constant;

on line, 243

symmetrical network, 147

B

Band-elimination filter, 179
Band-pass filter, 174
Band width, definition, 61
Band width of;

antiresonant circuit, 71

Band width of (conl.)i

line, 348

series resonant circuit, 61

with insufficient coupling, 123

Beam width, of nntenna, 557

Bell, Alexander Graham, 140

Bessel functions, roots of, fable, 513

Bilateral, definition, 20

Boast, W.B., 385

Boundary condition, 469

Branch;

currents, 4

definition, 1

Bridge;

Maxwell, 33

sensitivity of, 35

Wien, 34

Broadside antenna, 555

C

Cable, 195

loading of, 252

stranded, 216

telephone, 252

Campbell’s equation, 25?,

Campbell, G.A., 138

Capacitance:

coaxial line, 207

effect of ground on, 228
open-wire line, 200

three-phase line;

symmetrical, 225

two round conduclons 204
unsymmetrical, 227

'

Cascaded T sections, 233

Characteristic impedance, 143
behavior of, 155

cascaded T sections, 235

experimental mcasuremerif of UQ
of filler, 145

'

of parallel planes, 4S9 -

variation over pass band, )gg
Circle diagram;

application of, 323
for line, 317

587
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Circle diagram (cont.):

receiver-power, 373
sending-power, 378
Smith, 324

Circuit analysis, 3
Circuit element, 1

Coaxial line, 195

attenuation in, 520
capacitance of, 207
characteristic impedance of, 284
design of, 352
inductance of, 201

TEM wave in, 516
Coefficient of coupling, 109

Coefficients, A,B,C,D, 47
Cofactor, 44
Colinear array, 560
Compensation theorem, 27
Complexor, 1

Composite filter, 165
Conductor:

perfect, 443
properties, table of, 441

Conservative medium, 395
Continuity of fields, 424

Copper insulator, 306
Counterpoise, 552

Coupled circuit, 103

equivalent T for. 111

selectivity of, ViA

Coupling;

coefficient, 109

critical, 118

sufficient, 123

Critical angle, 458

Cross product, 391

Crystal, piezoelectric, 186

Curl, 408
Current, 438
Current-source, 24

definition, 1

Cutoff frequency of:

cylindrical wave guide, 514

filter, 155
TE waves, 506
TM waves, 502
wave guide, 477

D
Decibel, 138
Depth of penetration, 440
Determinant, 42

Determinant (conf.):

cofactor of, 44
Dielectric constant, 205
Dielectric:

dissipation factor, 282
losses, table of, 282
power factor, 281
properties of, table, 205
properties, 457

Directional coupler, 294
Directivity, 547
Director element, 555
Dispersive media, 460
Displacement current, 398
Dissipation factor, 282
Distortion, 249
Distortionless line, 250
Distributed network, 2
Divergence, 405
Divergence theorem, 408
Dominant mode, 509

of cavity, 528
Dot product, 390
Double-stub matching, 333
Driving-point impedance, 30, 46
Duality;

in networks, 7

of Norton’s and Thevenin’s circuits,

27
of T and -r networks, 14

principle of, 6

E

I^ectromagnetio field equation:

first, 395
second, 400

Element;
circuit, 1

linear, 2

End-fire antenna, 555
Energy of radiated wave, 418

Equalizers, 249

Equivalent circuit:

bridged-T, 15

current-source, 24
definition of, 8
lattice to T, 16

line, 271

piezoelectric crystal, 186

space, 430

T for magnetically-coupled circuit,

111
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A-slcnl cifCW'*-

Tfof
’^'

T to T, 12

vnttasi'-fWirfPi 20

{t;K>r.’.'ntiaI lins, 307

F

Fataiiny’s law, 303

I'nru'lay, MidiRcI, 303
_

fpnlin'iUy across Ijmmnnncs,

-521

n--;!! rfiiinlioos, Maxwell’s, 380

riliff^, 138

riltcf rirniii;

atlcnoation of designed sections,

183

ltiind-<limination, 170

Innil-pn'^s, I'd

comj'OMlp, 105

coriHlanl-ll', 157

cn-ptal, ISO

fiiloff froctucncics of, 155

design of, 181

lii(;li-p.i<.«, 101

image mateliinp in, 173

laUire, ISO

(on'(m«. 157

n-defiv«l r, 107

m-derived T. 102

nci'-dcrived, 170

pva and flop Oands in, 152

{f-rformanee, 183

protnlype, 101

termination, 170

fl'n liuVages;

Cl VMnllv'l coudnevcirs, 20S
of nirrent, 197

rn«ti t'« reaei.anrc networks, 80

6
(•am, of ivnienna, 501
(lav.sa'a hw, d(10

(Iv.r’i'a theorent, dOS
(lernral circuit constants, ,307
fieoractrr mean ili‘tancc, 213
tVor.ietsie radius, 214
CM/), 2i5

GMU.
< ? «!>, i.tftor f.trnngemi-nts, 215
tuF'ihr v.r,, ta!,lr,21S

:'«>'!MaMe,2l7

Ground, effect of, 548

Group velocity, 462

H

Half-wave lino of small dissipation,

343

Hartley law, 460

Hnzcn, H.L., 384

Hyperbolic;

InntHows, US
tangent of complex argument, ^03

I

Idc.al transformer, 113

Image impedance, 98, 173

Image maVcb'mg, 206

Images, method of, 228

Impedance:

characteristic, 143

driving-point, 31

by matrix methods, 46

image, 98

input, 3l

of line, 263

intrinsic, 429

iterative, 143

matrix, 39

maximum of resonant circuit, 66

incsli, 31

mutual, 32

of open-circuited line, 264

of short-circuited line, 264

transfer, 19, 31

hy matrix method, 47
of line, 263

^

Impedance iTanstormation by;
double-stub, 333

exponential line, 307
baif-wave line, 305
ideal transformer, 115
reactance L-scetion, 96
reactance T-section, 98
single-stub, 312
Smith chart, 331
T network, 100
tapped quarter-wave line, 345
tapped resonant circuit, 03

Index of refraction, 457
Indurlance:

roaxial line, 201
’

’

•

pternsl, 200

internal, 200 •
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Inductance {coni.):

loading, 253
multicircuit line, 222
mutual, 104:

open-wire line, 200
three-phase line;

symmetrical, 218
unsymmetrical, 219

Inductance and capacity, relation be-
tween, 229

Induction field, 540
Induction law, 393
Input impedance, of coupled circuit,

104
Insertion loss, 267
Integral for radiation resistance, evalu-

ation, 572
Intrinsic impedance, 429
Inverse, of matrix, 44
Iron-core transformer, 113

Iterative impedance, 143

J

Junction, 3

K

Kimbark, E.W., 385
Kirchhoff’s laws, 3

L

Lattice, 16, 32
LC product, 230
Leakage conductance, 196

Leakage flux, 109

Lens antenna, 562
Line;

analogous;

for good conductors, 431

for plane wave, 426

as insulator, 306
band width of, 348
circle diagram

:

high frequency, 317
power, 373, 378

coaxial, 195
design of, 352
parameters of, 280

dissipationless:

input impedance of, 295

'

voltages and currents on, 285
distortionless, 250

Line (coni.):

double-stub matching for, 333
eighth-wave, 304
equations for, 237
equivalent circuit for, power, 365
exponential, 307

cutoff frequency of, 310
general circuit constants for, 367
general solution for, 236
half-wave, 307

small dissipation, 343
high-frequency, parameters, 278
impedance measurement on, 299
in cascade, 371
in parallel, 372
loading, 253
open-circuit, 264
open-wire, 195

optimum design conditions, table,

355
for open wire, 350

parameters of equivalent plane-

wave line, table, 432
power-frequency line, 361

power limit of, 381
power measurement on, 299

Q of, 348
quarter-wave, 305

of small dissipation, 343

reflection on, 256
losses due to, 302

resistance of, 280
short-circuited, 264

single-stub matching of, 312, 331

small dissipation, 278, 337

impedances of, 340
voltage and current on, 339

Smith circle diagram for, 324

smooth, 259, 291, 301

stability of, 381

T-section for cascaded, 233

tapered, 307
tapped quarter-wave, 345

telephone, characteristics of, table,

275
voltage regulation of, 364

voltage stejj-up on, 348

waves on, 243

zero dissipation, 278

constants of, 282

Line, distance to fault on, 273

In, 139
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log, 139

Loop, 2

M
Matrix, 39

calculations with, 44
inverse, 44
manipulation, 43
transpose of, 44

Maximum-power transfer theorem, 28
Maxwell bridge, 33
Maxwell’s equations, 389
applied to wave guide, 498
in cylindrical coordinates, 510, 568
in spherical coordinates, 541
restrictions applied to, 470
vector form of, 410

Maxwell, James Clerk, 389
Mesh, 2

Mesh impedance, 31
Mismatching loss, 267
jn-derived filter, 162

half section for, 170
mm'-derived filter, 179

Mode:
dominant, 509
of propagation, 476
principal, 516

Mutual impedance, 32

Mutual inductance, 104

N
Neper, 138

Network analyzer, 361, 382

Network:
active, 2

bilateral, 20

bridged-T, 15

characteristic impedance of, 143

conversion, 12

definitions, 1

distributed, 2
equivalent, 8, 12

Foster’s, 80

ladder, 143

lattice, 16

linear, 2

lumped, 2

nondissipative, design of, 85

parallcl-T, 37
passive, 2

IT, 10

Network (conf.):

reduction of, 8
symmetrical, 138

characteristic impedance of, 1

properties of, 149
T, 10

three-terminal, 2
two-terminal, 2

Node, 3, 291
on line, 291

Norton’s theorem, 24

O
Open-wire line, 195

capacitance of, 206
inductance of, 200

Overcoupled circuit, design, 131
Overcoupling, 124

P

Parallel conductors, flux linkages

208
Parallel-T network, 37
Parameters, circuit, 195
Parasitic antenna, 555
Passive network, 2
Perfect conductor, 443
Permalloy, 183

Permeability, 196
Permittivity, 205
Phase constant, sjunmetrical netwo

147

Phase velocity, 459
Phasor, 1

Phillips, E.B., 385
IT network, 11

Plane wave, 410
Pole, 82
Potential:

in changing electric field, 393
in conductor system, 224
in electric field, 392
source, 1

vector, 535
Power factor, of insulating mater

281
Power:

limit of line, 381
on line, 299
reactive, 362
real, 362
reflected and transmitted, 437
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Power (c<m^.):

vector, 363
Poynting, J.H., 419
Poynting’s:

radiation vector, 419
theorem, 420
vector, 437

Principal;

diagonal, 40
mode, 516

Propagation constant:

of analogous line for waves, 429
of line, 240
of symmetrical network, 146

Propagation, types of, 473
Prototype filter, 161

Proximity effect, 200
Pupin, 253

Q

as reactive volt-amperes, 362
definition, 55
of cavity, 531
of crystal, 187

of line, 348
Quarter-wave line;

small-dissipation, 343

tapped, 345
Quarter-wave transformer, 305

R

Radiation, 535
current element, 538
current sheet, 415
field, 540
resistance, 543

half-wave dipole, 547
Reactance curves, 77

for crystal, 189

Reactance matching, 98
Reactive:

power, 362
volt-amperes, 362

Real power, 362
Reciprocity theorem, 19
Reference level, 142
Reflection, 256

coefficient, 260
elimination of, 462
factor, 265

Reflection (conf.):

from plane conductor, 432
loss, 265, 302
total, 457

Reflector, 555
paraboloidal, 562

Refraction, index of, 457
Regulation of line voltage, 364
Resistance:

of line, 280
radiation, 543
skin-effect, 442

Resonance, 55
optimum, 120
parallel, 64
partial, 116
series, 58

Resonant cavities, 528
Qof, 531

Resonant circuit:

antiresonant at all frequencies, 76
current in, 68
maximum impedance of, 66

resistance in both branches of, 75
universal cur\'es for, 69

variable phase angle, 76

Retarded vector potential, 537
Ryder, J.D., 385

S

Scale factor, 81

Self-inductance, 196

Separation property, 82

Skin effect, 203, 279, 424

theory of, 438

Sky wave, 551

Small-dissipation line, 337

Smith circle diagram, 324

application of, 327

Smith, P.H., 324

Smooth line, 259, 291, 301

Snell’s law, 457

Stability, of line, 381

Standing wave, 291

Standing-wave ratio, 291

Starr, 385
Superposition theorem, 17

T

Termination, wave guide, 527

Terminating half-section, 173
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Theorem:
compensation, 27
maximum-power transfer, 28
Norton’s, 24
reciprocity, 19

superposition, 17

Thevenin’s theorem, 20

T network, 10

Total reflection, 457

Transfer impedance, 30, 47
of coupled circuit, 104

Transformation function, 308
Transformer:

doubly-tuned, 119

selectivity of, 127

ideal, 113

singl5--tuned, 115

Transmission line (see also Line):

differential equations for, 237
general solution for, 236
parameters, 195

Transpose, of matrix, 44
Transposition, 219

multicircuit line, 223

Tranm'erse electric wave, 473
attenuation of, 494

in cylindrical guide, 524
in rectangular guide, 524

between parallel planes, 479
in guide, 505

Transverse electromagnetic wave,
474

attenuation of, 490
between parallel planes, 481
in coaxial line, 510

Transverse magnetic wave, 473
attenuation of, 493, 524
between parallel planes, 474
in guide, 500

Transverse wave, 415

u

Universal resonance curre, 69

Universal response curve, doubly
tuned transformer, 129

V
Van Ness, J.E., 385
Varmeter, 362
Vars, 362
Vector:

curl, 408
multiplication, 390
potential, 535

retarded, 537
power, 363

Velocity:

group, 462
of wave in parallel planes, 487
on line, 247
phase, 459
propagation, 245

open-wire line, 285
plane wave, 414

Voltage source, 20

W
Wave:
energy of, 418
incident, 256
on dielectric, 451
on perfect conductor, 445

manner of travel of, 484
plane, in space, 410
reflected, 257
velocity of, 487

Wave equation, 237, 413
solution of, 565

Wave-form distortion, 249
Wave guide, 469, 498

cylindrical, 510
dimensions, table of, 527
excitation of, 525
termination, 527

Wavelength on line, 245
Weber-Fechner law, 141
Wien bridge, 34
Wire tables, 583

Z
Zero, 82
Zero level, 142
Zobel, O.J., 138, 170, 179


