Clustering

[earning Objectives .
At the end of this chapter, you will be able to:

 Define clustering
+ Describe the commonly used clustering algorithms

71 INTRODUCTION TO CLUSTERING \ _—

Clustering refers to the process of arranging or organizing objects according to specific criteria.
It plays a crucial role m uncovering concealed kKnowledge in large data sets. Clustering involves
dividing or grouping the data into smaller data sets based on similarities/dissimilarities. Depending
on the requirements, this grouping can lead to various outcomes, such as partitioning of data, data
fe-organization, compression of data and data summarization.

711 Partitioning of Data /

Clustering of data, is a crucial aspect of efficient data access in database-based applications..—

EXAMPLE 1: To illustrate, let us take the example of an EMPLOYEE data table that contains
20’(?00 records of fixed length. We assume that there are 1000 distinct values of DEPT_CODE
N Ithat. the employee records are evenly distributed among these values.
" fthis dats, table is clustered by DEPT_CODE, accessing all the employees (.)f the depa.rtmnnt:
th : DEPT_CODE — "15" requires log,(1000) + 30 accesses. The first term 1nvol\.res access‘mg
®X table that is constructed using DEPT_ CODE, which is achieved through bw '
gﬁw involves fetching 30 (that is, 30000/ 1000) records from thg clustered ‘(i.l.mtt }l:e
i def:iablzsed on DEPT _CODE) e-nTployee table, which is indicated by the fetched entry in t

' Withe
“Verage,

n equire, on
Ut clustering, accessing 30 employee records from a department would require,

30 x 30000/2 accesses.
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Compression

Data

1.1 JJso assist in data compression by reducing the time complexity of accessing the
Clustering CaI;n J minimizing the space required to store them.
ures

e . To demonstrate, consider the data set shown in Table 7.1. Through clustering,
5 sMPLE ;ess the data set, resulting in the table shown in Table 7.4. Note that the frequent
o 0l C(OHI;p trec and pattern count (PC) tree structures are some examples for achieving such

TABLE 7.4 Compressed data

Pattern fl 2 f3 f4 f5 {6 Count

1,3 el w001 00 1 02
24 0 1 0 1 0 1 2

714 Summarization

The objectivé of data summarization is to extract a representative subset of samples from a large
data set. The purpose is to simplify and expedite analysis on a smaller data set.

ExaMPLE 4: For instance, when dealing with a data set of the marks of 100 students in a, subject,
datistical measures like mean (the numerical average of the marks), mode (the most frequent?y
repeated marks) and median (the value in the middle of all the marks Wh.en the marks are ranked in
order) can provide summarized information. Such summarized information can be derived through
clustering.

715 Matrix Factorization \/

It is possible to view clustering as matrix factorization. I .

Let there be n data points in an J-dimensional space. We can represent it as a matrix Xnxi- It
is possible to approximate X as a product of two matrices Bpx g and Cgxi- S0, X = BC, where
Wr assignment matrix and C is ‘?he representatives matrix.

Examprg 5

Consider the data matrix

6 6 6 } 55 R )
' 6 6 8
X C|2, 42 J,:. W
(’X\,\A@C’LQ\2 2 2| G-on
of grsfre four patterns in a three-dimensional space. If we use the leader algo'rithm with a t:,il;?::gﬁ
and (21ts’ We get two clusters: (6,6,6) and (6,6,8) that belong_Lg_cLusich_l,wmh (6,6,6) as i
&a&d (2,2,2) that belong to cluster 2 with (2,4,2) as its leader. - —
1 0 - »
» e have B = B 2 . Tt indicates that the first pattern, (6,6,6), is assigned to cluster 1.
0 1

C . .o
Orrespondingly in B lumn. Matrix B has four rows

we have a 1 in the first row and first co

-
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corresponding to four patterns in X; B has two ¢

will have K rows if there are

In the current example, C = |9 4 2
)
(J‘}‘ o i 6} [1
1
\; - 4 2p |0
C 0

Leader is a hard clustering algorithm w
value 1, to a single cluster. So, each row of the B

It is possible to have soft clustering. In this case,

range [0,1] in each row, indicating that a pattern

the entries in a row is 1.
Instead of the leader, if we use the ce

2 3 2

olumns corresponding to two clusters. Matrix C
O two clusters.

K clusters and the it" row is the representative of the jth cluster

6 6 : :
}. So the resulting matrix factorization is given by

y 6 6 6
2 4 2
__’—/

——

— OO

here each pattern is assigned fully, that is, with a

maitrix will have one 1 and the rest as Os.
we can have multiple non-zero entries in the
is assigned to more than one cluster. The sum of

ntroid of points in the cluster as its representative, then

C= 6 © 7} . There is no change in B. Note that the centroid of {(6,6,6), (6,6,8)} is (6,6,7) and

the centroid of the second cluster {(2,4,2), (2,2,2)} is (2,3,2)-

79 CLUSTERING OF PATTERNS Y

olves grouping a set of patterns, resulting in the creation of

Clustering is a technique that inv
cohesive clusters or groups

from a given collection of patterns. The process of clustering aims_to

ssimilar patterns separate. Figure 7.1 illustrates

gwi_rnilar patterns together while keeping di
the clustering of a two-dimensiona
visually identifiable.

Nyl +++-t+, -7

T data set (represented by fl and 12), where three clusters are

- ~

o T \
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F1G. 7.1 Inter- and intra-cluster distances
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The clustering pré).cess may ensure that the distance between any two points within the sam
wjﬂra Chlﬁl‘lterd- 1:tance2), as measured by a dissimilarity measure such as Fuclidean distance,
- smaller than the distance between any two points belonging to different, cluste

rs (inter-cluster
distance)-

This indicates that the similarity between

. points within a cluster is higher. t imilari
etween clusters. We illustrate this idea with "7 Teberthan the sinflarity

the following example.

EXAMPLE 6: Letz us consider a two-dimensional data set with 11 data points having two features
71 and 2 as listed in Table 7.5.

TABLE 7.5 Data set with two features

Data point f1 2

I 1 1
To 1 3
I3 2 2
Ty 3 1
Iy 3 3
Te 4 7
T 5 7
g 6 9
Tg 7 1
T10 7 3
11 9 1

Any two points are placed in the same cluster if the distance between them is lower .than a
certain threshold. In this example, the squared Euclidean distance is used to measure the dls'Fance
between the points, and a threshold of 10 units is set to cluster them. The squared Euclidean
distance (d) between two points, z; and z;, is calculated as follows:

l
d(zi,z5) = > _(@i(k) — z;(K)),
_ k=1

where [ represents the dimensionality of the points. - . .

In thif example, since we are dealing with two-dimensional data points, ! equals 2. Using this

, - . .
formula, the squared Euclidean distance between all pairs of points can be found and is presented
in Table 7.6. o -

Tn Table 7.6, the clusters are clearly visible within the mat_r%x itself. ’I"he table §onta1ns lthreef
sub-matrices of s,izes 5x5 3x3and3 x3 that meet the condltloq of .havmg a mﬁixmi;um va; t1:1eer Ic1>s
10 in any entry. For instance, the sub-matrix of size 5 X 9, cf(;rres%osldlsng ti) htl;ierystz) : g:rzitry =

i W1
(say, Cluster_ A = {z;1, z2, T3, T4 zs5}) has values ranging from 0 to o, oy .
the first five rows eicee,diné 10. Si;nilarly, it can be deduced that pai;ternfjl Tg, mge?:;i a;;i lzi ;)t ﬁird
the second cluster (Cluster_B = {zs, Z7, zg}) while patterns g, T10 and z11 g
cluster (Cluster_ C = {zg, Z10, T11})- - ‘ _ one

Oné can ob;erve f{roin 'E‘g,’ble 7})6 that none of the dat?.L pt-DIIl_tslﬁl Pv‘r;searét ;(I)lﬁmoorreo ;?i]—;;);ing
cluster. Such a clustering is called hard clustering, otherwise it is kno 7

clustering. We discuss soft clustering in Section 7.6.
™)
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TABLE 7.6 Squared Euclidean distance between pairs of data points listeq in Tap)
ey
Data point z; =, z3 x4 Ts g Tr g Ty x4, T,
1
T 0O 4 2 4 8 45 52 89 36 40 61
T 4 0 2 8 4 25 32 61 40 3¢ 63
T3 2 2 0 2 2 29 34 65 26 926 50
T4 4 8 2 0 4 37 40 73 16 20 36
x5 8 4 2 4 0 17 20 45 20 16 40
Tg 45 25 29 37 17 0 1 8 45 25 61
x7 52 32 34 40 20 1 0 5 40 20 5
T 8 61 65 73 45 8 5 0 65 37 13
T 36 40 26 16 20 45 40 65 0 4 4
T10 40 36 26 20 16 25 20 37 4 0 8
T11 64 68 50 36 40 61 52 73 4 8 0
Let X = {z1, %, ...,2,} be n data points which are mapped to C clusters, € = {X;, X,,... X)
such that o

o Xi# P, Vie{l,2,. . .
IV, G, # g0 Tj = ¢, then the clustering is hard, else it is soft.

..,c}

7.2.1 Data Abstraction

Clustering is a useful method for data abstraction, and it can be applied to generate clusters of

data points that can be represented by their centroid
The centroid is computed as the sam

, medoid, leader or some other suitable entity.
ple mean of the data points in a cluster, and it is given

by % X 3 (z; € C), where n¢ is the number of patterns in the cluster C. Note that it may not

coincide with any specific data point, as shown in Fig. 7.2.

Medoid
4
Centroid <« < ‘4 .
L 4 Y « 4
‘*--!‘_40‘4, ‘4p
T <1 A Outlier
4 <
& "
—_

Fic. 7.2 Visualization of centroid and medoid
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.~ algorithms can be classified into hard

Juster? ints or not. Hard clustering algorit s
’ GrS share 2+ pcl)lzrxll orithms generate a nesl%ezllgorlthms generate a partition of the given data
(lust® e pierarchical 6 € sequence of partitions. On the other hand, soft

s Wi ol gorithms utilize fuzzy sets, rough sets or evolutionary algorithms.
1l
(lllste

and soft clustering, depending on whether

Clustering

Hard Soft
clustering clustering

Partitional
clustering

Hierarchical
clustering

Divisive Agglomerative
clustering clustering |.

" F1G. 7.3 Classification of clustering algorithms X

Hierachical Algorithms

The process of generating a sequence of data partitions using hierarchical algorithms can be
represented using a tree structure called a dendrogram. There are two types of hierarchical
algorithms — divisive and agglomerative. :

Divisive algorithms follow a top-down approach, where a single ch;ster with all the patterns is
split into smaller clusters at each step until there is only one pattern in each cluster or a collection
of singleton clusters. On the other hand, agglomerative algorithms follow a bottom-up approach,
where n singleton clusters are created for n input patterns. At each level, the two most similar
clusters are merged to reduce the size of the partition by 1. ' . o

Once two patterns are placed in the same cluster in agglomerative algonthms, they remain in
Fhe same cluster in subsequent levels. Similarly, once two patterns are pldced in different clusters
M divisive algorithms, they remain in different clusters in subsequent levels. . .

In the next sections, we discuss’ divisive clustering, agglomerative, clu_ste"ring and partitional
Custering i detail. , '

" /
3 DIVISIVE CLUSTERING ~ }

ivigi . ) eixs s e than one feature
o 'Y algorithms are either polythetic, where the division 15 based on mor )

WWhen only one feature is considered at a time. The _@ly_ﬂg%ﬁeihffr?}? eiigizeg
Iﬁaﬂ possiBT(T2-partitions ofg@_e__’dét_@, and choogiilzg thenlzelst. among .
1S, the number ot distinct 2-partions is given by 2= 1'
EXAMPLE
Partitiong

.

e : ible
10: For example, if the data set contains three patterns, T1, T2 and z3, the possi

among these patterns are given in Table 7.11.
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7.11 All possible 2-partition sets for the patterns z,, 7, Ty
TABLE 7.

: Non-empty subset Its complement / 2'partiti0n )

. ossibilities
P : (1) / {z2,73} {xl,{xz,ma}
9 {z2} {z1,73} {z,, {331,:63}
3 {3} {21, 22} {3, {z1,2,
4 {:1:2,51,‘3} {z1} {{332,133},931}
5 {z1,23} {w2} {{‘”1,933},:1:2
6 {z1, 22} {za} {{331>932},:c3}

Note that in Table 7.11, the 2-partitions under the possibilitie§ 1 and 4, 2 anq 5 and 3,
6 are repetitions. Further, the subsets ¢ and {z1,2,73} can be ignored. ThIS. I8 becayg, h
an empty set and {z1,z2,r3} is an improper subset. So, the number of possibje 2"pal‘titi0m

232 I].S
IST=3.

Among all possible 2-partitions, the partition with the least sum of the sample Variance
the two clusters is chosen as the best. From the resulting partition, the cluster with the Maxiny,
sample variance is selected and is split into an optimal 2-partition. This process is Tepeateq f
we get singleton clusters. If a collection of patterns (data points) is split into two ¢ usters wir ;
'patterns Z1,...,Tp in one cluster and g patterns v, ... ,Yq in the other cluster, with the centroigs
of the two clusters being C1 and C2, respectively, then the sum of the sample variances wil] b

; z; —C1)% + y (y; — C2)?

EXAMPLE 11: Consider the data set containing eight points (patterns) with two features
shown in Table 7.12. Figure 7.4 shows the visual representation of these eight data patters.

TABLE 7.12 Example of data patterns with two features

Patterns f1 2

1 9.5 5.5
T2 6.5
Z3 9.
Ty 6
T5 6
Tg 8
Iy 8
Ig 8

: I
Figure 7.5 shows the dendrogram corresponding to the divisive clustering using the procedl

i ints:
discussed above. The top of the dendrogram shows g single cluster consisting of all eight data Polu"lS
By evaluating all possible 2-partitions (out of 27 _ 7 — 127), the best 2-partition {{z1, 72"

{x4, 25,26, 77}} is obtained and shown in the dendrogram,
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F1c. 7.4 Visual representation of data patterns listed in Table 7.12
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Fie. 7.5 Divisive clustering for polythetic clustering for the data points listed in Table 7.12

The cluster {z4, 25,26, 27} is then selected to split into two clusters, {z4, 25} and {6, 27}

,11: ) T ,$
Mier the split, the three clusters at that level of the dendrogram are {Z1,%2,%3 sh { ,_f_..‘ri.}
6, Tq}. ' s d {zs}, and
At the subsequent levels, the cluster {z1,%2,%3,%s} is split n.ltoﬁ{% ?;1 }{'{1}2’ 23},
{x1’$2"’”3} is further divided into {z1} and {z2,zs}. This results in five € TV Ll
85 4, 5} and {$6,x7}, g

ol dendrogralmfg’. 7.5 illustrates these clusters, as

. i ig. 7.6), which
Sters at successive levels. The same is represented in an onion layer diagram (Fig )

- he final level each cluster has
= S the cluster generation order numerically. Observe that at t )

o .
Iile boint; such clusters are called singleton clusters. 12
it ig necs "Mportant to highlight that in order to find the Optlmt? the
®sary to consider 2™ — 1 possible 2-partitions and selec

well as the partitions with 6, 7 and 8

partition for a cluster of size m,
best one. Therefore, generating
/
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Fie. 7.6 Divisive clustering with cluster generation order for the data points listedin
Table 7.12

all possible 2—part‘itions and choosing the most suitable partition requires an effort of O(2™), whe
n represents the number of data points. —_—

Monothetic clustering involves considering each feature direction individually and dividing tf,
data into two clusters based on the gap in projected values along that feature direction. Specificly
the data set is split into two parts at a point that corresponds to the mean value of the maximuy
gap observed among the feature values. -

/'T/h}ireocess is then mquentially for the remaining features, further partitioning each
cluster. The following example illustrates monothetic clustering.

—

EXAMPLE 12: Consider the eight data points provided in Table 7.12, each having two feature,
f1 and f2. The first step is to split the data based on the maximum inter-pattern gap observed
the fl1 direction. Sorting the f1 values in ascending order yields z; : m;& 7, zg: T, 0
10, z¢ : 10, z7 : 10.5 and x5 : 10.75. The largest gap of 3 units is between zg and z4. We selet
the mid-point between 7 and 10, which is 8.5 (that is, 7 + 1.5), and use it to split the datail?
two clusters: C1 = {1, 22, z3, 78} and C2 = {4, z5, 6, 27}

Next, each of these clusters 15 further divided based on the £2 values. Sorting the patters®
((;1 byﬁtéleir ?svaluezgives Z1 8.5, 23 : 5.5, =5 : 6.5 and zg : 8. The largest ga of 1.9 lini.ts
(©_— 0.0 = 1.0 units) occurs between z, and zs. i idpoint 7.25 (thet®
6.5 + 0.75) along the 2 direction, resultm c;lzlst:rzyt(llcll =(er t{:;;hf}3 :1111:11 pCOiIzltz {-’UI;"EQ’IS}:
Si?ﬂ?ﬂyb bl); Spl?tting};1 C2 using the value 7 for £2, we obtain (.321 = {z¢ ::7} and (22 = {747 ;Tb':- |
splitting using the value 6.25 for ; _ : . Figure "
shows this monothetic clustering.5 RG2S {21} and C122 = {$2’$3} ;

Howe i : : N 3 T et may
wever, a challenge with this approach is that in the worst case, the initial datj i:lustep‘

. . . l . .
be. divided into 2‘ clusters when considering all [ features. Having such a large numbe? Juste®
might not be practical, necessitating an additions, merging phase. In this phase, pairs of tat o
are selected based on their proximity and merged into g single cluster. This process is r¢P

until the desired number of clusters is achieved. .
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F1G. 7.7_1M0n0thetic clustering for the data points listed in Table 7.12

One commonly used criterion for proximity is the distance between the centroids of the clusters.
The time complexity of sorting the n elements and finding the maximum inter-pattern gap in each
mture direction is O(nlogn). Considering I features, the overall effort is O(Inlogn). However,
this approach may become infeasible for large VW.

74 AGCLOMERATIVE CLUSTERING \/

An agglomerative clustering algorithm generally uses the _following steps:

1. Compute the proximity matrix for all pairs of patterns in the .da_ta set.

2 Find the closest, pair of clusters based on the computed proximity measure fmd merge them
nto a single cluster. Update the proximity matrix to reflect the merge, adjusting the distances
befween the newly formed cluster and the remaining clusters. . -

% Tall the patterns belong to a single cluster, terminate the algorithm. Otherwise, go back to

Step 2 and repeat the process until all the patterns are in one cluster.

By iteratively merging the closest clusters, the algorithm gradually b‘.lﬂd‘.s " hierarChyhOffcﬁlllSti;S’
Vi each iteration reducing the number of clusters until a stopping criterion is met. The following

eXample ;
1ple illustrates agglomerative clustering.

o _ ) h
da}i:MP.I-‘E 13:  Consider the eight data points speciﬁed in Tablfe T2 Touizaziewgf;};dii‘;y
betwpomt is a singleton cluster. As per the method, the first step is o comp

i i ity-block
distazit ﬂ;? data points. Table 7.13 shows the proximity between the dat;a Ocllr;iz u;:)rilit(snt:cl' vt
‘ i WO )
mv Ofe that the city-block (Manhattan distance etwejen 1fimy e dflistures .
d o1 by M(zy, ;) = Zi=1(| z1(1) — zo(i) |), where [ is the n

G
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TABLE 7.13 City-block distance between pairs of data points
~— />

T T2 T3 T4 Ts Te /:137 Tg
z; 0 25 1.5 5 5.5 7 7.5 4
x2 2.5 0 1 3.5 425 4.5 5 1.5
3 1.5 1 0 3.5 425 5.5 6 2.5
x4 5 35 3.5 0 075 2 2.5 5
zs 5.75 425 425 07 0 275 225 5.75
xe 7 45 5.5 2 27m 0 0.5 3
z7 7.5 5 6 25 225 05 0 3.5
zg 4 1.5 25 5 575 3 3.5 0

The second step is to find the closest pair of clusters, whose city-block distance is minimyy,
Since the clusters {z¢} and {z7} are the closest to each other with a distance of Om}@-;
are merged as C1 to realise a partition of 7 clusters.

The proximity matrix after the merger is given in Table 7.14. The merging uses
single-link strategy. That is, the distance between any pair of clusters Cp and Cg is

minziEC'p and z; GCq(d(x’i’ x.?)) \_}5\
U (‘\_)\
M

TABLE 7.14 City-block distance among\t%'le data points aftg' ;‘ryging z¢ and x7 as one cluster

aakValgy

| L at il ity
J‘ 1 o %3 T4 {5 Cl={3}6, 127} l%g d
| T 0 25 15 5 55 7 4
| To 25 .0 1 3.5 4.25 4.5ﬂ 1.5
T3 1.5 1 .0 3.5 4.25 5.5 2.5
{ Ty 5 35 3.5 0 0.75 2 5
5 575 4.25 4.25 0.75 0 2.75 5.75
C1 = {=z¢, z7} 7 4.5 5.5 2 2.25 0 3
g 4 1.5 2.5 ) 5.75 3 0

il 5@(\/

In the third step, we need to repeat Step 2 till we reach a sirgle cluster of the required
number of clusters. In Table 7.14, one can observe that the pair of clusters {z4} and {zs5} has
a minimum distance (that is, units) and hence the clusters are merged next to form C2 =
{4, z5}. Similarly, the clusters {5} and {z3} are merged to create C3 = {z,x3}. Then, C3.

i merged with cluster {z1}, resulting in C4 = {z1,%9,x3}. Subsequently, C4 is_merged i !
ciuster {zs}, leading to C5 = {z1,z2,%3,7s}. Clusters C2 and C1 are then merged to form ‘-

C6 = {z4, 5, T6, T7}-

At this point, tlégr’e_grefty_o_,c_lugters remaining, namely, C5 and C6. The process can be
terminated once the desired number of clusters is achieved. The dendrogram in Fig. 7.8 illustrates |
the merging of clusters at different levels. |

The time complexity of agglomerative clustering is ©(n2), where n is the number of daltﬂ
the

points. This is to compute the proximity between all pairs of data points in the data set. Since
computed proximity matrix needs to be stored, the space complexity is also O(n?).

A
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Fi1c. 7.8 Agglomerative clustering for the data points listed in Table 7.12

7.5 PARTITIONAL CLUSTERING /

We have discussed a partitional clustering algorithm, the Leader clustering algorithm, in an

earlier chapter. One of the most popular algorithms under this category is the k-means clustering
algorithm.

7.5.1 K-Means Clustering /

The k-means algorithm can be described in the following steps:

1. Select k initial cluster centres from the given n data points. The remaining (n — k) data

points are then assigned to one of the k clusters based on their proximity to the closest cluster
centre.

2. Compute the new cluster centres based on the current assignment of data points. This is done

by calculating the mean or centroid of all the data points belonging to each cluster.

Assign each of the™n data points tO the cluster centre that is closest in proximity to it.

4. Check if there have been any changes in the assignment of data points to clusters. If no
changes have occurred, terminate the algorithm; otherwise, go back to Step 2 and repeat
the process.

@

By iteratively updating the cluster centres and reassigning data points until convergence, the
k-means algorithm aiﬂi’gg_ﬁgg_g_partition that minimizes the overall within-cluster variance or
distance.
—— 3 .

We illustrate the algorithm using the following example.

EXAMPLE 14: Consider the data set containing eight points with two features as shown 'in
Table 7.15.

Let us assume that the number of clusters, k = 3. If we select the initial clusters as z1,T4 and
z7, then Cluster 1 has (1, 1) as its cluster centre, Cluster 2 has (7, 2) as its cluster centre and
Cluster 3 has (7, 9) as its cluster centre. |

Table 7.16 shows the Euclidean distance (a proximity measure) between the cluster. centre and
the other data points. The patterns 2, Z3,Z5, 76 and xg are assigned to their respective clusters

as shown in the last column of Table 7.16.
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TABLE 7.15 Example of data patterns with two features

Data points f1 f2

Iy 1 1
To ! 3
T3 9 3
T4 7 2
Ts 8 2
Tg 9 3
Hild 7 9
Irg 8 9

TABLE 7.16 Euclidean distances with cluster assignments

Data points Euclidean FEuclidean FEuclidean Assigned
distance distance distance cluster

from C1 from C2 from C3
Ty 0 V37 10 C1
i) 2 \/ﬁ \/7_2 C1
T3 V8 V17 V52 C1
T4 V37T 0 7 C2
: T \/% 1 \/ﬁ CQ
Tg V68 V5 V40 C2
Ty 10 7 0 C3
Tg V113 V50 1 C3

The next step involves computing the new cluster centres. The new cluster centre of C1 will
be the mean of the patterns in Cluster 1(mean of z;, z, and x3), which will be (1.67, 2.33). The
cluster centre of C2 will be (8,2.33) and the cluster centre of C'3 will be (7.5, 9).

The patterns are again assigned to the closest cluster depending on the distance from the
cluster centres. Now, z1, 2 and z3 are assigned to Cluster 1, 4,75 and z¢ are assigned to Cluster
2 and z7 and zg are assigned to Cluster 3. Table 7.17 shows the Euclidean distance from the new
cluster centre to the data points with their new assigned clusters.

Since there is no change in the clusters formed, this is the final set of clusters. The visual
representation of the clusters is given in Fig. 7.9.

One of the important points to be noted in k-means clustering is that the algorithm is sensitive
to the selection of initial centroids. That is, cluster formation changes with the initially choseB
cluster centres. For example, if we select the initial cluster centre as 1,2 and z3, the clustering
generated is as shown in Fig. 7.10. (Cluster formation using k-means clustering with k = 3 i left
as an exercise to the reader.) -

The goodness of the k-means clustering algorithm is based on the sum of the squared deviations
of data points in a cluster from its centre. More formally, if C; is the it" cluster and y; is its centr®
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TABLE 7.17 Euclidean distances with cluster assignments

Data points Euclidean FEuclidean Euclidean Assigned

Euclidean distance distance cluster
from C1 from C2 from C3
T 1.49 7.13 10.3 C1
o 0.95 7 8.85 C1
T3 1.49 5.24 7.5 C1
T4 5.34 1.05 7.02 C2
Ts 6.34 0.33 7.02 C2
Te 7.36 1.2 6.18 C2
T 8.54 6.74 0.5 C3
s 9.2 ’ 6.67 0.5 C3
10 LR
l’ A 7 C3A 8 \)
8 e st
A yogr]
N . 3
4 . 7 5 Tyt s S l,’ ;(\\
’ ~ I 6
DO Y s § c2 )
2 -\ X = ll \\Ax4 s e
\ A’ ’1 S —e-- -
0 = == - T T T
8 10
g = =R

FiG. 7.9 K-means clustering (with k£ = 3) for the data points listed in Table 7.15

then the criterion function minimised by the algorithgl_ is

: |
Y - )t e — )

i=1 z€C;

This is called the sum-of-squared-error criterion. This should be minimal for optimal
clustering. v B

Choosing a suitable value for k is a practical challenge in k-means clus.ter.ing. A fzog}r:;)rrll(l:z
employed strategy is to initialize the cluster centres for k in a way t}.lat maximizes theg1 i]bow
from each other, which has shown to be effective in real-world scenarios. Alternatively, the

: hod
method is a popular approach to determine the value of k. The steps used in the elbow metho
are as folldws: .

L. Perform the k-means clustering algorithm (as discussed earlier) for different values of k.
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F16. 7.10 K-means clustering (with k = 3) for the data points listed in Table 7.15 but with intia)
cluster centre, 1,z and x3

2. For each £, calculate the total in-cluster sum of squared error (IC-SSE):

k
/ ICSSE =) Y (z— w)?

i=1 z€C;

3. Plot the curve, IC-SSE verses k. » :
4. The location of a bend (knee) in the plot is generally considered as an indicator of the

appropriate value of k. Figure 7.11 is an indicative plot showing the elbow method.

200+
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160 - |
s 140 |
[72]
@ 120

€ 100+
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60
40 Value for k. J

L I I ) I

0 2 4 6 8 10 12
Number of clusters, k

F1G. 7.11 Elbow method for approximating the k value

s the numbe!

e number °

The k-means clustering algorithm has a time complexity of O(nlkp), where n represent
Thes®

of data points, ! denotes the number of features in each data point, k speciﬁes. th
clusters and p indicates the number of iterations. As for space requirements, it is O(kn)-

_d
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TABLE 7.18 Euclidean distances and probabilities between z; and other datg, Pointg

Data point d(z1,%;) Min(d(zy,®;)) Prob; = (Hoim)

2 d(z1,z;)
T - - i
& 1.41 1.41 0.066
z3 5.39 5.39 0.254
i 4.12 4.12 0.194
- 6.08 6.08 0.286
T 4.24 4.24 0.2

Table 7.19 gives the Euclidean distances and probabilities between Z1, T5 and other dat, Points

TABLE 7.19 Euclidean distances and probabilities between z;, x5 and other data pointg

Data point d(z1,x;), d(zs, z;) Min(d(ml,mi);d(w5,a:,-)) Prob; = 2Min(d(z1,2:) d(zs 0

T - = -
T 1.41, 7.0 1.41 0.09
T3 ' 5.39, 7.2 _ 5.39 ~0.36
T4 4.12, 2 4.12 0.27
Is5 - - -
Te 4.24, 9.22 4.24 0.28

Choose z3 as the third centroid, as its probability in the list is maximum. We now run the
k-means clustering algorithm with initial centroids, z1, zs and zj.

Note that in k-means++, we have some initialization (set-up) cost when compared to the
conventional k-means algorithm. But convergence tends to be faster and better with lower hetero-
geneity. One can visualize this in Fig. 7.13. _ ‘

' Figure 7.13 represents cluster formation using random initial centroids and selection of in-
tial centroids by k-means+4-. Figure 7.13 (a) shows the randomly selected initial three cen-
troids (circled), Fig. 7.13 (b) shows three possible clusters after executing the k-means algorithm.
Figure 7.13 (c) shows the initial 3-centroids (circled) by k-means++ and Fig. 7.13 (d) shows cluster
formation after executing the k-means clustering algorithm. .

Visually it is clear that (i) the amount of centroid movement is less if we use the k-means++

Initialization step (the grey arrows in both the cases shows this) and (ii) the cluster formed has
lower heterogeneity with k-means++ initialization.

7.5.3 Soft Partitioning | (/

S . . sy t
The conventional k-means algorithm assigns data points exclusively to the cluster which is neares

to it, and this leads to a hard partition. Due to inadequate selection of the initial cluster centr®

- 0 ' he
the algorithm may result in a Tocally-optimal solution. Various solutions were proposed 1B t

- - 3 ——____-—/’
literature to address this issue. =

B —

. -
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F1G. 7.13 Visualization of goodness of using k-means clustering for initialization (for colour figure,
please see Colour Plate 2) g’

Split and merge strategy: Here, clusters generated by the k-means algorithm are evaluated for
potential splitting and merging. R

If the Sample variance of a cluster exceeds a specified threshold value (Tv), the cluster is divided
into two clusters by selecting the most dissimilar pair of patterns as initial seeds. Likewise, if the
distance between the centres of two clusters is below a distance threshold (74), they are merged
into a single cluster. By appropriately setting 7, and 74, it becomes possible to obtain an optimal -

partition. For example, the cluster {x4, s, Zg, Z7, zg} E Fig. 7.10 is selected for splitting based on
the variance surpassing the user-defined threshold, 7,. By choosing either

centroids for one cluster and either z; or zg for the other, we obtain th

T4,T5 Or Tg as initial

e clusters {z4,zs,z¢}
and {27, 25}, n o B s ~ |
Additionally, by merging the clusters {z;} and {z2,z3} because the distance between z;, and
the centroid of {zo, aa?falls below the user-

defined threshold 74, the partition shown in Fig_._’_7_.§_ can
be achieved. However, implementing this strategy is challenging due to the difficulty of estimating
Ty and T, d:

1\{Illltiple membership approach: This approach involves the influence of not only the closest
c

uster centre to g given data point but also neighboring cluster centres. These cluster centroids
are affected to varying degrees by the data point, with the closest centre being more influenced
than others. Several existing methods for this approach include:

* Fuzzy clustering: Each data point is assigned to multiple clusters, typically more than one,
based on

ased on a membership value. The value is computed using the data point and the corresponding
cluster centroid.

ough clustering: Each cluster is assumed to have both a non-overlapping part alndt -y
Overlagping part. Data points in the non-overlapping portion belong exclusively to that cluster,
while data, points in the overlapping part may belong to multiple clusters.
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Neural network-based clustering: In this method, varying weights associated wit}, the dq
a

points are used to obtain a soft partition.
\‘—-

Stochastic approach: In this category, the focus is on achieving the global optimal solutiop for
cluster formation through probabilistic methods. Some existing methods for this approach incly do.

Simulated annealing: In this case, the current solution is randomly updated, and tp,
resulting solution is accepted with a certain probability. If the resulting solution is bette; thay
the current solution, it is accepted; otherwise, it is accepted with a probability ranging fro.rn
+ Tabu search: Unlike simulated annealing, multiple solutions are stored, and the Currept
solution is modified in various ways to determine the next _configuration.

» Evolutionary algorithms: This method maintains a population of solutions. In addition t,
the fitness values of individuals, a random search based on the interaction among solutions wit,
mutation is employed to generate the next population.

—

7.6 SOFT CLUSTERING'_—

In numerous applications, assigning an object or pattern (data point) to a single cluster is oftep
not feasible. ‘ :

For instance, when assigning a document in text mining, it is possible for the same document
to fall under both the “politics” and “sports” categories. Similarly, a person in a social network
can belong to multiple subject areas within social media. This means that an object or pattern
can be assigned to more than one category. This type of categorization, where an object or pattern
can be associated with multiple groups, is known as soft partitioning or soft clustering.

The general form of soft clustering involves considering n data points, denoted as z; y LDy « « v 3 Ty
and k clusters, denoted as Cj,Cs,...,Ck. In soft clustering, a data point can belong to one or
more clusters. This relationship can be represented by an n x k matrix, where a non-zero entry in
the cell (4,7) indicates that the data point z; belongs to the cluster Cj, while (z,7) = 0 indicates
otherwise.

In each row, the number of non-zero entries can range from 1 to k. Excluding the all-zero vector,
which implies that z; must be assigned to at least one of the k& clusters, there are (2% — 1) possible
choices for each row in terms of the non-zero entries. Therefore, the total number of possibilities
for all n rows is (2% — 1)™. If we store one of p possible values in each cell to indicate the extent to
which z; belongs to Cj, then the number of possibilities is bounded by (p* — 1)", considering the
number. of distinct values each cell can assume as p.

7.6.1 Fuzzy C-Means Clustering \/

In this type, each data point z; can be assigned to a cluster C; with a membership value fijs
which represents the degree to which z; belongs to C;. The membership value Mij 1S assumed t_o
range between 0 and 1, and for each data point z;, the sum of all u;; values across clusters 15
equal to 1.

The fuzzy c-means clustering algorithm follows an iterative scheme similar to the k-means
algorithm. It begins by identifying c initial cluster centres from the data set or membership values
between each data point and the cluster. The following steps are then performed iteratively:
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Compute membership values:

d(z;,C;)~1/(M-1)

Hij =
TS d(z;, C) D)

Compute the fuzzy cluster centroid:

ey (i )M x x;
Z.;ll(ﬂij)M

In the above expressions, M represents the membership value of data point z; in cluster Cj,
where j = 1,2,-..,nand i =1,2,...,¢; d(z;,C;) denotes the Euclidean distance between ;
and Ci; Ci represents the centroid of the ith cluster and M is the fuzzyifying constant which
determines the behaviour of the algorithm. When M = 1, the fuzzy algorithm functions similar
to the hard k-means algorithm, Where pi; = 1 when X is assigned to C;. As M increases or
tends to infinity, p;; approaches 1 <, as the exponents in both the numerator and denominator
tend towards O. :

Repeat the above steps, and the algorithm terminates when there is no significant change in
the computed values for membership and cluster centroid.

ExaMPLE 16: Consider the data points with two features shown in Table 7.21.

TABLE 7.20 Example of a data set with two features

Data points fl1 2

T 1 1.
i) 2 2
I3 4 3
T4 5 3

Let the number of clusters, ¢ = 2 and M = 2. To start with, assume the following membership

values between the data points and the clusters(u(o))

1 o I3 T4

Ci 1 1 0 O
c2 0 o0 1 1

The cluster centres are calculated as follows:

3z (fL) + pla $2(f1) + #13 * $3(f1) + 13y * z4(f1)
P+ 3o + iz + p2,

Oy =

1251 412%2+0%%4+0%%5
12 + 12 + 02 + 02

C1(f1) =

C1(f1) = % =15
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2
pi o« Xlgo + 2y x X259 + 35 % X3p2 + 14 ¥ Xdjo
SRS TR

12%1412%2+02%3+0%%3
12 +12 4 0% + 02

—_ -

So, the updated cluster centre for C1 = (1.5, 1.5).
Similarly,

C1(£2) 1.5

.“%1*xl(fl)“*‘/i%z*@(fl)+N%3*x3(f1)+/~‘§4*$4(f1)
3y + pdo + 13 '_*"N%ai
02%14+0%2%2+12%x4+1%2%5 |
02 402 +12 412

C2(f1) =

C2(f1) =

Ca(f1) =3 =45

C2(f2) = pay * X1go 4 pds * X275 + s * X3fo + 3y * Xdgo
: 131 + 13o + 135 + p,
02%1+02%2+12%3+12x3
02+0%2+12412 -

C2(f2) =

C2f2) =5 =3

. So, the up(iated cluster centre for C2 = (4.5, 3).

The next step is recalculation of membership values. As a part of this step, let us first calculate

the Euclidean distance between the cluster centres and the data points. This is done as follows:

d(C1,21) = d((1.5,15), (1,1)) = /15 - )2 T (15 — 1% = 0.71
d(C1,22) = d((1.5,1.5), (2,2)) = /(1.5 — 2)2+(1.5-2)2=0.71
7 d(C1,23) = d((1.5,1.5), (4,3)) = /(1.5 = 4)2 + (1.5 —3)2 = 2.92 |
d(C1,z4) = d((1.5,1.5), (5,3)) = V(.5 -52 1 (15= 3)2 = 3.81
d(C2,21) = d((4.5,3), (1,1)) = V(@5 -1)2+ (3= 1)2 = 4.03
d(C2,22) = d((4.5,3),(2,2) = /@5 =27 7 (3=2)2 = 2.69
d(C2,23) = d((4.5,3), (4,3)) = /(45 -4+ (3= 3)2 =10.25

The membership values are:

1
,“Lll f— d(C]-vxlj
1
e T aeeEy
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— 0.71
P == T =085
71 4.03
1
Hi2 = d(C1,z,)

= 0
pig = — O _

Hiz = T

ps = 22 _ 0,08
203 T 035
3 1
Mg = (Cizs)

Hi4 = % =0.06

Similarly, po1, Mo2, H23, H24 can be computed and their values are 0.15, 0.21, 0.92 and 0.94,
respectively. Note that for a given data point z;, Z?:l(l“l’i.’i) =1
Now the updated membership values p(1) are given below:

T3 T2 T3 Ty

Cl1 0.85  0.79 0.08 0.06
Cc2 015 021 092 094

Since we do not end up with the same cluster centres or the same membership values, we
iterate for the next step. [Note: To converge in a finite number of iterations, some threshold values,
either for the difference between the current and previous membership values or for the difference
between the current and the previous cluster centre values, can be specified.]

The updated cluster centres for the updated membership values (u(D) are as follows:

0.852%140.79%2 %2+ 0.082 %4 + 0.062 x5

C1(f1) =

0.852 + 0.792 + 0.082 + 0.062
C1(f1) = % =15
Clpn = 0.852 % 14+ 0.79% % 2 + 0.082 x 3 + 02.062 *3
0.852 + 0.792 + 0.082 + 0.06
C1(f2) = % —148
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So, the updated cluster centre for C1 = (1.5, 1.48).

0.152 %1+ 0.212 %2+ 0.922 x4 + 0.942 %5
0.152 + 0.212 + 0.922 + 0.942

C2(f1) =

7.9143
C2(f1) = Tog7 =44

0.152 % 1 + 0.212 % 2+ 0.922 % 3 + 0.942 % 3

C2(f2) = 0.152 + 0.212 + 0.922 + 0.942
| 5.307
=2 2095
C2f2) = 17966

So, the updated cluster centre for C2 = (4.4, 2.95). '
The next step is recalculation of membership values. As a part of this step,

let us first (falculate

the Euclidean distance between the cluster centres and the data points. This is done as follows:
d(C1, 1) = d((1.5,1.48), (1, 1)) = /(1.5 — 1)? + (1.48 — 1) = 0.693
(

d(C1, ) = d((1.5,1.48), (2,2)) = +/(15 — 2)2 + (1.48 — 2)2 = 0.721

d(C1,z3) = d((1.5,1.48), (4,3)) = /(1.5 —4)? + (1.48 — 3)? = 2.925
d(C1,z4) = d((1.5,1.48),(5,3)) = /(1.5 — 5)2 + (1.48 — 3)? = 3.815
d(C2,21) = d((4.4,2.95), (1,1)) = /(44 — 1)2 + (2.95 — 1)2 = 3.919
d(C2,z2) = d((44,2.95),(2,2)) = V(4.4 —2)2 + (2.95 — 2)2 = 2.58
d(C2, ) = d((4.4,2.95), (4,3)) = /(@4 — )2 + (2.95 — 3)Z = 0.40

d(C2,34) = d((4.4,2.95), (5,3)) = /(4 — 5)2 + (2.95 — 3)° = 0.60

‘The updated membership values are:

0.693
pun=_—1 - 3 =08
0.693 T 3010
1t
0.721
Hi2 = 1 1 . 0.79
0.721 + 58
1

— 2.925
M3 = —"_ 3 = 0.12
2.925 + 0.40
L
3.81
pa= 288 =0.14
3.815 + 0.60

Similarly, wo1, pe2, Hes, p24 can be computed and their values are 0.15, 0.21, 0.88 and 0.86,

respectively.
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Now the updatcd membership values ;(?) are given below:

T1 T2 T3 T4

Cl1 085 079 0.12 0.14
C2 015 0.21 0.88 0.86

Since we do not end up with the same cluster point or the same membership values, we iterate
for the next step. _
The updated cluster centres for the updated membership values (u(z)) are as follows:

0.85% % 1+ 0.79%2 % 2 +0.122 x4 + 0.142 % 5

C1{f1) = 0.852 4 0.792 + 0.122 + 0.142

Cl1(f1) = % —15

C1(f2) = 0.852 %14 0.79% % 2 4 0.122 x 3+ 0.14% x 3
. 0.852 + 0.79% + 0.122 + 0.142

Cl1(£2) = 133% —1.48

The updated cluster centre for C1 = (1.5, 1.48).

0152 %1 +0.212%2+0.922 %4 4+ 0.942 x5

C2(f1) = 0.152 + 0.212 + 0.92% + 0.942
7.9143
CAF) = Ty =44
0.15% %1+ 0.212 %2+ 0.92% % 3+0.94% %3
C2(f2) = 0.15% + 0.212 + 0.922 + 0.942
5.307
C2(f2) = ToeT = 2.95

The updated cluster centre for C2 = (4.4, 2.95). i )
Since there is no change in the cluster centre, the algorithm stops. The final membership value

and cluster allocation for the data points is given in Table 7.21.

TABLE 7.21 Cluster formation using fuzzy c-means algorithm

Data point pC pf Allocated cluster

1 0.85 0.15 C1
2, . 079 021 C1
3 0.12 0.8 C2

Ty 0.14 0.86 C2
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7.7 ROUGH CLUSTERING /

It is possible that some of the data points clear!y belong to only one cluster whi.le t.he other daty
~ points may belong to two or more clusters. This is abstrfwted by a rough set Whl.gh J%d
Gsing two sets; these sets are called lTower approximation and yfpper approximation, A dat,
p—o—’int can belong to at most one lower approximation. Ifa dat.;a pollnt does not belong to any lower
approximation, then it belongs to two or more upper approximations.
We can define a rough set using the lower approximation (£Z(S5)) and the upper apProximatjq,
(R(S)), where S C X, a set of data points, is as follows:

— 1

R(S) = U G;, where G;C S
R(S) =|JGi, where GinS#0

In the lower approximation, each equivalence class must be entirely contained within S. On the
other hand, in the upper approximation, equivalence classes that partially overlap with S are
included. Consequently, the lower approximation comprises patterns that definitely belong to S,
whereas the upper approximation contains patterns that may potentially belong to S.

Further note that if R(S) — R(S) = 0, then there is no roughness in S with respect to R. We
discuss one of the popular clustering algorithms, rough k-means clustering, in the next subsection
which is based on these concepts.

7.7.1 Rough K-Means Clustering Algorithm \/

Let n be the number of data points, X = {z1,s,..., s}, having [ features, k be the number of
clusters, w; and w, be the weights associated with the lower and upper approximations and e be
the threshold value. :

1. Randomly assign each data object to exactly one lower approximation R(k). Note that by
definition, the data object also belongs to the upper approximation R(k) of the same cluster.
2. Compute the cluster centroid C; as follows:

If R(k) # 0 and R(k) — R(k) = 0

Z;

Else if R(k) = 0 and R(k) — R(k) # 0

G= D EH-Em

z; ER(k)—R(k)

Else

C; =w X Ti + wy X Z T

;€ R(k)—R(k) |R(k) — R()| L
e : .
3. For each data point in ¥, compute the Euclidean distance with each cluster, Cj, 1 $7 =

[that is, d(z:,C;), Vi € m, Vj € kJ. |

Let d(X,C,) = mini<j<k(z, CJ). |
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. d(z,Cy) ;
4 Use the ratio, —_—Ld(m,cp)’ where 1 < i,p <k, to determine the membership of X as follows:

If the ratiq % ¢ then the corresponding data point & will not be part of the lower
approximatlon.

. Else, the corresponding data point 2 will be part of the lower approximation

5. Répeat from Step 2 until convergence (that is, Old centroid = New centroid)

EXAMPLE 17: Consider the data set shown in Table 7.22 with k=2, w =07 w, =03and ¢
=2

TABLE 7.22 Example of data set with two features

Data points f1 f2

T 1 1
i) 2 2
T3 4 il
T4 5 2
T5 7 0
Te 8 0

1. Randomly assign each data point to exactly one lower approximation (two clusters).
E(kl) = {(la 1)’ (2’ 2)7 (41 1)}
E(k2) = {(5) 2)a (7’ 0)7 (81 O)}

2. Since (i) R(k;) # 0 and R(k;) — R(k1) = 0; (ii) R(k2) # 0 and R(kz) — R(k2) = 0, the centroid
is calculated using C; = Zmie R(k) |E’l(:}c)|'

oy = (124 142410 593 1 33)
3 3
) <5+;+8,2=2+0) S o

3. Find the Euclidean distances between each data point and the cluster centre.

*  With reference to C;
d((1,1), (2.33,1.33)) = 4/(1 — 2.33)% + (1 - 1.33)% = 1.37
d((2,2), (2.33,1.33)) = /(2 — 2.33)% + (2 — 1.33)2 = 0.75
d((4,1), (2.33,1.33)) = /(4 — 2.33)2 + (1 - 1.33)2 = 1.70
d((5,2), (2.33,1.33)) = /(5 — 2.33)> + (2 — 1.33)2 = 2.75
d((7, b), (2.33,1.33)) = /(7 — 2.33)2 + (0 — 1.33)? = 4.86
d((8,0), (2.33,1.33)) = /(8 —2:33)? + (0 — 1.33)% = 5.82
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e With reference to Cy

d((1,1),(6.67,0.67)) = /(1 — 6.67)2 + (1 — 0.67)2 =
d((2,2),(6.67,0.67)) = 1/(2 — 6.67)%2 + (2 — 0.67)2 =
d((4,1), (6.67,0.67)) = v/(4 — 6.67)2 + (1 — 0.67)2 =
d((5,2),(6.67,0.67)) = /(5 — 6.67)2 + (2 — 0.67)2 = 2.14
d((7,0), (6.67,0.67)) = /(7 — 6.67)2 + (0 — 0.67)2 = 0.75
d((8,0), (6.67,0.67)) = 1/(8 — 6.67)2 + (0 — 0.67)2 = 1.49

4. Use the ratio, d_gas__g,_))’ where 1 < 4,p < k, to determine the membership.

d((1,1),(6.67,0.67) _ 5.68
LU= 2@ 2.33,1.33))  1.37

(
(
(6.67,0.67))  4.86
(
(

=4.14 £ 2. So, =1 will be part of R(k;)

(2,2 |
2,2 ) = = 6. ) 1b t of R(k
(2,2) = 4((2,2),(2.33,1.33)) ~ 075 6.48 £ 2. So, =2 will be part of R(k;)
d((4,1), (6.67,0.67))  2.69 _
41 ’ == =1 . rt of
D= @1, Gas.153) = 17 = 108 <2 S0, @y will not be part of E(ks) and K,

d((5,2),(2.33,1.33))  2.75 . :
(5,2) = dEE5 2; E6.67 0.67;§ ke 1.28 < 2. So, x4 will not be part of R(k1) and R(k,)

d((7,0), (2.33,1.33))  4.86 ,
(7,0) = dEE,?, 0;, 26.67,0.6733 =978 = 6.48 £ 2. So, x5 will be part of R(k2)

d((8,0),(2.33,1.33 5.82
(8,0) = dEES,O;, E6.67,0.67;; 140 = 3.91 £ 2. So, x4 will be part of R(k2)

Now we have clusters

B(k) = {(1,1),(2,2)})  F(ka) = {(1,1), (2,2), (4,1), (5.2)}
E(k2) = {(7’ 0)’ (87 0)} _-R(k2) = {(4, 1)’ (5’ 2)7 (7a O), (8a 0)}

Here, (i) (k1) # 0 and R(k1) — R(k1) # 0; (ii) R(ks) # 0 and R(kp) — R(ks) # 0. So, the
centroid is calculated using v

G DT Y

F 1+2 142 4+5 142
C1 = 0.7 x ( . T) +0.3 x (T T) = (2.4,1.5)
B 7+8 040 445 142

Repeat from Step 3 until convergence.
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7.8 BXPECTATION MAXIMIZATION.

BASED CLUSTERING .
o of the approaches to mathematically represe

distributions. In this I.nethod, jche data set is regar d:ctl clusters is throy
clustel'inghi nc;otl;:;fuléf;?lgr:pf: ltetmiXt
ach dis sents a : .

;’;e:;:ters of the probgbility distributiong to best fit l}cig lzllzzzljmg prabiemistal e e

The EM (expe(.:tatl‘on maximization) algorithm is 5 g
In EM, a data point 18 assigned to a clygter based o
concept of the EM algorlthr.n ?s as follows: it begins with an initial estimation of the mixture model
parameters. Subse_zquently, 1t iteratively recalculates the Probabilities for the data, points based on
the mixture density generated using these parameters. The parameters are then updated using
these recalculated probabilities.

Let {z1,Z2,...
(a cluster).

o ] gh parametric probability
& combination of these distributions and
ure density model consisting of ili ’

of k b istributi
listar Houce. | g probability distributions,

ui'table method for parameter estimation.
n its membership probability. The basic

»Tn} be the data set to be clustered. Let Z;; be the probability that x; € c;

1. Computing the probability that 5 data point belongs to a cluster:

ep|— 5oz (zi — 1;)?)
k .
211 e3P~ 5tz (i — u)?]

j as follows:

Prob(z; € ¢;) = 7, =

j —
-

(7.1)
2. The p values are updated using Z,

' 2 i1 Zijxi
J Z?:l Z"*J

algorithm and the k-means algorithm of choosing the
s to the nearest cluster means to get Z;;.
is no change in y values.

The following example illustrate the above steps.

EXAMPLE 18: Tet the data points be 1 =120 =6, 3 = 6, T4 = 7. Let us consider two
clusters, ¢; and ¢2, and o = 1. Let the two extreme points £3=1 and z4 = 7 be the initial cluster
centres of ¢; and ¢y, respectively. The values of Z;; are calculated using Equation 7.1 and is shown
in Table 7.23. For example,

Notice the similarity between the EM

centroids (u;) and assigning data point
3. Repeat the above two steps until there

e_%(1_1)2
[ Yoy v vew

~ 0.9999

The updated p values using Equation 7.2 for ¢; and €2 are py = 1.5 and py = 6.5, respectively.

TABLE 7.23 Z;; values

Data point i Zin Z i

z =1 0.9999  0.0001
zy = 2 0.9999  0.0001
T3 =6 0.0001  0.9999
Ty =T 0.0001  0.999
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Let us add the data item x5 = 4. Starting with the same initial condition§ as earlier) y
Zs = 0 5 and Zss = 0.5. The updated p1 = 2 and pp = 6. The Z;; values are given iy, Tableiget
Tfl)lle up;hted Mo = 2 and pp = 6 and are the same as the previous values, so the alEOrit;}?lA'
s ul
terminates.

TABLE 7.24 Z;; values

Data points Zi A

zp =1 09999 0.0001
zy=2  0.9996 0.0004
z3=6  0.0004 0.9996
zg=7  0.0001 0.999
s = 4 0.5 0.5

7.9 SPECTRAL CLUSTERING /

Clustering algorithms like k-means are effective for data with isotropic or spherical clusters; they
are not suitable for non-isotropic clusters. For instance, when clusters are elongated in a specifi
direction or when they are concentric with similar centroids (similar to two circles or spheres with
varying radii and points distributed along each circle or sphere).

~ Spectral clustering algorithms are well-suited for data sets that contain non-isotropic clusters,
such as chain-like or concentric clusters. The spectral clustering algorithm assumes that the data
set is in the form of a graph which can be represented by triplets, < V, E, S >. Here,

V = {z1,23,...,2,}, where each T; in V' corresponds to a data point in the collection.

o E{<uzzj>z,€V andz; €V }fori,j =1,2,--- ,n. So, each element of E characterizes
an edge between a pair of vertices.

e S ={Ay : z;,z; € V}. Each element of A4 characterizes si
Aij = 0if z; and z; are not similar (or not connected)
connected). We assume that the graph is undirected;
that the similarity values are binary, either 0 or 1.

milarity between a pair of nodes.
;and A;; = 1if z; and =; are similar .(or
80, A;; = Aj;. Further, we are assuming
Consider the graph shown in Fig. 7.14.

F1G. 7.14 Graphical representation of g, data set with six vertices




where we are assuming that a node is similar to jt

That is, the ¢th diagonal element in D is the su
for the graph (Flg 714) is
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The corresponding S matrix is given by

== O O
HEEEREOOO
== -0 00

OO O = =
OO =
OO O - =

self and so the diagonal entries are all 1.
ix and D;; = ZSU and Dij =0ifs 75_7,1,3 eV.
m of the elements in the ith row of A. Matrix D

Weight (Degree) matrix (D) is a diagonal matr

3000 0 0
04000 0
D10 0300 0
00040 0
0000 3 0
0 0 0 0 0 3

Let C; (a cluster) be a subset of V and Ca (another cluster), the complement of Cy, be V — C;.
Cut(C1,Cs) = 2ox.ec, X;ec, Aij- C1 and C, are said to be best partitions, provided Cut(C4,C3)
is minimum. For example, let C; = {P,Q, R} and C, = {X,Y, 7} T.hen Cut(C1,Cs) = 1, which

“is minimum among any set of vertices chosen between C1 and C,.

It is possible to formalize the minimum cut expression by considering the following;:

Let I; = 0,if X; € C} and I; = 1 if X; € Cs. Note that (I;—I;)? =1if X; and X are in different
clusters and it is 0 if they are in the same cluster. So, Cut(Cy, Cp) = Y0y e0; Aii(li—1 )2
It is possible to show that Cut(Cy,Cy) = I*'LI, where I is the index vector of size n (where
there are n vertices in the graph), Laplacian L = D — S, where D is the degree matrix and S is
the adjacency matrix. So, minimizing the Cut amounts to finding the index vector I such that
I*DI is minimized; once I is known, it is possible to obtain the clusters based on the polarity
of the entries in I. .

L exhibits symmetry, similar to S and D. The eigenvalue with the lowest magnitude in L is 0,
with its corresponding eigenvector being denoted as 1 = (1,1,...,1)! since L1 = 0 = 01.

By utilizing the eigenvector 1 as the value of I, it can be demonstrated that I*LI equals 0
because LI = L1 = 0. However, this particular choice of I does not yield a two-partition
outcome as it results in a single (positive) cluster.

Instead of selecting the smallest eigenvalue, opt for the subsequent smallest eigenvalue to
maintain a small value for I*LI. In this case, I represents the eigenvector corresponding to the
second smallest eigenvalue. Moreover, because L is symmetric, its eigenvectors can be chosen
to be orthonormal, and the eigenvalues are real. Consequently, by choosing I as the eigenvector
linked to the second smallest eigenvalue, a new I is obtained that is orthogonal to 1.

This implies that I comprises both negative and positive entries capturing two clusters. Hence,
I is determined to be the eigenvector associated with the second smallest eigenvalue.

For Fig. 7.14, the Laplacian matrix L is given by

2 -1 -1 0 0 07
-1 3 -1 -1 0 0
-1 -1 2 0 0 O
o o o -1 2 -1

o 0 0 -1 -1 2.
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5— 5+v17 > first eigenvectors
e The ecigenvalues of L are 0, "42@, 3, 3, 3, %C The first two eig are 1 gpq

L ) e ;
(1 =3+V17 4 3—\/17, —74:1\/17 3—2\/17) . Note that the first three entries are positive apq thie
T2 b T 2 ’

remaining three are negative in the second eigenvector. So,. the clust(?? are1 ngt e——r~ {P,Q, R
C, = {X, Y, Z}, where C; is the negative cluster apd C5 is the p}?m 1ve}§ u e .1 t

» Figure 7.14 is an example of a two-partition scenario. HOW(.aver, t e num fr clusters (k) can
be more than two in general. In such cases, we have to consn:l(:zr k elgenve}i: Oors Slc?rresp'ondmg to
the k smallest eigenvalues. A point to be noted is that each .elgenvect'or as n 11menslong (that
is, number of data points), so the k eigenvectors can prov1d§ a k'—c'hmensmlzla Tepresentatioy,
of the n patterns by arranging them as k columns in a matrix of size n x k. Moreover, these

k eigenvectors are orthogonal to each other, allowing us to cluster the n rows (data points)
k clusters. ’

} anq

into

7.10 CLUSTERING LARGE DATA SETS

The development of technology has led to advancements in data acquisition, collection and pro-
cessing capabilities. With these advancements, the size of the data sets has also increased, to the
point where they cannot fit entirely into the main memory of the system being used.

Instead, they reside in secondary storage devices and need to be transfe
as required. However, accessing data from secondar
to accessing data from the main memory.
algorithms, it is possible for them to have th
algorithms can differ based on the specific
time complexity of O(n) for fixed values of

. If the value of p is, say 100, the algorit
case of large data sets, where the data, ne

rred to the main memory
y storage is significantly slower compared
When comparing the time complexity of clustering
e same time complexity. However, the feasibility of the -
conditions. For example, the k-means algorithm has a
k (number of clusters) and the number of iterations, p.
hm needs to scan the entire data set 100 times. In the
eds to be fetched from secondary storage

» the number of data set scans also affects the performance
of the clustering algorithm.

Another important consideration is handling incrementa] changes in the data set. In some
cases, the data in the data set may change incrementally, and the clustering algorithm should be
capable of accommodating these changes wi i

g to the previously seen data.

These requirements are addressed by the following two types of algorithms:

Incremental clustering algorithms: These algorithms cluster new data points based on existing
cluster representatives and specific threshold parameters. They do not reconsider data points that
were seen earlier.



