CHAPTER 8
Linear Discriminants for
Machine Learning

Learning Objectives

At the end of this chapter, you will be able to:

 Explain the concept of linear discriminants

. Describe important models such as perceptron, support vector machine, logistic regression and
multi-layer perceptron network

8.1 INTRODUCTION TO LINEAR DISCRIMINANTS _/

In the previous chapters, we discussed classifiers that work on classes which are separated by
linear, non-linear and piece-wise linear boundaries. Specifically, k-nearest neighbor (KNN) and
its variants are easy to understand and implement. They can deal with non-linear decision
boundaries between classes. They typically work on numerical features, even though distances
like Gower distance can be used to classify pattern vectors that are of mixed type, that is, they
have both numerical and categorical features. They are ideally suited for applications that have
low-dimensional small-size training data sets.

Decision tree classifier (DTC) can capture piece-wise linear boundaries. It can deal with
pattern vectors that have mixed type features. However, it is ideally suited for low-dimensional
applications (ﬁy because of its greedy nature in building the decision tree. Combinational classi-
fiers, based on DTC, like random forest and gradient boost are more versatile and are suited for
dealing with large-scale dmeir implem are popularly used in several practical
applications of current interest. DTC and its variants are embedded-feature-selection schemes.

Bayes’ classifier and its variants can deal with mixed type data and can handle classes separated
by non-linear_boundaries. Bayes’ classifier is optimal and can be used when the underlying
Wn. Tts variant, the naive Bayes classifier (NBC), is a simplified version
and can work on mixed type data. It deals withiclasses having linear decision boundaries, It
can also be used as an embedded method for feature selection. All these models can also be used
for function prediction or regression.

In this chapter, we deal with a collection of ML models that are ideally suited for dealing with
_t‘dr&scale data sets; they are chosen when the classes are linearly separable. They are designed

0 deal with classification of patterns that have only numerical features as these models depend on
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is projected into a higher-dimensional, theoretically even infinite-dimensional, space called
feature space, where the classes are linearly separable. Under some acceptable conditjop e
permits us to make all the computations in the low-dimensional input space instead of i E hlt
high-dimensional feature space. ¢
Logistic Regression: A simple interpretation is that logistic regression is a variant of Perce
tron. Perceptron typically employs a threshold function, the linear threshold function, a the
output that gives a binary output of 0 or 1, whereas logistic regression employs a functioy that
can provide values in the range [0,1]; these values can be interpreted as probabilities. A pgy
general view is that logistic regression is a linear model; this generalized linear model enables
us to deal with non-linear boundaries.

Artificial Neural Networks (ANNs): An ANN is made up of multiple levels of perceptros
that learn the required input—-output mapping. It employs a simple gradient-descent scheme
for learning or updating the weights. An edge between a pair of neurons is associated with s
weight; learning in ANNs pertains to learning the appropriate weight matrix/structure. It i
said to have the capacity to learn the features automatically, unlike the other ML models.

We will study all these ML models in this chapter. One unifying thread behind all these modelsis
the notion of a linear discriminant function, which we consider next.

8.2 LINEAR DISCRIMINANTS FOR CLASSIFICATION \/

Let w = (w(1),w(2),...,w(l)) be an I-dimensional weight vector and let z = (z(1),z(2), ()

be a pattern represented as a feature vector. Then _—
. f
l
9(w,z) = Y w(i)z(i) + b

=1

is called a linear discriminant function, where b is a scalar that is called the bias or thres}wlq'
Sometimes, w(0) is used instead of b in the literature. However b is more popular, so we US¢ o
this chapter. ’

EXAMPLE 1: Let z(1)+2(2) > 0or (1) +2(2) = 0.5 > 0 be a linear discriminant function:
w = (1,1) and b = 0 for the former and w = (1, 1) and b = —0.5 for the latter. - "

Both of them represent the Boolean OR function. Consider Fig. 8.1, which shows the B(?Oleit
OR on the left and the Boolean AND on the right. We can apprec'iat.e ’them better by ooking
their truth table, given in Table 8.1.

Lere
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F1G. 8.1 Boolean functions: OR and AND

TABLE 8.1 Truth table for Boolean OR and AND

z(1) =(2) OR(z(1),z(2)) =(1)+z(2)-0.5>0 AND(z(1), z(2))

(1) + 2(2) > 1.5
o O 0 0 0 i
0o 1 1 1 0 0
1 0 1 il 0 0
5, 1 | 1 1

Here, (1) and z(2) are binary features taking values of either 1 (T'rue) or 0
that OR(z(1),2(2)) is 0 only when both z(1) and z(2) are 0, else it is 1.

Consider z(1) + z(2) — 0.5 > 0. It is 0 (False) only when both z(1) and z(2) are 0, else it
is 1 (True). So, Boolean OR is captured by z(1) + z(2) — 0.5 > 0. Similarly, AN D(z(1), z(2)) is

1 (True) only when both z(1) and z(2) are 1 (T'rue), else it is 0. Now consider z(1) + z(2) > 1.5.
It is 1 (True) only when both z(1) and z(2) are 1, else 0. So, Boolean AND is captured by
(1) + z(2) > 1.5.

Note that in Fig. 8.1, output value 1 is shown by a black dot and output value 0 is indicated
by a grey dot for both OR and AN D functions. In each case, the line that separate Os from 1s is
the decision boundary. It separates the two classes of points; points falling above the line are 1s
and those falling below are Os.

In the case of OR, the decision boundary (line) characterizes points that satisfy (1) + z(2) =
0.5. Points that give output 1 satisfy the property that z(1) + z(2) > 0.5 and a point for which
output is 0 satisfies z(1) + z(2) < 0.5. In the case of AND, a point, x = (z(1),z(2)), on the line
satisfies (1) 4+ z(2) = 1.5. A point that gives 1 as output sat1sﬁes z(1) + a:(2) > 1.5 and points
that give 0 as output satisfy z(1) + z(2) < 1.5.

(False). Note

Note that there could be infinite ways of representing the OR and AND functions. OR(z(1), z(2))
can be represented using z(1) + z(2) — @ > 0, where a € [0,1); a can take any value in the interval
[0,1] excluding the value 1. Similarly, AND(z(1),z(2)) can be represented using (1) + z{2) = B,
Where 8 € [1,2); B can take any value in the interval [1,2] excluding the value 2.

8.2.1 Parameters Involved in the Linear Discriminant Function

The generic form of;any linear discriminant function is N

l
g(w,z) =wz+b=> w(i)z(i)+b

=1
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It is linear because the components (1) are used in their linear-form, that is, with gy .
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ExAMPLE 2: Let w = (—1,2) and b =1 for a linear discriminant. Now we cap classify . |
Atten,

as follows:
Let Tr1 —

to the positive class.
Let 20 = (4,1). g

to the negative class.

(1,1). g(w,z1) = wtzy +b=—1x 1+ 2x1+1=2. S0, g(w,z1) >0 i
oy

(w,z2) = wzg +b=—1x4+2X 1+1=-1.So0, g(w,z,) <():,ASsign
.'I.‘Z }

We can visualize the boundary and other regions associated with the linear discriminat f
it

function as shown in Fig. 8.2.

»
>

x(1)

F1c. 8.2 Geometric visualization of the linear discriminant function

Some observations:

e It corresponds to two-dimensional data classification.

The grey line indicates the decision boundary between two classes. Any point = on this lin
satisfies the property g(z) = wtz + b = 0. In a higher dimensional space, that is, when the
number of features is more than 2, the decision boundary will be a hyperplane.

The decision boundary splits the whole space into two halves that are characterized by g(z) 2
and g(z) < 0. Any point z in the positive half space satisfies the property that g(z) >©
Similarly, any point z in the negative half space satisfies the property that g(z) <0.

o Consider the two points z; and z- located on the decision boundary.

(g(z1) = g(z2) =0 =w'z; +b=w'zs + b= w(z —22) =0

: d
This means w is orthogonal to (1 — z2) and z; — x5 is the line joining the two points T1 an
So, w is orthogonal to the decision boundary.

« Consider the origin, that is, z = 0. So, g(z) = w'z + b = b. So, g(z) = b.
If b > 0, then origin is in the positive half space as g(0) = b > 0.
If b < 0, then origin is in the negative half space as g(0) = b < 0.
If b = 0, then origin is on the decision boundary as g(z) = b = 0. 4 za 18 alt |

o Consider the case where b = 0, as shown in Fig. 8.3. Consider the points Z3 an figure
s shown in the

the angle between w and z3 and S be the angle between w and x4, a
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x@) , gk)>0
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F1G. 8.3 Decision boundary passing through the origin (b = 0)

Note that z3 is in the positive half space, so g(z3) = w'zz > 0 (as b = 0). We know that

wtzs

cosa = ———— = cosa > 0 = || < 90,

[|w|]l]s]]

because the numerator is positive and both terms in the denominator are norms and so are
positive. This holds good for any x in the positive half space. The angle between w and such
an z is in the range [—90,90].

However, z4 is in the negative half space. So, g(z4) = w'zq < 0.

’thC4

—— % _ = cosf <0=|8]>90
[[wl[]|zall

cosf =

So, w is orthogonal to the decision boundary and points towards the positive half space, as
shown in Fig. 8.3.

«  On the other hand, b indicates the location of the decision boundary. If b = 0, then the decision

boundary passes through the origin. If b > 0, then g(0) = w'0+b = b > 0. So, the origin will be

in the positive half space. Similarly, if b <0, then the origin will be in the negative half space.

EXAMPLE 3: Consider a linear discriminant function g1(z) = z(1) — z(2) = w'z + b, where

. (ﬁ;g) w= ( 11> and b = 0. Here, a two-dimensional vector z such that

* (1) = 2(2) will be on the decision boundary as g (z) =0.
* (1) < z(2) will be in the negative half space as g1 (z) < 0.
* 2(1) > (2) will be in the positive half space as g (z) > 0.

8.2.2 Learning w and b l/

We have seen that the weight vector w and b can be used to classify a test pattern z. However,

Such a classification scheme needs w and b to be obtained; a learning scheme is used to get these
entities. This learning is achieved with the help of training data. _

Instead of learning w and b separately, one can learn them together in one shot by augmenting.

ote that w'z + b can be equivalently written as w;z,, where w, = [b,w] and 2 = [1, z]. That is,
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sional with the first component being b;
1. We use z for z, and w for w, for
the original vectors will

if w is an [-dimensional vector, then w, will be (l+l)—dime¥1
similarly, z, is (I + 1)-dimensional with the first entry being
the sake of brevity; whether we are referring to the augmented vectors or

be clear from the context. . e
So, {(z,%:),i = 1,2,...,n} is linearly separable if there is wx such that'w,,,‘;c. ; T 0 if y; = 1};

clse y; = 0. Such a w, characterizes a, separating hyperplane; thfare c‘ould be infinitely many suc

w, vectors and the corresponding decision boundaries as shown in Fig. 8.4.
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FIG. 8.4 Multiple decision boundaries (for colour figure, please see Colour Plate 2)

EXAMPLE 4: Consider {((1,1),l; = 0),((2,2),ls = 0), ((4,4),l3 = 1)}, where the first two vectors

are from class 0 and the third one is from class 1.
The augmented vectors in the resulting three-dimensional space are z; = (1? 1,1),zo =

(1,2,2),z3 = (1,4,4). A possible augmented w is (—6,1,1) that can separate the three patterns.
Note that wtz; = —4(< 0), wtzs = —2(< 0) and wlzs = 2(> 0).

All the three are correctly classified; the first two patterns are from the negative half space
(class 0) and the third from the positive half space (class 1). It is possible to check if (—12,2,3)
also correctly classifies all the three patterns. We leave it as an exercise.

We can- compute the normal distance of a data point z from the decision boundary, as
shown in Fig. 8.5. Let r be the magnitude of the distance between z and the decision boundary.
We can view the vector z as a sum of two vectors z, and Trwpp» Where z,, is the orthogonal
projection of  onto the decision boundary and r is the unit of distance of point x from the decision

boundary.
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F1G. 8.5 Distance of a point from the decision boundary (for colour figure, please see
Colour Plate 2) ’
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The quantity —||$|I gives us the unit vector in the directi
) ion of w. W TW e
the vector which when added to z,, gives us z. a0 T Tl = T indicates
We know that g(z) = w'z+b = wlz, + bt v

[[w]]
and so w'zp +b=0. So, r||lw|| = g(z) = r = %J—ﬁ

= 0+r||lw|| as z,, is on the decision boundary

3.3 PERCEPTRON CLASSIFIER

Perceptron is the earliest ML model that was used in classifying linearly separable data. Some
related observations are as follows:

We learn the augmented weight vector w with the help of some two-class training data.

If the classes e linearly separable, then the perceptron learning algorithm will learn the
augmented weight vector in a finite number of steps.

The obtained weight vector w will classify any augmented pattern z to the negative class if
w'z < 0 and assign « to the positive class if wtz > 0. We assume that the final w will classify
every training pattern to one of the two classes and there is no z that gives wiz = 0.

It is likely that there are infinite possible solutions to the learning problem; that is, there could
be possibly infinite w vectors. The perceptron learning algorithm will find one of them. It is
based on starting with an initial weight vector and updating it until all the training patterns
are correctly classified. '

If the weight vector at step k, wy, misclassifies an z from the negative class, that is, witz > 0,
then it is updated as wy4+1 = wy — . Consider w}, ,z = wiz — ztz. So, w1 can be negative
even if wiz is positive because z'z > 0 and wi ;z < wiz.

If the weight vector at step k, wy, misclassifies an x from the positive class, that is, wiz < 0,
then it is updated as wg41 = wy + . Consider w} ;= = wiz + ztz. So, w}, ,z can be positive
even if w}z is negative because z*z > 0 and w} = > wjz.

So, this update scheme to get wy41 from wy is justified because wgy; is in a better position,
compared to wg, to classify z correctly.

There could be different ways of selecting the initial weight vector wg. But a simple choice for
theoretical analysis is to let wg = 0; so wp is chosen to be the zero vector initially.

8.3.1 Perceptron Learning Algorithm \/

The algorithm is very simple and it can be shown that the algorithm stops after a finite number
of steps to give us a correct w if the classes are linearly separable. " N
Let the training data set be {(z1, 1), (2, l2),...,(zn,ln)}, where x; is the j** pattern, [; is its

class label and l; € {—1,+1} based on whether z; is from the negative class or positive class. The
algorithm follows The steps given below:

1.

Let i = 0. Let the initial augmented weight vector w; be the zero vector. Let j = 1. (Note that
J is the pattern index and i is the weight vector index).

2. If z; is incorrectly classified by w;, then i =i+ 1 and w; = w;_1 + l;z;, set j = (F + 1)mod n
5 and go to step 2. Else set j = (j -+ 1)mod n and go to Step 2.

Terminate the algorithm if there is no change in weight vector w; for n successive steps.
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Some observations:

- " , if Lo(wtzi) <0).
8 i 36 ‘rectlv class . (Step 2) il . (11)-.1,])_ .
@; 18 Incorrectly classified by w; ( p 2) A lulo n, that is, after consider;

Updating j in steps 2 and 3 involves using addition moc 1

termination condition, specified in Step 3, is satlsﬁcdl- " y o as
~ . e . . 2 - P —_— . s .
If point x; from the negative class is misclassified, then w; i—1 J J

from the positive class is misclassified, then w; = Wi—1 + T }?S lj = +t1‘ .
If there is no update for n successive steps, it means that the current w; has classifieq all

patterns correctly and so the algorithm did not visit Step 2 in the recent n steps,

next pattern in the sequence cyclically.

We illustrate the working of the algorithm using an example.

EXAMPLE 5: Let the training set be {((=1,1),l1 = —1), ((=2,—2),l2 = =1),((4,4),15 = 1)}. 5

the augmented patterns are (1,—1,1), (1, —2,—2) and (1,4,4) with their respective labelg,

1.

expect it to be less than 0). So, w; = wo — (1,-1,1) = (—1,1,-1).

2. w correctly classifies the next pattern (1, —2, —2) as the dot product is —1 (< 0).

3. w; misclassifies (1,4, 4) as the dot product with (1,4,4) is —1 (we expect it to be greater
0). So, w = wy + (1,4,4) = (=1,1,—1) + (1,4,4) = (0,5, 3).

4. Note that wy = (0,5, 3) correctly classifies all the three augmented patterns as

e The dot product of wy with (1,—1,1) is —2 (< 0).
* The dot product of wp with (1,-2,—-2) is —16 (< 0).
* The dot product of ws with (1,4,4) is 32 (> 0).

5. So, the algorithm terminates and gives us the weight vector (0, 5, 3).

We consider one more example. It deals with learning of Boolean OR.

. 1 i . 'h
pattern, x,,, it considers the first pattern, xy. S0, it considers the data points cychcally til] n}

if,
i

If a pattern is correctly classified, then we do not update the weight vector and consie, the

t le

th(:

wo = (0,0,0). It misclassifies (1, —1,1) as the dot product between wp and (1, -1, 1) is g (e

than

EXAMPLE 6: Consider the truth table of Boolean OR shown in the first three columns of
Table 8.1. The inputs are z(1) and z(2) and the output is either a 0 or 1; we have a two-class
problem based on these two output values. So, there is one pattern from Class 0 and three patterns

from Class 1. The augmented patterns are shown in Table 8.9.

TABLE 8.2 Augmented patterns for Boolean OR

1 z(1) =z(2) OR(z(1),z(2))

1 0 0 0

1 0 1 1

1 1 0 1

1 1 1 1
We show the details of the updating of the weight vector starting with wo = (0,
= (-1,2,2

Table 8.3. It takes 9 steps of weight updates to give the weight vector wg =
classifies all the four augmented patterns correctly.

0, 0) in
) which



Linear Discriminants for Machine Learning 209

TABLE 8.3 Updating the weight vector

Weight Pattern w'e Weight Pattern wtx
vector misclassified vector misclassified
e (0,0,0) (1,0,0) 0w =(-1,0,0) (1,0,1) =
= (0,0,1)  (1,10) 0 ws=(L,1,1)  (10,0) -1
wi = (0:1,1) (1,0,0) 0 ws=(-1,1,1) (1,0,1) 0
we = (0,1,2) (1,0,0) 0 wr=(-1,1,2) (1,1,0) 0
wg = (0,2, 2) (1,0,0) 0 wy = (—1,2,2) none correct Vx

Note that in the process, the algorithm subtracted the pattern (1,0,0) five times, added the
attern (L, 1, 0) twice and the pattern (1,0, 1) twice to the initial weight vector wp. So, w = wg =
(O’O’O) 00 2(1,1,00+2(1,0,1) = (1,2, 2). So, it is convenient to view the learnt vector
aa oo combination of the training data points. Generically, w = Z?=1 o;l;x;, where a; > 0.
Note that in Example 1,

« I1= (1,0, 0),041 =5, andl; = -1
e 22=(1,0,1),02 =2, andl; =1
o .'L'3=(1,1,0),053=2, andl3=1
o 24=(1,1,1),04 =0, andly =1

8.3.2 Convergence of the Learning Algorithm

It is possible to show that the learning algorithm finds the correct weight vector, a weight vector
that classifies all the patterns correctly, if the classes are linearly separable.

Let the augmented patterns be z1, Z2, . . . , Z» With their respective class labels being l1, 2, .. ., I,
and I; € {—1,+1} for all i. If they are linearly separable, then there exists a vector w that correctly
classifies all the patterns. That is, if = is in the positive class, then wtz > 0, and if z is in the
negative class, then wtz < 0. In either case, w'lx > 0, where [ is the class label of « because | = +1
if 7 is in the positive class and [ = —1 if z is in the negative class.

We have wg = 0. Let the first pattern misclassified by wo be z° and let 1(0) be its class label.
So, wy = wg +1(0)2°. In general, if augmented pattern zF~1 is misclassified by wg_1, then wy =
we_1+1(k—1)z*~1. By expanding recursively, we have wx = wo+1(0)z°+1(1)z* +- - 41(k—1)z*1,
where wy = (. '

Considering the dot product between the correct w and wy, we have

wiwy, = wt(1(0)z® +1(1)z’ + -+ 1(k — 1)z

Let ; = wt(i)z?. So, wtwy = o + 1 + -+ - + ax—1. We know that ; > 0 for i =0,1,...,k -1
€cause of 1y, So, ,wt,wk > 0.
l 2Letlap be the minimum(ap, o1, - -, @k—1)- SO, wiwy > kayp. Consider wiwy = L(0)? || +
P 1)2) 52 = [JoO) 2+ 24+ as ()2 = 1 for = 0,1, k=1,
is L‘?t_ﬁi = ||z||2 fori = 0,1,2, ..., k—1. So, clearly 8; > 0 for all i. So, wiwy = Bo+Bi+-- +Bk-1
Positive. Let 8, = mazimum(Bo, B1, - - - Br—1)- Then wiwy, < kfBq.
Let 6 be the angle between w and wg. We know that cosf = ﬂﬁltltl%’%ﬂ Note that both the
Dumer . . . oL t . thic i
Merator and each of the two terms in the denominator is positive as w'wg > 0; this is because
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Cs vs Cy: Let x be assigned to C.
C4 vs Cy: Let x be assigned to Cj.

We decide to assign z to class Cj.

This scheme can also have problems:

— There could be ties. For example, in step d of E)fan.lple 9, -if t}};e 3;;202’ h:r?dgg’ne in favgy,
of Cy, there would have been a tie in taking majority voting be 1 4:

— If the number of classes C is large, there can class imbalance betv‘lleen ea.ch C; anq C.
Specifically, a class C; could be a minority class having less tg‘irll c fn?tctlon ?f trainiy
data points and C;, the majority class, could have more than =z fraction. This leaq; to
problems while using several classifiers.

Even though these techniques have been well understood for more than four decades, it is suppqy
vector machines (SVMs) (binary classifiers) that have popularized them.

8.4 SUPPORT VECTOR MACHINES /

We have seen in Fig. 8.4 that there could be theoretically infinite decision boundaries if the classes
are linearly separable. Perceptron selects one of them. However, if we want to select a decisiog
boundary that is evenly centred between the two class boundaries, then support vector machine
(SVM) is the best choice to obtain the optimal solution. Consider Fig. 8.6.

A
x@2)

F1G. 8.6 Bad and good decision boundaries

There are two classes in a two-dimensional space, specified by z(1) and 2(2). There are 5
Xs from the negative class and 7 circles from the positive class. These two classes are linearly
separable.

There are two decision boundaries indicated by broken lines. Both of them are bad; one of them
is very close to the negative class and the other one is unable to exploit the margin (,)f separation
between the two classes. The third decision boundary shown by a solid line appears to be good as
it evenly splits the margin of separation between the two classes.

The SVM classifier formulates an optimization problem to maximize the m argin between the
two classes; the decision boundary will be evenly positioned between the two classes. Some of its
important features are as follows:

o It considers a two-class problem v_vith class label y; ¢ {—1,41} for z; in the training set for
i=1,2,...,nify; = —1, then z; is from the negative class and if y; = +1, then z; is from the
positive class.

/\«t\

B
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. Any point @ on the decision boundary will satisfy w': ) .
17 . aL salisly w'x 4 b = 0, where w is the weight vector
and b is the bias. ) g
. TFor any point @ from the negative class, w'a - b <
wtz + 0> 0.
. There is a finite number, n, of tr

and any point z from the positive class,

aining patterns. So, one can identify an ¢ > 0 such that:
wle; +b>eforall 4 with y; =1
wta; + b < —e for all § with y; = —1

. By dividing both sides of the two inequalities by ¢, we get

wtz + b > 1 for all ¢ with y; = 1
w'z + b < —1 for every x for all 5 with Yi = —1, where w’ = 2w and b’ = &
o We. can combine the two inequalities into one by exploitirelg the value of yi € {-1,1}.
The resulting inequality is
yi(wtz; +b) > 1,V4

Note that we have dropped the superscripts for w and b for the sake of brevity. So, we have
w'z +b =1 for a boundary pattern « from the positive class and wtz + b = —1 for a boundary
pattern x from the negative class.
These two equalities characterize two parallel lines when w and z are two-dimensional vectors
and they correspond to two parallel planes if the vectors are higher-dimensional (dimensionality
> 2). The data points closest to the hyperplanes are the support vectors.

o The distance from any point z on a plane wlz + b = 1 to the decision boundary given by

wiz+b=0is m, as discussed in Section 8.2.2. Similarly, the distance from any point = on
plane wtz + b = —1 to the decision boundary is ﬁ So, the total distance between the two
parallel planes is ”5)—” This is called the margin.

e The margin is maximized by SVM. This optimization problem has constraints in the form
yi(w'z; +b) > 1, Vi

= . . 3 2 3 . . -
Instead of maximizing I]_tszT’ we can minimize J|l2||_ So, the optimization problem with con-

straints is minimize 3 || w |[*> subject to 1 — yi(wtz; +0) <0 fori=1,...,n.
The Lagrangian is £ = fwtw + Y i—; ai(1 — ys(w'z; +b)).

« The necessary and sufficient conditions for a (w,b) pair to be the optimal solution are (by
setting the gradient of £ with respect to w to zero, we get)

n n
w + Zai(—yi)xi =0=w= ;ai'yimi
=1 i=

5L =
E:Oéémyizo

1-— yi(wtwi + b) <0, Vi
a; > 0 and o;(1 — y;(wz; +0)) =0, Vi
+ Consider the condition o;(1 — y;(w'z; + b)) =0, Vi. If a; > 0, then 1 — yi(wta; +0) =0 =

wtz; +b=1ify; =1 and w'a; + b= -1if y; = —1. U o = 0 and 1 — yi(wha; + ) # 0,
then wiz; +b > 1 if 4; = 1 and w'a; +b < —1 if y; = —1. Such points are called well-classified
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he class and are within the prope;

. . dary of t '
points; these points are not on the boundary _ 0, then such z; lie on the St

the respective class. If ¢; =0 and 1 — yi(w'z; + b) rt Dlanes,
but a; = 0.

. t

« So, if a data point z; lies away from the support Plafne’ Flkll?ols,c?(j)lrgzi;iglzl:—eblo>u;1, g};er;aﬁt 0. ow

consider w = Z?:l a;yiwi. If a; =0 for. a?i’ then it “Tl ts on the support plailes ;vit; -CIaSSiﬁed

points do not contribute to w. Only training data points 5 _yn e a> ) can

contribute to w. Such vectors are called support vectors. 50, W= ) ;_, ?Z/zxz = Zies XYz,
where S is the set of support vectors and S is a subset of the training set.

Tegig of

EXAMPLE 10: Consider the training points from the positive z.md negative cla§s.es, as shoyy, in
Fig. 8.7. There are two points from the negative class and one point from the positive clasg. Thes,
are:

o Negative Class: (2,1) and (1, 3)
 Positive Class: (6,3)

So, they need to satisfy:

2w(l) +w(2) +b=-1
w(l) +3w(2) +b=-1
6w(1) + 3w(2) + b =1

These are three equations in three unknowns. By solving them, we get

w(1) = 2,w(2) =

3 and b= -2

1
5
Note that the point (4,2) is on the boundary because 4 x % +2x % — 2 = 0. Further, Z?:l Q;Y; =
0= -a1—a+a3=0= a3 =0a; + a.
We know that w = (£,1) = —a; x (2,1) — ag x (L,3)+ a3 x (6,3)=> a1 = a3 = llo;az =0.
So, the set of support vectors is S = {(2,1), (6,3)}. The point (1, 3) will not contribute to w

as az = 0. So, a boundary point or a point on the hyperplane need not contribute to w and so
need not be a support vector.

Consider the origin, that is, z = (0,0). Here, wtz + b= —2 < —1, So, it cannot be a support
vector even if it is added to the training data. Similarly, a point (7,6) will be a well-classified point.

x@) &

WX+b=4+1]

N

w.x+b=—1\

N X0

Wx+b=0Q

F1G. 8.7 An example to illustrate SVM (for coloy; figure, please see Colour Plate 2)
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The SVM classifier can also be used as a feature selector
nd of training be (0.001,—20,10.9,0) ‘
?eatures are important. The remaining

, ; ’ Let the w vector obtained at the
In a four-dimensional space. So, the second and the third

B 56 woies in £ : two featu.res are unimportant. The second feature is the
nost impol‘t_an. and it votes in favour of the negative class. The next important feature is the third
feature and it 18 10 favour of the positive class.

8.4.1 Linearly Non-Separable Case \/
Consider the data shown in Fig. 8.8.

x(2)
wx+b=+1

—_
~ >

wx+b=0

FIG. 8.8 Anexample toillustrate the margin violators (for colour figure, please see Colour Plate 2)

There are three points from the positive class; each of these is indicated by a blackened circle.
There are four data points from the negative class; each of these is depicted using a whitened circle.
There arems; they are lam Zs. e

Data mom the positive class and it violates the constraint given by wizy +b>1
as it falls to the left of the positize_sE_pL/I)mtline. However, it is still on the correct side of the
decision boundary. Similarly, data point z, is from the negative class and it ant
w'zy 4+ b < 1. It clearly violates both the support line msion boundary.

The extent of violation is captured by values & and &3, respectively, for the two violators z;
and 7. Even though z; is a violator, it is still correctly classified as belonging to the positive class.
However, z, is classified incorrectly as a member of the positive class. So, the violators need to be
handled properly. Violations need to be tolerated to some extent.

This forms the basis for the so-called soft-margin formulation of the SVM given by

1 n
minimize §wtw +C Z &
i=1
subject to 1 —&; —yi(whz; +0) <0, i=1,...,n

-§ <0, i=1,...,n.

ne . 27 .
Cessary and sufficient conditions are

The Lagrangian is £ = Lwtw + C S0 & + iy (1 — & — ya(w'as + b)) = 2imy Aedi- So, the

YL’”C =0=sw=3%", oy
% =0=3 =0
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. gf—,=0=>a,-+)\i=0
o 1-& —yi(wlz; +b) <0; & >0, Vi
° a’iZO;/\,‘,ZO,Vi

o oi(1-& —yi(wlm; + b)) =0; \i& =0, Vi

So, the expressions for w and b have not changed. In the hard—margi'n (ea?lier) case, the Lagrange
multipliers satisfied a; > 0. Here, it is possible to show that they will satls.fy a; € 0,C) ] they are
bounded by C; as C — o0, the soft-margin solution collapses to the earlier hard-margin ope, If
C — 0, we tolerate any amount of violation (or any value of £). So, we need to find the appropriate
value of C to obtain a good performance.

8.4.2 Non-linear SVM _~

It is possible that a non-linear decision boundary is better when there are margil.l vic.)latori’
Consider, for example, the non-linear decision boundary (grey broken line) shown in Fig. 8.9

We will consider a simple example to illustrate a possible solution.
-

x(2) A
W.X+b=+1 d

N

mx+b=N

>
—3>

x(1)

F1G. 8.9 An example to illustrate a non-linear SVM (for colour figure, please see Colour Plate 2)

EXAMPLE 11: Consider the truth table of the Boolean exclusive OR
Let us see whether we can have a linear decision bo
outputs 0 and 1.

(XOR) shown in Table 8.6.
undary to separate the two classes based on

TABLE 8.6 Truth table of XOR

z(1) ®(2) XOR(z(1),a(2))

0 0 0
0 1 1
1 0 1
1> 1 0

Let the 0 output value correspond to the negative class and output 1 correspond to the positive
class. Let the linear function be of the form azx(1) + bz(2) + c.

Input: (0,0)—Output: 0.50,ax0+bXx04+c<0=c<0.
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toput: (0, 1) - Output: 1. So, a x 0 + b x 1

C>0=‘r’b-l-c>0=>b=—c+51 where 6; > 0.
Input: (1,0) - gutputl:: 8 go, ax1+b X0+ec>0=a+e>0= g = —c + 8, where 65 > 0.
Input: (1,1) - Output: 0. S0, a X 1+ bx 1+c <= 4 +b+ ¢ < 0. Plugging in for b and a, we

get —C + ((5115— i-i(-) do+c=—c+ 8, + d2 < 0. This is not, possible because ¢ < 0 = —¢ > 0 and
0 > 0 and 02 c

So, it is mot possible to ce.Lptu.re XOR using a linear function in g

" Let us include the third input in the form of #(1)z(2), the conjunction of (1) and z(2). The
resulting truth table along with a.linear form in the three variables is shown in Table 8.7. A lincar
form (1) + £(2) — 2z(1)2(2) using the variables z(1), x(2) and z(1)z(2) is shown in the fifth
column of the table. Note that the output of XOR and w(1) + z(2) — 22(1)z(2) are identical in all

the four cases. S0, XOR can be represented as a linear function in a three-dimensional space based
on variables (1), z(2) and z(1)z(2). -

(1) and z(2).

TABLE 8.7 Truth table of XOR in three variables

c(1) =(2) =(1)z(2) XOR(z(1),z(2)) =(1)+=(2)—2z(1)z(2)

0 0 0 0 0
0 1 0 1 1
1 0 0 1 1
A
N . . . .
o)
> O N N . . .
o .y °
o O
x(1)
wx+b=0
Input space Feature space

Fia. 8.10 Mapping the data to a high-dimensional feature space (for colour figure, please see
Colour Plate 2)

So, we map the data points in the input space to a high—dimenS}onal fea;f:r;;jlslz?:la;zrzsgltgii
mapping ¢, as depicted in Fig. 8.10, with the hope that the data points ar‘; tlhe twi’)_ dimensional
the higher-dimensional (feature) space. In the case of XOR, we have malpp'eQ)) AL
vector (z(1),x(2)) to a three-dimensional space given by (2(1), 2(2), 2(1)z(2))- ’
are linearly separable in the three-dimensional space.



a real number. Specifically,
l K (zi,25) = ¢(x:) ¢(z5)
* We know that w = ) a;y;¢(z;) if we want to use the vectors of the form ¢(z;) explicitly. However,

w7

218 Machine Learning: Theory and Practice

We demonstrated the linear separability of XOR using the three-dimensional representatioy,
explicitly. In general, there are two problems associated with this approach:

« The data points may not be linearly separable in the feature space. We handle this issye by

using the soft-margin formulation in the feature space. e
We may not know the explicit representation of the vectors in the feature space. Fhrther’

computation in the feature space may be unwieldy even if we know the explicit representatiop_
This problem is handled using the kernel trick.

8.4.3 Kernel Trick M ' i
> 1F

.
We are transforming a vector z in the input space to a higher dimeénsional space (¢(z)) and
look for a possible linear separation in the new space that is called the feature space. The most
important observation is that we do not need to map ¢ explicitly. In theory, ¢ could map points
into an infinite dimensional space. What we need is the inner product in the feature space. If z;
and z; are two data points in the input space, then our computations will need terms of the form

o(z:)'8(z;)- .
Many similarity functions can be viewed as inner products. If vectprs z;) and ¢(z;) are unit
norm vectors, then cosf = ¢(z;)!d(z;), where 6 is the angle between the two vectors @(z;) and

¢(z;). We use the kernel function, K (z;,z;), that maps a pair of vectors z; € R’ and z; € R to

~ in order to classify a pattern z, we need to compute

w'é(z) + b= Z Y (z:) i d(z) + b = Z oy K (zi,2) + b

Even b can be computed as follows. Let (Zp, Yp) be a training data pair. So, we have wh(z,) +b=
Yp- S0, b = yp —w'P(zp) = yp — 3, @iy K (i, p). So, wie(z) + b = > 0y K (24, %) + yp —
> iy K (z;,7,). So, all the computations can be made using the kernel function and the q;s.
However, we need to have a suitable kernel function that satisfies K (i, 25) = ¢(z:)tp(x;).

Some popularly used kernel functions are: \/

» Polynomial of degree p: K(z;,z) = (ztz)?

* Polynomial kernel up to degree p: K(z;,z) = (1 + zir)P. 7

z;—z||2
e Gaussian kernel: K(z;,z) = e~ el v R
* Sigmoidal kernel: K(z;,z) = tanh(aziz + b) \/
We will see the underlying feature mapping for kernel that represents a polynomial of degree 2.

\/C?ider the kernel on two-dimensional patterns given by

(ziy2) = (2:2)" = (2:(Da(1) +2:(2)(2)* = 2:(1)°2(1)? + :(2)0(2)2 + 225 (1)s(2)x(1)s(2)

This kernel computation can be achieved by using a feature mapping from the two-dimensional
input space to a three-dimensional feature space given by:

si(l) z;(1)?
o)) = (22
(mz(2)> \/Ex,(l))xz@)
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Now we can verify that K (@i, x) = ¢(x;)"d(x)

#la) and

because the RHS is the dot product of ¢(z;) and

Y1) = » 2
plzi) ¢(@) = 2i(1)°w (1) + 2:(2)%0(2)? + 225 (1) (2)m(1)(2)
5o, using the polynomial kernel of degree 2 is the same as applying the m
two-dimensiOlla-1 vector to a three-dimensional vector as specified
in the three-dimensional space.

Note that the Gaussian kernel employs an exponential function and so its expansion can have
infinite terms. So, the corresponding feature map ¢ can map a finite dimensional vector to an infinite
dimensional vector. Because of the kernel trick, our computations are all performed in the finite
dimensional input space but not in the feature space. So, the kernel function is a similarity function
and the kernel trick can be employed even in the case of other ML models where similarity needs
to be computed. We explore its use along with nearest neighbor classifier (NNC) in an exercise.

3.5 LOGISTIC REGRESSION/\/

We have seen how linear discriminants are used by both perceptron and SVM in classification.

Perceptron employs a linear model g(x) = w'z + b and learns w and b using the training data.
It can employ a generalized linear model to handle non-linear decision boundaries by augmenting
w and = vectors suitably; it then uses a linear model on the augmented data.

SVM inherently deals with a linear model of the form w'z + b, where w corresponds to the
maximum margin given by maa:z'mizeﬁ. It employs a kernel to deal with we_ci_si_on
boundaries by looking for mion in the feature or kernel space. It can also combine a
soft-margin formulation to permit some margin violators; this helps us in using a simpler model.

We will see that in logistic regression; another generalized linear model is employed. Before we
get into the details of logistic regression, we will consider linear regression.

apping ¢ that maps a
and computing the dot product

8.5.1 Linear Regression \//

Here, we assume that the model obeys a linear relationship. We would like to obtain the weight
vector w from the data given. Specifically, let Anx; be the data matrix having n patterns, each
pattern forming a row, and [ columns, one column per feature. Let y,x1 be the vector of n target
or the given output values. Let w be the vector of unknowns that linearly links z; with ¢j;, that is,
an estimate of y;. Note that the pattern z; forms the it" row of A and the value 9; is wtz;.

In this simple linear model, we are assuming that there is no noise and the bias (b) is not
explicitly shown. We assume that z; and w are suitably augmented to handle the bias term if
required, like in the case of perceptron. We assume that the weight vector w is such that wlz; =
Tiw; = vi; that is, z; and y; are linearly related. In practice, the estimated ¢; can differ from its
target value y;. So, error vector e is given by e = Aw —y.

So, we consider the squared norm of e which is

llel|? = ||Aw — y||* = (Aw — »)' (Aw —y) = wr A Aw — yt Aw — (Aw)ty + y'y

= w'A Aw — 2yt Aw + yty. We find w that minimizes this squared norm.

. We need to find w. So, by taking the gradient of the squared norm of e with w and equating
0 07 we get

oAt Aw — 24ty =0 = w = (AtA) "1 Ay

So, w gives us the estimates of the coefficients involved.
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EXAMPLE 12: Let us consider a simple example of three vectors = (.1,1), T2 = (1,2)
x3 = (2,2). Let y; = 3, yo = 5 and y3 = 6. So, the data matrix A consisting of the a“gmentpd

1 1 1

ang

vectorsis: A= |1 2 1| and w= (w(l),w(2),w(3))-'

2 2 1
We have seen that w = (AtA)~! Aty; so we have
11 2] 111 6 7 4
AtA=|1 2 2[{x |1 2 1| =|7 9 5
111 221 |[453
d
an o 1 1
(AtA)"t=|-1 2 -2
| -1 -2 5
1 1 2| /3 20
Aty=1[1 2 2| |5] =[25]. S0, w=(A'A)" 1Ay =
1 11 6 14
2 -1 -1| (/20 1
-1 2 =2||(25] =2
-1 -2 5 14 0

it is possible to verify for the other z; also.

8.5.2 Sigmoid Function

So, the coefficient corresponding to the augmented position is 0 (b = 0). Here, the linear form i
g = 1z(1) +2x(2). We can verify that for pattern z; = (1,1), 1 =1 x1+2x 1 = 3 = ;. Similar]

L

We use a non-linear function of the linear form given by f(wtz+b), where f is the sigmoid function.
The sigmoid or logistic function is given by f(a) = I-I—%’ where a = w'z+b. Some of its properties

are given below:

1f we let p; = P(y = 1z), then

f : % —[0,1]. It maps a real number to a value in the interval [0,1].
The function assumes its maximum value of 1 as a — oo and its minimum value is reached as

a — —O00.

When a =0, f(a) = 3.
Ify = f(a) = ﬂ_'(lg—_aa then a = f~1(y) = In(7%;)- So, the function f is invertible.

The derivative of f(a) is v
ey - (ED(=e™)
f (a) (1 + e_a)2
We can interpret f(a) as probability by viewing a = wtz + b.
1
1+ e—wiz=b

= f(@)(1 - f(a))

fla)=P(y=1Jz) =

1
=>p1(1+e‘“’tx_")=1=>w‘rv+b=ln(1p1p )
— /M1

PII= 1+ e—w‘:z:—b
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In the terminology of neural functions, it is called sigmoid activation function. It is also
called logistic function and is denoted by o(a), where a is the activation input. Here, a = wts;
assuming that w and x are augmented vectors.

We have seen that ¢’(a) = o(a)(1 — o(a)). We are given training data in the form {(z;,y,),
i =1,2,...,n}. These y;s could be viewed as target outputs or required outputs; so, we can

denote them as yo".

Based on the value of w, we obtain y¢** = o(w'z), as shown in Fig. 8.11.

F1G. 8.11 Logistic regression using perceptron

The error is E = Y -, (yt*" — y2%)2? based on squared error loss; it is the square of the
difference between the target output and the obtained output based on the current w. The
partial derivative of E with respect to w(j) is '

sty = 0 ) = 01— )olu'a) 1 = o))

Note that

= > — o (wha)(1 — ow's)) x 1
=1

because x;(j) = 1 in the augmented vector z for the position corresponding to b.

EXAMPLE 14: Let us consider the data used in Example 10.

I = (1,2), g = (2, 1), r3 = (6, 7), Ty = (7, 6)

y1=0, y2:0a y3=1, Yya=1

Let wo = (0,0,0) be the initial augmented vector. Using the update equation wy (5) = wp(5) +
N i1 (% — v )o(w'z) (1 — o(whz))z;(5) for j = 1,2, we get w1 (1) = 0.0125 = w; (2) using
1 = 0.01, where 7 is the learning rate.

For w;(3) = b1, we get w1(3) = 0.01 x (—0.5) x 0.25 x 2 + 0.01 x (0.5) x 0.25 x 2 = 0. So,
w; = (0.0125,0.0125, 0). ,

The corresponding o(wtz;) values for the patterns are 0.509, 0.509, 0.541 and 0.541, assigning
all the patterns to Class 1 as the output values are larger than 0.5 for all the four patterns.
After some iterations, we get wg = (0.084,0.084, —0.01). The corresponding o(w§z;) values are
0.2531,0.2531, 0.747, 0.747 for the four patterns, where the first two patterns are assigned to
Class 0 and the remaining two patterns to Class 1 based on thresholding with 0.5; that is, if
the value is less than 0.5, it is treated as 0, else as 1. :

8.6 MULTI-LAYER PERCEPTRONS (MLPs) \/

An artificial neuron forms the building block of any MLP and is shown in Fig. 8.11. A neuron
can have a finite number of inputs. The inputs are represented as z(1),z(2),...,z(l). Each input
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jate ith a weight; input (s - .
is associated Wltll.‘ :ﬂ ]-ti Hput w(7) uses weight w(i) for 4 = 1,2 [. Bias threshold can be
3 . ; A mput wit s 1 i = g ybyooayglbe as | < N
considered as an npt with a fixed input value of 1. The corresponding weight is b or w(0) or
w(l + 1) based on how the augmentation is performed l ‘

Output or inl;ut to1 the activation unit is ¢ — whe = w(l)’v(l) Fw(2)z(2) + Faw()a(l) +

_If o(a) is the activati t . e TRe) o wrr T WAL
w(l + 1)1_ c"( e prol():l lvat.101; output, then using sigmoid activation we have the output
as Tre—e  1+e®’ em is to learn the weights w(1),w(2),...,w(l + 1) using a training

data set.
_ In a,nIi\/IlLalz anrfti\;;lorlz,lwe ityplcally have multiple layers of connected necurons, as shown in
Fig. 8.12. 1t ha put layer where the augmented vector z is input. The number of input units

35 I } as there will be I + 1 entries in the augmented vector. There are 5 input units in this
example.

Output
(17

Input Hidden
&) ()

F1G. 8.12 An example of an MLP network

There is an output layer that outputs y. In general, there can be N, output units. In this
example, there is only one output node.

There is a layer of neurons in between the input and output layers in the example. It is called
the hidden layer and is denoted by h; it is hidden from the input-output activity. However,
learning representations from the input data takes place here. In the example, there are three
nodes in the hidden layer. We also call it a feed-forward neural network because outputs of the
neurons in each layer form the inputs for the neurons in the next Tayer. This forward propagation
continues till we reach the output layer for which there will be no more layers.

In general, there could be more than one hidden layer and each of them can have a different
number of processing elements or neurons. If there are p hidden layers, then we call them hy, ha,
-+, hp. There is no specific relationship between the number of neurons in the input, output and
hidden layers. The number of output neurons can be different from the number of input neurons.

In Fig. 8.12, we have two layers having weights. So, we say that it has two layers and one of
them is a hidden layer. It is possible to show that one hidden layer or a network with two layers is
adequate to approximate any continuous function for inputs in a specified range.

The architecture of MLP has:

*  No connections among the neurons within a layer. _

* Typically no direct connections between neurons in the input layer and neurons in the output
layer. .

* Neurons between layers that are fully connected. In the MLP network shown in Fig. 8.12, each
of the five input layer neurons is connected to all the three neurons in the hidden layer. So,
there are 15 weights between layers. Similarly, each of the three hidden neurons is connected
to the output neuron; here we have 3 weights between the hidden and output layers.
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« Each hidden neuron is a perceptron with output y; = f(w'x;), where z; is its input. Even eac,
of the output neurons is typically a perceptron. ™/ ————

Recall that we had a linear threshold function or a step function as the activation function iy
the case of perceptron. However, this function is not differentiable and we require a differentiab]e
function to deal with the learning process. So, a simple activation function is the linear activatiop
function. However, if we use the linear activation function throughout the MLP network, we have,

with respect to Fig. 8.12,
h = Al.'l:; Yy = Ash = Y= AQAlX = B:L‘, B

where A; is the matrix of weights in the layer between the input and hidden layers and Aj is the
matrix of weights between the hidden and output layers.

The size of A; is 5% 3 and of Az it is 3% 1 in the example. In general, A; can be of size [ + 1 x n,
and Aj can be of size n, X n,, where n;, is the number of neurons in the hidden layer and n, is
the number of neurons in the output layer. So, if we let the product of the matrices Ay x A; = B,
then effectively the input-output mapping will be y = Bz, that is, a simple linear mapping. So,
non-linear mappings cannot be realized if we use lincar activation throughout. Further, y = Bz
in effect corresponds to a single-layer computation. This is applicable not only to the example in
Fig. 8.12, but for any general MLP.

We will illustrate the working of an MLP with an example.

EXAMPLE 15: Consider the character 7 shown in Fig. 8.13. It is in a grid of size 6 x 6 cells or 36
pixels. The grey portion indicates the background and the whitened portion represents character 7.
_ We will look at an MLP network that can be used to detect whether the given image of 6 x 6 pixels
| is a 7 or not.

F1G. 8.13 The character 7 in a 6 x 6 grid

We have 36 pixels in the input image. The number of input neurons is 36, as shown in Fig. 8.14.
We typically initialize the MLP with small random weights. The number of hidden nodes is m,
where m is a tunable parameter. The training and test data sets consist of a number of patterns,
each of size 6 x 6.

For a given initialization of weights in the MLP, we get an output y2% when we input ;-
Based on the difference between y!*" and yfbt, the weights in the networf{ are adjusted so that
the MLP gives an output of 1 when the input character is 7 and 0 otherwise. This updating of
weights is performed with the help of a training algorithm called backpropagation which we will
consider next.
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x (1)

Output = 1if a7 is input
o i P
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’

Output = 0 else

X (36) h(m)

F1c. 8.14 MLP to classify 7

8.6.1 Backpropagation for Training an MLP \/

Backpropagation is a well-known and simple optimization algorithm that helpé us in learning the
augmented weight vectors in MLP.

It has two passes:

. TForward Pass: The network is initialized with some random weights. Input z is applied at
the input layer. The output of a layer of neurons is computed and is forwarded to the next
layer. This process is continued till the output of the entire MLP is computed. Let the obtained
output be y°%, where the required or target output is T

. Backward Pass: The error at the output is a function of the difference between %" and y°?.
Here, y°* depends on the current weights of the network. An error is formulated as a function
of current weights and these weights are updated to move in the direction of minimizing the
error using gradient descent. This is achieved by backpropagating the error.

Backpropagation employs a gradient descent scheme. Gradient descent may be explained using
Fig. 8.15. There are two local minima, w* and ws. If we start at wo and try to move in the negative

E(w)
A (Error)

]

1

]
1 1
w* w
(Optimal)

Sk--

Fic. 8.15 Gradient descent for minimizing error



226 Machine Learning: Theory and Practice

3 e . ¢ q ng Q X \ . ) e linc in Fi T, 8.15 w .
dircction of the gradient at we, as shown using the broken grey g , we keep m‘)vmg
towards the local minimum ws.

The update equation will typically be
Wupdated = Weurrent — TIVE(1UC1LTTCYLL)7

where VE(wWeyrrent) is the gradient of E with respect to entries in w and the result s evaly
at the current value of w. We illustrate it with an example.

EXAMPLE 16: Let Weurrent = (0.5,0) and the pattern z = (1,2). Let E = (w(1)z(1) + w(2)
x(2) — 1)2. Here, VE(Weurrent) is obtained as follows:

ateq

OF
— ; z(2) — 1)z(1
fo) = 2w(Da(1) + w(a(2) - Da()
2P aw(1)a(l) + w(2)2(2) - Da(?)
dw(2)
Plugging in the values of w(1), w(2),z(1) and z(2), we have, at the value of Weyrrens = (0.5,0),
e
Sw(l)
Similarly,
o -
Sw(2)

The gradient VE(weyrrent) is a vector of size 2 as Weurrent 18 & two-dimensional vector, where the
first component is the partial derivative with respect to w(1) evaluated at Weyrrent and the second

component is the partial derivative with respect to w(2) evaluated at weyrrens. In this example,
v-E('wcur're'n,t) = (_1, _2)-

If we start at a point like w; and move in the direction of the negative of the gradient, we may
reach the local optimum wx that is also the global optimum. 7 is the learning rate. The value of
n plays an important role. If it is too small, then it takes a large number of steps and updates to

reach the local minima. If the value of 7 is large, then it may oscillate around the local minimum
point without reaching it.

Forward Pass
Let us consider a simple MLP network shown in Fig. 8.16.

EXAMPLE 17: We will illustrate the forward pass of the backpropagation algorithm. Th;e forward

pass will give us the following outputs by considering the input . The activation inputs to

both C and D are the same and are equal to zero. So, their outputs are also equal and they are
172=c = 0.5. So, the input to node O is 0.5 x (—30) 4+ 0.5 =
TTe=0 ) p . )+0.5%x25=—95. So, the output of node O

is ez = 0.07586.
. 0 e ge t
For the input (1), the activation input to C is 1 and output of C is — = 0.731. The

1
1+e
activation input to D is 8 and output of D is 1+i_8 = 0.9996. So, the input to node E is 0.731 X

(—30) + 0.9996 x 25 = 3.06. So, the output of node O is 1+el3‘06 = 0.9552. Computation of the

outputs in the forward pass for inputs (é) and (i) are left as part of an exercise.




